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THE HELMERT MATRICES 
H. O. LANCASTER, University of Sydney 


1. Introductory. Helmert [5] introduced an orthogonal matrix, having a 
prescribed first row and a triangle of zeroes above the diagonal. Since then 
generalised forms of this type of matrix have found many uses in statistics, in 
group theory, and in the evaluation of the Jacobian of the transformation from 
rectangular Cartesian to polar coordinates. 


2. Definitions. An x Xz orthogonal matrix, H, will be said to be a generahzed 
Helmertian matrix, if it can be transformed by permutations of its rows and 
columns and by transposition and by change of sign of rows, to a form of a 
standard Helmert matrix, in which 


(i) hy =0 for j>i>1. 


In other words, in a standard Helmert matrix, the elements occupying a triangle 
below the first row and above the principal diagonal are all zeroes. If further 


(ii) Ijy=+VJ/wj;; wy > 0; Dd, wy; = 1, 
1 


H will be said to be Helmertian in the strict sense. In a standard Helmertian, the 
elements of the first row can be chosen arbitrarily subject only to the condition 
on its norm. Thus if one of the elements of the first row were zero, the matrix 
would not be Helmertian in the strict sense. In statistics, it has been customary 
to use Helmertians in the strict sense only; Helmert [5] used one in which 
Inj = +/w;=n-*. Irwin [6] used a more general set of positive w;. For Helmertian 
matrices in the strict sense, it is possible to impose a third condition, that all 
elements below the diagonal shall be positive, namely: 


(iii) hgj>O if jG <4. 
This last condition is inconvenient for more general work and will be disre- 


garded. 
Example (i). 


1 1 1 
0.64 0.48 0.60 —-— —- ——-——— 
J/3 V3 V3 
1 1 
0.60 —0.80 0 and |—- -—-— 0 
/2  V/2 
0.48 0.36 —0.80 : : ? 
/6 ~Vf/6 ~/f6 


are Helmertian matrices in the strict sense. 
Example (ii). The unit matrix is a standard Helmert matrix but not a 
Helmert matrix in the strict sense. 
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Example (iii). For 2=2, there can be no zero above the diagonal and below 
the first row, so that 


es 6 sin 4 cos@ sin 4 
; and ; 
sinf —cos@ —sinf cosé 
are to be taken by convention as standard Helmert matrices. 
Example (iv). Permutation matrices are generalized Helmert matrices; and 


so are diagonal matrices with diagonal elements of +1. Transposes of standard 
Helmert matrices are also generalized Helmertians. 


3. The Helmert matrices in the strict sense. Helmert’s original matrix may 
be defined by 


1114 4--- 1 

1-1 0 0 0 

1 1-2 0 0 
(1) H = D“H, = D™ 

1 1 1-3--- 0 


F 1 1 1----—-@-—‘1) 
where D? is a diagonal matrix with diagonal elements, dj,=n, 1-2, 2-3,---, 
(2 —1)n. H is orthogonal since the rows of Hy are mutually orthogonal and each 
row of H has unit norm since d,; is the norm of the zth row of Hy. The matrix 


H is used in statistics because it is the simplest to exhibit or compute of all 
orthogonal matrices having n—* as the element in each position of the first row. 


Let x1, Xe, X3, °° ° , X, be a set of observations made on z identically distributed 
but mutually independent random variables and 
(2) y = Hx. 


y=n-* dix; =n, where Z is the mean of the x;. 4; is the mean of the set of the 
observations, {xs}, multiplied by a standardizing factor. Similarly except for 
factors, Ve is X41 — Xo, V3 is 4(x1-+4%2) —X%3, ° °° y Vi41 is 7—1(xy-+x2+ so +%;) — Xj41. 
The origin of the convention as to sign in statistical usage is evident. In a very 
common situation in statistics, the null hypothesis specifies that the x; form a 
sample from a population of mutually independent random variables having a 
common mean and a common variance. By using the rule of invariance under 
orthogonal transformation, the sum of squares, >.x?= >.y%, can be partitioned 
into two parts, y; and (ye+ys+ --- +42). If further the distribution of each 
x; is normal, the same holds for the y; and the {y,;} form a mutually independent 
set. The parent mean appears, moreover, only in the distribution of 4. For 
general n, the Helmert matrices provide the simplest transformation. 

Very often the y; can be associated with comparisons of interest; for if 7>1, 
4; compares the mean of the first (¢—1) observations with the 7th observation. 
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In an example, given by Lancaster (1948), the bacterial counts, a;, developing 
in successive plates exposed to increasing concentration of disinfectant were 
given, namely 427,440,494,422,409,310,302. The first count can be compared 
with the second, then the mean of the first two with the third and so on. The 
x?’s, each distributed with one degree of freedom, were 0.195, 5.379, 1.687, 
2.465, 32.947 and 28.299. Neglecting the second value, which is somewhat 
raised, a highly significant fall in the counts between the sixth and earlier 
counts is evident. Similar physical applications may be obtained with, say, the 
effect of decreasing or increasing doses of chemical fertiliser on crop yields. 
Alternative sets of linear forms in the observations x; may not have the same 
meaningful or easily apparent interpretation. R. A. Fisher (see [3] and [4]) did 
much to make such orthogonal transformations of sets of normal variables 
familiar to statisticians. 

The matrix H of (1) is a special case, with equal weights, of a matrix con- 
sidered by Irwin [6] with possibly unequal weights w;. He solved explicitly the 
equations for the h/,;. The solution is obtained by writing 


(3) W;=witwt---+w, W,=1 

and the defining conditions yield 
hy = + V/v;; hy = 0 forj7 >71> 1, 
his = — (We-1/W,)1"?; hi = (wiw;/WW-1)'” fort >j,4> 1. 


In (4) the formula is correct for 7=2 but there are some cancellations so that 
ho = ~/We/~/ We and he= —+/wi/+/W2. In calculating the elements of the kth 
row of H, it can be observed that the vector of the first (k —1) elements is orthog- 
onal to the vector formed by the first (k—1) elements of the 2nd, 3rd, -- - 
(k—1)th rows. The first (k—1) elements of the kth row thus form a vector 
parallel to that of those of the first row, 


(5) hur = Var, Ie = Aaa, + + hea = Nay-1. 
Further the kth row is to be orthogonal to the first so that 
a 
(6) Dy May + hauler = 0;  AWa-a + aww = O~ 
1 
The normalising condition is 
k-1 


(7) SN by thee = 1; Waa t Iie = 1. 
I 


Substituting from (6) into (7), \2Wz-1+d\?W1-1/wr = 1, or PWirW1/w,.=1, and 
dis to be taken with the positive sign. 
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A probabilistic interpretation is possible for matrices which are Helmertian 
in the strict sense. If {w,} is a set of probabilities that a random variable Z 
takes values j=1, 2, ---, , then the Helmert matrix yields an orthonormal 
basis for all finite functions on the probability distribution or measure {w;}. 
The first row yields a constant and the other orthonormal functions may be 
defined by 


(k—1) ° 
(8) aj = Myj/ hay, kR=2,-+-,%; j=Ai,2,--+, 0. 


The set is orthonormal, for 
n 
(k—-1) (k!—1) 
(9) eG = DS Iaghurg = Sew, 
j=l 


since w; can be replaced by hj, 
This is the basis of an application made by Irwin [7] to a partition of x? by 
Lancaster [8] in the multinomial distribution. Let N independent observations 


be made of a variable which can take values 1, 2, 3, - - - , m with probabilities 
pi, bo, 3, > * + » Pa, and suppose that the variable has taken the value, j, a; times. 
With 

(10) x; = (a; — ND;)/V (NP); 


the usual Pearsonian x? with (n—1) degrees of freedom is given by 
2 - 2 ~~ 3 
(11) x = dy (a; — Nd;) /(Nb;) = Do 4%. 
1 


If the transformation, 
(12) y = Hx, with w; = f,, 


is made, 7; is identically zero and the remaining variables have zero expecta- 
tion and unit variance and are asymptotically normal and mutually independ- 
ent; in fact each 4, other than 4; is a standardized difference between Poisson 
variables. 

Using a variation of the Bernstein [1] multivariate central limit theorem, we 
can give a proof for the (asymptotically true) distribution of x?. For if we have 
N mutually independent observations on a random variable Z, taking values, 


1,2, ---,, then we can define a set of (z1—1) orthonormal variables, {gD } 
for k=2, 3, ---,m with values for Z=j defined by (8). Then Bernstein’s theo- 
rem enables us, defining 

(13) ye = N-12 YD) g@-v, 

with summation over the N independent observations, to assert that 
{4e, 3, °° +, Vat are mutually uncorrelated and normal (0, 1) and hence that 


(ygt+yg+ --- +?) is distributed as x? with (x—1) degrees of freedom. But 
this sum is equal to ye of (11) and so Bernstein’s theorem enables us to prove 
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Pearson’s proposition. In the proof of K. Pearson [9], an assumption is made 
that if the marginal variables of a set are normal, the joint distribution has the 
special form usually referred to as joint normal. We may note in passing that the 
covariance matrix of the first (7—1) variables, x;, of (10) is given by 


(14) V = (£154; — pipj). 


Pearson [9] gave a long discussion on its inversion, which may be considerably 
shortened. Let p be the unit vector with elements »3(1—>»,)—?, 7=1, 2,---, 
n—1, and let D be the diagonal matrix, diag (p?). Then 


(15) D-'!VD-! = 1,-1 — (1 — pn) pp?. 


Now the matrix on the right can be brought to canonical diagonal form by 
transformation by a Helmert matrix with first column equal to p, in which case 
the first element is p, and all the other diagonal elements are units. We have 


(16) H’D“VD-'H = diag (fn, 1"~?). 
Taking inverses, we get 

(17) H’DV-'!DH = diag(,1, 1"-”). 
Hence 

(18) DVD = (1 + (1 — bn) da *pp”) 
and 

(19) Vt = (6785 + da’). 


x’V~1x is then easily evaluated to be equal to the usual x? of (11). This suggests 
a shorter method; if U is idempotent, the inverse of 1,-1-+a@U is 1,_1—a(a+1)—!0U, 
as can be confirmed by a straightforward multiplication. (19) then follows from 
(15) without the explicit introduction of the orthogonal matrix. 


4. Factorization of Helmert matrices. 

THEOREM 1. Every (standard) Helmert matrix of size n depends on (n—1) 
parameters which can be taken to be the angles of certain rotations, namely in the 
plane of the 1st and j-th coordinate axes, j taking successively the values, 2,3,---,n. 


Proof. The proof is by induction on 2, the size of the matrix. Matrices repre- 
senting rotations in the plane of two coordinate axes are written 
cos Of sin & 
(20) Riv = 0 Inn §=60 lf +1, 
—sin@, O7 cosh 
where if =k, 1) is to be deleted. Choose R,, so that cos 0,-1=/an and sin 0,1 


= —h,,, which is possible since every other hj, is zero. R,H, is the direct sum of 
a Helmert matrix of size (1—1) and unity. For R, is an orthogonal matrix and 
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so R,H, is orthogonal but the element at the (n, ) position is ?,+/2,=1 and 
so every other element in the last row or in the last column is zero. Premultipli- 
cation by R, does not change the elements of the rows 2 to (n—1) and so, as 
implied by the notation, H,_: is also Helmertian and every element of its first 
row is positive. We have finally, by repeating the process 


(21) RoR; 7. R,H,, = 1, 
or 
(22) H, = R,---R3R:. 
It may be remarked that a Helmert matrix is uniquely determined by the 
(1—1) parameters 61, 02 - - - 0,-1 of the matrices, Re, Rg - - - R,, and determines 


them uniquely; they are equal to the parameters of the vector ; introduced 
in (26) below. A geometrical interpretation can be given to the theorem. From 
any rectangular coordinate system, a rotation can be found to a new rectangular 
coordinate system, where one of the new axes has a prescribed set of coordinates 
in the old system and the transformation can be made in (n—1) steps. At the 
first step, a coordinate axis is chosen in the plane of the first and second coordinate 
axes of the original space, all other axes remaining the same in the two systems. 
At the second step, a coordinate axis is chosen in the plane of the new first and 
the old third axis, the second, fourth and all other axes remaining fixed; and 
generally the 7th step takes a new axis in the plane of the ist axis of the (¢—1)th 
step and the (1-+7)th axis in the original set; at the 7th step, the 2nd, 3rd - - - 7th 
axis remains fixed if 7>1 and also the #@+2)th, (¢+3)th - - - mth if ¢<n—1. 
The simplest manner to compute an orthogonal matrix given the first row is to 
use the method suggested by (21). 


5. The Helmert matrices and the Euler factorization. It is of interest to find 
a representation of the general x Xn orthogonal matrix whereby the 4n(m—1) 
parameters can be displayed. Schur [10] gave such a representation for the 
real orthogonal matrices and Brauer [2] one for the unitary matrices. The proof 
here is to exhibit as a factor of the 2 Xz orthogonal matrix a standard Helmer- 
tian and then use the theorem of Section 4. 


LemMA. Any orthogonal matrix, A,, of size nXn can be represented as the 
product of the direct sum of unity and an orthogonal matrix of size (n—1), and a 
Helmertian having elements of the first row, a1}. 


Proof. Form a standard Helmertian H, with elements a1; in the first row. 
Then 
(23) AH, =1+A,1, 


where A,-1 is orthogonal, for A and H? are both orthogonal and the leading 
element of AH? is >a, = 1. All other elements in the first row and column are 
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therefore zero. From (17), there follows 


1 0 
24 A= (1+ A,-)H, = |e. 
(24) (+A JHa=| oy 
THEOREM 2. Any general orthogonal matrix of size n can be factored into the 
product 


(25) A = (1,2 + H.)(1,-3 + H;) 7 (1 + H,-1)H,, 
where He, H3 - - - Hat, H,» are standard Helmertians of size 2,3 - +--+ (n—1), n. 


Proof. The proof is by induction. The theorem is true for k=2, for then A 
is Helmertian. If it is true for k=2, 3, - - - (~—1) then the lemma shows that 
it is true for k=n, and hence that it is true for any finite n. 


THEOREM 3. Any general orthogonal matrix A, of size n, can be factored into the 
product of 4n(n—1) matrices, each of which is a rotation in the plane of a pair of 
coordinate axes. 


Proof. This follows from an application of Theorem 1 to the matrices Hy, of 
Theorem 2. 

The number of these elementary rotation matrices is (n—1)+(n—2)+--- 
+1 or 4n(m—1) and each can be represented by a single parameter. 


CoROLLARY. Any orthogonal matrix of size n can be represented by in(n—1) 
parameters. It has $n(n—1) degrees of freedom. 


Such a factorization was first given by Euler for the 3X3 orthogonal matrix. 
The factorization also can be used to find a general orthogonal matrix with 
rational elements. It suffices to find rational values for the sines and cosines. 


6. The transformation from Cartesian to polar coordinates. A Helmert matrix 
appears in the evaluation of the Jacobian of the transformation from rectangu- 
lar Cartesian to polar coordinates. Let us write the transformation as 


x4 sin d,-1 SIN gaa °° Sin de Sin d1 

x9 SiN da-1 SIN dao - - SiN de COS Gi 

x3 ee ee ee ee ee @® ee «e«# ge ee 
(26) x=/- =ro=rl| . ; 

° SIN @a—-1 SIN gag COS bn—s 

Xn—1 Sin dn-1 COS dn—2 

Xn COS dn-1 

0S qi < 2, 


OS¢<7, i=2,3,---n—1. 


This can be rewritten as 
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(27) x = £61. 
We have to determine J, the Jacobian of the transformation, 
(28) J=|JI. 


The rows of J are a by 


— ~ ( 1), 5 = (F610, oo — (v6) cae 
(29) - = on. 


where the diagonal elements of the diagonal matrix G are 


gu = 1 
n~1 
fo. = 7 II sin Dk 
2 
(30) nt 


£33 = rll Sin op 
3 


Lun = 7 


H has? as the first row; hoi = cos di, hoe = —sin di, all other kaj =0; hs =cos¢esin dr, 
hz, = COS 2 COS D1; h33 = — sin do, all other hs; =0. And so on. 


J=|J| =|e¢||8| 


a= nl sin”? g,_1Sin”—§ d,_2 °° + SIN do 


(31) 


the neatest derivation of this result given in the texts is by van der Waerden 
[11], who proves it by a recursive scheme, which is equivalent to premultiply- 
ing J by a matrix of the same form as R, of Theorem 1, with 0,_1=@¢,_1. 


Lemma. If the rows of a matrix are mutually orthogonal, its determinant 1s equal 
to the product of the norms of the rows. 


Proof. The proof is obtained by dividing each row by its norm to obtain an 
orthogonal matrix. 

Now the rows of J are mutually porthogonal. First neglecting the multiplier 
r and differentiating the equation $7-61=1 partially with respect to ¢;, we ob- 
tain 


T 
01 

(32) = 0, (j = 1,2,-++,”— 1). 
06; 


Further, it is easily verified that the vector obtained by differentiating 67 with 
respect to ¢; and then with respect to dx, k>j, is 0b7/0¢,; except for a factor com- 
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mon to all nonzero elements. Differentiating (26) with respect to ¢ therefore 
gives 

ddr a6 
(33) ~—-=0, j#¥k. 

Od; Ode 
The rows of J are thus mutually orthogonal and their norms are easily found 
to be gu, gon ° * * Zan OF (30). 
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THE TRIANGLE REINVESTIGATED 
J. GARFUNKEL, Forest Hills H.S., anp S. STAHL, University of California, Berkeley 


Of all the figures of plane geometry, the triangle is the most interesting, and 
the most prolific in producing theorems. Furthermore, of all the triangles, the 
equilateral seems to stand out as perfection personified. Thus, Morley attained 
mathematical immortality by discovering equilateral triangles in the midst of a 
maze of angle trisectors. Similarly, in the theorems that follow, equilateral tri- 
angles seem to emerge out of nowhere and everywhere. With some exceptions, 
the theorems are original, their proofs are simple, and the results are provoca- 
tive. 
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THEOREM 1. If in the middle third of each side of any scalene triangle equi- 
lateral triangles are constructed inwards, then the join of their vertices forms an 
equilateral triangle. 


A 


Fic. 1 


Restatement: lf K, L, M, N, P, Q are points of trisection of the sides of any 
triangle ABC and if A’KL, B’/MN, C’'PQ are equilateral, then A’B’C’ is an 
equilateral triangle. (See Fig. 1.) 


Fic. 2 


Proof of Theorem 1. Notation as in Fig. 2. Since triangles A’BL and C’PB 
are right triangles, 
(BA')? = (24/3)? — (a/3)? = 07/3 
(BC’)? = (2¢/3)? — (c/3)? = 67/3 
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I 


(A‘C')? = a?/3 + c?/3 — (2ac/3) cos (B — 60°) 
= @?/3 + ¢?/3 — (2ac/3) cos B cos 60° — (2ac/3) sin B sin 60° 
a?/3 + c?/3 — (2ac/6) cos B — 2+/3(1/2)(ae sin B) 
a?/3 + ¢?/3 — (a? + c? — b*)/6 — (2/+/3)S, 
where 5S is the area of triangle ABC.(A’C’)? = (a?+b2-+-c?)/6 —(2/+/3)S. Hence 
A’C", the side of triangle C’B’A’ depends symmetrically on the sides of triangle 
ABC, and A’B’=B’'C’=A'C' and triangle C’B’A’ is equilateral. This theorem 
has been proved in another way by I. M. Yaglom, see [3], page 93, also [1] 
pages 105-107. 

Note. Triangle A’B’C’ is retrograde, i.e., the sense of A’B’C’ is clockwise if 
ABC is counterclockwise. 


Fic. 3 


THEOREM 1’. Jf K, L, M, N, P, O-are points of trisection of the sides of any 
scalene triangle ABC, and if triangles A"KL, B'' MN, C’'PO are equilateral, then 
triangle A" BC" is equilateral. 


Since the proof of this theorem follows identically along the same line as 
that of Theorem 1, we omit the proof. Since Theorem 1’ has been credited 
(“Mathesis” 1938, p. 293 (footnote)) to Napoleon, we shall now refer to the two 
equilateral triangles of Theorem 1 and 1’ as the “inner and outer Napoleon 
triangles.” 

Note. The sense of A’’B’’C” is the same as that of ABC. 


THEOREM 2. The area of the original triangle is equal to the difference between 
the areas of the outer and inner Napoleon triangles. 


Proof. Within the proof of Theorem 1, we deduced the following results: 
av+b+c 25 


RIN? ITWIN2 we TAN? — — 
(A"BY)? = (BIC)? = (C’A’) 5 73 
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a* + 6? + ¢? 2S 

6 a/3 
Let S’ be the area of triangle C’B’A’ and let S” be the area of triangle A” B’C," 
then 


(A’’B"’)? — (BY'C")? — (C” A’)? _ 


2 b2 2 2 b2 2 
$" = (4/3) —___— ae Fe 45/2, 8 = (V3) atts — $/2 and S” — S' = 5S. 


A 
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THEOREM 3. The centroids of the inner and outer Napoleon triangles coincide 
with the centroid of the original triangle. 


Proof. It is sufficient to show that the points A’, B’, C’ are equidistant from 
G, the centroid of triangle ABC. Let m be the length of the median from A to 
side BC. Let p be the length of the perpendicular bisector to BC from BC to 
AC. Let h be the altitude to BC, then 
(GA’)? = (GP)? + (A’P)? — 2(GP)(PA’) cos 6 

= (m/3)? + (a/2+/3)? — 2(m/3)(a/2/3) (h/m) 

= m?/9 + a?/12 — (2/3+/3)(ah/2). 
But m=4+/(2b2-+2c? —a?) and ah/2=S, the area of triangle ABC. Therefore 

2b? + 2c? — a? a + $2? + ¢? 


(GA!) = + @/12 — 28/33 = ——— — (2/33) 5. 
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From the nature of the result, it follows that GA’ = GB’ =GC’. By similar reason- 
ing we can deduce that GA’’=GB”" =GC”", hence the theorem is established. This 
theorem is actually a special case of a more general theorem proved in [2] 
p. 39. 


THEOREM 4. If K, L, M, N, P, Q are points of trisection, then the vertices of the 
anner Napoleon triangle A'B'C' form with T"’, V', S’, the vertices of equilateral tri- 
angles erected on LM, NP, OK, a regular hexagon. 


Proof. It is easy to show that triangle DE F=&triangle ABC and that triangle 
S’T’V’ is an inner Napoleon triangle of triangle DEF, (see Fig. 5). Moreover, 
triangle DEF is the image of triangle ABC under a 180° rotation about its cen- 
troid. Hence, triangle S’T’V’ is the image of triangle A’B’C’ under the same 
mapping, and consequently the points A’, V’, C’, S’, B’, T’ form a regular hex- 
agon. 


Fic. 5 


THEOREM 5. The inner and outer Napoleon triangles of any scalene triangle 
are perspective with each other and with the original triangle. 


Proof. (a) In the case where the triangles considered are the inner and 
outer Napoleon triangles, the proof is immediate. The lines A’A’, B’B’”, C’C” 
are, by construction, the perpendicular bisectors of the sides of triangle ABC, 
and hence they concur. 

(b) Consider the case of the original triangle and the outer Napoleon tri- 
angle (see Fig. 6). Construct the lines DA’ F, FB’ H, IC"'J parallel to BC, CA, 
AB respectively. Then 


BK/KC = DA"/A"E, CL/LA = FB"/B"H, AM/MB =IC"/C"J, 
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(BK/KC)(CL/LA)(AM/MB) = (DA"/A"”E)(FB"/B"H)(IC"/C”J) 
= (DA"/C"J)(IC"/B" H)(FB"/A"E). 


But angle CA’ E=angle CB’ F=30° and angle CEA” =angle CFB” =angle C; 
therefore triangle CEA'’~triangle CFB” and FB"”/A"E=B"C/CA". Quite 


Fic. 6 


obviously, triangle PA’’C~triangle QB’’C, therefore, B’C/CA"”=CQ/PC 
= CA/BC and therefore FB’ /A”E=CA/BC; similarly 
IC"/B"H = AB/CA and DA"/C"J = BC/AB. 
Hence, 
(BK/KC)(CL/LA)(AM/MB) = (BC/AB)(AB/CA)(CA/BC) = 1. 


Therefore, by Ceva’s theorem, the lines 4K, BL, CM concur. The proof of the 
third possibility is the same, and is therefore omitted. 


THEOREM 6. The lines CB’, B’C’, A’ A’ form an equilateral triangle whose 
centroid coincides with the centroid of triangle ABC. 


Proof. Since the equilateral triangles A’C’B’ and A’ B’C” are concentric 
and similarly oriented (see Fig. 7), the rotation through 120° about their com- 
mon center must cyclically permute their vertices, and consequently also cycli- 
cally permute the joins A’A’”’, C’B”, B’C” (and likewise A’B”, C’C”, B’A", 
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Fic. 7 


A'C", C'A", B'B"). Since ABC is scalene, the line A’A”, containing the cir- 
cumcenter, does also contain the centroid G. Therefore the three lines that are 
cyclically permuted are not concurrent, but form an equilateral triangle. (We 
are indebted to the referee for this elegant proof.) 


\ 1 Pap 
‘I 1,7 
VW 
P' 
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THEOREM 7. If equilateral triangles are erected on the alternate segments LC, 
MA, NB of the sides of triangle ABC, and the join of their vertices P, Q, R form 
an equilateral triangle, then the join of the vertices of equilateral triangles erected on 
the other aliernate segments also form an equilateral triangle. 
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Since the proof of this theorem requires the construction of quite a few addi- 
tional lines, it was deemed advisable to make a separate sketch for the proof 
(see Fig. 8). 

Proof. Let r=(X, +, 120°) mean the rotation r about a point X, counter- 
clockwise, 120°. 

Draw the lines as in the Figure 9. AR=BR’ since triangle A NR&triangle 
BNR’ (N, +, 60°). AR= MP since triangle AOR&triangle MOP (Q, +, 60°). 
MP=LQ' since triangle MPCS&triangle LCQ’ (C, +, 60°). Therefore AR 
= LQ’ = BR’ = MP. 


Fic. 9 


By similar arguments, MR’ = BP, P'C=NQ, NP'=QC, AQ’=RL. Therefore 
MR'BP, LO'AR, NP'CQ are parallelograms. ZQ’LC= Z MPC since triangle 
O'LC&*triangle MPC (see above). Therefore LPCH is a cyclic quadrilateral and 

Zie= ZICP = 60° and Ly= Z0'LC + 60°. 
But Zy= ZR’BC (corr. angles of parallel lines R’B and MP) therefore 


ZR'BC = 60° + ZOQ'LC. 
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Therefore 
ZR'BP' = ZR'BC + LLBP’ = 60° + ZQ’LC + 60°, 
LO'LC + ZCLP + ZPLP' = ZLQ'LP’. 


Triangle R’BP’&{triangle Q’LP’ (BR’=LO’, BP’=P'L, ZR'BP'= Z0'LP’). 
Therefore R’P’=P’Q’ and by similar arguments P’O’=Q'R’. Hence, P’Q’R’ 
is equilateral. 
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ON THE PRODUCT OF REAL VALUED UNIFORMLY 
CONTINUOUS FUNCTIONS IN METRIC SPACES 


NORMAN LEVINE, Ohio State University, and 
NICHOLAS J. SABER, University of Pittsburgh 


I. Introduction. It is well known that the composite map of two continuous 
functions is continuous. It is also well known that the product map of two real 
valued continuous functions is continuous. Although the composite map of two 
uniformly continuous functions is uniformly continuous, however, the product 
of two real valued uniformly continuous functions is not necessarily uniformly 
continuous, as for example, x and sin x on the line. This paper is concerned with 
the product of real valued uniformly continuous functions defined on metric 
spaces and is a generalization and extension of [1]. 

The paper is divided into three sections including the introduction. Section 
II consists of preliminary lemmas, definitions, and examples that serve as back- 
ground to the central discussion. Section III characterizes classes (Kz) of uni- 
formly continuous functions. A uniformly continuous real valued function will 
belong to the class Ky if and only if the multiple product map of this function 
with any 2 uniformly continuous maps is uniformly continuous. 


II. Preliminary definitions, lemmas, and examples. We present first two 
simple results. 

DEFINITION 1. Let { M, d} be a metric space. { M, d} will be said to have prop- 
erty B if and only if every bounded subset of M is totally bounded. 


For example, Euclidean -space has property B for all , whereas Hilbert 
space does not. Property B is not a topological property; consider the following: 
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Example 1. Let {R,d} be the reals with the usual metric. Let {7, dr} be the 
reals with the bounded metric dp(x, z) =d(x, y)/[1+d(x, y)]. Let f: R-T be the 
identity map, that is, f(x) =x. Now f is a homeomorphism, {R, d} has property 
B, but {T, dr} does not since relative to dz, T is bounded but not totally 
bounded (see [2], Ex. 6.5, p. 212). 


Lemma 1. Let f: M—|1, ©) be uniformly continuous, where {M d} 1s a 
metric space with property B. Let ACM be bounded. Then f(A) is bounded. 


Proof. Let e=1. There exists then a 6>0 such that d(x, y) <6 implies that 
| f(x) —f(y) | <1. Since A is bounded and M has property B, A is totally bounded. 
There then exists a sequence {ps} tz, such that A CU?, S3(p;). Now «GA implies 
that there exists 7% such that x€.S5(p;«) and hence f(x) <f(pi«) +1. Thus «CA 
implies that f(«) <f(p1) + - - - +f(/,)-+1 and therefore f(A) is bounded. 


Lemma 2. Let {M,d} bea metric space. Let f: {M,d}—[1, ) and h: {M, d} 
—[1, ©) be uniformly continuous and bounded. Then f(x)-h(x) is uniformly con- 
tinuous. 


Proof. f(x) and h(x) bounded implies there exist Ri and Re, real, such that 
f(x)<Ri and h(x)<R, Let e€>0 be given; there exist 6; and 6, such that 
| f(x) —f(y)| <€/2Rs for d(x, y) <8: and | h(x) —h(y)| <e/2R: for d(x, y) <ée. It 
can easily be seen that |f(x)k(x) —f(y)h(y)| <e for d(x, y) <3=min(6j, 3,)4A 
straightforward generalization follows. 


LEMMA 3. Let {M ; d} be a metric space with property B. If ACM 1s bounded, 
then the product of two real valued uniformly continuous functions on A 1s uni- 
formly continuous. 


Proof. Use Lemma 1 and Lemma 2. 
We proceed to a few more preliminary results. 


LEMMA 4. Let {M ; d} be an unbounded metric space. Let f: M—|1, ~) be 
single valued (continuity not assumed), where f 1s unbounded on M but bounded on 
every bounded subset of M. Then there exists a sequence of points { 2% a where 


(1) f(%n+1) > f(x) + 1, (3) lim f(%%) = ©, 
(2) A(Xz, Xez1) > 2, (4) d(x,, %1) 2 2k — 2. 


Proof. Let x1CM; consider S3(x1). S3(x1) is bounded and hence f is bounded 
on S3(x1). Therefore there exists an x, such that x2€S3(x1) and f(x2) >f(x1) +1. 
Otherwise f is bounded on M, a contradiction. Now if x2 is not a member of 
S3(%1) then d(x2, #1) 23>2. Suppose now that x, x2, - °°, Xm have been chosen 
so that (1), (2), and (4) above are satisfied and f(x,;)2i for 7=1, 2,---, m. 
Then Sa(21,2m)4+3(%1) is bounded and hence again f is bounded on it. Furthermore, 
fis unbounded on M and thus there exists an ¥m41 such that %m41 is not a member 
Of Sacey,2m)43(%1) and f(%m+1) >f(%m) +12m+1. Otherwise as above f would be 
bounded on M, a contradiction. Now 
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Xm+1 CE Sa (ey s2m)+3(%1) 
and hence d(%mii, Xm) > 2 since d(%mi1, Xm) 2 and 
B(Xm41, 41) S d(%m, £1) + d(Hmy1, Xm) S d(%m, x1) + 2 


would be a contradiction. Thus we can choose {on} wey such that d(xz41, %1) >2 
and f(x.) 2k for all k. Therefore limz.... f(«z) = 0. Further the {Xe ey have been 
chosen so that 


A(Xp41, 41) 2 d(%1, %) +3 > d(x, %) +2 and d(%, x1) 2 2k — 2. 


Lemma 5. Let | M, d} be an unbounded metric space. Then there exists a func- 
tion g: {M ; d}—[1, 0) which ts unbounded and untformly continuous on M. 


Proof. Let x be a point in M; let g: { M, d}—|l, oo) be defined as follows: 
1 if x = S'1(%0) 
g(x) = ‘ , 
d(x, Xo) if « € S1(x0). 
Since M is unbounded, g is clearly unbounded. Furthermore g is uniformly 


continuous on M. This can be seen directly. Assume e>0 and given. Select 6=e 
and consider | g(x) — 2(y) | with d(x, y) <6. 


DEFINITION 2. Let { M, d} be a metric space, z@ M, and A CM. Let f: { M, d} 
—>[1, ©). Now f: {M, d}—[1, ©) is defined to be monotone increasing relative 
tozon ACM wf, and only rf, for x, yCA, f(x) =f(y) whenever d(x, 2) =d(y, 2). 


DEFINITION 3. Let {M, d} be a metric space. Let ACM and g: {M, d} 
—>|1, 0). We define g to be noncontracting on ACM if, and only if, d(x, ¥) 
<| g(x) —g(y)| for all x, yEA. 


We observe that if g: {M ; d}—[1, co) is uniformly continuous and non- 
contracting on M, then g is unbounded on M if M is unbounded; furthermore, 
if {M, d} has property B, then g will be bounded on any bounded subset of M 
but unbounded on any unbounded subset of M by Lemma 1. 


Example 2. On the line g: [1, 0)—>[1, ©) is defined as follows: g(x) =x. Then 
g is unbounded, uniformly continuous, and noncontracting on [1, ©). 


DEFINITION 4. Let {M, d} be a metric space. Let z€.M and ACM. A is said 
to have property C on M relative to z if and only if, for x, yCA with xy, diy, 2) 
= d(x, 2), and 6 real such that 0<6<d(x, y), then there exists 1: \m such that 
1 = 4%, 2m = YY; 6/2 < d(2:, 241) <4, 
and d(2i41, 2) 2d(z;, 2) for alli=1, 2,---,m—1. 
DeFINiTIon 5. Let {M, d} be an unbounded metric space and let GM. 


{M ; d} is said to be a C-B space relative to z if and only if the following hold: 
(1) M has property B and 


(2) there exists R< @ such that Sp(z), the complement of Sr(z), has property C 
on M relative to z. 
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We note that [1, ©) has property C relative to z=1 and property B and 
is therefore a C-B space relative to z=1. E” for n2=2 is a C-B space relative to 
the origin in the Euclidean space. 

We present now the main preliminary lemma. 


Lemma 6. Let { M, d} be an unbounded metric space and 2G M. Let { M, d} 
be a C-B space relative to z and let g: {M ; d\}—f[1, 0) be untformly continuous. 
Further let there exist a real number a<o such that g 1s noncontracting on Sé(z) 
and a real number B< © such that g is monotone increasing on S2(z) relative to z. 
If f: {M , dt—>[1, ©) is uniformly continuous, then f(x)/g(x) is bounded. 


Proof. We first remark that on any bounded subset of M, by Lemma 1, both 
f and g are bounded. Now g21 implies f(x)/g(x) is bounded on any bounded 
subset of M. Hence, if M were bounded and had property B, the lemma would 
hold automatically. The proof is done by denial. Then by Lemma 4 there exists 
a sequence {oe} eas such that, if C,=f(xx)/g(%.), then Cy41>C, and C,—-© as 
k—» oo. Further we can choose the x; so that 1=2, d(%n41, 3) >d(xz, 2) +2 and 
d(x, 2)22k—2 for all k. Now there exists kx such that d(x, 2) >>at8+R for 
k>ks, where R is such that S:(z) has property C relative to z. We can write 


F(aers) — f(%n) = Carig(tegs) — Cag an) > Crlg(%ns1) — g(%e)) > 0. 


Now let e=1, let 6 be arbitrary except that 0<6<1. There exists ky) such that 
k>k implies C,>2/6. Let kt be >max(R, Rx) and let {2:$%, be such that 
Zi=Xkg, m= Xkegq1, C(Zi41, 2) 2(z:, 2) and 6/2 <d(zi41, 21) <6. We assert for some 
j that 


| f(es41) — f(zi)| = Cag(g(2s41) — g(z,)). 
Otherwise, 
| FCeages) — S(omg) | = Feepar) — frag) 


m—1 


< 2 | f(zi41) — f(2s) | < Ceglg(aager) — g(eg)) 


which is a contradiction. Now 


| fess) — fe) | = Caples) — g(2s)) = Ceg| g(esus) — (zs) | 
= Cry@(2i41, 24) > (2/8)(6/2) = 1. 


But d(z;, 2j41) <6 with | f (841) — f(z) | >1=e which contradicts f being uni- 
formly continuous. 
We conclude this section with the following definition and remark. 


DEFINITION 6. Let {M, d} be @ metric space with z@M. Let g:{M, d} 
—>[1, 0). We define g to be of special character on M relative to z if and only if the 
following hold: (1) gts untformly continuous, (2) there exists ax such that g ts 
monotone increasing relative to z on Si(z), and (3) there exists B< 0 such that g ts 
noncontracting on S3(z). 
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The above Lemma can now be restated as follows: Let {M, d} be a C-B 
space relative to z©M. Let g: {M, d}—>[1, 0) be of special character on M 
relative to z. If f: {M, d}—[1, ©) ts uniformly continuous, then f(x)/g(x) ts 
bounded. 


Ill. The classes K, K*, and K;. 

DEFINITION 7. Let { M, d} be a metric space and let L be the subset of the line, 
together with the usual metric, denoted by [1, »). Let K(M) denote the class of 
functions \{f: M —L} such that f is uniformly continuous from M to L. 

Lemma 6 has the following corollary. 


CoroLuary 1. If fEK(L), then f(x)/x is bounded. 


Proof. Let M=L, 2=1, and g(x) =x in Lemma 6. A proof of this corollary 
is given in [1]. 


Lemma 7. Let {M, d} be a C-B space relative to z€ M. Let g: ML be of spe- 
cial character relative to 2. Let f(x)€K(M) and f-g€ K(M). Then for e>0, there 
exists a &>0 such that for d(x, y) <6, then g(x)| f(x) — fly)| <e. 


Proof. gf—K(M) implies by Lemma 6 that there exists an R>O such that 
f(x) <R for all x<©@ M. Now e>0 given implies there exists a 6>0 such that 
| g(x) —g(y)| <e/2R and |g(x)f(x) —g(y)f(y)| <e/2 whenever d(x, y) <8. Now 


a(x) | f(%) —fO)| S | ef) — gf) | +40) | g(r) — (x) | 
<6¢/2-+ R-¢/2R = «. 


CoROLuaARy 2. If fEK(L) and xf(x) EC K(L), then for e>0, there exists a 5>0 
such that x| f(x) —f(y)| <¢ whenever |x—y| <6. 


Proof. Let z=1, M=L, and g(x) =x in Lemma 7. A proof of this corollary is 
given in [1]. 


DEFINITION 7. Let {M ; d} be a metric space. K*(M) 1s defined to be the class 
of all uniformly continuous functions { f: M—L} such that for hG.K(M), then 
h-fEK(M). 


In general, K*( 1) is a proper subset of K(/M). For let f: LL be the identity 
map. Then fE€K(L) but f&K*(L) since x? K(L). It is obvious that K*(M) 
= K(M) when M is compact. It can also be easily seen by Lemma 1 and 2 that 
K*(M)=K(M) when MM is totally bounded. 

We present now the two main theorems. 


THEOREM 1. Lei { M, d} be a C-B space relative to zG M. Let g: { M, d}—L 
be of special character relative to 2 on M. Let fEK(M). Then fEK*(M) tf and 
only of f-gEK(M). 


Proof. Since g(x)€@K(M) the necessity is trivial. Conversely suppose that 
f-geK(M). Let e>0 and let hC K(M). By Lemma 6 there exist constants R; 
and R, such that f(x) <R; and h(x)/g(x) <R, for all xe M. By Lemma 7 there 
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exists a 6>0 such that | A(x) —h(y)| <¢/2R, and g(y) | f(x) —f(y)| <¢/2R. when- 
ever d(x, y) <6. Hence, 
| f(x) h(x) — f(y)aly) | S fm) | h(x) — hy) | + Ch) /8(y))- 2(y)- LF) — FO) | 
< Ryi-¢/2R, + Ry-¢/2Re < é/2 + e/2 = €, 


whenever d(x, y) <6. Since # is arbitrary in K(MM), it follows that fEK*(M) 
and the theorem is proved. 


Coro.uaRy 3. If f(x) CK (L), then f(x) EC K*(L) if and only 1f x-f(x) CK(L). 

Proof. Let z=1, M=L, and g(x) =x in Theorem 1. A proof of this corollary 
is given in [1]. 

At this point the above results can be extended and generalized by induction. 

DEFINITION 8. Defining Ki*=K and K*=K* and assuming that Ki-»y(M) 


has been defined for a metric space {M ; d} we then define K,*(M) as the set of all 
functions fEKi-»(M) such that for hE K(M) then f-hEKG_y(M. 


Lemma 8. Let {M, d} be a C-B space relative to z€ M and let ge K(M) be of 
special character relative to z. Then, if (g(x))"-f(x)EK(M) and f(x) EC K(M) and 
e>O, there exists 6>0 such that (g(x))™| f (x) —f(y)| <e whenever d(x, y) <6. 


Proof. lf g*fEK(M) then there exists an R>O such that g(x)*"!-f(x) <R 
for all x€@ M by Lemma 6. Now 


g(x)"(f(x) — fy)) = (g(x) f(a) — (e0y))*f) + (e0))*f0) — (e))*f0) 


= (g(x))"f(x) — (g(y))*f(y) + (ey) FO) fe)" = @))" 


(g(y))"? 
Now 
(g(y))" — (g(@))" _ (8) — a) [g0)"* + gee)? +: + 8)" 
(g(y))"-! (g(y))"" 
g(x)! 
= (g(y) = g(x)) (: + e/a) +++ +5 =) 


Choose 6;>0 such that | g(x) —g(y)| <1 whenever d(x, y) <6:. Pick &>0 such 
that | g(y) — g(x) | <¢/2R(2"—1) whenever d(x, y) <6. Let 6; be chosen such 
that | (x) f(x) — 2(y)"f(y) | <e/2 whenever d(x, y) <43. Define 6=min(di, 6, 6s). 
Now d(x,y)<é implies that | g(x)/g(y)| <(g(y)+1)/g(y) =1+1/2(y) S2. 
Further, if d(x, y) <6, 


| gly)" — g(x)” 
gly) 


< | gly) — g(x) | <A +24+--+ +421) 


= | g(y) — g(x)| -(2" — 1). 
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Thus 

(e(2))"| 2) — f0)| S | e@)"f(@) — e)"¥O)| + | eO)"-F0) | - beravccoe 
< ¢/2 + [R-(e/2R(2" — 1))]-2" — 1 
<6(2+¢/2 =, 

whenever d(x, y) <6. 


Coro.Luary 4. If fEK(L) and x"f(x)CK(L) then for e>0, there exists 5>0 
such that x"| f(x) —f(y)| <¢ whenever |x—y| <6. 


THEOREM 2. Let { ; d} be a C-B space relative to ze M. Let ge K(M) be of 
special character relative to 2. Then for fEK(M), fEK,*(M) tf and only if f-g 
EK(M). 


Proof. We make the following induction hypothesis: fEKj_»(M) if and 
only if g*-!-fEK(M). 

Let fEK,*(M). Then fEKG_1»(M and hence gfE KG,-1(M). Therefore by 
the induction hypothesis g*~!(gf) CE K(M) and thus g*-fEK(M). 

Conversely, let g*fE@.K(M); we assert first that fEKG_»(M). gfEK(M) 
implies that g(g""!f)€ K(M) and hence g*"'fEK*(M) and therefore CK(M). 
Then, by the inductive hypothesis fEK%_»(M). It follows that if f-hyhe ++ - ha 
€©K(M) for an arbitrary selection of h;, where hy, he, -+-, hn€K(M), then 
fEK,*(M). We now show that this is the case. We know h;€ K(M) implies that 
there exists an R;>0O such that h;/g <R;fort=1,2,---,n. Also g*fEK(M) im- 
plies that there exists an R>O such that g*"14f<R by Lemma 6. Then 


Late) TLaG) 


i=] t=] 


(g(x))"-! (gy) 


iat hi(y) I hi(y) 


(g(y))™? (g(x) 01 


(g(y))” 
(g(y))” 


f(x) TT hte) ~ fly) II hily) = ((n)) "14 (2) 


+ (g(x))""*F(2) 


+ I hily)-(f(2) —f0)) 
Then 


f(x) I nia) — f(y) I hy) = Ti+ Int Ts 


where the J; have the obvious meaning. Now 
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Il h(y) 
inl (g(y))"7 
I, = x) )r-1f(y) ———_——- 1— 
(eye) 20) ‘ _— en 
But 
, _ BO) _ sls) — 80) f gy) sonny 
(g(~))"- g(x) g(x) (g(x))"-? 
and 


(g(y))*-! g(y) (g(y))" 
1 — — $$ = x) — a wee +, 
0 cori 8 tOR e ua cos 


Choose 6;>0 such that | g(x) —g(y)| <1 when d(x, y) <6,. Then if d(x, y) <6, 
(g(y))"* a 
g0) {1 toni | < | g(x) — g)| @* — 2). 


Furthermore, since g*f € K (M) for e> 0, there exists a 52 >0 such that if d(x, ) <b, 
then (g(y))"| f(x) —f(y) | <¢/3RiR, ---R, by Lemma 8. 
Consider 11; let 63>0 be chosen such that 


TLace) [Lay 


(g(a))"-? (gy) 2} 


whenever d(x, y) <63. This is possible since k,@K and therefore g*~!h,/g" 1CK 
and by the induction hypothesis ha/g*"!'CKG-1. Hence hahns/g""!'C KG») and 
then it follows Anhna---In/g?'GK. Pick &>0 such that | g(x) —g(y)| 
< ¢€/3RiR,--- R,-R-(2" — 2) whenever d(x, y) < 6 Define 6 to be 
min(6,, 52, 53, 64). Now 6 depends only on ¢ and for d(x, y) <6, 


< ¢/3R, 


fla) TL hele) — fG) II hy) 


j=l 

Shtht+Ts 

R-RiRy- ++ Ry(2"—2) eR Ra +» Ra 
3Ri-Ra +++ Ry*R(2*— 2) 3RiRa-+- Rp 
<f/so +3 + 6/3 =. 


Hence, for fEK(M) and h,(x) arbitrary in K(M) for 1=1, 2,---, » then 
f(x) [[%1 h(x) K(M) and the converse is proved. 


< R-¢e/3R + 
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THEOREM 3. If fEK,*(M) and hE K,*(M), then f+hEk,*(M). 

THEOREM 4. If f and hE K,*(M), then f-hEK,*(M). 

Theorems 3 and 4 follow directly from the above definitions and discussions. 
Thanks are due to the referee for suggestions which were found helpful and worthwhile. 
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A PROPERTY OF ALGEBRAIC HOMOGENEITY 
FOR LINEAR FUNCTION-SPACES 


ANDREW SOBCZYK, University of Miami 


For different points #1, f, of a set 7, a function x(t) separates t1, t, in case 
x(t1) x(t). As in the hypothesis of the well-known Stone-Weierstrass theorem, 
we say that a linear space D(T) of functions x(t) separates the points of T if for 
each pair 1, tg of points of T, tj 42, there exists x© D(T) such that x(t1) #x(te). 
By defining x(t) =¢(x), we may regard any linear space X, for each choice of a 
total or separating set T of linear functionals t on X ([3], p. 153), as a function- 
space D(T); for such 7, D(T) =X separates the points of T. 

If the linear space C(S, 3) of all bounded real continuous functions on an 
infinite topological space (S, 3) separates the points of S, then it may be seen 
by use of the theorem on p. 41 of [1] that 3 contains a completely regular 


topology &. For each finite subset { st, oe, Sn} of S, by complete regularity 
there exist functions %1, - - - , X, in C(S, $) such that x,(s;) =6,;. Therefore arbi- 
trary real values ai1,---, @, at respectively s1,---, S, are fitted by some 


xe CS, $). (Since D8, we know that C(S, 3)DC(S, 8); by Theorem 3.9 of 
[1], C(S, 3) =C(S, 8).) Let us describe this situation by saying that for every n, 
each set of » different points of S is n-separated by the linear space C(S, 9), 
and that the linear space is algebraically homogeneous (a.h.). Clearly any larger 
linear function-space than an a.h. space is an a.h. space. 

A one-dimensional linear space D(T) of real functions may separate the 
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points of T if the cardinality of 7 is not greater than that of the set of real num- 
bers. It is impossible for an n-dimensional D(T) to m-separate any set of m 
points of T if m>nz2Z1. Following is an example of an infinite dimensional 
linear space D(T) which separates the points of JT, but which is not a.h. Set T 
is the set of all integers; x1(#) assumes a different real value for each tCT’, so 
that it separates the points of T; x2(t) =6a:, ---, «;(t) =6;1,---; D(T) is the 
set of all finite linear combinations of 1, x2, -- -. The linear space D(T) is not 
a.h., since for 7 22 each set of m negative values of ¢ is not m-separated. 

If J is a Hamel basis for a linear space L, then L may be regarded as the 
space of all functions x on J which are such that the subset of 7, where x(t) 0 
is finite; call such functions finitely-many valued functions. Then L is a.h. and 
evidently for D(T) to be not a.h., it is necessary that D(T) not contain all 
finitely-many valued functions on T. 


THEOREM 1. Suppose that D(T) 1s any linear space of real functions on an arbi- 
trary set T. Let N be any n-dimensional linear subspace of D(T). Then there al- 


ways exist some n points ti, - ++, tr of T which are n-separated by N. 

Proof. By hypothesis, there is a set of m functions “1, - + -, %, which are a 
basis for N. Denote the n-tuple (0,---, 0) by @. For any real n-tuple 
(Cu, °° *, Cin) #0, by the hypotheses that N is n-dimensional and x, ---, x, 
is a basis, there exists ti such that cy%1(t1) + - - - +¢in¥n(t1) #0. Choose a second 
n-tuple (C21, - + + , Con) #0, orthogonal to (x1(t1), - + + , Xn(t1)). By the hypotheses, 
there exists f, such that Ca1%1(te)-+ - - - +2n%n(t2) #0. Continue this procedure 
up to and including (Cai, - - - , Cnn) and t,. The matrix product 

C1r° °° C1n | P¥1(t1) - > + X1(tn) diy dig+-- din 
. . 10° dag + dan 
Cn1 °° ° Cnn Xn (t1) - 8 Xn(tn) 0 0 7 dnn 


is nonsingular, since by construction dy1+0, d2+~0,-°---, dunx¥0, and the de- 
terminant of the triangular matrix has the value did. - + - dan. Therefore each 
matrix on the left is nonsingular, and for arbitrary values ai, ---, @,, there 
exist b1,---, 6, such that dimi+ ---+0,x, fits the values a1,---, a, at 
th,°°-+,tnj1e., t1,°°-°,t, are n-separated by JN, as required. 

If for each n, each n-dimensional subspace N CD(T) n-separates every set 
of n points of T, then D(T) is an a.h. space; but the converse is not necessarily 
true. In case D(T) is of finite dimension m, D(T) would be described as being 
a.h. in case all sets of 2 points are n-separated by D(T) for each nSm. The space 
of all polynomials of degree S(m-—1) in a real variable ¢ is an m-dimensional 
a.h. space. The three-dimensional space of polynomials of degree <1 in two 
real variables s, t, however, does not 3-separate all triples of points in the s, f- 
plane, and thus this space is not a.h. 

For any subset R of T, denote by Dr(T) the subspace of all those functions 
of D(T) which vanish on R. A pair M, N of linear subspaces of D(T) are algebraic 
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complements in case D(T)=M@N; i.e., each z€ D(T) has a unique expression 
Z=x--+y, xe M, yEN. 


THEOREM 2. For any set R of n points which are n-separated by D(T), Dr(T) 
and an n-dimensional subspace NCD(T) are algebraic complements iff the n 
points are n-separated by N. 


Proof. Let R= { th, ae tnt, and suppose that the points of R are n-sepa- 
rated by N. Then if 1, - - - , ¥, area basis for N, the sets of values (1, 0, - - -, 0), 
-++, (0, 0,---, 1) may be fitted in succession by linear combinations of 
V1, °° °*,%n. Therefore there exist functions x1, - + - ,%,, which also form a basis 
for N, such that x,(t;) =6,;. For any zC D(T), we have z=2(t)x1+ +° + + +2(tn)Xn 
+y=x+y, x«CN, yEDrR(T), as required. 
Suppose conversely that N and Dr(T) are algebraic complements. For any 
t;, t; of R, 147, by hypothesis there is a z© D(T) such that 2(t;) #2(t,;). Since 
z=x-+y, yeDr(T), we must have x(t;)~x(t;); therefore the points of R are 
n-separated by JN. 


THEOREM 3. Given any space D(T) which separates points, there always exists 
a completely regular topology 3 for T, such that D(T) CC(T, 3). Thus in particular 
there always is an a.h. function-space which contains D(T). 


Proof. The topology is the weak topology 3([1], pp. 38-39) for T which is 
induced by D(T). The topology 3 is Hausdorff, because if x separates h, fo, the 
inverse images of disjoint open intervals respectively containing x(t), x(t.) are 
disjoint and open. Therefore by Theorem 3.7 on p. 40 of [1], the topology 3 is 
completely regular. 

In [2], Hewitt gives examples of regular Hausdorff spaces (T, ®) which are 
such that C(T, ®) contains only constants; thus of course C(T, ®) separates no 
pair of points. For any topological space (V, 0), for v, v’€ V, define vav’ in case 
x(v) =x(v’) for all e<EC (V, 0). The relation a is an equivalence relation; if the 
quotient space of (V, U) by the a-subsets is (T, U), then (7, W) is Hausdorff 
and C(T, WU) separates the points (a-subsets) of T. 

It was remarked at the beginning that for any topology U such that C(T, U) 
separate points, there exists a completely regular topology 8, $C%U, with the 
same continuous functions. If D(T) is a larger linear space of functions on T 
than C(T, U), then by Theorem 3 there is a completely regular topology 3 for 
T which is larger than U. Thus for any set J and completely regular topology 
§ which is smaller than the discrete topology for T, there is an ascending se- 
quence of completely regular topologies up to and including the discrete topol- 
ogy. There is a corresponding ascending sequence of a.h. spaces of bounded func- 
tions, up to and including the space m(T) of all bounded functions on 7. (By 
Theorem 3.6 of [1], the spaces of all continuous functions on (7, U), and of all 
bounded continuous functions on (7, U), induce the same completely regular 


topology. ) 
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RANK-SETS AND RANK-SPACES IN LINEAR FUNCTION-SPACES 


ANDREW SosczyK, University of Miami 


Let S be a set which contains at least two points, and denote by D(S) an 
arbitrary linear space of real-valued functions on S. For any linear subspace 
LCD(S), the variety A determined by L is the maximal subset of S on which 
all functions of L vanish. If Z separates points of S, then A either is empty or 
contains a single point; in the latter case the point may be removed from S with- 
out changing the linear space D(S). The nullity of a subset BCS is the Hamel 
cardinal dimension of the subspace Da(S) of all functions which vanish on B. 
Varieties A which contain B may be determined by various proper subspaces 
Lof D a(S). 

For a subset B of S, if a linear subspace K CD(S) has the property that for 
each function gz of D(S), there is a function w of K which coincides with zg 
throughout B, we shall say that K fits arbitrary functions of D(S) on B. Call 
the subset B a rank-set associated with K, relative to D(S),in case K fits arbitrary 
functions of D(S) on B, and if furthermore there is no proper linear subspace Ky 
of K which has the same property. In this case call K a rank-space associated 
with B, relative to D(S). 


THEOREM 1. Jf a subset BCS has nullity zero, it is a rank-set associated with 
the entire space D(S). 


Proof. Suppose that B is a rank-set associated with D(S). Then if the nullity 
of B were not zero, there would be a function “€@D(S) which vanishes on B 
and which is not the zero-function 6. Let H be any algebraic complement in 
D(S) of the one-dimensional subspace of scalar multiples of u; then on B, H fits 
the values of arbitrary functions v€ D(S), contrary to the hypothesis that there 
is no proper subspace of D(S) which has this property. Therefore there is no 
function “+6 in D(S) which vanishes on B; i.e. the nullity of B is zero. 

Suppose that B has nullity zero. Then for any function v€ D(S), of course v 
itself fits the values of vy on B. Therefore D(S) is the rank-space associated 
with B provided that it has no proper subspace which on B fits the values of 
each v€ D(S). If there were such a subspace, there would be some v@ D(S) and 
uC D(S), u not identical with v on S, with w=v on B. But then (u—v) would be 
a function which vanishes on B, and which on S is different from the zero-func- 
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tion 8, contrary to the hypothesis that B has zero nullity. Thus the rank-space 
associated with B is the entire space D(S). 

As an example of Theorem 1, if S is a closed region of the x, y-plane, bounded 
by a simple closed curve B, and D(S) is any linear space of functions which are 
continuous on S and harmonic in the open region bounded by B, then since by 
the maximum principle B has nullity zero for harmonic functions, the boundary 
B is a rank-set associated with the entire space D(.S). By Theorem 1 of [2], for 
any n-dimensional space D(S) of harmonic functions on S, there exist rank-sets 
of x points on B. Further examples and applications to curve-fitting are suggested 
by reference [1] (brought to the author’s attention by J. H. Curtiss). 


THEOREM 2. A subspace K of D(S) ts a rank-space, with B as an associated 
rank-set, iff K is an algebraic complement (see |2]) of Dz(S). 


Proof. Suppose that B is a rank-set with K as an associated rank-space. 
Then for any z© D(S), by hypothesis there is a function x which fits z on B, so 
the difference z—x=y is in Dg(S). Assume that v€ D(S) is not the zero-function 
6, and ve Dz(S)(K. Then a hyperplane K,; in K which is an algebraic comple- 
ment of the one-dimensional space {cv} fits the functions of DGS) on B as well 
as K does, contrary to the requirement of the definition of K as a rank-space. 
Therefore Da(S)Q\K = {o}, and Dz(S) and K are algebraic complements. 

For the converse, if Dg(S) and K are algebraic complements in D(S), then 
for each z@ D(S), we have uniquely z=x+y, xCK, y©Da(S). Therefore x and 
z coincide on B. If each z may be fitted on B by 1.C A, CK, then z—x,;=74, be- 
longs to Dzg(S), and since by hypothesis all of K is required together with Dg(.S) 
to span D(S), by uniqueness it follows that +.=x, y=y, K,;=K. Therefore B 
is a rank-set with K as an associated rank-space. 


CoROLLARY 3. Two rank-spaces K, L have a common associated rank-set A 1ff 
they are both algebraic complements of Da(S). Two rank-sets A, B have a common 
associated rank-space K iff Da(S) and Dz(S) are both algebraic complements of K. 


THEOREM 4. For a rank-space K and each associated rank-set A, there is a 
unique maximal rank-set BDA, which has the same associated rank-spaces as A 
(including K). 


Proof. By Theorem 2, D,(S) is an algebraic complement of K. Let B be the 
variety which is determined by the subspace Da(S). Then Dzg(S) = Da(S). For 
each s in the complement of B, there is a ye Dz(S) with y(s) #0, so that if 
z=x-+y, x cannot fit z at s; therefore B is maximal. By Theorem 2, any comple- 
ment L of Dzg(S) also is a rank-space, with B as a maximal associated rank-set. 


THEOREM 5. Two rank-sets, A and C, associated with the same rank-space K, 
are contained in the same maximal rank-set B iff the functions of K fit the functions 
of D(S) on AUC. (The alternative possibility is that the functions z©@D(S) are 
fitted both on A and on C by K, but that there are functions zg which require a 
different function from K for fitting on A than for fitting on C.) 


1965] MATHEMATICAL NOTES 33 


Proof. lf AUCCB, where B is a rank-set associated with K, then the func- 
tions of K in particular fit the functons of D(S) on AUC. Conversely, if K fits 
the functions of D(S) on AUC, then K is a rank-space associated with AUC, 
since no smaller linear subspace will fit the functions of D(S) on either A or C. 
The variety B which is determined by the subspace Dauc(S) is the maximal 
rank-set containing AUC. 


THEOREM 6. If A and B are rank-sets, and M 1s the associated rank-space of 
AUB, then M contains the linear span K+L of K and L, where K, L are suitable 
rank-spaces associated respectively with A, B. It 1s not always necessary that 
M=K+L1L. 


Proof. Since M fits the functions of D(S) on AUB, in particular it fits them 
on A, and so M contains a K. Similarly M contains an L. Therefore MD K-+L. 
Abbreviate D,4(S) to Da, etc. By Theorem 2, M is an algebraic complement of 
Dal\Dzp=Daupz. In case Daup is a proper subspace of Dy, and of Dz, and K isa 
common algebraic complement of Dg and Dz, then L=K, K+L=K, and 
K-+L is a proper subset of M. In case L(‘\D4 complements Dafl\Dz in Da, or 
K(\Dz complements DaM Dz in Dz, then M=K+L. 


CoROLLARY 7. Each subset C of S is a rank-set. The associated rank-spaces 
are the algebraic complements of the subspace Dc(S). A subset C for which the maxi- 
mal rank-set 1s all of S has D(S) as associated rank-space. For example, in case 
of any linear space of continuous functions on a topological space S, the entire 
space S is the maximal rank-set which contains each dense subset. (A subset B 
at which all the functions of D(.S) vanish of course has {@} as its associated rank- 
space, and conversely all functions of D(S) vanish on each rank-set which is 
associated with {6}.) 


Proof. By Theorem 2, any algebraic complement K of De(S) is a rank-space 
with C as an associated rank-subset. If {ses : y(s) =0 for all ye De(S) } = §, then 
De(S) =Dsg(S) = 16}, so in this case the algebraic complement is unique; it is 
D(S). The only other case in which the associated rank-space is unique is when 
D¢(S)= D(S): for such a rank-set C, the associated rank-space is {6}. 


THEOREM 8. Any finite-dimensional linear subspace K of D(S) is a rank-space. 
If K is of dimension k, there is at least one associated rank set in S which contains 


exactly k points. 


Proof. lf K is of dimension k, then by Theorem 1 of [2], there is at least one 
rank-set of k points, which has K as associated rank-space. (Also by Theorem 1 
of [2], the various maximal rank-sets associated with K are all varieties deter- 
mined by subspaces Da(S), where A is some set { st, me, se} of k different 
points of S.) 

For an infinite dimensional D(S), it neéd not be true that every linear sub- 
space L of D(S) is a possible rank-space. If Z is not a rank-space, then by Theo- 


34 MATHEMATICAL NOTES [January 


rem 2, ZL is not the algebraic complement of D4(S) for any A CS. Each Da(S) 
either contains a nonzero function of JZ, or is insufficient with Z to span D(S), 
or both. For example, if D(S) is the space of all bounded continuous functions 
on the open unit interval S=(0, 1), and L is the subspace of all bounded func- 
tions on (0, 1) which have an extension to be continuous on the closed interval 
[0, 1], then although L fits the functions of D(.S) on every closed subinterval of 
(0, 1), it is not the complement of D,4(S) for any A CS. Therefore L is not a 
rank-space. 


This work was supported, under Contract No. AF 49(638)-1055, by the Air Force Office of 
Scientific Research. 
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ON FINITE DIMENSIONAL LINEAR TOPOLOGICAL SPACES 


E. F. STEINER, University of New Mexico 


By a linear space X, we will mean a vector space of finite dimension 2 over 
the real numbers R; X* will denote the algebraic complement of X. A linear 
topology is a topology on X with respect to which addition and scalar multi- 
plication are continuous. 

It is known (see [2]) that X admits exactly one Hausdorff linear topology. 
The purpose of this paper is to describe the lattice of linear topologies on X. 

Let T be a linear topology on X, U be a base for neighborhoods of zero, and 
S be the closure of the set whose only element is zero. It follows that S is a sub- 
space of X and that every element U of U contains S. 

Consider the quotient space Y= X/S. Since S is closed, the canonical linear 
topology T’ on Y is Hausdorff. 

Let {¢1, €2,°--+,ém} be a basis for S and extend it to X by the addition of 
{ Cm-415 -++,é,;. Chen the images { ft cs fn} of { Em) sey en} under the 
canonical mapping constitute a basis for Y. 

Since there is only one Hausdorff linear topology on Y, the set 
B= 1y: yEY, y= > afi, lai <1} is open in 7’. Thus the pre-image 


A= {ree Xe=st >) atin s ES, | a, | <1} of B 


m+1 
is an open set in JT. Hence every set \A, \+0 contains a member of WU. From the 
properties of neighborhoods of zero, it follows that every element U of U con- 


tains a set \A, \+0. Therefore, the \A’s, 40, form a base for neighborhoods at 
zero. Examination of these sets allows us to state: 
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THEOREM 1. Let R; denote the real line with the topology T;. Every linear topo- 
logical space of dimension n 1s linearly homeomorphic to the linear space Ri+R, 
+--+ -+R, with the product topology TyXT2X +--+ XTn, where T; 1s etther the 
trivial or the natural topology on the real line. 


Now let F be the family of linear functions on X defined as: 
files) = 0 f= Ayres ym b=m+4,---,n 
file) = 85 gumti,---,n; tem+i,---,n. 
The weak topology 3(X, F) on X associated with F has as a neighborhood base 


at zero the sets \A, \+0. The subspace of X/ generated by F is merely the anni- 
hilator S° of S. Thus T=3(X, S°). 


THEOREM 2. Every linear topology on X is the weak topology associated with 
some subspace of Xf, 


The trivial topology corresponds to the zero subspace and the Hausdorff 
linear topology corresponds to X/. 


COROLLARY. Every linear topological space of finite dimension 1s locally convex. 


It is known (see [1]) that under topological ordering the family of linear 
topologies on a linear space is a lattice. Since the only linear topologies on a 
space of finite dimension are weak topologies and the dimension of X* is the 
same as X, we may state: 


THEOREM 3. The lattice of linear topologies on X 1s tsomorphic to the lattice 
of subspaces of X. 
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ON THE ZEROS OF POLYNOMIALS 
Q. G. MoHAMMAD, Jammu and Kashmir University, India 
The following theorem is due to Landau and Markovitch ([1], p. 99). 


THEOREM A. For any given t>0 let M=Max|a,|t*, R=1, 2, 3,---,. Then 
all the zeros of p(z) = >.” ayz* lie in | z| = ( ao| t)/(|ao| + M) 1.e. all the zeros of 
P(g) =s"p(1/z) lie in |z| <(|ao| +M)/(| ao] 2). 


We prove 


THEOREM 1. For any given t>0 all the zeros of P(2z) le in 


(1) lz| < —(1 + (ay): 
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where Dp=( > (|ax|t*)?)/?, p>1, g>1, 1/p+1/q=1. 


Proof. lf |z|£>1, we have 


1 n k 
| P@)| & | ol |el(1 - 5) 
1 


lao] [al 
Now 
n | ax | & n I/p son 1 )" ( n 1 )" 
s t* = D 
2 | 2 |e <( D(a] ”) (x (| 2 [Fe p d (| 2 |t*)s 
re) 1 1/q Dz 
D mp 
<2 ap)” Walon 
Hence |P(z)| >0 if 1 — [D,/(\ao|((\2|)2 — 1)”9] 20, ie. if [z| 


> (1+(D,/| ao )2)1/¢/¢, Hence those zeros of P(z) with | z| >1/t satisfy (1). 
Also those zeros of P(z) with | z| S1/t already satisfy (1). This proves the 
theorem. 


CoROLLARY. Letting p— «© in Theorem 1 we obtain Theorem A. 


REMARK. Consider P(g) = —ng™+2"-1+27-24+ .--+¢4+1 and 0<?¢S1. 
Then M=t. Hence by Theorem a all the zeros of P(g) lie in | 2| <(n+t)/nt. By 
Theorem 1 all the zeros of P(z) lie in 


1 {@ 1/q 1 [inalp \ 3a 
| | <— f+ Ute teed +. + rmneyieh s—{i+ \ 
nN 


nt 
1 i#yla nt? 
=— {14-4 < for0 <tS1 and q> 1. 
t nN nt 
THEOREM 2. Let G=Max|a,| Wk k=1,2,---,n. Then all the zeros of P(z) 
le in 
1 
(2) | 2| <G(1+-—). 
| ao 


Proof. If |z| >G, we have 


1 n 1 n G* 
ra] & fall {t-te jal jah fi 4 
Fao] a [ah foal Tah 

1 2 G 

> [al[el {1-- > 

fos] Teh 


-lalleh tT rgaet 
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Hence, |P(z)|>0 if 1—G/(|a.|({z]| -G) 20, ie. if [2] =GA+(1/|aol)). 
Hence, those zeros of P(z) with | 2| >G satisfy (2). Also those zeros of P(z) 
with |z| SG already satisfy (2). This proves the theorem. 


THEOREM 3. Let G be defined as in Theorem 2. Then all the zeros of P(z) lie in 


5, q\ Ila n 1/p 
(3) | 2 | < ! + (=) \ , where 5, = ( » o”) . 
| ao | 1 


Proof. lf |z|>1, we have |P(z)| =/ao| |z|"{1—(1/|ao|) 0? G*/|2|*}. 


Now 
n G* n 1/p n 1 1/q n 1 1/q 
£2 «(Se)"(S5)"-(E ph) 
, , | z [#2 


js r [elt 


> 1 \Ve by 
5 —-} =————_ - 
< »( i a) (| 2 [2 — 1)%2 


Hence, | P(z)| >Oif | 1—8,/(|ao| ({z| <—1)1/9 =0, ie., if |z| = {14+(6,/|ao]) 2} 
Hence as before all the zeros of P(z) lie in the region defined by (3). 
REMARK. Consider P(z) = —ng*™-+2"7!1+ .--- +2+41. 
By Theorem 2 all the zeros of P(z) lie in |z| <<1+1/n. 
By Theorem 3 all the zeros of P(g) lie in 


mil Pn 114 1 \1/a 1 
js] <(1+ =) -(1+-) <(1+—) as g>1. 
nt nN n 


Letting p—1, we get the exact bound 1 as [1+(1/m) ]!/2-1. 


THEOREM 4. Let S= Max | ax /k, R=1, 2,-+-+,n. Then all the zeros of F(z) 
= Sg?t+ayg" 1+ --- +a, hein 


3 + 51/2 
—_ 


(4) |z| < 


Proof. lf |z| >1, we have 


| F(z) | = s| x)» {1 - > ca = S| 2|* {t-EH 


1 


> S|2|* {!- = aH = §|z| {-7ot}. 


Hence | F(z)| >0 if 1—|z|/(|z| —1)?20, ie. if [z| =(3+51/2)/2. This proves 
the theorem. 


THEOREM 5. All the zeros of P(z) le in 
(5) |z| < 2r. 
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where r= Max | @x41|/|ax|, a0, k=0,1,2,-°+-, x. 


Proof. If |z| >r, we have 


| mo)| & Lol [ale {1 E13 AST > Joa [ole 1-3 
> [ool [ele {1 oh = Jol fale {1}, 


hence | P(z)| >0 if 1—r/(|z| —r) 20, ie. if |z] 227. Hence, those zeros of P(z) 
with |z| >r satisfy (5). Also those zeros of P(s) with |z| Sr already satisfy 
(5). This proves the theorem. 


Reference 
1. M. Marden, The geometry of zeros, Amer. Math. Soc., Math. Surveys, No. 3, 1963. 


A CONGRUENCE PROPERTY OF (C;(z) 
A. M. Vaipya, Texas Technological College 


1. Let [[2_, (Q—x)"= 902.) ,(n)x". Gupta has shown in [1] that 
“ r 
(—1)pAn) = Cn) (" ), 
k=0 k 
where C;,() is the coefficient of (—x)* in y* and 


y= > (—1)4 eF(BI-V)I2 A yp5(BH1)12} | 


jel 


We show here that if » is a prime, then C,(”) =0 (mod p) unless nm =47(37 +1), 
and for 7 =437(37+1)p, we have C,(m) =(—1)#G4) (mod p). 


2. In what follows, the modulus for all the congruences shall be an odd prime 
pb. We shall prove the results by induction. We have 


(— 4 — 02 + x8 aT — f)2 — 18 4 722 + 4726 — 785 — . . - SP 


— eP(L i — at — 8 El elt — ptt — 2 gd tw. )p, 


yP 


Expanding {1 (x = 204 — 108 eae aed — 9621 — 925 4 84 cos ) fr by the binomial 
theorem and using the fact that (?) =0 (mod p), for 1SrSp—1, we get succes- 
sively 
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yh == — P — 992P(L — 8 — gd He ld 4 718 — 4720 — gt 4 4...) 
= — yP — yp + x5P(1 4 a? — x7 — lO 4 yl? 4 21 — 430...) 
= — yp — x2 + ode 4 ytd — 5 — 8 4 td + l9 — 428 — ... )p 
= = yh — yt 4 gdp 4 oT — yp 12P(1 4 8 — lO — gl 4 2 4... YD, 


We can continue in this fashion. This shows that the results which we wish to 
prove are true up to »=7. Let us assume that if we continue the above pro- 
cedure we shall obtain at the (2j—2)-th step, 


yP == — P — gt A gSe A gle — 2. A (1) Ply} G-1) (87-2)0 
4+ (—1) i @H-D0(1 Le gf — 8H — yAst2 +... )p, 
This assumption is certainly true for 7=2. Again expanding 
(1 af — itl — gt? p ...)r, 

we get 

y? = — xP — 2p + de + ylp — «4 (—1) ig GOH DP, 

A (—1)sg i BFt1)9(1 — yg 2H1 — 8H? +... )p, 
and at the next step, we obtain 
yP == — oP — 2 4 adr 4 gle — .. . 4 (—1) ight 
 (—1)F Ug MAD BH2)0(1 f gdtl — gH4 — yA 6 +... Ye, 


This proves our assertion regarding the (27—2)-th step. This proof also shows 
that at the (27—1)-th step, we have 


vy? = — ~P — 72? + “5p + yIP — 22s + (— 1)43307-Dp 
+ (—1)sy GH De(] — g2stl — y8Ht2 4... )p, 


It follows that the coefficient of (—x)* in y? is 0 unless n=4$7(37+1)p, and if 
n=4]7(37+1)>p, then it is 


(—1)#4F@IEDP = (—1)F+H]IED = (—1) GED, 


We thus have C,(2) =0 (mod p) if n4437(3j741)p and C,(m) =(—1) 4G) (mod p) 
if n=437(3j41)p. For p=2, the results are immediate. 


3. By the same method, one can prove the following general result: 
Cpr(n) = 0 (mod p) if n ¥ 47(37 + 1)4, 
and 
Cyr(n) = (—1) 402) (mod p) if » = 2737 + 1)2, 


where k is a positive integer. 
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A NOTE ON FUNCTIONS WITH A NATURAL BOUNDARY 


WILLIAM J. GRAY, University of Alabama 


We consider a series of complex functions 
(1) > Fal2), 
k=0 


where the f,(z) are defined on some subset of the plane. In the cases usually 
studied, where (1) is a power series, Dirichlet series, etc., the series (1) has a 
region R of uniform convergence, and the f,(z) are regular on R, so that (1) 
defines a regular function F(z) on R. If R is not the plane, and the boundary 
of R is a natural boundary for F(z), the series (1) defines a complete analytic 
function. There are examples of series of the form (1) which define two complete 
analytic functions. We wish to give an example of an extreme case where in- 
finitely many complete analytic functions are defined by one series. 


LemMa~ 1. If a and Db are positive integers, the series 


ioe) gan 


(2) 


defines a regular function for | 2| <1 which has | z| =1 for a natural boundary. 


We do not prove this lemma since the proof is not essentially different from 
that given in [1], page 423, for a less general series. The conclusion is that if p 
and g are integers such that exp 271(p/q) 41, then the sum of the series (2) 
tends to infinity as |z|—>1 along the ray z=r exp 2mi(p/q), OSrS1. 

If the series (2) converges at z, let L(a, b, z) denote its sum. If b>a and 
| 2| > 1, we have the relation —L(b — a, b, 1/z) = Lia, b, zg), and since 
—L(b—a, b, 1/z) defines a regular function for | z| >1, L(a, b, z) must have the 
same property. Hence, series (2) defines two complete analytic functions which 
have |z| =1 for a common natural boundary whenever b><a. 


Lemma 2. If b><a, then for | z| =r>, | L(a, b, z) | <[r/(r—1) ]2(1/n) 
Proof. For each n, 
| Li —1| = (| 2| — 1)(| 2|o-2 + coe + 1) = (| z| —_ 1) | g |e 
= (r — 1)| 2|%- 
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and hence 


| L(a,b,2)| > | ale"/@ — 1) 2|"" = [/(r — 1] > 1/| 2 [eae 


< [r/(r — 1) DO Afr" < [o/r = 1) /)* Dt 


S [r/ — 1) PA /n. 


Now give the set of complex lattice points 2r-+2m1, where r and m are any 
integers, an arbitrary enumeration 2), 22, - - -. The set of circles | z—z,| = 1 par- 
tition the plane into a sequence of mutually disjoint regions, {Rs}, consisting 
of the open discs |z—z,| <1 and the star regions which are exterior to all the 
circles. We assert that the series 


(3) 2 L(k, 2k, 2 — 2) 
k=l 
defines a regular function f;(z) which has R; for a natural region, j7=1,2,---. 

First let |z—2,;| Ss <1. For kj, |2z—z,| 22—s>1. By Lemma 2, we have 
|L(k, 2k, z—z.)| S[(2—s)/(1—s) ]?[1/(2—s) ]*. It follows that the series (3) 
converges uniformly for |z—z;| <s<1, and since every term is regular, series 
(3) defines a regular function F(z) on the disc |z—z,| <1. 

Let p, g be integers such that exp 27i(p/q) is not 1, —1,7, or —2. As |z—2; 
—1 along the ray z—2;=r exp 27i(p/q), OSrsSi1, we have for k¥j, | z—z, 
=s>1 for some s, and hence the series (3), with the term L(j, 27, z—2z,;) deleted, 
converges uniformly, hence is bounded. On the other hand, L(j, 27, z—2;) > © as 
z—z;|—>1 along the prescribed ray. Hence F(z) does not continue beyond 
2—2;| =1. 

A similar argument can be carried through for an open region exterior to all 
the circles |z—z,| =1. 


Reference 


1. G. Sansone and J. Gerretsen, Lectures on the theory of functions of a complex variable, 
P. Noordhoff, Groningen, 1960. 


WHEN ARE COMPACT AND CLOSED EQUIVALENT? 
NorMAN LEVINE, Ohio State University 


It is well known that in a compact topological space, every closed set is com- 
pact, but not conversely. It is equally well known that in a Hausdorff space, 
every compact set is closed, but not conversely. There are, however, spaces in 
which the compact sets coincide with the closed sets—compact Hausdorff spaces, 
for example. It is the intent of this note to give several characterizations of such 
spaces and to list some of their properties. 
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DEFINITION 1. A topological space (X, 3) will be called a C-C space iff the 
closed sets in X coincide with the compact sets in X. 


The following definition will be useful. 


DEFINITION 2. Suppose that (X, 3) ts a topological space. Then 3 1s said to be 
M.R.C. (maximal relative to compactness) iff (1) (X, 3) ts compact and (2) tf 3 
4s a proper subset of 3*, then (X, 3*) 1s not compact. 


The following lemma plays a fundamental role in describing C-C spaces. 


Lemma 1. Let (X, 3) be a compact topological space and let A be a subset of X- 
If 3S*={UU(VNA)| U, VES}, then (X, 5*) is compact iff CA is compact in 
(X, 3), © denoting the complement operator. 


Proof: Necessity. It is clear that A€3* and thus CA is closed in (X, 3*). 
Then CA is compact in (X, 3*) and hence compact in (X, 3) since 3C3*. 

Sufficiency. Let X=U{U.U(V.MA):a€A}. Then CACU{U.:02€A} 
and since CA is compact in (X, 3), it follows that CA CU} Us: a&Yly}, where 
I’; is a finite subset of A. Now X =U { UWI Ve: aca} and since (X, 3) is compact, 
X=U{U.UV.:a€F2}, where I, is a finite subset of A. It is clear that 
ACU{ULU(VaNA): aET2}. Then X= CAVA =U{ UU (VoNA): @ET1UT3} 
and thus (X, 3*) is compact. 


THEOREM 1. If (X, 3) 1s a compact Hausdorff space, then 3 is M.R.C. 


Proof. Suppose that the theorem is false. Then there exists a 3’ such that 
(1) 53C3* properly and (2) (X, 3*) is compact. Take 4 €5’—5 and let 3* be the 
topology for X generated by 3 and A as in Lemma 1. Then 3C5*C% and thus 
(X, 35*) is compact. By Lemma 1, CA is compact in (X, 3) and hence closed 
since (X, 3) is Hausdorff. Then A is in 3 which yields a contradiction. 


CoROLLaARY 1. Let (X, 3) be a compact Hausdorff space and 3’ C35 properly. 
Then (X, 3’) ts not Hausdorff. 


THEOREM 2. Suppose that (X, 3) is a topological space. Then (X, 35) 1s C-C aff 3 
ts M.R.C. 


Proof: Sufficiency. It suffices to show that every compact set is closed. Let 
A be a compact subset of X and suppose that A is not closed. Then CA €35. Let 
3* be the topology for X generated by 3 and CA as in Lemma 1. Since CCA is 
compact in (X, 3), then by Lemma 1, (X, 3*) is compact and 3C3* properly 
which contradicts the fact that 3 is M.R.C. 

Necessity. Suppose that there exists a topology 3* for X such that scot 
properly and (X, 3°) is compact. Take A €3'—35. Then CA is closed in (X, 3’) 
and hence is compact in (X, 3"). Then @A is compact in (X, 3) and therefore 
closed in (X, 3) by condition C-C. Hence A €5 which is a contradiction. 


COROLLARY 2. Let (X, 3) be a@ topological space. If (X, 3) is compact and 
Hausdorff, then (X, 3) ts C-C. 
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Proof. This follows from Theorems 1 and 2. 


THEOREM 3. Let (X, 3) be a topological space. If (X, 5) is C-C, then it is com- 
pact and T,. 


Proof. Singleton sets are compact. 


REMARK 1. The converses of Corollary 2 and Theorem 3 are false as the 
following two examples show. 


Example 1. Let (R, 3) be the space of rationals with the relative topology and 
let (X, 3*) be the one point compactification of (R, 3). Since (R, 5) is not locally 
compact, it follows that (X, 3*) is not Hausdorff. We show now that (X, 3*) 
is C-C. It suffices to show that every compact subset of X is closed. Let A bea 
compact subset of X. 


Case 1. Suppose that » EA. Then ACR and thus A is compact in (R, 3). 
But (R, 3) is Hausdorff and hence A is both closed and compact in (R, 3). 
Then by definition of the one point compactification, CxyA €3* and hence A is 
closed in (X, 3*). 

Case 2. Suppose that oC€A and that A is not closed in (X, 3*). Take 
xCA'(\CA, A’ being the derived set of A in (X, 3*). Then xCR and there 
exists for each positive integer 7, an a;,C A — { 00 such that lim a;=x in both 
(R, 5) and (X, 3*). Without loss of generality we may assume that in the natural 
order, @)>@:> +++ >G@,> +++ >x. Let F={x}Uf{ali=1, 2,--- \. Clearly F 
is closed and compact in (R, 3) and thus Cx FC3*. Let 0;= {7| 7 > Os, rER} 
for each positive integer 7. Then O; is open in both R and X for each 7. Now 
AC@xFUU{0,;|i=1, 2, --- } which is an open cover of A from 3*. It is clear 
that this open cover of A contains no finite subcover. This is a contradiction. 

Example 2. Let X be an infinite set and let 3 be the cofinite topology. Clearly 
(X, 3) is compact and 7;, but not C-C. 

REMARK 2. From Corollary 2, Theorem 3, examples 1 and 2, we observe that 
compact and Hausdorff is stronger than C-C which in turn is stronger than com- 
pact and 71. 


THEOREM 4. Let (X, 5) be a topological space which satisfies the first axiom of 
countability. Then (X, 3) is C-C iff (X, 3) ts compact and Hausdorff. 


Proof: Sufficiency. This is merely Corollary 2. 

Necessity. It suffices to prove that (X, 3) is Hausdorff. Let xy and suppose 
that x and y cannot be separated by disjoint open sets. Let {U;} and { V;} be 
monotone decreasing open bases at x and y respectively. Since C-C implies 734, 
we may assume that «¢ V; for all 7 and that y¢U;, for all 7. Take x;C U,V; 
for each positive integer i. It is clear that x = lim x, Let F= {x} 
U{x,;|¢=1, 2,---}. F is compact and thus closed by condition C-C. But 
y&F and y=lim x;. This is a contradiction. 
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LEMMA 2. Let {(X ay Oa) eA be a nonempty family of nonempty compact spaces 
and let (X, 3) be the product space. If Cas is a compact subset of Xa, then Px [Cax| 
is compact in (X, 3). 


Proof. For axXa*, let (Ya, St) =(Xa, 3a) and (Vos, Bee) =(Cas, Cas\Sa*). 
Then P>'[ C+] =Tleea Y. and hence is compact. 


THEOREM 5. Let {(X ay Sex) eA be a nonempty family of nonempty spaces and 
let (X, 3) be the product space. If (X, 3) is C-C, then (Xa, 5a) ts C-C for eacha€A. 


Proof. lf C4 is closed in Xq, then C, is compact since X, is compact. Con- 
versely let C. be compact in X.. Then Pz'[C.| is compact in X by Lemma 2 
and thus is closed by condition C-C. Then CC,=P.Pz'CCa=P.CPz'Cy and 
hence CC, is open in X, since projection maps are open. Thus C, is closed in XQ. 


REMARK 3. The converse of Theorem 5 is false as the next theorem implies. 


THEOREM 6. Let (X, 3) be a topological space and let (X XX, 3*) be the Car- 
tesian product of (X, 3) with itself. Then (X XX, 3*) is C-C iff (X, 3) is C-C and 
Hausdorff. 


Proof. Sufficiency: lf (X, 3) is C-C and Hausdorff, then (X XX, 3*) is com- 
pact and Hausdorff and hence is C-C by Corollary 2. 

Necessity: Suppose (X XX, 3*) is C-C. Then (X, 3) is C-C by Theorem 5. To 
show that (X, 3) is Hausdorff let D be the diagonal in X XX. Now D is homeo- 
morphic to X and hence is compact. Since (X XX, 3*) is C-C, it follows that 
D is closed and hence (X, 3) is Hausdorff. 

Example 3. Let (X, 3) be the one point compactification of the rationals. 
Then (X, 3) is C-C, but not Hausdorff (see example 1). Then X XX is not C-C 
by the above theorem. 


THEOREM 7. Let (X, 3) be C-C and let (Y, 3’) be a subspace. Then (Y, 3’) is 
C-C uff Y 1s a closed subset of X. 


THEOREM 8. Let (X, 3) be a topological space and let X=Y,\---UY,, 
where (Y;, 5;) are C-C subspaces of (X, 5). Then (X, 3) ts C-C iff Y;is closed in X 
for each 1. 


The proofs of Theorems 7 and 8 are easy and will be omitted. 


CoroLuary 3. Let (X, 3) be a topological space and let (Y;, 3,;) be closed sub- 
spaces fort=1,---,n. Let X=Vi,U +--+ UY,. Then (X, 3) ts C-C iff (Y;, 5;) 
1s C-C for each 1. 

Proof. The necessity follows from Theorem 7 and the sufficiency follows from 
Theorem 8. 


Finally, the author acknowledges gratefully the referee’s helpful suggestions for improving 
the exposition of this paper. 
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A GOLDBACH THEOREM FOR POLYNOMIALS WITH INTEGRAL COEFFICIENTS 
D. R. Hayes, University of Tennessee 


The Goldbach conjecture asserts that every even integer greater than 2 is the 
sum of two primes. Let Z denote the domain of all integers. The polynomial 
domain Z[x| is, like Z, a unique factorization domain with the irreducible poly- 
nomials playing the part of the prime numbers. Our aim in this note is to prove 
the following analog of the Goldbach conjecture for the domain Z[x]: 


THEOREM 1. For every polynomial M in Z[x| of degree n=, there are irreduci- 
ble polynomials A and B, each of degree n, such that A+B=M. 


We require the following lemma. 


LEMMA. Let p and q be distinct odd primes. Then there are integers cand d such 
that p{c and gid and pc+qd=1. 


Proof. From elementary number theory, we know that there are integers c; 
and dy such that pco+qdy=1. If pfcyo and g}do, then there is nothing to prove. 
Suppose, therefore, as we may, that b| co. If c-=Co+gqr and d,=dy)—pr, then 
clearly, for all integers r, pc,-+qd,=1. Now neither of c, and & is divisible by p. 
Otherwise by considering the differences c¢,—c) and ce—¢Co, we could deduce 
that b| q. Also, one of d; and d, is not divisible by g. Otherwise, g would divide 
d,—d,=p. One of the pairs (Gq, di) and (¢, dz), therefore, satisfies the conditions 
of the lemma. This completes the proof. 

Proof of Theorem 1. Suppose that M=mox*+mx""!+ +--+ +m,. Choose 
distinct odd primes ~ and g which do not divide either of mo and m,, and choose 
aj and bg so that gaj +pbj = mp. Set do=qgad and bb) = pbs. Then 


(1) mo = do+ bo, pla, g{bo. 

For every 0<7i<n, choose aj and b/ such that pa/ +qb/ =m,. Set a,=pa{ and 
b;=qb/. Then, for 0<1<n, 

(2) m; = a; + b;, p| diy q| b;. 

By the lemma, choose a, and 0, such that pa/+qb/ =m, but pla, and 
qtb,.Seta,=pa,/ and b,=qb,. Then 

(3) Mn = An + Bn, p| Qn pan, q| Dn; g?{ Bn. 


If A =aox*+ayx"-1+ .-- +a, and if B=Dox"+0,x7-!+ +--+ +0,, then (1), (2) 

and (3) show that A+B=WM and that A and B are E/isenstein polynomials. 

Since such polynomials are irreducible ([2], p. 74), the proof is complete. 
Theorem 1 is a special case of the following more general theorem: 


THEOREM 2. Let R be a principal ideal domain (see [1], p. 151) which contains 
infinitely many prime elements. For every polynomial M in R[x] of degree n=1, 
there are irreducible polynomials A and B, each of degree n, such that A+B=M. 
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The proof of Theorem 1 can be adapted to prove this more general result. 
It follows from Theorem 2, for example, that the analog of the Goldbach con- 
jecture is true for the domain of polynomials in two indeterminates over an 
arbitrary field. 


Supported in part by NSF Grant G 16485. 
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A NOTE ON A CERTAIN CLASS OF PRIME RINGS 


Kwancit Kou, University of North Carolina 


1, Introduction. It is known that a primitive ring is a prime ring [1] but the 
converse is not necessarily true, for the ring of integers is a prime ring but not a 
primitive ring. In this note we will investigate the prime rings which may be 
embedded in a simple ring with unity, and prove that a prime ring is a primitive 
ring with nonzero socle if and only if it has a maximal right ideal which is an 
annihilator right ideal. 

In the sequel, unless stated otherwise, R will denote a prime ring and Ma 
right R-module. We note here that if S is a subset of an R-module (or a subset 
of R), then S, will denote the annihilator (right annihilator) in R of the set S. 


2. Aright ideal I of Ris said to be prime (see [3]) if J-K CI, where J, K are 
right ideals of R, and K (0) imply that JCI. 


THEOREM 2.1. R is primitive of and only wf tt contains a maximal right ideal 
which 1s prime. 


Proof. lf R is a primitive ring, it has a faithful irreducible module M andif 
m is a nonzero element of M then m, is a maximal right ideal [4]. Now m, is a 
prime right ideal, for if J and K (0) are right ideals of R such that J-K Cm,, 
then m/-K =0 and m/=0. Otherwise mJ = M and M, would not be zero, which 
is impossible since MM is faithful. Conversely, if R contains a maximal right ideal 
which is prime, say J, then K/J is an irreducible R-module and it is faithful, for 
if a in R is such that RaCJ, then a must be zero. Otherwise the set T= {a in 
R| RaCI} is a nonzero right ideal and RT'CI implies that RCI, which is a 
contradiction. 

A right ideal J of & is said to be Jarge if it has nonzero intersection with each 
nonzero right ideal of R. 


THEOREM 2.2. Ris a primitive ring with nonzero socle if it has a maximal right 
adeal which is not large. 


Proof. lf a maximal right ideal K is not large, then K(\J =0 for some nonzero 
right ideal J. Since KOJ=R, J is a minimal right ideal, hence R is a primitive 
ring with nonzero socle. 
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An element m of M is said to be singular if m, is a large right ideal of R. It is 
easy to see that the collection of all singular elements of M forms a submodule, 
called the singular submodule. In case M=Rt, the additive group of R, the 
singular submodule of Rt is a two sided ideal (see [2]). A two sided ideal Z of 
a ring is said to be semi-singular if for each element x of Z, x,#0. Thus a singu- 
lar ideal of R is semi-singular but a semi-singular ideal is not necessarily singular. 
For example, the ring of 2X2 triangular matrices over the ring of integers has a 
nonzero nilpotent ideal which is evidently semi-singular, but it has zero singular 
ideal. The class of rings for which 0 is the only semi-singular ideal is a subclass 
of prime rings and it contains the class of integral domains (rings with no zero 
divisors) properly. 


THEOREM 2.3. Let R be a ring with 0 as tts only semi-singular ideal. Then R 
can be embedded in a right quotient ring Q of R (in the sense of |2]) which ts regular, 
simple, and primitive. 


Proof. Since R is a ring with 0 as its only semi-singular ideal, the singular 
ideal of R is zero. Hence R can be embedded in a right quotient ring Q which is 
regular (by [2], p. 894, Th. 2). Suppose that S is a nonzero two sided ideal of Q. 
Then T=SMRX0, for if s is a nonzero element of S, then there exist elements 
a and 0b in R such that sa=b+0. Note that T is a two sided ideal of R. Hence, 
there must exist an element t in T such that é,.\R=0 and #, must be zero. Other- 
wise t, would be a nonzero submodule of the R-module Q; hence t,\ R40. Since 
O is regular we may choose x in Q such that tat —¢=t(xt—1) =0. Thus 1 is con- 
tained in S. Since a simple ring with unity is a primitive ring, the theorem is 
proven. 


CoROLLARY 2.4. An integral domain can be embedded in a regular, simple, 
primitive ring with unity. 


A module MM is said to be uniform if each pair of nonzero submodules of M 
has nonzero intersection. 


THEOREM 2.5. If R is an arbitrary nonzero ring with a uniform module M 
which is not singular, then R contains a uniform right ideal. 


Proof. Since M is not singular there is an m0 in M and a nonzero right 
ideal [ in R such that m,.\I=0. If J; and J, are nonzero right ideals of R con- 
tained in J, then Jy7\J2+0. For m,f\I=0 implies that m/,+#0 and mJ2.+0. 
Since M is uniform, miMmJ,+40. Thus m(AMse) =mIi.\mJe, since m(iMJ2) 
CmhAO\mJo, and if «#0 isin myOmJo, then x=mj1= m2 for some fj: in J; and 
join Jo, and m(ji:—je) =0 implies that j;—j.=0. 


THEOREM 2.6. Let R be a primitive ring and M be tts faithful trreducible module. 
Then R contains a minimal right ideal if and only tf M 1s not singular. 


Proof. Let U be a nonzero right ideal of R such that U(\m,=0 for some m in 
M. Then U is a minimal right ideal. For if J is a right ideal such that JU, 
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then there is %) in U such that wp is not contained in J. But O4mu,CmIi=M 
implies that muy=mi, for some 7 in I, and m(u)—7)=0 implies that u)=7, 
which is a contradiction. Conversely if R is a primitive ring with a minimal right 
ideal, say J, and the singular submodule of M is not zero, then MM is itself the 
singular module since M is irreducible. Now note that for each m in M, m, con- 
tains I, hence M-IJ=0, which is impossible. 


THEOREM 2.7. Ris a primitive ring with a minimal right ideal tf and only tf tt 
has a maximal right tdeal which is an annihilator right ideal. 


Proof. Select aE so that a, is a maximal right ideal of R. Since R is prime 
aRa x0. Thus there exists a tin R such that ata+0. Then taR(\a,=0, for other- 
wise (aia),-Da,. Note that iaR is a minimal right ideal of R since a, BiaR=R. 
Conversely if R is a primitive ring with a minimal right ideal J, then if 1GJ and 
40, then 7, is a maximal right ideal which is an annihilator right ideal. 


Acknowledgement: I am deeply indebted to the referee who read the original version of this 
note and suggested to me the short and elegant proofs of 2.2. and a part of 2.7., to my teacher Dr. 
A. C. Mewborn of the University of North Carolina, and to Dr. Allan Davis at the Summer NSF 
Institute at the University of Oklahoma, for many helpful suggestions. 
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ISOMORPHISM OF FINITE ABELIAN GROUPS 


RonaLp McHaAFrey, University of Massachusetts, Amherst 


Isomorphic finite groups must possess the property that for any positive 
integer & dividing their common order, the same number of elements of order k 
occur in each group. This condition is also sufficient for finite abelian groups. 
That the result cannot be extended to wider classes of groups is shown by the 
existence (see [1]) of two groups of order p*, of which only one is abelian, but 
both have all elements except the identity of order p. 

Let 2, denote the number of elements of order k, 0(G) the order of a group 
G. Then we have 


THEOREM. Two finite abelian groups G and G’ are isomorphicso(G) =0(G’) 
and for each positive integer kD k| 0(G), m=n¢ . 


Proof. The necessity is clear. Since two finite abelian groups of equal order 
are isomorphic if their Sylow subgroups are isomorphic we may restrict our con- 
sideration to p-groups P, P’ satisfying the condition. 
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Let P have type [e, @,---, e-| and let P’ have type [e/, ef,---, ef], 
where €;2 @j41, ef 2/11; heret=1, 2,---,randj=1, 2,---,s. The elements 
of order p in P form a vector space over J, of dimension r containing p’—1 ele- 
ments of order ». Thus our hypothesis requires that r=s. Furthermore, since 
p* is the largest order possible for any element of P, it is clear that e:=e/. The 
proof may now be completed by induction. The theorem is obviously true for 
groups of order » or p?. Let o(P) =p” and assume the theorem to hold for p 
groups of order less than p*. 

We next show that the number of cyclic summands of order p*% is the same 
for P and P’. One may compute the number of elements of order p* by the fol- 
lowing formula from [2]. Assume that e¢;=e,= - - - =e, and let m=r represent 
the number of invariants 2p, m, the number of those 2p?,---, m.,=k the 
number of those = p*. Then the number of elements of order p* in P equals 


(p* — 1)p%, a= m+ met: + me,-1. 


Similarly, if e,=ef =ef = --- =e/, then the number of elements of order 
bp“ in P’ equals 


(p — 1)p', B=m+tm+:-- + Met: 


Our assumption then yields k=. 

We now construct the quotient groups of P and P’ over their common sub- 
group P* of type [e, é1, - - -,é:] (Rterms). Pand P’ will have types [ez41, - + +, é,], 
[evs1, -- +, ef | respectively. The proof will be complete if we show that P and 
P' satisfy the condition of the theorem. o(P) = 0(P)(p*1)-* = o(P’). We now com- 
pute 7,t. 

One obtains an element of order p‘ in P by either choosing an element of 
order p‘ from P* and one of order <p‘ from P, or by choosing an element of 
order Sp‘ from P* and one of order p‘ from P. Thus 


t—1 t 
Nyt = nti > iyi) + ast ( > nti), 


t=] j=l 


t—-1 t —1 
fot = — nt ( asi) || > nti . 
t=1 j=l 
t—1 t —1 
—~ r * — * 
Not = 5 — nne( > vn) | | > nn | ° 
t=] : j=l 


Since ”j,= Mp»: for all ¢, one may establish easily by induction using the above 
formulas that %,.= 1), for all Su. 


whence 


Similarly, 
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REMARK. The condition of the theorem may be restricted only to the powers 
of the various primes dividing 0(G). 
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Editorial Note: W. J. Pervin has pointed out that the example given in the 
paper by Paul Slepian, “A Non-Hausdorff Topology such that each Convergent 
Sequence has Exactly One Limit,” this MONTHLY, 71 (1964) 776-778, can be 
found in the literature. It appears explicitly in General Topology, by W. Sier- 
pinski, University of Toronto Press, Toronto, 1952, p. 75. It also appeared in 
Pervin’s recent book on topology, which was published last April and was there- 
fore unavailable to Slepian and the referees when the paper was under consider- 
ation for the Montutiy. In Elementary Topology by D. W. Hall and G. L. 
Spencer, John Wiley and Sons, New York, 1955, there appears on page 100 a 
discussion of the example, but the authors do not point out explicitly the prop- 
erty discussed by Slepian. 


CLASSROOM NOTES 
EDITED BY GERTRUDE ExsRvicu, University of Maryland 


This department welcomes brief expository articles on problems and topics closely related 
to classroom experience in courses that are normally available to undergraduate students, from 
the freshman year through early graduate work. Items of interest to teachers, such as pedagog- 
ical tactics, course improvement, new proofs and counterexamples, and fresh viewpoints in gen- 
eral, are invited. All material should be sent to Gertrude Ehrlich, Mathematics Department, 
University of Maryland, College Park, Maryland 20740. 


THE CAUCHY INTEGRAL THEOREM 
OswaLp WYLER, University of New Mexico 


Proving the Cauchy Integral Theorem for simply closed curves has several 
disadvantages, among them the following: (i) One relies heavily on the Jordan 
Curve Theorem, usually without proving it. The undergraduate or first-year 
graduate student cannot be expected to acquire a proof of this theorem by 
himself. (ii) Rather delicate arguments are needed in order to conclude from the 
Cauchy Integral Theorem, for simply closed curves, that /f(z)dz is independent 
of the path. (iii) The same remark applies to the standard extensions of the 
Theorem. 
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In this note, we sketch a proof of the Cauchy Integral Theorem for arbitrary 
closed curves. The proof is essentially a version of the proof given in [1]. We 
avoid, however, the homological machinery presented in [1]. In fact, we use 
no topology beyond the elements which must be used in any case, and the 
simplest facts about the index of a point with respect to a curve. These facts can 
easily be developed within the framework of a complex variables course, as we 
shall show. 

For simplicity, we make the following assumptions throughout: D is a do- 
main of the complex plane, Ca piecewise smooth curve in D, and f a function 
defined in D, usually holomorphic. We shall use the fact that triangles, rectan- 
gles and circles are Jordan curves, and these are all the Jordan curves we need. 

One proves by the usual elementary arguments the equivalence of the fol- 
lowing three statements. (A) /cf(z)dz=0 for any closed curve Cin D. (B) {?f(z)dz 
is independent of the path from a to b. (C) f is in D the derivative of a function 
F holomorphic in D. 

The index n(C, p) of a closed curve C with respect to a point p can be de- 
fined, in the complex plane, by 


1 dz 
(1) nC, p) =, 


Imidgoz—p 


For a curve z=2(f), aSt<b, one proves that the integral [?(z’(#)dt)/(2() —p) 
is a value of log(z(b) —p)/(z(a) —p) by setting 


t 2'(r)dr 
PO = J a(t) — p 


and observing that 
X (€F(a() ~ p)) = 0 
dt 


so that eF( = (z(#) —p)/(z(a) —p). It follows in particular that n(C, p) is an 
integer for a closed curve C and a point p not on C. 

We need the following properties of the index. (i) n(C, p) =n(C, q) if the line 
segment pg does not meet C. For this one observes that log(z—>p)/(z—q) is 
holomorphic outside this line segment, with derivative 1/(z—p) —1/(z—q). 
(ii) 2(C, p) is constant in a domain which does not meet C. This follows directly 
from (i). (iii) 2(C, p) =0 for in the exterior of C (i.e. in an unbounded domain 
disjoint with C). For this we use (ii) and the fact that a holomorphic branch of 
log(s—p) is defined on C for » such that Rez>Re ¢ for all points 2 on C. (iv) 
n(R, p) =1 for a rectangle R, with sides parallel to the coordinate axes, and a 
point p inside KR. 

The next step is to prove the Cauchy Integral Theorem for triangles. We 
refer to [2] and [3] for excellent presentations of this. 
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As corollaries of the Cauchy Integral Theorem for triangles, we have: (i) the 
Cauchy Integral Theorem for rectangles, and (ii) the Cauchy Integral Theorem 
for a convex domain D. The first of these is obvious. To prove (ii), let gED be 
fixed and set F(z) = f%f(u)du, integrating along the straight line segment. Then 


e+h 
F(g + h) — F(z) = f f(u)du, 


the integral being taken along the straight line segment, by the Cauchy Theorem 
for triangles. It follows in the usual way that F’(z) =f(z). 

The third step of the proof consists of replacing C by a special polygonal 
path S, without changing /cf(z)dz. Let z=2(t), aStSb, be the equation of C, 
and let a=tp<ti< +--+ <t,=b be a subdivision of [a, b] such that | 2(#) —2(tz) | 
<d for th_1StStx, where d>0 is the distance of C from the complement of D. 
We replace C, from 2(é,_1) to z(t), by a path S; from 2(t,-1) to z(t) which is com- 
posed of a segment parallel to the real axis and a segment parallel to the imagi- 
nary axis. Both paths lie in the disk | z—2(t.) | <d which is contained in D, and 
thus /f(z)dz is the same for both paths, by the Cauchy Integral Theorem for 
convex domains. Let S be the path composed of all paths S;, 1Sksin. Then S 
is a path from z2(a) to 2(b), composed of segments parallel to the coordinate 
axes, and such that /sf(z)dz= /cf(z)dz for any function f holomorphic in D. In 
particular, 2(C, p) =n(S, p) for a point p not in D. 

Now we come to the fourth and essential step in our proof. Let us put J(C) 
= {of(z)dz for convenience. We need a handy formula for J(.S), where S is now 
a closed polygon composed of segments parallel to the coordinate axes. 

In order to obtain this formula, we draw parallels to the coordinate axes 
through every vertex of S. We obtain in this way a grid covering the complex 
plane and consisting of a finite number of rectangles and parallel half-strips. 
We use the name “grid segments” for the sides of grid rectangles. Any segment 
of S is either a grid segment or composed of a finite number of grid segments. 
Thus we may assume that Sis a closed polygon path composed of grid segments. 

Now let Ri, - - -, Rm be the grid rectangles, and let a; be the center of R,. 
We assume that J(R;) is defined whenever n(S, a;) #0. Then 


m™ 


(2) 1(S) = 2s w(S, a)1(Ri), 
where we put (5S, a;)J(R,) =0 if Z(R;) is not defined. 

In order to prove (2), we consider an arbitrary grid segment L. Let L bea 
side of the grid rectangle R;, and orient L so that R, is to the left of L. Suppose 
that L occurs ¢ times in S with the given orientation and d times with the op- 
posite orientation. We must show that J(L) is counted c—d times on the right- 
hand side of (2). 

We replace S by a path S’ which does not contain L, by passing around the 
other three sides of R, in clockwise direction every time S passes through L 


1965] CLASSROOM NOTES 53 


with the given orientation, and in counterclockwise direction every time S 
passes through ZL with the opposite orientation. Then we have, for any point 
p not on S nor on R,, 


n(S’, p) = n(S, p) — cn(Ra, p) + dn(Ra, Pp). 
In particular, we have 
n(S’, a,) = n(S, a,) —¢ +d, 
n(S’, p) = n(S, p) for p outside R,. 


If R is the grid area on the other side of ZL and g a point inside R, then the 
segment a,q meets L, but no other grid segment, so that n(S’, gq) =n(S', an). 
Using this with the formulas displayed above, we obtain 


n(S,q) = n(S, a.) — ¢-+d. 


If Ris a parallel half-strip, then J(L) is counted 2(S, a,) times in (2). But then 
n(S, g) =0, and hence n(S, a,) =c—d, as it should be. If Ris a grid rectangle R,, 
then J(L) is counted 2(S, a,) —n(S, ax) times in (2). Putting g=a, in this case, 
we obtain n(S, a,) —n(S, az) =c—d, again as it should be. This proves (2). 

We prove now the following version of the Cauchy Integral Theorem. 


THEOREM. Let C be a closed curve in a domain D such that n(p, C) =0 for any 
point p not in D. Then {[cf(z)dz=0 for any function f which is holomorphic in D 


Proof. We replace C by S, with I(C) =J(S) in the notation used above. We 
note that n(S, p) =n(C, p) =0 for pE D. If there is a point p not in D on or in- 
side the grid rectangle R;, then n(S, a;) =n(S, p) =0 since the segment a;p does 
not meet S. If R; and its interior are contained in D, then J(R;)=0 by the 
Cauchy Theorem for rectangles. Thus all terms of (2) vanish, and hence J(S) =0, 
which was to be proved. 
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A HISTORICAL NOTE ON A PROBLEM IN THIS MONTHLY 
Joy B. Easton, West Virginia University 


Problem E 1560, January 1963, asks for the locus of the third vertex P of 
an equilateral triangle with the other two vertices Q and R remaining on two 
mutually perpendicular lines. It is easy to set up a rectangular or polar coordi- 
nate system and find the equations of the ellipses in the given problem. It is a 
generalization of the well-known locus of a point on a fixed line segment whose 
endpoints remain on two perpendicular axes. The general problem is also fre- 
quently referred to: if the two axes are perpendicular, the locus of any point 
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fixed with relation to the segment will be an ellipse. In modern times this seems 
to have been given first by Francis van Schooten (1615-1660) in his Exercita- 
tionum Mathematicarum, Leiden, 1657, and probably dates back to Nasir Eddin 
(13th century). 

A less familiar problem is the generalization of the eccentric angle construc- 
tion of the ellipse, i.e., when the given segment rotates about a fixed point 
rather than slides along two fixed lines. 

First, let C be a point on AB, or AB extended. As AB rotates about point B, 
the ellipse is generated in the following manner: A lies on a circle with diameter 
DD' and C on a circle with diameter LE’ (Fig. 1). Draw parallels from A and C 
to a pair of fixed perpendicular diameters. The locus P, of the intersections of 
these lines will be an ellipse. 


Fic. 1 
Proof. ABCM~AABN giving 
BN? CM? 
AB? BC? 


or, choosing a coordinate system, BN=x, BM=y, AB=a, BC=b: 


x2 b2 — yy? 
eB 
ep 


an ellipse with center at B, semi-major axis a= DB, semi-minor axis b= BE. If 
C is taken between A and B, ZABD=¢ is the eccentric angle and the para- 
metric equations of the ellipse follow in the usual manner. 

Now let ABC form a constant angle, obtuse or acute (Fig. 2). Draw DE LAB 
at A and let BC lie on DF, with DF=2DB. A perpendicular to DF at C inter- 
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sects AB at G. DE and DF determine an oblique coordinate system with origin 
at D. 

As ABC rotates about B, A and C describe circles, and, for any position of 
ABC, say HBI, HK||DE and IK||DF determine a point K. The locus of K will 
be an ellipse with semi-major axis DB=a and semi-minor axis BP equal in 
magnitude to BG=b. 


Proof. Draw perpendiculars through J and K intersecting DF in L and M 
respectively. HK intersects AB in Oand DF in N. 

(1) Right triangles BCG, BAD, BON and KMN are similar. Also, since 
LABC= ZHBI, ZHBO= ZIBL and 

(2) right triangles BOH and BLI are similar. 


Fic. 2 


From (1) 


a Se 0 Se 


since AB=HB. By “conversion” of the proportion (taking the antecedent in 
relation to the excess by which the antecedent exceeds the consequent) 
DB? HB? 
DB? — NB? HB? — OB? 
But in ABOH HB*—OB?= HO? and by Euclid II, 5 
DB? — NB? = DN-NF, 
giving 
DB? HB? 
(3) ne 
DN-NF HO? 
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Now by (2) (4#8?/HO?)=(BI?/IL?). But BI=BC and IL=KM, so that 
(HB?/HO?) = (BC?/K M?). By (1) (BC?/K M?) =(BG?/KN?) and (3) becomes 


DB? BG? 
DN-NF KN? 
or 
D 2 
(4) KN? = DN-NF, 
DB? 


the Apollonian symptom of an ellipse referred to a diameter and the tangent at 
the vertex as axes. 
With DB=a, BG=b, DN=x, KN=y we have 


b2 
(5) y? = > x(2a — x). 
a 


Note that with the aid of our coordinate system the equality DB?— NB? 
= DN-NF becomes a?—(a—x)?=x(2a—x), an algebraic identity. 

During the late 16th and 17th centuries there was an awakening of interest 
in the Greek theory of the conics. Many plane locus constructions were de- 
veloped by Kepler, van Schooten, de Witt and others. These differed from the 
Greek approach in that the curves were defined in the plane rather than as sec- 
tions of cones. 

The particular problems discussed above are taken from Johan de Witt 
(1625-1672), Elemenita Curvarum Linearum, pp. 238-241 of the 1683 edition. 
De Witt was a friend and pupil of Francis van Schooten the younger, and his 
treatise appears as an appendix to van Schooten’s 2nd Latin edition of the 
Geometria of René Descartes, Leiden, 1659-1661. I do not know whether the 
second problem is original with him. Nearly all of our familiar locus problems 
involving conics were developed during this period. I should like to point out 
that the synthetic approach based on the Greek theory of proportions is still 
the best way to handle them. Analytic geometry is a powerful tool, but, in prob- 
lems of this type can lead to formidable algebraic manipulations. 


THE ADJOINT OF A LINEAR TRANSFORMATION RELATIVE 
TO A NON-DEGENERATE BILINEAR FORM 


JIANG LuH AND W. E. CoppaGE, Indiana State College 


Let V and W be left and right vector spaces, respectively, over a division 
ring A. A mapping g of the product set VX W into A is called a bilinear form on 
V and W if for all x, «1, ~2€ V, y, 11, 2G W, and a, BEA we have 


(i) (art, + Bx, y) = ag(x, ¥) + Bg(x2, ¥), 
(ii) g(x, via + yoB) = g(x, vila + g(x, yo). 
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The bilinear form g is called nondegenerate if g(x, y)=0 for all «CV implies 
y=0 and g(x, y)=0 for all yEW implies x=0. If V and W both are finite 
dimensional over A and if g is nondegenerate, it is well known (e.g. [1]) that V 
and W have the same dimension and any linear transformation A(B) on V(W) 
has a unique right (left) adjoint 4*(*B) which is a linear transformation on 
W(V) such that, for all xE V, yEW, g(x, y) =2(x, yvA*) (g(x, yB) =g(x*B, y)). 
It is implicit in [1] page 144 that *(4*)=A and (*B)*=B. 

If ® is a field, then any left vector space V over ® can also be regarded as a 
right vector space over ®. Hence in this case, it is possible to define bilinear 
forms connecting the space with itself. The right (left) adjoint A**(**A) of the 
right (left) adjoint A*(*A) of a linear transformation A on V therefore makes 
sense. However A**+A and **4 +A in general. It is true that A**=A and 
**4 =A if the bilinear form g is symmetric in the sense that g(x, y)=g(y, x) 
for all x, yE V or is skew-symmetric in the sense that g(x, y) = —g(y, x) for all 
x, y€V. Proofs can be found in most linear algebra books. 

The question of finding necessary and sufficient conditions to ensure A** =A 
and/or **4 =A seems not to have been widely recognized. 

The purpose of this note is to establish two necessary and sufficient condi- 
tions for the validity of the identity A**=A, and likewise of the identity 
FFA =A, 


THEOREM. Let V be a finite dimensional vector space over a field ®, and let g 
be a nondegenerate bilinear form on V. Then the following conditions are equivalent: 

(1) A**=4A for every linear transformation A on V, 

(2) g ts either symmetric or skew-symmetric, 

(3) g(x, y) =g(u, v) implies gy, x) =g(v, x). 


Let ® be a basis of the vector space V over ®. For convenience, we will de- 
note by x, y the row matrices of the vectors x, y relative to the basis ®, by A the 
matrix of the linear transformation A on V relative to the basis ®, by G the 
matrix of the bilinear form g relative to the basis ®. Then g(x, y) =xGy?, where 
the superscript T designates the transpose. 

Proof of the theorem. (1) implies (2): We have g(xA, y) =xAGy? and g(x, yA*) 
=xG(yA*)? =xGA *?y?, By the identity g(xA, y) =g(x, yA*), we conclude that 
AG=GA*?, Since g is nondegenerate, G is nonsingular and 


A*® _ GT AT(G"!)", 


By (1), A=A**=G?(A*)?(G"})?=G'G"AG(G"})?. But ((G"}))7)-!=G? so 
G'G!A =AG'G—!, and G7G-! commutes with every matrix A. Hence G7G~'is a 
scalar matrix, say, G7G-!=6I, 5€®, where J is the identity matrix. Thus 
G? = 6G. It follows that G= GT? = (6G)? = 6G? = 8G so 62=1, or 6= £1. Hence G 
is either symmetric or skew-symmetric, and the same is true for g. 

(2) implies (3): The proof is left to the reader. 

(3) implies (1): Let A be an arbitrary linear transformation on V. Then, by 
the identity g(yA, x) =g(y, xA*) as well as (3), we have g(xA*, y) =g(x, yA). But 
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g(xA*, y) =g(x, yA**), so g(x, vA) =2(x, yA**) for all x, ye V. Hence A = A**, 
We note in passing that the Theorem remains true with essentially the same 
proof if (1) is replaced by 
(1‘) **4 =A for every linear transformation A. 
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CHAINS OF FACTORABLE BINOMIALS 
LINCOLN LAPAz, University of New Mexico 


L. M. Court recently published in this MONTHLY an interesting divisibility 
theorem relating to a binomial of the form w(k) =u?"+v?". Under the hypotheses 
that k>0, u, v are integers and that p is an odd prime dividing w(k), Court 
showed in [1] that actually w(k) =0 mod p**1, 

Validation of the congruence w(k) =0 mod P, basic to proof of the result just 
quoted, would become prohibitively costly in time and labor for any sizeable 
prime #, unless the integral parameter k were kept quite small. Since Court’s 
theorem provides no means of escalating from a small value of k, convenient for 
validation of the basic hypothesis w(k) =0 mod p, to values of k large enough to 
lead to novel and interesting results, the present note constitutes a desirable 
supplement to his work since it makes clear that, starting from any admissible 
value of k, say ky, one is enabled by use of an extension of Fermat’s Simple 
Theorem to escalate the parameter F indefinitely. Furthermore, this extension 
of Court’s result is obtained without loss of the escalation of modulus which 
constitutes the most significant feature of his own contribution. 

We propose to show that under the hypotheses of Court’s theorem, the fol- 
lowing theorem is true: 


THEOREM. If the binomial w(k)=u?"+v2"=0 mod p, then w(k+1)=0 
mod p*t2, 


The hypotheses here adopted permit derivation of the following familiar 
relations in which the symbol ¢ denotes the totient function: 


(1) ue") = 1, yo") = 1, mod p. 
Since $(p*) = (p—1) p27}, the choice of a=k-+1 leads to 


k+l k+l k 
(2) uP Pe = I, yp —P = 1, mod p**), 


If we multiply the first and second relations in (2) by u?” and v?” respectively, 
and add the resulting congruences, we obtain the congruence 


(3) uP +o? == w(k) mod ptt, 
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From (3), in view of Court’s discovery concerning w(k), we have 


(4) ut -+ yet" = 0 mod pet, 


Since (4) implies that w(k+1)=0 mod , we now have Court’s basic con- 
gruence, with k replaced by k+1. From his Theorem 1 it then follows that 


(5) w(k + 1) = 0 mod p*? 


which completes the proof of our theorem. 

Since the theorem just proved permits indefinite escalation of k, starting 
from any admissible value kp of this parameter, we are in a position to produce 
an infinite chain of related, factorable binomials 


koth 


+ pe 0,1,2,+°°, 


koth 
pot 


wh) = u 
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MORE ABOUT QUOTIENTS OF MONOTONE FUNCTIONS 
R. P. Boas, Jr., Northwestern University 


In a recent note [2] T. E. Mott showed, in effect, that if F and G are con- 
tinuous and respectively convex and concave on fa, b| then 


F(x) — F(a) 


) G(x) — G(a) 


increases (in the weak sense) on the subset of [a, 6], where G(x)#G(a). In 
Mott’s case F and G are given, respectively, as integrals of a nonnegative in- 
creasing, and a nonnegative decreasing, function and F(a) = G(a) =0. 

The special case when G(x) =x—a is a known property of continuous convex 
functions (cf., e.g., [1], p. 146). It is geometrically obvious since it says that the 
slope of a chord increases if either end is fixed and the other end is moved to 
the right (either shortening or lengthening the chord). I observe first that this 
special case implies the general case. For, if 


F(x) — F(a) 
(2) ——__—_——— 
x— a 
increases for all convex F, then 
G(x) — G(a) 
x— a 


decreases for concave G, and so 
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x— a 
G(x) — G(a) 


increases where it is defined. Hence (1), as the product of (2) and (3), increases. 

A proof by differential calculus that (2) increases is not quite easy since it 
requires us to know that a continuous convex function is absolutely continuous, 
a fact that is usually proved by using the very theorem that we are discussing. 
It is easy, however, when we know that F(x) = {*f(é)dt with f increasing. Indeed, 
if y>x we have the identity 


FQ)-F(@)  F@)—-F@ _ jee — FO) F@) — a2 you 
y—a x— a y—a 

Since the first difference quotient on the right is between f(x-++) and f(y—) (not 

necessarily equal to a value of f(t), «<i<-+y, however, unless f is continuous), and 


the second difference quotient is between f(a+) and f(x—), the right-hand side 
of (4) is nonnegative. 


(3) 


(4) 


you x— a 


References 


. Boas, Jr., A primer of real functions, Carus Mathematical Monograph no. 13 (1963). 


R.P 
T. E. Mott, On the quotient of monotone functions, this MONTHLY, 70 (1963) 195-196. 


MATHEMATICAL EDUCATION NOTES 


EDITED BY JoHN R. Mayor, AAAS and University of Maryland 
COLLABORATING EpIToR: JOHN A. Brown, University of Delaware 


All material for this department should be sent to John R. Mayor, 1515 Massachusetts 
Avenue, N.W., Washington, D. C, 20005. 


MATHEMATICS FOR LIBERAL ARTS STUDENTS 
Henry L. ALDER, University of California, Davis 


The Committee on the Undergraduate Program in Mathematics (CUPM) 
has now made recommendations for appropriate mathematics courses for 
teachers at all levels, for those desiring to become research mathematicians, for 
the students in the physical sciences and engineering and for those in the bio- 
logical, management and social sciences. CUPM therefore has—and I believe 
rightly—devoted its initial efforts to making recommendations for all who ob- 
viously require at least some mathematics as part of their college training. 

Clearly, however, this set of people, that is, the beneficiaries of the recom- 
mendations made so far, comprise only part—and very likely less than half—of 
the total population of college students. There is much evidence that something 
should also be done for the large mass of students, such as those majoring in the 
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humanities and some of the social sciences, who do not require a mathematics 
course as part of their training in the major and will not take one unless a suit- 
able course is available. 

Since these remarks are made by the Secretary of the Association, there is 
considerable danger that the suggestions which I am about to make might be 
considered official recommendations of CUPM or the MAA. This is not at all 
the case. 

On the other hand, what will be recommended here is the result of rather 
careful study, experimentation and evaluation by a group on the Davis campus 
of the University of California. It has been tried out in many classes over the 
last eight years, has resulted in a text book and has now become the model 
for similar courses throughout the country and, as I have just learned, also 
overseas. 

First of all, let me make clear for what kinds of students this course is de- 
signed: It is intended primarily for students who do not need a mathematics 
course as part of their major in college and, consequently, such a course can 
only assume a minimum amount of mathematical preparation from high school, 
certainly no more than one year of algebra and some geometry. The course also 
includes students who do not have the time (or do not believe they have the 
time) to take more than a single course in mathematics in college and this—in 
spite of the recommendations of CUPM—includes many prospective elementary 
teachers. Many states—and here I must confess with sadness that California is 
one of them—still require only one college mathematics course for prospective 
elementary teachers. The course is also suitable for prospective secondary 
teachers with a minor in mathematics (this, of course, being only part of their 
mathematical training) and for prospective mathematics majors who want to 
get an early exposure to a greater variety of mathematics than is presented in 
the traditional calculus course. Finally, the course is helpful also to practicing 
teachers who wish to enrich their mathematical background. 

It may be asked why a special course in mathematics should be offered for 
liberal arts students. To suggest that liberal arts students take one of the courses 
required for mathematics majors would clearly be inappropriate and could be 
done only by adhering rigidly to a belief that, if the beginning course in a field 
is appropriate for the majors in that field, it must also be suitable for the out- 
siders, a belief, incidentally, which is rapidly being abandoned in practically all 
the sciences. The mathematical needs of the liberal arts students should be of 
interest to the mathematical community: it is of interest to everyone—and to 
the mathematical community in particular—to have a mathematically educated 
public. When these students become adults it is certainly desirable that they 
have some understanding of the role of mathematics in our culture today. They 
can evaluate then in a more informed fashion the needs of mathematics as 
members of school boards, as government officials, and in many other capacities. 
Indeed utopia might return: when these students become parents, they might 
once more be able to communicate with their children on the mathematics they 
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learn in school and thus develop a positive attitude toward mathematics in these 
children. A course like this would be particularly beneficial to the many liberal 
arts students who eventually become teachers although they may have no such 
intentions as undergraduates. 

The objectives of such a course would seem fairly obvious: It should give 
the students an appreciation of mathematics as an exciting, valuable, vital and 
human creation that also can possess the beauty that many associate only with 
music and poetry, or, to use the analogy made by Professors Rademacher and 
Toeplitz in their book “The Enjoyment of Mathematics” [5], who likened such a 
course to one in music appreciation: “Only very few are musically gifted in that 
they are able to compose music. Nevertheless there are many who can under- 
stand and perhaps reproduce music, or who at least enjoy it. We believe that 
the number of people who can understand simple mathematical ideas is not rela- 
tively smaller than the number of those who are commonly called musical, and 
that their interest will be stimulated if only we can eliminate the aversion 
toward mathematics that so many have acquired from childhood experiences.” 

For this reason, the course should present only mathematics which is 
interesting to both the student and instructor. This can be achieved by maxi- 
mizing the ratio of ideas and theorems to definitions. The course should also 
enable the student to solve some real mathematical problems, specifically, to let 
him make discoveries, formulate conjectures, and prove theorems. Finally, it 
should make the student aware that mathematics is not a static field, but indeed 
is a fruitful field for research. Consequently unsolved problems should be men- 
tioned wherever possible. 

The topics in such a course can be quite variable, but not the spirit and 
approach. Indeed in teaching the course for several years, | have never offered 
it twice with exactly the same topics although there are certain ones which I 
have included every time and which I believe to be desirable to include always. 
Texts written for such a course include [1], [2], [3], [5], and [6]. To illustrate 
what such a course might contain, it might be best to list the topics and time 
spent on them as I taught it this past spring using a text particularly appropriate 
for our purposes: “Mathematics: the Man-Made Universe,” by S. K. Stein [6]. 


The Complete Triangle: combinatorial variations of Sperner’s lemma; a 
chapter designed to enable students to make simple discoveries, prove theorems, 


and find generalizations. 3 lectures 
*The Primes: proof of the infinity of primes, statement of some unsolved 

problems. 3 lectures 
*The Fundamental Theorem of Arithmetic: discussion of the Euclidian Al- 

gorithm, solution of the equation (a, b)=ax-+by. 4 lectures 
*Rationals and Irrationals: proof of the irrationality of +/2, also of ~/A in 

general, where A is not a square, generalization to cube roots, fourth roots, etc. 3 lectures 
Decimal Expansions: discussion of repeating and nonrepeating decimals (in- 

cludes a review of finite and infinite geometric progressions). 1 lecture 


*Congruence: addition, multiplication, and division of congruences, proof of 
divisibility rules, casting out nines, residue classes, addition and multiplication of 
residue classes, construction of appropriate tables. 6 lectures 
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Strange Algebras: algebras as defined by tables with finitely many rows and 
columns, idempotent tables, commutative tables, isomorphic tables, associative 


tables (or groups). 5 lectures 
Map Coloring: criterion for a map which can be colored with two colors, proof 

that V—E+C=2, proof of the five-color problem. 5 lectures 
*The Representation of Numbers: binary system, other systems, including 

the representation of a rational as a sum of distinct unit fractions. 6 lectures 
Infinite Sets: discussion of sets in general, proof that the rationals are de- 

numerable and the reals are not, discussion of the continuum hypothesis. 4 lectures 


40 lectures 
+5 examinations 


45 hours 


The starred topics are those which I believe should always be included in the 
course, the rest of the topics being chosen at the discretion of the instructor. 
Considerable variation in topics is possible since the text [6] contains 17 chap- 
ters each of which is suitable for inclusion in such a course and each of which 
contains a large number of problems to be assigned as homework exercises. 
Clearly more important, however, than the topics in the course are its flavor 
and presentation. They can perhaps best be illustrated by giving four important 
warnings. 


1. Avoid mathematics requiring a lot of manipulative skills. A certain amount 
of manipulation, however, is necessary. To avoid it completely would give an 
erroneous impression of mathematics. Manipulative material, however, should 
be introduced only as necessary parts of problems involving ideas and theorems. 
Thus, for example, students might be asked early in the semester to prove that 
the square of an odd number minus one is always divisible by 8 which leads to 
the squaring of a binomial, factoring of a polynomial, etc. 


2. Don't require the student to prove something which he considers—rightly or 
wrongly—to be obvious. Either have him prove something new to him or, if 
familiar to him, first create doubt. For example, don’t ask a student to prove that 
of three points on a straight line, one is between the other two. As an example 
where doubt needs to be created consider the fundamental theorem of arith- 
metic. To create doubt we consider first another number system made up of all 
the numbers of the form 3x-+1; call it the Lagado System. A Lagado prime is a 
number which has only two divisors in the Lagado System. Let the students 
factor all Lagado numbers up to 100 into Lagado primes. For 100, he will find 
that it can be written as the product of Lagado primes in two ways, namely as 
10-10 and 4-25, so that clearly the fundamental theorem of arithmetic fails to be 
true in the Lagado System. In this way, the student has become much more im- 
pressed with the fact that the fundamental theorem of arithmetic is true for our 
ordinary number system. 


3. Don't sntroduce more terminology than absolutely necessary, that 1s, minimize 
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the number of definitions. To illustrate this point let me discuss what we do in 

the chapter on “Strange Algebras” referred to in the outline above. We define 

an algebra simply as a table, that is, a square arrangement of symbols without 

duplication in any row or column with a guide row and a guide column con- 

taining the same set of symbols written in the same order and such that each 

box of the table will contain one of the letters that appear in the guide row. 
Example: 


A BC D 
ALA C D B 
BID B AC 
CIB DC A 
Dic A B D 


With this and the definitions of idempotent, isomorphic, commutative, and 
associative, and calling an associative table a group, we prove the following 
theorems after first letting the students themselves discover many of them by 
suggesting that they construct tables of small order satisfying certain given 
properties: 


. There are commutative tables of all orders. 

. There is no commutative and idempotent table of order 2. (In fact, there 
is no idempotent table of order 2.) 

. There are idempotent commutative tables of all odd orders. 

. There is no idempotent commutative table of even order. 

. Any table that satisfies the rule X o (X o Y)=YoX forall X and Y is 
idempotent. 

Any table that satisfies the rule X 0 (X o Y)=YoX has the property 
that distinct letters do not commute. That is, if X is different from Y, 
then X o Y is different from Yo X. 


ti mon WP 


The students are then asked to prove similar theorems as homework exer- 
cises. 


4. Don’t introduce a topic merely because tt 1s fashionable. The decision as to 
whether or not to include a particular topic should be made primarily on the 
basis of whether or not it is consistent with the objectives of the course outlined 
earlier. Thus, for example, in the outline above, the topic of sets was not in- 
cluded among those which we feel must be covered in such a course. We believe— 
rightly or wrongly—that the popularity of sets is somewhat a matter of fashion. 
Obviously sets are in high fashion now. We are not really sure that there is 
much justification for it. We feel sure, however, that it is wrong to introduce 
sets without motivation. To talk about sets by merely giving the many defini- 
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tions usually offered in a discussion of sets, seems to us to serve no useful 
purpose. 

If sets are to be offered in such a course (and, as you will note, this was done 
when I offered the course this Spring) the discussion should be started with the 
statement of some problems whose solution requires the introduction of the 
notion of sets. Thus, for example, one way to start a discussion of sets would be 
to ask the students the following three questions: 


1. Are there more natural numbers than primes? 

2. Consider a square. Are there more points on the inside of the square than 
on one of its sides? 

3. Are there more irrational numbers than rational numbers? 


An alternate way to motivate sets is their use in elementary probability 
theory. This has the disadvantage, however, that it takes considerably more 
time and might duplicate part of a course on probability which some of the 
students might wish to take later. 

A few remarks concerning results achieved in offering this course might be of 
interest. There is no doubt that the overwhelming majority of students are very 
enthusiastic about the course. They praise it in highest terms and, what is 
particularly encouraging, in many instances indicate that this course has com- 
pletely changed their former negative attitude towards mathematics. Signifi- 
cantly, such favorable comments are received even from students who find it 
hard or even fail it (and in this connection let me emphasize that we maintain 
strict standards in the course and usually fail about 5 to 10%). The Department 
of Education on our campus is now requiring the course of all prospective ele- 
mentary teachers. 

I wish to stress that I attach considerable importance to the offering of an 
appropriate mathematics course for liberal arts students, primarily as a small 
contribution to raise the level of mathematical literacy of college graduates 
which at the present is still shockingly low. This serious deficiency is most 
eloquently pointed out in Professor Kemeny’s recent book “Random Essays on 
Mathematics, Education and Computers” [4], in which he finds it unforgivable 
that “most of the intellectuals in our country are almost wholly ignorant of the 
nature and promise of mathematics.” What he condemns more than the ig- 
norance is the attitude: “Ignorance of the identity of Brahms, Renoir, or Voltaire 
would surely mean ostracism for the intellectual seeking cultural companions, 
but the names of Euler or Gauss are likely to be unknown by those who set our 
cultural standards.” Significantly, and really as a proof of this statement, the 
reviewer of this text in the New York Times was—as he admitted—caught in 
red-handed ignorance and had to look up a reference work concerning the 
identity of Gauss and Euler. Let us hope that by offering more appropriate 
mathematics courses for liberal arts students, future reviewers of the New York 
Times—and hopefully even those of papers of lesser renown—will not have to 
admit such embarrassing mathematical ignorance. 
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Condensed version of a talk given at the meeting of the MAA on August 24, 1964, at the Uni- 
versity of Massachusetts. 
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INSTITUTIONAL INFLUENCES IN THE UNDERGRADUATE TRAINING OF 
PH.D. MATHEMATICIANS 


B. RICHARD SIEBRING, University of Wisconsin, Milwaukee 


In recent years much has been written and spoken about the training of 
mathematicians. Much of this material has been based upon the personal ex- 
perience of one man or a small group of men, or upon hearsay, opinions, or just 
plain prejudice. It is our object to present certain facts about the undergraduate 
training of Ph.D. mathematicians. 

The information presented in this paper is based upon statistics gathered 
by several government agencies. The National Academy of Sciences has com- 
piled information indicating the baccalaureate origins of Ph.D. mathematicians 
since 1936. While it would be futile to hope that not a single person had been 
omitted in an undertaking of this scope, it is our conviction that the statistics 
gathered by this agency are as accurate as it is possible to make them. 

The institutions are ranked in Table I by the number of baccalaureate gradu- 
ates who received their doctorates in mathematics during the period 1952-1962 
[1]. As one would expect, the majority of the institutions near the top of this 
list are large universities and technical schools. Notable, however, are the high 
rankings of such colleges as Oberlin and Swarthmore. This is evidence of the 
excellence of the academic programs of these smaller institutions. 

Well over half the Ph.D. mathematicians received their doctorates from the 
top 55 institutions. Thus, although the total number is diffused over a large 
number of institutions, a small group of institutions provided the undergraduate 
training for the majority of Ph.D. mathematicians. 

One might conclude that the institutions which ranked high in Table I were 
there because of the large output of undergraduate mathematics majors. That is, 
institutions which graduated large numbers of undergraduate mathematics 
majors would naturally be expected to account for a large number of doctorates 
in mathematics. 
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A better evaluation of an institution’s productivity, however, is probably the 
percentage of baccalaureate mathematics majors who later earned a Ph.D. in 
mathematics. 

The Research Staff on Scientific Personnel of the American Council on 
Education has found that the typical number of years between the bachelor’s 
and doctor’s degrees for mathematicians was four [2]. Therefore, the years 
1948-1958 were accepted as the years during which the majority of the 1952— 
1962 mathematics doctorates received their baccalaurate degrees. 

The U. S. Office of Education tabulated baccalaureate graduates by majors 
and institutions beginning with July 1, 1947 [3]. By using this information and 
the National Academy of Science compilation of the baccalaureate origins of 
Ph.D. mathematicians, the writer ranked institutions according to the ratio of 
doctorates in mathematics granted each institution’s baccalaureate graduates 
between January 1, 1952 and December 31, 1962, to the number of bachelor’s 
degrees granted mathematics majors by the institutions between July 1, 1947 
and June 30, 1958. The top institutions, each of which had three or more bac- 
calaureate graduates who received their doctorates in mathematics for the pe- 
riod 1952~1962, are presented in Table II. Although this ranking is limited to 
institutions which provided the undergraduate training for more than three 
doctorates, there are some institutions which provide excellent mathematics 
training for a very small number of students. 

Although a ranking of this nature is a meaningful evaluation of an institu- 
tion’s productivity, it may be criticized on the following points: 

(1) It is slightly limited in scope because for a small group of institutions 
the number of baccalaurate graduates in mathematics was not reported by the 
U.S. Office of Education. The data for some of these institutions were obtained 
directly from the institutions themselves. After every possibility had been ex- 
hausted, however, the following group of thirteen institutions could not be in- 
cluded in this study: Brigham Young University, City College of the City Uni- 
versity of New York, Davidson College, Hobart and William Smith Colleges, 
University of Delaware, University of Idaho, Louisiana State University and 
Agricultural and Mechanical College, Montana State College, Park College, 
Rensselaer Polytechnic Institute, San Diego College for Women, Stevens Insti- 
tute of Technology and Virginia Polytechnic Institute. 

(2) It does not take into account the fact that baccalaureate graduates 
other than mathematics majors may earn the doctorate in mathematics. There 
are no data available to determine what fraction of mathematics doctorates did 
their undergraduate work in fields other than mathematics. 

(3) Not all mathematics majors plan a career in mathematics, but look to- 
ward secondary school teaching or other vocations as a life work. The compari- 
son would probably have been more reliable if it could have been based only on 
those people who were majoring in mathematics and planned to make it their 
life work. 

In order that various groups of institutions might be compared, composite 
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Ph.D.-Bachelor ratios were calculated. For the purposes of this study, the in- 
stitutions were classified according to type, location, national recognition, and 
the granting or non-granting of the Ph.D. in mathematics. 

The geographical divisions utilized by this study are those of the U. S. 
Bureau of Census: Northeast, North Central, West, and South. The Ph.D.- 
Bachelor ratios for each of these regions are: 


West 6.5 North Central 4.4 
Northeast 5.6 South 2.9 


This investigation differs from most other studies of this sort, for in it the 
Western states are found the most productive. In similar studies for chemists 
and physicists, it was found that the Northeastern states had the highest com- 
posite ratios [4, 5]. In all studies the North Central and Southern states were 
found to be third and fourth respectively. Although the South is at the bottom 
in the geographical divisions, it should be noted that several of the institutions 
in Table II are in the South. 

When institutions were classified according to type, the composite Ph.D.- 
Bachelor ratios were found to be as follows: 


-—_ 


OER NW~AT0 WN 
COOCHRWE 


Engineering and technical 

Private universities 

State universities 

Private liberal arts colleges for men 
Coeducational liberal arts colleges 
State and city colleges 

Private liberal arts colleges for women 


It was found that the Ph.D.-granting institutions had a composite Ph.D.- 
Bachelor ratio of 12.0, while institutions not offering doctoral work in mathe- 
matics had a ratio of only 2.4. It is apparent that the presence of doctoral pro- 
grams on campus is an important factor in influencing an undergraduate to do 
graduate work leading to the Ph.D. degree. 

Composite Ph.D.-Bachelor ratios listed below show that institutions listed 
by Haveman and West as having prestige and national recognition actually are 
superior to those which do not enjoy a national reputation [6]. 


Famous Technical 40.1 
Big Three 26.0 
Other Ivy League 18.4 
Big Ten 12.2 
Famous Eastern Colleges 6.1 


It would be pleasant to report that the unknown college is as productive as the 
well-known one. This, however, is not the case. The coeducational colleges and 
colleges for men listed by T1ME as those which are “not nationally known but 
deserve to be” had a composite ratio of only 2.9, while the combined ratio for all 
institutions was 4.5 [7]. 

It is not the intention of the writer to imply that certain institutions are 
more productive than others simply because of superior instruction. Instruction 
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is certainly an important factor, but other factors may well be involved. For 
example, a prestige institution probably attracts a greater proportion of gifted 
students. About such factors as this, one can, at this point, only speculate. 


Rank 


11 
12 and 13 


14 
15 


16 and 17 


18 
19 
20 
21 and 22 


23 
24, 25 and 
26 


27 

28 

29, 30, 31 
and 32 


33, 34 
and 35 


36, 37 and 
38 


TABLE I 


Baccalaureate Origins of Ph.D. Mathematicians who 


Received their Ph.D. During 1952-1962. 


Institution 


University of Chicago 
City College of the City University of New York 


Massachusetts Institute of Technology 
Harvard University 
University of California (Berkeley) 


Brooklyn College 

New York University 

University of Michigan 

Columbia University 

University of California (Los Angeles) 
Cornell University 

University of Minnesota 

University of Illinois 

University of Texas 

California Institute of Technology 


Yale University 

Stanford University 

University of Wisconsin (Madison and Milwaukee) 
Princeton University 

Swarthmore College 

Purdue University 

University of Pennsylvania 

Iowa State University of Science and Technology 
Northwestern University 

Illinois Institute of Technology 

Carnegie Institute of Technology 


University of Washington (Washington) 
State University of Iowa 

Oberlin College 

Ohio State University 

University of Oklahoma 

University of Rochester 

Brown University 

University of Florida 

University of Oregon 

Case Institute of Technology 

Reed College 

Oklahoma University of Agricultural and Applied Science 


Number 


93 
92 


Cumulative 
percent 


7.1 


16.0 


32 .6 


42.2 
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TABLE I (continued) 


Rank Institution Number Cumulative 
percent 
39, 40,41 Rice University 14 
and 42 St. Louis University 14 
University of North Carolina 14 
Yeshiva University 14 
43, 44,45 State University of New York at Buffalo 13 
and 46 Johns Hopkins University 13 
Pennsylvania State University 13 
Wayne State University 13 
47,48 and Haverford College 12 
49 North Texas State College 12 
University of Utah 12 
50, 51,52 University of Dayton 11 
53 and 54 Lehigh University 11 
Michigan State University 11 
Notre Dame University 11 
U. S. Naval Academy 11 
55 Rutgers University 10 58.0 


7 Institutions 9 
8 Institutions 8 
13 Institutions 7 
21 Institutions 6 
18 Institutions 5 
27 Institutions 4 
59 Institutions 3 
100 Institutions 2 
173 Institutions 1 

TOTAL 2603 


TABLE I] 
Institutions ranked by ratio of Ph.D.’s in mathematics granted their baccalaureate graduates 
nationally, between 1952-1962, to mathematics majors who received their bachelor’s degrees at 
that institution between July 1, 1947 and June 30, 1958.* 


Rank Institution Ratio 
1 California Institute of Technology 84 .6 
2 Case Institute of Technology 68 .2 
3 Massachusetts Institute of Technology 48 .0 
4, University of Chicago 38.9 
5 Columbia University! 34.9 
6 University of Notre Dame 33.3 


* Complete data for institutions designated by a superscript could not be procured. However, 
sufficient data were available to make the comparisons meaningful, and hence, these institutions 
were included in the study. The years for granting of doctorates in mathematics nationally to their 
baccalaureate graduates is indicated in the first column and the years for granting of bachelor de- 
grees to their undergraduate majors is listed in the second column. 


Rank 


21 and 22 


23 
24 
25 
26 and 27 


31 
32 and 33 


34 
35 
36 
37 
38, 39, 40 
Al and 42 


43 and 44 


45 
46 
47 and 48 


49 
50, 51, 52 
and 53 
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Institution 


Princeton University 

Rice University? 

Lehigh University 

Carnegie Institute of Technology 
Johns Hopkins University 
Harvard University 

Stanford University 

Haverford College 

Polytechnic Institute of Brooklyn® 
University of Dayton 

Drew University 

University of Pennsylvania‘ 
Emory University 

Illinois Institute of Technology 
Antioch College 

Kenyon College 

Reed College 

Yale University 

University of Rochester 

Cornell University 

Union College and University 
Swarthmore College 

Oberlin College 

Catholic University of America 
Pacific Union College® 
Pennsylvania State University 
Rockhurst College 

Bethel College 

Nebraska Wesleyan University 
Georgetown University 

Georgia Institute of Technology® 
University of Cincinnati 
Muhlenberg College? 

Seattle University 

University of Wisconsin (Madison and Milwaukee)& 
Yeshiva University 

Williams College 

University of Illinois 

University of California (all campuses) 
Lafayette College 

University of Florida?® 
University of Oregon 

University of Utah 

Grinnell College 

Ohio State University 


Number 


Oklahoma State University of Agricultural and Applied Science 


St. Louis University 
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Remarks PRD.’s B.A.’s 
1 1958-62 1954-58 
2 1955-62 1951-58 
3 1956-62 1952-58 
4 1956-62 1952-58 
5 1954-62 1950-58 
6 1958-62 1954-58 
7 1955-62 1951-58 
8 1953-62 1949-58 
9 all except 1952 all except 1952 
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RECENT ACTIVITIES OF THE MADISON PROJECT 
RoBErT B. Davis, Syracuse University and Webster College 


Recent activities of the Madison Project which may be of interest to mathe- 
maticians include: 

(i) Development of a ninth-grade mathematics course that includes axio- 
matic algebra, some matrix algebra, some applications to physical and social 
science, a study of bounded monotonic sequences, a treatment of complex 
numbers via matrices, and a treatment of irrational numbers based upon 
bounded monotonic sequences. 

(ii) Work at the elementary and junior high school level, on a large scale, 
with culturally deprived children especially in the cities of St. Louis and Chi- 
cago. Although the original Madison Project work was done with culturally 
deprived children in Syracuse, New York, the more sophisticated Project work 
of the past 6 years has been done primarily with bright students in culturally 
privileged areas. It comes as a distinct surprise to most of us to discover that 
a large part of this “sophisticated” work is also feasible, and apparently appropri- 
ate, on a much wider scale, with culturally deprived urban children. Experimenta- 
tion in this area has been done in cooperation with Dr. Samuel Sheppard of the 
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St. Louis Public Schools, and Dr. Evelyn Carlson of the Chicago Public Schools. 

(iii) Participation in a two-location conference on cognition, at Cornell Un- 
versity and at the University of California at Berkeley, featuring Professor Jean 
Piaget, Professor of Experimental Psychology of the University of Geneva, 
Geneva, Switzerland. 

(iv) Although the Madison Project is not directly involved, mathematicians 
may be interested in a half-hour video-taped television program, produced by 
Educational Services, Incorporated and WGBH-TV, in cooperation with 
M.I.T. and Harvard University, featuring commentary by Professor Andrew 
Gleason of the Harvard Department of Mathematics. This program discusses 
the report Goals for School Mathematics, and uses excerpts of Madison Project 
films (showing actual classroom lessons). It has been shown on educational 
television stations in 85 cities, and is available on request for repeat showings 
over NET educational television stations anywhere in the United States. It is 
program number 44 in the Science Reporter series, and is entitled (regrettably) 
Mathematics for Moppets. 


Financial support for the Madison Project is provided by the National Science Foundation, 
the Division of Cooperative Research of the Office of Education of the United States Department 
of Health, Education, and Welfare, and by other agencies. 


References 


1. R. B. Davis, The evolution of school mathematics, J. Res. Sci. Teaching, 1 (1963) 260-264. 

2. , Report on the Syracuse University—Webster College Madison Project, this 
MonrTBLy, 71 (1964) 306-308. 

3. , Experimental Course Report—Grade Nine (Report no. 1, June 1964), available 
from The Madison Project, Webster College, St. Louis, Missouri 63119. 


4. , Discovery in Mathematics: A text for teachers, Addison-Wesley, Reading, Mass., 
1964. 

5. , The Madison Project’s approach to a theory of instruction, The Madison Project, 
1964, 

6. , Matrices, Logic, and Other Topics, Addison-Wesley, Reading, Mass., (in prdpara- 
tion). 


7. Goals for School Mathematics (the Report of the Cambridge Conference on School Mathe- 
matics), Houghton Mifflin, Boston, Mass., 1963. 

8. Ronald Gross, Two-year-olds are very smart, New York Times Sunday Magazine Section, 
September 6, 1964. 

9. Judith Murphy and Ronald Gross, There’s no limit to learning, Parents’ Magazine, Febru- 
ary 1964, p. 63 ff. 


COMMISSION ON COLLEGE PHYSICS 


New members selected and appointed to the Commission on College Physics 
are: 

Four-year terms—Herman Branson, Howard University; R. B. Leighton, 
California Institute of Technology; W. C. Michels, Bryn Mawr College; Philip 
Morrison, Cornell University; Melba Phillips, University of Chicago; R. V. 
Pound, Harvard University; and Robert Resnick, Rensselaer Polytechnic In- 
stitute. 
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Two-year terms—R. I. Hulsizer, University of Illinois, W. D. Knight, Uni- 
versity of California, Berkeley, and E. D. Lambe, State University of New 
York-Stony Brook. 

The Commission on College Physics, a national organization supported by 
the NSF, is concerned with the improvement of undergraduate physics at all 
levels from the freshman to the senior year. Its major function is that of acting 
as a “nerve center” for curriculum development, in which capacity it collects 
and distributes information and encourages new developments in all aspects 
of college physics. The Commission also sponsors the new paperback book series 
of Momentum Books designed for college students. 


DEGREES AND ENROLLMENTS IN ENGINEERING 1962-63 


Advanced degrees granted in engineering in the United States during 1962— 
63 showed gains of 14.2 percent at the doctorate level and 8.1 percent at the 
master’s level over 1961-62, but the number of bachelor’s degrees granted de- 
clined 3.7 percent during the same period. Coupled with increases in degree 
granting were also increases in enrollments in all engineering degree programs. 
The increase was greatest at the doctoral level (19%) and lowest at the bache- 
lor’s level (.6%). These statistics would seem to indicate there exists a trend 
among engineers to continue work beyond the bachelor’s level toward advanced 
degrees. 


PROBLEMS AND SOLUTIONS 
EDITED BY E. P. STARKE, Bloomfield College 


COLLABORATING EpiTors: J. BARLAZ, Rutgers-The State University; L. Cariitz, Duke 
University; H. S. M. Coxeter, University of Toronto; H. Eves, University of Maine; 
A. E. Lrvineston, University of Alberta; and A. WiLaAnsky, Lehigh University. 


All problems (both elementary and advanced) proposed for inclusion in this Department should 
be sent to E. P. Starke, Bloomfield College, Bloomfield, N. J. 07003. Proposers of preblems 
are urged to enclose any solutions or information that will assist the editors. Ordinarily, prob- 
lems in well-known textbooks and results in generally accessible sources are not appropriate for 
this Depariment. No solutions (except those accompanying proposals) should be sent to Professor 
Starke, 


ELEMENTARY PROBLEMS 


Solutions of Elementary Problems should be sent to A. E. Livingston, University of Alberta, 
Edmonton, Alberta, Canada. To facilitate their consideration, solutions for Elementary Prob- 
lems in this issue should be submitted on separate, signed sheets and should be matled before 
May 31, 1965. 


E 1748. Proposed by Michael Gemignami, University of Notre Dame 
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Let S= { Pi(x), cee, P,,(x) } be any finite set of nonconstant polynomials 
with positive integral coefficients. Show that for some natural number m, the n 
integers Pi(m), -- +, Pn(m) are all composite. 


E1749. Proposed by Stanton Philipp, Long Beach State College, California 


Prove if m>1 then o(n)/r(m) S$3n/4, where t(”) is the number of divisors of 
n, and o(m) is the sum of divisors of n. 


E 1750. Proposed by L. J. Bakanowsky, N. Greenleaf, and M. Walter, Har- 
vard University 


If any two rays, emanating from the origin, are removed from the plane, 
the plane is cut into two components. What analogous statement(s) can be made 
with respect to the removal from three dimensional space of closed half-planes 
whose boundary lines pass through the origin? 


E 1751. Proposed by R. FE. MtRhel, Tri-State College, Angola, Indiana 


Let A be an involutory matrix (A-!=A). Prove that, if every element of A 
is replaced by its cofactor, then the resulting matrix is an involutory matrix. 


E 1752. Proposed by Arthur Engel, Stuttgart, Germany 


A bug is crawling on the edges of a regular dodecahedron. Each time it 
comes to a vertex it chooses with equal probability one of the three edges which 
end in that vertex. What is the expected distance it covers in order to get from a 
vertex A to any other vertex B? (A =B is not excluded.) 


E 1753. Proposed by J. O. Herzog and L. J. Simonoff, Idaho State University 


Let 8 be a family of subsets of positive integers such that if 4, BC then 
A(\B has at most nm elements in common. Prove that f is a countable family. 


E 1754. Proposed by V. R. Rao Uppuluri, Oak Ridge National Laboratory 


Let », g>0 and p+q=1, and let a, denote the value of the mth order de- 
terminant 
1-¢ 0 0 0 +--+ 0 0 


—~—p 1 —~¢ 0 O +--+ 0 0 O 
0 —-p 1--¢ O -++ 0 0 0 


0 0 0 0 O «++—p 1 =q 
0 0 0 0 0 +--+ 0 -p 1 


with d@)=1(=4a1). Show that dn = (p™t! — qt!) /(p—g). 
E 1755. Proposed by A. M. Vaidya, Pennsylvania State University 


Prove that 6 is the only squarefree perfect number. 
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E 1756. Proposed by J. P. Ballantine, University of Washington 


Maps consist of lines, vertices and regions on a sphere. Let there be precisely 
3 lines at each vertex. A region is called odd (even) if the number of lines in its 
boundary is odd (even). If the regions of a map are each assigned one of the 
colors, 1, 2, 3, 4, with no two adjacent regions of the same color, then the map is 
said to be colored. Prove: If a map is colored, the number of odd regions colored 
any two colors, say 3 and 4, is even. (Cf. solution E 1667 in this issue.) 


SOLUTIONS TO ELEMENTARY PROBLEMS 


Another Accident in a Calculus Class 
E1661 [1964, 204]. Proposed by K. S. Williams, University of Toronto 
A student thought that the formula for differentiating a product was 


d{ u(x)v(x) } /dx = d{ u(x)} /dx-d{v(x)} /da. 


He used this formula with u(x) = (2 —x)~? and v(x) =x? and obtained the correct 
result! Find a general class of functions u(x) and v(x) satisfying the above 
formula. 


Solution by Cornelius Groenewoud, 255 Roycroft Blud., Buffalo, New York. It 
is easily seen that 


u=Q, v = const. X eé* 


(or the same equations with u and v interchanged) satisfies the given formula. 
Furthermore, the pair 


“= const. X exp (f Pade), v = const. X exp ( f owas) 


satisfy the formula if P and Q are continuous and P(x) +Q(x) = P(x)Q(x). Hence, 
another general class of solutions is obtained by choosing P(x) = Q(x)/[Q(x) —1] 
for Q continuous and Q(x) 41. The illustrative example cited in the problem 
is obtained by choosing Q(x) =2/x. 


Also solved by Abe Aarons, A. N. Aheart, Shair Ahmad, G. D. Antonio, Joseph Arkin, S. D. 
Beck and M. J. Pascual (jointly), A. Behr, W. J. Blundon, A. W. Brunson, John Burslem, L. P. 
Bush, P. R. Chernoff, D. I. A. Cohen, M. J. Cohen, Peter Day, J. A. Faucher, Murray Geller, 
Michael Goldberg, Newcomb Greenleaf, Emil Grosswald, H. S. Hahn, J. H. Halton, J. O. Herzog, 
Stephen Hoffman, R. F. Jackson, Erwin Just and Norman Schaumberger (jointly), G. A. Kemper, 
Robert Kopp, E.S. Langford, J. C. Lazzara, Tadeusz Leser, Lawrence Lessner and Rory Thompson 
(jointly), H. R. Lewis, D. C. B. Marsh, Morris Morduchow, C. R. Nicolaysen, J. M. O’Neil, 
C. B. A. Peck, Stanton Philipp, L. A. Ringenberg, Nathan Rubinstein, Bela Rul, Patricia Shaw, 
P. A. Scheinok, Bro. R. F. Schnepp, Robin Sibson, Jr., Phyllis Sinman, Sister Mary G. Love, R. P. 
Soni, E. C. Stopher, John Stout, Maynard Tomer, Simon Vatriquant, W. K. Viertel, R. J. Wein- 
shenk, William Wernick, R. E. Whitney, K. L. Yocom, and the proposer. 

J. W. Moon comments: This problem is the subject of G. Labelle, On particular products of 
functions, MATHEMATICS MAGAZINE, 35 (1962) 214. 
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Number of Prime Divisors of a Perfect Number 
F1662 [1964, 204]. Proposed by C. A. Nicol, University of South Carolina 


Prove that if p is the smallest prime divisor of a perfect number n, then 
has at least p distinct prime divisors. 


I. Solution by A. M. Vaidya, Pennsylvania State University. The assertion 
is trivially true if ~ is an even perfect number, since then z is of the form 
27(2*t1—1), where 2*t!—1 is a prime. So let » be an odd perfect number, 
n= pp... pi where the p’s are odd primes and p<pr<--- <pm. Now 
since 2 is perfect, we have on the one hand 


apiglt oie P= DG = 1) ++ Ge =D 
" (pb — 1)(p2 — 1) +++ (bn — 1) 


ket kent 1 


pr be ee ‘Dm 
(p — 1)(b2 — 1) - + + (bm — 1) 


1.e. 


2< Pa Pm ** Pm ) 
(p — 1)(b2 — 1) -- + (bn — 1) 
while on the other hand, 


po bth Ps bt? Pm ehtm!} 


pa—-1 p  pPr-1 ptt "bn —-1 ptm—2 
so that 


PD po: ++ Dm p+tm-—i 
—  ; 
(p — 1)(b2 — 1) - - - (bm — 1) p—1 


Thus we have 2<(p+m—1)/(p—1), giving p<m-+1. 

This problem gives a lower bound for the number of primes dividing a per- 
fect number. On the other hand, we can use problem E1625 to get an upper 
bound. For, from E1625, we have o(n)/t(n) >n}, where o() is the sum and ¢(7) 
the number of divisors of m. For a perfect number 2, a(n) =2n, so that t(n) 
<2n'. Thus if the number of distinct prime divisors of x be m, then 2™St(n) 
<2n}, giving m<1+ (log n/log 4). Combining this with the present problem, we 
see that the least prime dividing a perfect number 1 satisfies p < 1+ (log 2/log 4). 


II. Solution by Karl K. Norton, 706 W. Main Street, Urbana, Illinois. This 
result was established by C. Servais (Mathesis, 8 (1888) 92-93) and was later 
slightly improved by Grun (Math. Zeit., 55 (1952) 353-354). In a recent paper 
(Acta Arith., 6 (1961) 365-374), I obtained results which are much stronger 
for large p. For example, if N is a perfect number with smallest prime factor ), 
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then N has at least 


2 


p dt b 
[7 ot oen'y 
2 log? 


distinct prime factors, and N has a prime factor at least as large as 


£? + O( pres»), 


where 0 is any number <4/7. 
Explicit inequalities can also be obtained using recent work of Rosser and 
Schoenfeld (Jil. Jour. Math., 6 (1962) 64-94). 


Also solved by J. C. Abad, Joseph Arkin, L. Carlitz, M. J. Cohen, Carl Evans and J. T. Fleck 
(jointly), W. D. Fryer, J. E. Jean, Jr., Erwin Just and Norman Schaumberger (jointly), E. S. Lang- 
ford, D. C. B. Marsh, Leo Moser, M. G. Murdeshwar, Stanton Philipp, George Purdy, L. Y. L. 
Tong, Guy Torchinelli, S. Venkatramaiah, and the proposer. 

Langford supplied the reference: D. Suryanarayana, On odd perfect numbers, II Proc. A. M.S., 
14 (1963) 896-904. 


Partitioning Space with Spheres 
E1663 (1964, 204]. Proposed by H. D. Ruderman, Hunter College High School 


What is the maximum number of regions into which » spheres can partition 
space? 


I. Partial solution by Michael Goldberg, 5823 Potomac Avenue, N.W., Wash- 
ington, D. C. We show that the maximum number R of regions is at least 
n(n—2)(n+5)/6+4 for n>1. 


The maximum number of regions into which n—1 planes can partition three- 
space is n+(3) [M. Brtickner, Vielecke und Vielfléche, (1900) 46-47, or R. C. 
Buck, Partition of Space, this MONTHLY, 50 (1943) 541-544]. Of these regions, 
(n—1)(n—2)+2(n>1) are infinite. If, now, we add a sphere which includes all 
of the points bounded by three or more planes, then each of the infinite regions 
is cut into two regions. Now, the total number of regions 7 is given by 


rant (") += 10-2) 42 


=n-+ n(n — 1)(n — 2)/6 + (n — 1)(n — 2) 42 
(n + 6)(n — 1)(n — 2)/6 + n+2 = n(n + 5)(m — 2)/6 4+ 4. 


l 


An inversion with respect to a sphere converts all the planes and the sphere into 
a collection of 2 spheres, n—1 of which have a point in common. The number of 
regions is not changed, and R is clearly as great as r. 
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II. Partial solution by J. D. E. Konhauser, HRB-Singer, Inc., State College, 
Pennsylvania. It is known that n circles, each pair of which intersect, divide 
the plane (and also a sphere) into ?—n+2 regions [G. Polya, Induction and 
Analogy in Mathematics, (1954) 224-225]. Let P, be the number of parts three- 
space is divided into by a spheres, each pair of which intersect. If there are n+1 
such spheres and the (x-+1)-st sphere intersects the other 2 spheres in x circles, 
each pair of which intersect, then the surface of the (x+1)-st sphere is parti- 
tioned into 2?—n-+2 regions and space then into at most P,+(”?—n-+2) parts. 
Thus P,415P,+n?—n-+2. Solving the difference equation 


Ona = Oa tv? — n+ 2, 


with initial condition Q,;=2, we find that 
On = n(n? — 3n + 8)/3 


and, hence, that P, Sn(n?—3n+8)/3. 


Hyperplanes and Simplices 
E1664 [1964, 204]. Proposed by Barry Wolk, Cornell University 


It is easily shown that ~+-2 hyperplanes in general position in Euclidean 
n-space determine 2-+2 (closed) simplices. Show that each simplex is contained 
in the union of the others. 


Solution by the proposer. The result follows from the following stronger theo- 
rem: Every point of the space that 1s not on any of the hyperplanes 1s contained in 
an even number of sumplices. 


Since some points are contained in none of the simplices, it is sufficient to 
prove that the parity of the number of simplices containing a given point does 
not change as the point moves through one hyperplane P. P is an (n—1)- 
space, and the traces on P of the other 2-+1 hyperplanes are the required hyper- 
planes of P that give the configuration of the theorem in P, with m reduced by 
one. By induction on 7, the point p at which P is crossed lies in the interior of 
an even number of these (z—1)-dimensional simplices. 

Each n-dimensional simplex S with a face on P is determined by P and 
other hyperplanes, which are uniquely determined by the trace of S on P. Thus 
each (7—1)-dimensional simplex of P containing p determines an u-dimen- 
sional simplex whose boundary contains p, and conversely. Thus the number of 
n-simplices whose boundary contains p is even. 

Since these simplices are the only ones entered or left as the moving point 
passes through P at >, the parity of the number of simplices containing the mov- 
ing point is unchanged. 
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A Commutative Ring with No Annihilators 
E1665 [1964, 205]. Proposed by Azriel Rosenfeld, Yeshiva University 


Construct a commutative ring in which the square of every element is zero 
but not every product is zero. Prove that such a ring must have at least eight 
elements. 


Solution by Leonard Carlitz, Duke University. The set of polynomials 2a+dx, 
mod (4, x”), where a and 0 are integers, furnishes an example of such a ring. 
Clearly (2a-+bx)?=4a?+4abx-+x?=0 but (2+x)x=2x 40. This ring is evidently 
of order 8. 

Now let & be a ring with the stated property. Then there exist elements 
a, b€R such that ab+0. Clearly a+0)0; also aba or b, since ab =a implies 
0=ab?=ab. Similarly a+0:ab. Thus the elements 0, a, b, ab, a+0 are distinct. 
Next ab-+a, ab+b, ab-+a-+6 are also distinct from these. Thus R contains at 
least eight distinct elements. 


Also solved by W. J. Blundon, P. R. Chernoff, H. S. Hahn, Colonel Johnson, Jr., E. S. Lang- 
ford, C. C. Lindner, D. C. B. Marsh, M. G. Murdeshwar, Robin Sibson, Jr., E. W. Wallace, J. E. 
Wilkins, Jr., and the proposer. 

Hahn and Langford point out that the commutativity is not needed to show that a ring with 
the other requisite properties must have at least eight elements. 


Polygons Determined by Centroids of Associated Triangles 
E1666 [1964, 205]. Proposed by Arthur Engel, Stuttgart, Germany 


Let PiP,---P, be any planar polygon and let G;,7=1, - - - , 2 be the cen- 
troid of triangle P;Pis1Pi:2, where P,,;=P;. Is the polygon determined if the 
G; are given? 


Solution by T. I. Kolodner, University of New Mexico. The answer is yes if 
n is not divisible by 3, while the polygon need not be planar. Denote by P; the 
position vectors of the vertices, and by G; the position vectors of centroids of 
triplets of consecutive vertices. The P,’s must then satisfy the set of equations, 
P3tPinit Pive=3G,;,1=1,---,n, and the matter is decided by showing that 
the circulant matrix A with first row (do, di, - +--+, @n-1)=(1, 1, 1, 0,---, 0) 
is nonsingular. Here, all subscripts are written mod n. If n=3, A is obviously 
singular. 

By a known formula (derived below) for circulant matrices, 


n n—1 n 
det A = rr ( awe") =[[ (i +of+ 0%, 


j=1 \ o=0 j=l 


where w=exp(27i/n). We show that det A #0 if 3/n. If det A =0, then for some 
1<j<n, 1+wi+w*i=0 implying that w=exp(2mi[a/3+k]|/j), where a=1 or 2, 
and k=0,1,---,orj—1. Thus (a@/3+k)/j=1/n (mod 1) and, since a/3 +k <j, 
we must have (@/3+k)/j=1/n. This equality can hold only with k=O since 


1965] PROBLEMS AND SOLUTIONS 81 


j<n. Thus we must have an = 3j, implying that 3| n. Conversely, if 3| n, then 
1 + w/3+~2"/3 = 0 and thus det A =0. 

The following generalization is obvious: if p is a prime, 2” and G; is the 
centroid of the p-gon formed by ~ consecutive vertices of the polygon, beginning 
with P;, then the polygon is determined by the G;,’s if pj. 

For the sake of completeness we supply a simple derivation of the formula 
for the determinant of a circulant matrix. For any Xn matrix B, let B,; de- 
note its 7-7 entry. Then A;;=a,;1 (mod m). Let w be a primitive mth root of 
unity and form the Vandermonde matrix Q with entries Q,;=w*’. Since the first 
n powers of w are distinct, det 00. Now 


n n n—1 
(A Q) 5; = > A ip Qnj > Gy, —;9"5 = > G0 ots —_ b;w*4 
k=1 k=1 o=0 


where b;= >,"=).a,w’i. Thus the jth column of AQ is a scalar multiple of the 
jth column of Q with multiplier 6;. It now follows that 


(det A)(det 2) = det AQ = (II ) det Q, 


j=l 
and we get the desired result on dividing by det 00. 


Also solved by J. P. Ballantine, P. R. Chernoff, Michael Goldberg, Cornelius Groenewoud, 
H.S. Hahn, Ned Harrell, R. F. Jackson, E. S. Langford, Michael McGuirk, D. C. B. Marsh, Gus 
Mavrigian, Walter Meyer, M. G. Murdeshwar, Stanton Philipp, Steven Reyner, Bernard Rossner, 
P. A. Scheinok, Simon Vatriquant, Julius Vogel, and the proposer. 

Meyer calls attention to E. Kasner, E. Jones, K. Way, and G. Comenetz, Centroidal polygons 
and groups, Scripta Mathematica, 4 (1936) 37-49, where this problem and others are derived from 
a more geometric point of view. 


An Impossible Triangulation of a Sphere 
E1667 [1964, 205]. Proposed by G. J. Minty, University of Michigan 


Suppose that the surface of a sphere is divided into triangular “countries,” 
where triangular means that each country touches exactly three others. A vertex 
of the graph formed by the boundary lines of the countries is called even or odd 
according as an even or an odd number of boundary lines run into it. Is there 
such a triangulation having exactly two odd vertices in which these vertices are 
adjacent? 


Solution by J. W. Moon, University of Alberta. Suppose that G is such a tri- 
angulation. If the boundary line joining the two odd vertices is removed, then 
every vertex in the resulting graph G* is even. Hence, we can colour the coun- 
tries of G* with two colours, say red and black, so that adjoining countries have 
different colours. [See E. B. Dynkin and W. A. Uspenski, Mathematische Unter- 
haltungen. I. Mehrfarbenprobleme, Berlin, 1955, p. 70]. Let r and b denote the 
number of countries of G* of colours red and black, respectively. We may sup- 
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pose that the one country with four sides is coloured red. Since all the remaining 
countries have three sides it follows that 


b= $(4 + (r — 1)3). 


But this last expression is not an integer, an impossibility. Hence no such tri- 
angulation exists. 


Also solved by Robert Bowen, Stephen Fisk, H. S. Hahn, Bro. R. F. Schnepp, Robin Sibson, 
Jr., and the proposer. 

Fisk points out that the result of this problem is stated as a known fact in Sainte-Lagué, 
Géoméirie de Situation et Jeux, Mémorial des Sciences Mathématiques, Fascicule XII. 


A Concatenation of Catenaries 


E1668 [1964, 205]. Proposed by D. G. Wilson, IBM Corporation, Bethesda, 
Maryland 


Farmer Jones has a cart with square wheels. However, it suits his needs 
since with it he is able to travel the washboard road without any bumping. As- 
suming no slipping of the wheels, describe the washboard road. 


I. Solution by D. C. B. Marsh, Colorado School of Mines. Since we want the 
edge of the turning wheel to remain in tangential contact with the road surface, 
we have (4s—a)/4s=tan 0=y’, where @ is the angle of inclination of the tangent 
to the road surface at the point of contact, s is the length of a side of the wheel, 
and o is the arc length in the direction of motion (the “x-direction”) from the 
cusp (0, 0) of the road surface to the point of contact. Substituting for o, we 
find that s(1—y’) =2f¢/(1+~y’2)dx for the first arch of our road profile. We 
differentiate with respect to x and solve routinely to obtain y = C, 
=Z5 cosh (C,— (2x/s)). With the initial conditions, x=y=0, y’=1, we find the 
road surface to be periodic with period s arcsinh 1 (s the length of the wheel’s 
edge) and for 0SxSs arcsinh 1, 

y= v2. — Vv? cosh 2 + = ssinh ; 
2 2 Ss 2 s 

II. Solution by Michael Goldberg, 5823 Potomac Ave., N.W., Washington, 
D. C. Let the edge of the square be 2c. Then, draw the catenary whose equation 
is y=c cosh (x/c). Take an arc of this catenary between the tangents which 
make an angle of 45° with the axis. Make the washboard road of these arcs with 
the convex sides up. 

Place the square so that the midpoint of an edge coincides with the vertex 
of an arc. Then, when the square is rolled over the arc, the midpoint of this 
edge traces a tractrix which is the evolute of a catenary. But this tractrix has 
the property that the locus of the ends of tangent segments of length ¢ lie on a 
horizontal straight line. This is the path of the center of the square as the 
square rolls, without slipping, over the washboard road. 
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For descriptions of the properties of a catenary and the associated tractrix, 
see the following books: E. H. Lockwood, A Book of Curves, 1961, pp. 118-124; 
R. C. Yates, Curves, 1946, pp. 12-14; and C. Zwikker, Advanced Plane Geometry, 
1963, pp. 140-142. 


Also solved by R. M. Anderson, Merrill Barnebey, A. Behr, C. L. Dotton, P. R. Fitall, H. S. 
Hahn, J. H. Halton, F. W. Herlihy, R. T. Hood, Dennis Hurst, R. F. Jackson, C. D. La Budde, 
E. S. Langford, Winton Laubach, H. R. Lewis, J. S. Muldowney, P. F. Multquist, Stanton Philipp, 
J. R. Porter, G. B. Robinson, D. J. Samuelson, J. S. Scandale, Jr., J. K. Stewart, L. Y. L. Tong and 
the proposer. 

Multquist comments: Farmer Jones should be careful not to build a self-propelled vehicle for 
this road. With square wheels it will not jiggle up and down, but it will suffer from variable speed 
if the wheels are driven at constant angular velocity. 

Robinson points out that this problem is essentially the same as E1033 whose solution was 
published in the April, 1953, issue of the MONTHLY. For a general approach to problems of this sort, 
see G. B. Robinson, Rockers and rollers, MATHEMATICS MAGAZINE, January-February, 1960. 


Growth of Iterates of Euler’s Totient Function 
F1669 [1964, 205]. Proposed by Ralph Greenberg, University of Pennsylvania 


Let di (n) = {dr1(2) \ and go(n) =(n) = Euler’s ¢-function. Show that for 
any k, $.(”) >1 for all sufficiently large x. 


Solution by A. E. Neumann, Madison, New Jersey. lf n=qf! +--+ gf, a2 1, 
is a prime factorization of , then we have 


a Q T— 1 r 
qi co ee ar? > 2 7 = — 1 cee _ ar . 
2 q-—1 dr — 1 
qa —1 Qr—-1 ao 1 gt Ge 1 
Th = _ ee, = — 
us o() >. q1 e 25 a nD JN, 
and so 


yoty > i (/ =v _i 1/4 
di(n ; p(n) ry ri naam . 


In general, then, ¢:,(7) >1n?*". Therefore n=22"" implies ¢,(m) >1; in fact, 
oi(n)> © asn—o, 


Also solved by Leonard Carlitz, P. R. Chernoff, M. J. Cohen, R. B. Eggleton, Emil Grosswald, 
H. S. Hahn, Leroy Junker (2 solutions), Erwin Just and Norman Schaumberger (jointly), E. S. 
Langford, Andrzej Makowski, D. C. B. Marsh, Leo Moser, Stanton Philipp, George Purdy, Robin 
Sibson, Jr., A. M. Vaidya, S. Venkatramaiah, and the proposer. 

Two solutions were based on the inequality ¢(”)>const.Xn/log log n. [See, for example, 
Hardy and Wright, Theory of Numbers, 3rd ed., p. 267] and several others on the relation ¢(7) 
>A(e)n'-*, e>0. [See, for example, Landau, Vorlesungen aber Zahlentheorie, vol. 1, Theorem 245. | 
Makowski cites H. Shapiro, An arithmetic function arising from the o function, this MONTHLY 50 
(1943), 18-30, wherein it is proved that the greatest integer for which ¢:(”)>1 and ¢ryi(m) = 1 is 
n= 2-3, 
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The Differential Operator xd/dx 


E1670 [1964, 205]. Proposed by Tai-ichi Kitamura, Ibaraki University, 
Japan 


If D is the differential operator xd/dx, prove that eP(x) =P(ex), where 
P(x) is any polynomial in x. 


Solution by M. G. Murdeshwar and V. K. Rohatgi, University of Alberia, 
Edmonton. Because of the linearity of the operator e™, it suffices to prove the 
result in the case P(x) =x*, where k is any nonnegative integer. 

It is easily proved by induction that D*(x*)=k"x* (k and nm nonnegative 
integers). Therefore, 


ack = ekyk, 


De) = (LY —)e= > 


n=0 n=O nN ! 


Also solved by M. T. L. Bizley, Brother R. F. Schnepp, Jim Campbell, P. R. Chernoff, M. J. 
Cohen, R. M. Conklin, Michael Goldberg, D. M. Good, Arthur Greenspan, Cornelius Groenewoud, 
Emil Grosswald, J. E. Hafstrom, Stephen Hoffman, R. F. Jackson, Leroy Junkers, P. G. Kirmser, 
E.S. Langford, J. C. Lazzara, D. C. B. Marsh, Jim Morrow, Mary P. Moseley, J. S. Muldowney, 
D. E. Myers, C. R. Nicolaysen, M. J. Pascual, Stanton Philipp, George Purdy, Steven Reyner, 
Robin Sibson, Jr., R. E. Whitney, S. Zamoscianyk, and the proposer. 


ADVANCED PROBLEMS 


Solutions of Advanced Problems in this issue should be submitted on separate, signed sheets 
and should be mailed, before July 31, 1965, to J. Barlaz, Rutgers—The State University, 
New Brunswick, N. J.08903. 


5253. Proposed by Joseph Hammer, University of Sydney, Australia 


“Addition” of plane convex figures ¢; and @» is the following operation: Take 
any point R; in ¢;, and any point R, in ¢e, with an arbitrary point in the plane 
taken as origin O. The point R which is defined as the vector-sum 


—_—> -— — 
OR = OR; + OR, 


is considered as the sum of the points R; and R». If for every possible R, in di 
and R., in @2 we construct R as the sum of R; and Re, then the locus of R is called 
the “sum” of ¢; and qe. 

Let us denote the boundaries of ¢1, d2 and ¢=dit¢e by Ki, Ke and K re- 
spectively. Prove that the area enclosed by K is greater than the sum of the 
areas enclosed by K, and K». Has this area an upper bound? 


5254. Proposed by A. M. Gleason, Harvard University 


Let f be a weakly increasing function from the positive integers to the posi- 
tive real numbers. Suppose that f(mn) =f(m)f(m) whenever m and n are rela- 
tively prime integers. Show that there is a nonnegative number @ such that 
f(n) =n* for all n. 
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5255. Proposed by J. H. E. Cohn, Bedford College, London, England 


Prove (or disprove): The equation in positive integers 2y? = 3x*—1 has solu- 
tions only if x=1 or x=3. 
5256. Proposed by K. D. Taylor, George Washington University 


Show that the transformation A: (%1, +++, %n)—(01,°--°-°, On), where the 
o's are the elementary symmetric functions in ” variables, has the Jacobian equal 
to the Vandermonde determinant II(x;—x,;), where 7 runs from 1 to n—1 andj 
runs through all values greater than 7. 


5257. Proposed by H. S. Shapiro, New York Unwersity 


Show that there exists an infinite set NV of positive integers, and a sequence 
of complex numbers gp, |2.| <1, such that lim |z,|=1 and, for every f(z) 
= oo ans" analytic in |z| <1, if (i) a, =0,n EN, and (ii) f(z.) =0,2=1,2, ++ -, 
then f=0. 


5258. Proposed by David Singmaster, University of California, Berkeley 


In any ring, a divisor of zero cannot have an inverse. Show that, in a finite 
ring, the existence of an element which is not a divisor of zero implies the 
existence of a unit and implies that any noninvertible element is a divisor of 
zero. (We consider 0 as a divisor of zero.) 


5259. Proposed by K. Mahler, The Australian National University, Canberra 


Let f(x1, °° +, Xn) = Dopey Dee 1 Anexn%, be a positive definite quadratic form. 
Assume that, as (%u,°°-°, Xin), °° °*, (%nt)°**, Xan) run over all sets of n 
points with integral coordinates, 


f(x, sey Xin) ee - f (Xn1, eee , Xnn) = 011000 ° ** Ann} *° * °° 


Then f is a diagonal form, i.e., a,,=0 if h¥k. 
5260. Proposed by M. Rajagopalan and A. Wilansky, Lehigh University 


A topological algebra is called a Q-algebra if its set of invertible elements is 
open. Must a normed Q-algebra be complete? 


SOLUTIONS OF ADVANCED PROBLEMS 
Non-Archimedean Field 


5112 [1963, 672; 1964, 691]. Proposed by N. R. Riesenberg, University of 
Wisconsin. 


In Dieudonné, Foundations of Modern Analysis (Academic Press, N. Y., 
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1960), a real number system is defined as a field which (1) is Archimedean 
ordered, and (2) possesses the nested interval property. It is well known that 
neither (1) nor (2) alone suffices to give a real number system and many exam- 
ples of Archimedean ordered fields which are not real number systems are in the 
literature. Give an example of a field which is non-Archimedean ordered but 
which possesses the nested interval property. 


I. Editorial Note. When the example in the proffered solution [1964, 691] 
is amended to include power series with a finite number of negative exponents, 
we have only a partial ordering of the resulting field. For a complete solution 
Dean has provided a reference to Rings of Continuous Functions, by L. Gillman 
and M. Jerison. It is proved there (p. 179) that every hyper-real residue class 
field of C(X) has the nested interval property. Such fields are also ordered and 
non-Archimedean. 


II. Solution by Roy O. Davies, Leicester, England. Our construction of a field 
with the requisite properties depends on the following four observations: 

1. Given any collection of ordered fields such that of any two one is an ex- 
tension of the other, their union can be made into a (unique) ordered field which 
serves as a common extension of them all. 

2. It follows from Lagrange’s interpolation formula that a polynomial of 
degree & with coefficients in an ordered field changes sign at most k times. 

3. If dy<a2< +--+ are elements of an ordered field (5, <), then there is an 
extension (5’, <) which contains an element x such that 

(i) @,<x for all n, 

(ii) if ad, <b for all n, bE S, then x <b. An example of such an extension is the 
field (5’, <) of rational forms R(x) with coefficients in §. We order the elements 
in §’ by letting 0<R(x) if 0<R(a,) for all sufficiently large n. We note that by 
observation 2 the order relation is established for every pair of elements in 3’. 

4. Using transfinite induction and observations 1 and 3, we have the result: 
if (5, <) is any ordered field, an extension (5*, <) of (F, <) exists such that for 
each increasing sequence di<d2< --- of elements in S, there is at least one 
element «© S* with the properties (i), (ii), above. 

Our construction now proceeds by defining a transfinite sequence of ordered 
fields ¥., 1SaSw;. Let 5, be the ordered field of rational numbers, 5.= S57 
(observation 4) and, in general 


a e e e e e 
So = Fo1 if a is not a limit ordinal, 


F, = US, if a isa limit ordinal. 
<a 


By taking a@,=7 in observation 4, we see that % and, a fortiori, all succeeding 
extensions are non-Archimedean. 

Now &., has the nested interval property. For if ai<ae< --- <0d.<b; are 
elements in §,,, where d,C%e,, bnxC&s,; nm=1, 2,-°°5 Qa, Bra<on, let 
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7 =sup (a1, Qe, °° +, Bi, By, °° > i. Now ¥ must be an ordinal corresponding toa 
countable set and cannot be a limit ordinal. (See, e.g., Kamke, Theory of Sets, 
Chapter 5.) Hence, by the definition of 5), we have an element x such that 


x EC Ff = For C Fo, and da <x <b, for all a. 


This completes the proof. We note finally that &,, has the cardinality of the 
continuum. 


Rank of a Sum of Orthogonal Matrices 
5160 [1963, 1107]. Proposed by Alvin Hausner, The City College of New York 


Let A and B be nXn (real) orthogonal matrices. Prove that the rank of 
A+B isn—2k, 0Sk Sn, if A, B are both proper-orthogonal or both improper- 
orthogonal. Further, prove that the rank of A+B isn—(2k+1),0SkSi(n-1), 
if A is proper and B is improper. 


Solution by R. F. Rinehart, Case Institute of Technology. Let R be rank (A+B). 
Then R=rank A(J+A7!B) =rank({[+A—!1B). The orthogonality of A and B 
implies the orthogonality of A~! and of A~1B. Therefore there exists a matrix 
U (unitary) diagonalizing AB, and R=rank U-(I + AB)U 
=rank(I+ U-14-1B U) = rank(I+diag[M1, Ae, - - - , An|). Since 4-!B is orthog- 
onal, each \; has absolute value one, and the imaginary A; occur in conjugate 
pairs. Let » be the number of the \; which are equal to —1. Then R=n-—pb. 
Further, it is evident that det(diag[Mi, ---,An]) = Ade An = (—1)? 
= det(A-!B) = (det B)/(det A). Hence p is even if A and B are both proper or 
both improper, and > is odd if one of A, B is proper and the other improper. In 
the first instance p= 2k, O<k Sin, in the second p=2k+1, OSk< $n. 


Also solved by L. Carlitz, A. S. Householder, John B. Kelly, M. G. Murdeshwar, and the pro- 
poser. 


Subfields in Finite Fields 
5161 [1964, 98]. Proposed by Seth Warner, Duke University 


Let K be a finite field and K* the multiplicative group of all nonzero ele- 
ments of K. Show that HU fo} is a subfield of K for every subgroup H of K* 
if and only if the order of K* is a Mersenne prime. 


Solution by Harlan Stevens, The Pennsylvania State University. If the order 
of K is p” (p a prime) and the order of ZH is q, we recall that q| p” —1, and that 
q+1|p" if HU {0} is to be a subfield. For p>2 this is impossible when H= {1}, 
since 2/p". But then p*—1 is never a Mersenne prime, either. Let p=2; if 
2*—1 isa prime, then H must be {1} or K*, so that HU {0} is in either case a 
subfield. Conversely, if 2*>—1=s-t(s>1, ¢>1), there exist subgroups Hi, He of 
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order s and ¢. If HiU{0} and Hx {0} are to be subfields it follows that 
s=2°—1, t=29—1. This is impossible, however, since st=1 (mod 4), whereas 
2™—1=-—1 (mod 4). 


Also solved by Robert Breusch, David Colton, Ralph Greenberg, Hwa S. Hahn, J. E. Humph- 
reys, C. C. Lindner, J. W. Mades, R. C. Mullin, M. G. Murdeshwar, Veselin Peri¢é, A. Radhak- 
rishna (India), W. R. Scott, Robert Lee Wilson, and by Joseph Shoenfield and the proposer. 


Asymptotic Formula for >| 02(n)/n? 
5162 [1964, 98]. Proposed by W. E. Briggs, University of Colorado 
Show that >inszo?(n)/n? is asymptotic to Ax, and find the constant A. 


Solution by J. Koekoek, Technological University, Eindhoven, Netherlands. 
We use the following thorems: 

(1) Suppose that c1, G,--- ts an arbitrary sequence of numbers, and that f(x) 
has a continuous derivative for x21. Put C(x) = Dinsa Cn. Then, for x21, 


TS caf(n) = C(wfle) — J CW" at. 


nsx 


(See W. J. LeVeque: Topics in Number Theory, vol. I, p. 103.) 


(2) Di o*(n) = §x*(3) + Of x*(log x)?}. 


NSz 


(A. E. Ingham, Some asymptotic formulae in the theory of numbers, J. London 
Math. Soc., vol. II (1927) 202~208.) 

In theorem (1) we take c,=0(n) and f(x) =x-?; by using formula (2) we 
then get 


XS 1-%0%(n) = Sat(3) + Of (log 2)} +2 J * [8¢(3) -+ Of -1(log #3} Jat 


= $¢(3)-« + Of (log «)}. 


Also solved by Robert Breusch, R. G. Buschman, L. Carlitz, Martin J. Cohen, Ralph Green- 
berg, Emil Grosswald, O. P. Lossers (Netherlands), R. A. Smith, and the proposer. 
Editorial Note. Buschman’s solution starts with Ramanujan’s formula 


dn aa(n)or(n) = £(s)E(s — a)f(s — B)g(s — a — b)/§(2s — a — 8). 


(E. C. Titchmarsh, The Theory of the Riemann Zeta Function) and, using methods in his paper in 
the Pacific Journal (1959) obtains the formula 


X ne tae(aav(n) Oke ED : 


The case a=b =d=1 is the proposed problem. Cohen also obtains this formula in the case d= 1. 


a d>0. 
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Measure Preserving Transformation 


5163 [1964, 99]. Proposed by S. D. Chatterji, University of New South Wales, 
Australia 


Let (S, 2, m) be a totally-finite positive measure space and let f(s) be a real- 
valued integrable function on S such that f(s) >0 almost everywhere with re- 
spect to the measure m. Let T be a one-to-one measure-preserving transforma- 
tion of S onto itself. Prove that 

I) dm(s) 2 m(S). 
s f(Ts) 


I. Solution by P. R. Chernoff, Princeton University. For every integer k, T* 
is measure-preserving, so that, substituting 7x for x, we have 


f(x) f(T*x) 
dm(x) = 
s f(Tx) s f(T**'x) 
Therefore, by the arithmetic-geometric inequality, 


f(*) L/ f(x) | f(Tx) f(T"1x) 
dm(x) = —{| ——— ve dm(x 
J, f(Tx) (x) J, (ae + f(T?x) + + f(T"x) ) m{) 


= J ( Te) amt) : 


Let e>0 be given. For 0<a<b< o define 
E= {fx E S| a S f(x) < 5}. 


The hypotheses on S and f imply that we can find a, b so that m(S—E£) <e. 
Then if F=T—(£)OE, 


mF) = m(E) — m(E — T-*E) 2 m(E) — mM(S — T-*E) > mS) — 2e. 


Now choose x so large that (a/b)'/">1—e. Then 


J s its its) & Gers) 0 = Ji aap) im 


Now x€ F implies T7*xC E and xCZ#, so that 


(f2,)"a(e)o1- 


ia) \¥ 
ix s) dm(x) > (1 — e)m(F) > (1 — €)(m(S) — 2¢). 


dm(x). 


Then 
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Since € was arbitrary, the theorem is proved. 

II. Additional result by N. J. Fine, Pennsylvania State University. In the 
stated inequality, we observe that equality is obtained if and only if f isinvariant 
under T. For, applying the result just proved to +/f(s) and assuming that 


we obtain 


wos LP ff, SoTL fm =m 


Therefore the second inequality must be equality and this implies the linear 
dependence of [f(s)/f(Ts) |}/? and 1. Thus f(s) =f(7s) almost everywhere, as as- 
serted. 


Also solved by George Bergman, N. G. de Bruijin (Netherlands), Harley Flanders, Wallace 
Franck, D. G. Kabe, Brockway McMillan, John Rainwater, and the proposer. 

Editorial Note. The proposer comments that this is a continuous analog of problem E 1468 
[1962, 59]. Incidentally, solution III there is faulty because, after one has chosen & such that 
ax/b,21, one cannot be sure that the rest of the a’s and b’s are permutations of each other. Hence 
the induction hypothesis used there does not apply. 


Taylor Expansion of Bessel Functions 


5164 [1964, 99]. Proposed by Gregory Thompson and Peter Treuenfels, Min- 
neapolis-Honeywell Regulator Co. 
Find the Taylor series expansion of e~*Jo(¢x) about the origin. 


I. Solution by E. S. Langford, North American Aviation. From 


T 


Jo(ix) = a J ew cos O49 
0 
(G. N. Watson, Treatise on Bessel Functions, 1958, p. 48), we have 


T 
e~*J (ix) = 97 f gn2(1+008 6) 9 
0 


00 — 1)*472" Cs 
=> ef f cos*" 36 anh 
0 


2 (=1)"(2n)l 
= 4, 
n==0 2*(n!)8 
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IT. Solution by W. D. Fryer, Cornell Aeronautical Laboratory. The function 
e-*J (1x) satisfies the differential equation 


y” + (2 + 1/x)y’ + (1/x)y = 0. 


(Jahnke-Emde, Tables of Functions, p. 147), and this function has an ordinary 
power series expansion d)+aix-+ ---, valid about the origin, with ao=1 
known. Putting this power series formally into the differential equation, we ob- 
tain a,= —1, 


ki = (2k + 1)(k + 1)—2a,, k= 1, 2, eee 
It now follows that 


= aye BSS HAD _ (oD OD! 
= 1222... p2 - Vk (R!)8 


are the coefficients in the Maclaurin expansion of e~*J (tx). 


Also solved by R. W. Barbieri, Robert Breusch, F. P. Callahan, Donald Childs, J. A. Faucher, 
Harley Flanders, Eldon Hansen, J. M. Horner, W. C. Janes, Hajna Janos and Horvdth Sandor 
(Hungary), J. T. Johnson, J. Koekoek (Netherlands), V. Linis, A. E. Livingston, Immanuel Marx, 
Stanton Philipp, A. L. Rabenstein, O. G. Ruehr, E. J. Schmahl, A. Somayajulu, W. F. Trench, 
and the proposer. 

Editorial Note. Trench notes the following generalization: Letting Q,(«)=eI,(x), where 
I,{x) is the nth order Bessel function of imaginary argument, one sees that 


ant) = (I Ei” y)(-F) 


Alternant Type Determinant 


5165 [1964, 99]. Proposed by A. S. Galbraith, Army Research Office, Durham, 
N. C. 

Let p, and q,, k=1, 2,---, be the terms of two arithmetic progressions. 
Evaluate the determinant whose element in the zth row and jth column is 


Pits/ Wits 
Solution by N. J. Fine, The Pennsylvania State University. The terms of the 


determinant have the form [a+c(¢+ ) |/[6+d(i+)) |. If each element is multi- 
plied by d/c, the given determinant is seen to be (¢/d)* times the determinant 


D,(a, 8) = det M2 tt 
B+ity 1,j=1,2,---,4%, 
where a=a/c, B=b/d. 

In D, subtract row 2 from row i (¢=1,--+, 2-1). Factor (a—8)("—2) 
from row? (t=1,+--,n—1). Factor (@-+n2-+ 7)—! from column j (j=1, ---,7). 
Next, subtract column 2 from column j (j=1,---,#-—1). Factor (n—j) from 
column j (j=1,---, 2-1). Factor (@6+i+)-! from row 2 (4@=1,---, 2-1). 


Now subtract (a+2z)7! times row n from rowi (i=1, - - -,2—1). We now have 
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D, (a, 8) = (n — He — 8) TE @+itn Tl @+ntj Fs 


i=1 j=l 


where 


[ 
(a+ 6+2n) bit; | 
(at Iori +D | 
[ 

| 

[ 


= (a + 2n)-"*D,_s(a + 6 + 2m, 6). 


ec re ry ee ee ee ee ee 


By use of this relation and an inductive argument, we find 


= [1!2!--- (a — 1)1]*%(@ — 8) II (B-+i+j) at (n— 1)8 + n(n + 1)). 


t,j=1 


Also solved by J. v. IJzeren (Netherlands), A. E. Livingston, W. F. Trench, and the proposer. 


Spectrum of Closed, Densely Defined Operators 


5166 [1964, 99]. Proposed by Peter Rejto and Charles Conley, New York 
University 

Let A be a closed and densely defined operator on a Hilbert space such that 
the range of A is contained in its domain, and such that A? is the identity on the 
domain of A. Does it follow that the spectrum of A includes at most the points 
1 and —1? 


Solution by Francis P. Callahan, Blue Bell, Pennsylvania. Define A on 
L.(— oe, + 00 ) by 
fx) +(+a«)f(-*) «20 


Aj(a) = ‘ —f (2) x <0. 


The domain of A is defined to be the subset of L.(— ©, ++) such that 


Jt + x)f(—a)}?da < &. 


Using the definitions in Stone, Linear Transformations 1n Hilbert Space, we 
show easily that A is closed, has domain dense in the space, and has range equal 
to its domain. A is its own inverse and is clearly unbounded. It follows that zero 
belongs to its continuous spectrum, and answers the question in the negative. 


Also solved by the proposers. 
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Unity in Subrings of Rings of Integers 


5168 [1964, 99]. Proposed by A. Himmelfarb, Fordham University 

All subrings of Zm, the ring of integers modulo m, are of the form dZ,, where 
dis a divisor of m (dZ,, denotes the set of all ring multiples of d). For a given m, 
determine (a) those d for which dZ,, has a unity element, (b) the unity element 
for such d, and (c) the number of such d. 


Solutton by J. R. C. Lettzel, Indiana University. For d a divisor of m, the 
subring dZ_,= {nd | 0<n<(m/d)— 1} will have unity kd if and only if kd 
=1 (mod m/d). The latter congruence is solvable if and only if (d, m/d)=1. 
For then (kd) (nd) = (kd —1)nd+nd=(tm/d) (nd) +nd=min+nd=nd (mod m). 
Let m = p1°!+ po + + - pj; then the number of divisors of m such that (d, m/d) =1 
is the number of ways of selecting 7 distinct items any number at a time, that is 
2/—1, noting that the case d=™m is not accepted. 


Also solved by Harry Gonshor, Ralph Greenberg, Hwa S. Hahn, J. Humphreys, E. S. Lang- 
ford, C. R. MacCluer, M. G. Murdeshwar and V. K. Rohatgi, Veselin Perié (Yugoslavia), K. A. 
Post (Netherlands), Harlan Stevens, W. C. Waterhouse, R. L. Wilson, K. L. Yocom, and the pro- 
poser. 


Bi-Ideals of Semigroups 


5169 [1964, 99]. Proposed by Séndor Lajos, University of Economics, Buda- 
pest, Hungary 

A subsemigroup B of a semigroup S is called bi-ideal of S if BSBCB (see 
A. H. Clifford and G. B. Preston, The Algebraic Theory of Semigroups, v. I, 
p. 84). Prove that a subset A of a semigroup S is a bi-ideal in S if and only if A 
is a left [right] ideal of a right [left] ideal of S. 


Solution by J. E. Humphreys, Yale University. (a) Suppose A is a bi-ideal of 
S, and set B=AS. B is automatically a right ideal in S, and the condition 
ASA =BACA implies A is a left ideal in B. 

(b) Let B be a right ideal in S such that A isa left ideal in B. Since AA CBA 
CA, A is a subsemigroup of S. Moreover, 4SA CBSA CBA CA; hence A isa 
bi-ideal of S. The bracketed case is handled similarly. 


Also solved by G. M. Bergman, D. R. Brown, C. V. Heuer, E. S. Langford, C. C. Lindner, 
Veselin Perié, R. J. Plemmons, and the proposer. 

Editorial Note. Heuer and Lindner exhibited examples of subsets A which are not subsemi- 
groups of a semigroup S but which satisfy the condition ASACA. 


Hausdorff Spaces and Stone-Cech Compactification 


5170 [1964, 99]. Proposed by Stanley Franklin, University of California at 
Los Angeles 

For any infinite cardinal 8, there exists a compact Hausdorff space £ of 
cardinality 8 which is not the Stone-Cech compactification of any of its proper 
dense subspaces. 
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Solution by W. C. Waterhouse, Harvard University. Let X be a discrete space 
of cardinality 8, and let £ be its one-point compactification. Then E is compact 
Hausdorff, and its only proper dense subspace is X. Let C be an infinite subset 
of X such that X —C is also infinite, and let f(x) be 0 on Cand 1 on X —C. Then 
f (x) is a bounded continuous function on X which has no continuous extension to 
E, and hence £ is not the Stone-Cech compactification of X. 


Also solved by W. M. Lambert, Jr., Philip Nanzetta, R. L. McKinney, P. R. Meyer, Joel 
Pitcairn, S. M. Robinson, and the proposer. 


RECENT PUBLICATIONS AND PRESENTATIONS 


EDITED BY R. A. ROSENBAUM, Wesleyan University 
COLLABORATING EpiTors: K. O. May, University of Calif. and E. P. Vancs, Oberlin College 


Materials intended for review should be sent directly as follows: Books: R. A. Rosen- 
baum, Wesleyan University, Middletown, Conn. 06457. Programmed Materials: K. O. May, 
University of California, Berkeley, Calif. 94720. Films: E. P. Vance, Oberlin College, Oberlin 
Ohio 44074. 


Asymptotic Approximations. By Harold Jeffreys. Clarendon Press, Oxford, 1962. 
vii +144 pp. $4.80. 


The theory and practice of asymptotic representation are concerned with 
characterizing the behavior of a function for large values of the independent 
variable. The present monograph is confined to the type of asymptotic repre- 
sentation which consists of a finite or infinite linear combination of negative 
powers of the variable, possibly multiplied by an exponential. The function is 
generally a function of a complex variable. Poincaré’s definition of convergence 
is used: If f(z) is the function and S,(z) is the mth partial sum of a series of the 
type S= >of.) a.z-*, then S is an asymptotic expansion or series for f(z) in a 
sector a Sarg 2<B if lim,... 2"[f(z) —S,(z) | =0 for each n, uniformly for a Sarg z 
<8. 

To one who has no proprietary interest in the subject, asymptotics might seem 
to be a branch of traditional analysis full of ad hoc tricks and weird formulas. 
A remark of metamathematical nature like this perhaps can best be illustrated 
by a burlesque. Consider the following interesting line integral which arises in 
dynamic psychoceramics: 


I= f cosh [(sec ze*') 3/8] H,(#)dt, 
C 


where H7 is a Hankel function and C looks like one of the more advanced Boy 
Scout knots. We integrate by parts twice and then make the substitution 
t=arc cosh (J4(u))7/2+17 exp (—u)!/!4, where J, is the Bessel function of 4th 
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Graphical representations: A contribution to the methods of curve tracing. By C. B. Glavas. 
Athens, 1964. 142 pp. 
The text is in Greek. According to the one-page English abstract, it covers the tradi- 
tional material on curve tracing together with some new methods based on the author’s 
research. 


Tensor analysis. Theory and applications to geometry and mechanics of continua. 2nd ed. 
By I. S. Sokolnikoff. Wiley, New York, 1964. xii+361 pp. $9.75. 


The mathematics of physics and chemistry, vol. II. By Henry Margenau and George 
Murphy. Van Nostrand, Princeton, N. J , 1964. 786 pp. $15.00. 


The mathematical principles of natural philosophy. By Isaac Newton. Philosophical 
Library, New York, 1964. 447 pp. $10.00. 


Elements of astromechanics. By Peter van de Kamp. Freeman, San Francisco, 1964. 140 
pp. Cloth bound $4.00, paper bound $2.00. 


NEWS AND NOTICES 
EpITED By RAouL HAILPERN, SUNY at Buffalo 


Readers are invited to contribute to the general interest of this department by sending 
news items to Raoul Hailpern, Mathematical Association of America, SUNY at Buffalo 
(University of Buffalo), Buffalo, New York 14214. Items must be submitted at least two months 
before publication can take place. 


PERSONAL ITEMS 


Professor J. N. Eastham, Queensborough Community College, represented the 
Association at the inauguration of Albert H. Bowker as Chancellor of the City Uni- 
versity of New York on November 5, 1964. 

Professor C. T. Salkind, Polytechnic Institute of Brooklyn, represented the Associa- 
tion at the inauguration of Ralph G. Hoxie as Chancellor of Long Island University on 
October 9, 1964. 

Brown University: Professor Solomon Lefschetz, Princeton University, has been ap- 
pointed Visiting Professor; Dr. J. P. LaSalle, RIAS, Baltimore, Maryland, has been ap- 
pointed Professor and Dr. Leonard Weiss, RIAS, Baltimore, Maryland, has been ap- 
pointed Assistant Professor. 

California State College at Long Beach: Dr. P. B. Norman, North American Aviation, 
Anaheim, California, has been appointed Associate Professor; Mr. J. R. Baugh, Univer- 
sity of California, Los Angeles, and Mr. S. C. Choi, Aerospace Corporation, El Segundo, 
California, have been appointed Assistant Professors; Assistant Professor Joseph Verdina 
has been promoted to Associate Professor. 

University of California, Davis: Associate Professor W. H. Simons, University of 
British Columbia, has been appointed Visiting Associate Professor; Associate Professor 
Sherman Stein has been promoted to Professor. 

Carnegie Institute of Technology: Professor I. I. Kolodner, University of New Mexico, 
has been appointed Professor and Head of the Department of Mathematics; Assistant 
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Professors H. S. Leonard and V. J. Mizel have been promoted to Associate Professors; 
Associate Professor B. P. Hoover retired in June 1964. 

Central Washington State College: Mr. D. R. Comstock, Oregon State University, has 
been appointed Assistant Professor; Assistant Professor B. L. Martin has returned from 
a two year academic leave of absence at Oregon State University. 

Clemson University: Assistant Professor S. M. Lukawecki, Texas Women’s Univer- 
sity, Dr. W. R. Hare, Duke University, and Mr. E. L. Bethel, Knox College, have been 
appointed Associate Professors; Associate Professor C. V. Aucoin has been promoted to 
Professor and appointed Chairman of the Department of Mathematics. 

Dalhousie University: Associate Professor Michael Edelstein, Michigan State Uni- 
versity, has been appointed Associate Professor; Drs. Gilbert Steiner, Reed College, and 
R. C. Courter, Rutgers, The State University, have been appointed Assistant Professors. 

East Carolina College: Professor S. E. Pence, University of Kentucky, has been ap- 
pointed Professor; Mr. R. M. Woodside, Harvard University, has been appointed Assist- 
ant Professor; Dr. T. J. Pignani, University of Kentucky, has been appointed Director of 
the Department of Mathematics. 

East Central State College: Assistant Professor R. L. Tennison has been promoted to 
Associate Professor; Associate Professor J. O. Danley has been appointed Head of the 
Department of Mathematics. 

Eastern Illinois University: Associate Professor Bernard Derwort, Western Illinois 
University, has been appointed Professor; Assistant Professor J. M. Laible, Western 
Illinois University, has been appointed Assistant Professor; Associate Professor A. J. 
DiPietro has been promoted to Professor; Mr. R. A. Meyerholtz has been promoted to 
Assistant Professor. 

Fairleigh-Dickinson University: Dr. Arthur Schlissel, New York University, has been 
appointed Assistant Professor; Assistant Professor Maurice Machover has been ap- 
pointed Chairman of the Department of Mathematics. 

University of Hawaii: Assistant Professors H. G. Loomis, University of Hawaii, 
Hilo Campus, Zuei-Zong Yeh, California Western University, and Dr. F. B. Strauss, 
University of California, Los Angeles, have been appointed Assistant Professors; Pro- 
fessor S. B. Townes retired in June 1964. 

Hobart and William Smith Colleges: Associate Professor J. S. Klein, Monmouth Col- 
lege, New Jersey, has been appointed Professor and Head of the Department of Mathe- 
matics; Mr. T. A. Bick has been promoted to Assistant Professor; Professor W. H. 
Durfee has retired with the title of Professor Emeritus. 

University of Illinois: Professor L. J. Mordell, St. John’s College, Cambridge, Eng- 
land, has been appointed Visiting Professor; Associate Professor R. W. Carroll, Rutgers, 
The State University, has been appointed Associate Professor; Professor F. E. Hohn is 
on sabbatical leave for the academic year 1964-65 at the University of Delft in The 
Netherlands; Professor P. T. Bateman is on leave for the academic year 1964-65 as 
Visiting Professor at the graduate center of the City University of New York; Assistant 
Professor Hiram Paley is on sabbatical leave for the academic year 1964-65 at the Uni- 
versity of Chicago; Assistant Professor L. R. McCulloh is on leave for the academic year 
1964-65 at Indiana University. 

Institute for Advanced Study: The following have been appointed Members in Mathe- 
matics at the School of Mathematics: Professor S. S. Chern, University of California, 
Berkeley; Professor J. L. Doob, University of Illinois; Mr. Nathaniel Grossman, Uni- 
versity of Minnesota; Dr. David Henderson, University of Wisconsin; Associate Pro- 
fessor J. J. Price, Purdue University; and Mr. T. F. Storer, University of Southern Cali- 
fornia. 

University of Kansas: Assistant Professors R. D. Adams and L. M. Sonneborn have 
been promoted to Associate Professors; Professor Nachman Aronszajn will be on sab- 


108 NEWS AND NOTICES [January 


batical leave during the academic year 1964-65 as Visiting Professor at the Sorbonne in 
Paris. 

Kansas State University: Drs. H. M. Farkas, Illinois Institute of Technology, and 
C. F. Koch, University of Minnesota, have been appointed Assistant Professors; Assist- 
ant Professor N. E. Foland has been promoted to Associate Professor. 

McMaster University: Assistant Professor S. G. Mohanty, State University of New 
York at Buffalo, has been appointed Associate Professor; Associate Professor N. D. Lane 
has been promoted to Professor. 

Miami University: Dr. Joseph Kennedy, Indiana State Teachers College, has been 
appointed Associate Professor; Associate Professor L. C. Peck has been promoted to 
Professor; Assistant Professor Alberta Wolfe retired in June 1964. 

University of Miami: Dr. James McKnight, General Electric, Sunnyvale, California, 
has been appointed Associate Professor; Assistant Professor Hermann Simon, McGill 
University, has been appointed Assistant Professor. 

University of Michigan: Assistant Professor Roger Low has been appointed Associate 
Professor in the Department of Engineering Mechanics; Associate Professors Frank 
Harary, N. D. Kazarinoff, and Allen Shields have been promoted to Professors; Assistant 
Professor G. G. Minty has been promoted to Associate Professor; Drs. R. G. Douglas 
and R. C. O’ Neill have been promoted to Assistant Professors. 

Monmouth College, New Jersey: Professor Walter Miller, Dickinson College, has been 
appointed Professor; Mr. W. B. Pitt, University of California, Berkeley, has been ap- 
pointed Assistant Professor; Assistant Professor Rosemary Miller has been promoted to 
Associate Professor. 

North Carolina State of the University of North Carolina at Raleigh: Dr. Kwangil Koh, 
University of North Carolina, has been appointed Assistant Professor; Assistant Pro- 
fessor J. W. Bishir has been promoted to Associate Professor. 

University of North Carolina: Professor I. A. Barnett, University of Cincinnati, has 
been appointed Visiting Professor; Associate Professor W. E. Jenner has been promoted 
to Professor; Assistant Professors A. C. Mewborn and C. W. Patty have been promoted 
to Associate Professors; Dr. F. M. Cholewinski has been promoted to Assistant Pro- 
fessor. 

Northeastern University: Professor F. T. Haimo, Washington University, has been 
appointed Visiting Professor; Associate Professor E. M. Cook has been promoted to 
Professor; Assistant Professors Shirley A. Blackett, Ellen H. Dunlap, and R. D. Klein 
have been promoted to Associate Professors. 

Ohio University: Dr. C. A. Green, University of Wisconsin, has been appointed Assist- 
ant Professor; Associate Professor W. T. Fishback has been promoted to Professor. 

Ohio Wesleyan University: Associate Professor S. E. Ganis has been promoted to 
Professor; Assistant Professor D. H. Staley has been promoted to Associate Professor. 

University of the Pacific: Professor F. C. Gentry, University of New Mexico, has been 
appointed Associate Professor; Assistant Professor G. P. Speck, University of Dayton, 
has been appointed Assistant Professor. 

Rutgers, The State University: Associate Professor Joanne Elliott, Barnard College, 
has been appointed Professor; Drs. J. A. Fridy, University of North Carolina, J. A. 
Murtha, University of Wisconsin, and Barbara Osofsky, Rutgers, The State University, 
have been appointed Assistant Professors. 

Sacramento State College: Associate Professor T. Y. Chow, Rennselaer Polytechnic 
Institute, has been appointed Associate Professor; Dr. E. L. Allgower, University of 
Arizona, and Mr. Armand Seri, University of Illinois, have been appointed Assistant 
Professors. 

University of South Carolina: Dr. QO. L. Buchanan, Jr., University of Kansas, has been 
appointed Assistant Professor; Professor H. W. Smith retired on July 1, 1964. 
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University of Southern Mississippi: Professor E. P. Kelly, Jr. has been appointed 
Chairman of the Department of Mathematics and Director of the Computer Center; 
Associate Professor Porter Webster has been promoted to Professor. — 

Syracuse University: Drs. L. J. Lardy, University of Minnesota, and W. A. Schneider, 
University of Wisconsin, have been appointed Assistant Professors; Assistant Professor 
Peter Frank has been promoted to Associate Professor. 

Vanderbilt University: Assistant Professor G. F. Clanton has been appointed Assist- 
ant to the Director of the Vanderbilt University Planning Study; Associate Professor 
B. G. Clark retired on June 30, 1964. 

Virginia Military Institute: Assistant Professor E. G. Zdinak, Duquesne University, 
has been appointed Assistant Professor; Professor W. G. Saunders has been appointed 
Head of the Department of Mathematics; Professor W. E. Byrne retired June 30, 1964 
as Head of the Department of Mathematics but will continue teaching under the new 
rank of Senior Professor of Mathematics. 

Mathematics Research Center, University of Wisconsin: Professor I. J. Schoenberg, 
University of Pennsylvania, has been appointed Professor; Professor R. E. Langer re- 
tired June 30, 1964 with the title of Professor Emeritus. 

University of Wisconsin, Milwaukee: Associate Professor W. J. Pervin, Pennsylvania 
State University, has been appointed Associate Professor; Dr. W. W. Babcock, Tulane 
University, has been appointed Assistant Professor. 

Vale University: Associate Professor Walter Feit, Cornell University, has been ap- 
pointed Professor; Assistant Professors D. M. Burton, University of New Hampshire, 
and K. A. Ross, University of Rochester, have been appointed Visiting Assistant Pro- 
fessors, 

Dr. J. M. Adams, White Sands Missile Range, New Mexico, has been appointed 
Associate Professor at Texas Western College. 

Mr. G. C. Anderson, Hamline University, has been promoted to Assistant Professor. 

Assistant Professor D. R. Andrew, University of Southwestern Louisiana, has been 
promoted to Associate Professor. 

Dr. P. M. Bailyn, New York University, has been appointed Assistant Professor at 
Cooper Union. 

Associate Professor Mabel Barnes, Occidental College, has been promoted to Pro- 
fessor. 

Professor L. C. Barrett has returned to the South Dakota School of Mines and Tech- 
nology as Head of the Department of Mathematics after a year’s sabbatical leave at 
N.O.T.S., China Lake, California. 

Dr. R. B. Bennett, University of Tennessee, has been appointed Assistant Professor 
at Knox College. 

Assistant Professor G. G. Bilodeau, Boston College, has been promoted to Associate 
Professor. 

Associate Professor H. W. Brockman, Capital University, has been promoted to 
Professor. 

Mr. John Brown, Montana State College, has been promoted to Assistant Professor. 

Assistant Professor J. D. Buckholtz, University of North Carolina, has been ap- 
pointed Assistant Professor at the University of Kentucky. 

Miss Fay B. Burras, Randolph-Macon Woman’s College, has been appointed 
Assistant Professor at Lebanon Valley College. 

Mr. A. C. Calianese, St. Peter’s College, has been promoted to Assistant Professor. 

Mr. J. T. Chen, Central State College, has been promoted to Assistant Professor. 

Associate Professor H. E. Chrestenson, Reed College, has been promoted to Pro- 
fessor. 

Dr. L. W. Cohen, on leave from his post as Chairman of the Department of Mathe- 
matics of the University of Maryland, has been appointed Executive Secretary of the 
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Division of Mathematics of the National Academy of Sciences-National Research Coun- 
cil. He will continue as Executive Secretary of the Conference Board of the Mathe- 
matical Sciences. 

Professor L. J. Deck, Muhlenberg College, retired June 1964 with the title of Pro- 
fessor Emeritus. 

Mr. F. E. Fischer, Harvard University, has been appointed Associate Professor 
at State University College of New York at Oswego. 

Acting Assistant Professor R. P. Goblirsch, University of Colorado, has been ap- 
pointed Associate Professor at College of St. Thomas. 

Dr. L. D. Graber, Iowa State University, has been appointed Assistant Professor 
at Florida Presbyterian College. 

Assistant Professor D. B. Hinton, University of Tennessee, has been appointed 
Assistant Professor at the University of Georgia. 

Professor C. T. Holmes, Bowdoin College, retired June 1964 with the title of Wing 
Professor of Mathematics Emeritus. 

Mr. A. J. Jackowski, Technical High School, Springfield, Massachusetts, has been 
appointed Assistant Professor at Westfield State College. 

Professor J. R. Lee, College of William and Mary, has been appointed Professor and 
Head of the Department of Mathematics at Colorado School of Mines. 

Professor John McNamee, University of Alberta, has been appointed NSF Visiting 
Senior Foreign Scientist at the University of Oklahoma. 

Associate Professor J. C. Mairhuber, University of New Hampshire, has been ap- 
pointed Professor at the University of Richmond. 

Professor Emeritus J. R. Musselman, Western Reserve University, has been ap- 
pointed Visiting Professor at Hiram College. 

Mr. David Neu, Seattle Pacific College, has been promoted to Assistant Professor. 

Dr. E. A. Nordgren, University of Michigan, has been appointed Assistant Professor 
at the University of New Hampshire. 

Mr. R. P. Osborne, Michigan State University, has been appointed Assistant Pro- 
fessor at the University of Idaho. 

Dr. Morris Ostrofsky, Westinghouse Electric Corporation, Baltimore, Maryland, 
has been appointed Professor and Chairman of the Department of Mathematics at 
Rose Polytechnic Institute. 

Associate Professor R. H. Owens, University of New Hampshire, has been ap- 
pointed Professor and Chairman of the Department of Applied Mathematics at the 
University of Virginia. 

Professor R. N. Pendergrass, Southern Illinois University, Edwardsville, has been 
appointed Chairman of the Faculty of Mathematical Studies. 

Professor E. E. Posey, Virginia Polytechnic Institute, has been appointed Professor 
at the University of North Carolina at Greensboro. 

Assistant Professor A. L. Rabenstein, Pennsylvania State University, has been ap- 
pointed Assistant Professor at Macalester College. 

Associate Professor Anthony Ralston, Stevens Institute of Technology, has been 
promoted to Professor. 

Assistant Professor J. M. Rice, Fort Hays Kansas State College, has been promoted 
to Associate Professor. 

Assistant Professor E. C. Riggle, Chico State College, has returned from two years’ 
leave of study at Oregon State University and has been promoted to Associate Professor. 

Assistant Professor H. L. Rolf, Vanderbilt University, has been appointed Professor 
at Baylor University. 

Visiting Associate Professor I. L. Rose, University of Kansas, has been appointed 
Senior Lecturer at Newcastle University College, Australia. 
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Assistant Professor Ernest Schlesinger, Connecticut College, has been promoted to 
Associate Professor. 

Sister M. Joan Patricia, O.P., Aquinas High School, Chicago, Illinois, has been ap- 
pointed Instructor at St. Dominic College. 

Professor George Springer, University of Kansas, has been appointed Professor at 
Indiana University. 

Assistant Professor Mary B. Turner, Seattle University, has been promoted to 
Associate Professor. 

Dr. W. F. Tyndall, Princeton University, has been appointed Assistant Professor 
at Franklin and Marshall College. 

Dr. W. E. Walden, Los Alamos Scientific Laboratory, Los Alamos, New Mexico, has 
been appointed Associate Professor and Director of the Computing Center at the Uni- 
versity of Omaha. 

Assistant Professor J. R. Webb, Louisiana State University, has been appointed 
Associate Professor at the University of Mississippi. 

Assistant Professor G. K. Williams, University of Virginia, has been appointed 
Assistant Professor at the University of Notre Dame. 

Associate Professor L. N. Zaccaro, Hiram College, has been appointed Associate 
Professor at Worcester Polytechnic Institute. 


Professor Emeritus L. E. Dix, Norwich University, died on April 7, 1959. He was a 
member of the Association for 31 years. 

Assistant Professor Emeritus L. J. Rouse, University of Michigan, died on December 
30, 1963. He was a member of the Association for 41 years. 


THE MATHEMATICAL ASSOCIATION OF AMERICA 


Official Reports and Communications 


APRIL MEETING OF THE METROPOLITAN NEW YORK SECTION 


The twenty-third annual meeting of the Metropolitan New York Section of the 
MAA was held on April 11, 1964, at Pace College. Professor Abraham Schwartz, Chair- 
man of the Section, presided. There were 120 persons present, of whom 101 were members 
of the Association. 

As the officers of the Section had been elected for a two-year term in 1963, no new 
officers were elected. Mr. Aaron Shapiro, Treasurer, presented the Treasurer’s Report. 

The address of welcome was given by Dean J. F. Sinzer, Pace College. 

The program was as follows: 


1. Groups and their relations to other branches of mathematics, by Gilbert Baumslag, New York 
University. 

2. Weak continuity of stochastic processes, by E. J. McShane, The Rockefeller Institute. 

3. Report of the chairman of the contest commitiee and presentation to winners of Metropolitan 
New York Section contest, by C. T. Salkind, Polytechnic Institute of Brooklyn. 

4. Reports of the Section Governor and of the Director of the Speakers’ Bureau, by J. N. Eastham, 
Queensborough Community College. 

5. Panel Discussion—Goals for school mathematics: The report of the Cambridge Conference, by 
Mary Dolciani, Hunter College; Laura Eads, Bureau of Curriculum Research, Board of Education 
of the City of New York; and Julius Hlavaty, NCTM. 

ABRAHAM SCHWARTZ, Chairman 
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WHAT CAN BE DONE ABOUT TEACHING THE APPLICATIONS 
OF MATHEMATICS IN COLLEGES AND UNIVERSITIES 


BERNARD FRIEDMAN, University of California and HERMAN H. GOLDSTINE, 
Thomas J. Watson Research Center 


1. Organization. The Committee on Applications of Mathematics of the 
Division of Mathematics, National Academy of Sciences—National Research 
Council, was requested by the Division in 1963, “to draw up suggestions as to 
how departments of mathematics should be organized to give proper attention 
to the applications of mathematics.” The members of the Committee on Ap- 
plications were Bernard Friedman, Chairman; R. A. Bradley, H. H. Goldstine, 
J. B. Keller, P. D. Lax, M. H. Protter, M. M. Schiffer, and S. S. Wilks (de- 
ceased). H. H. Goldstine has since succeeded to the chairmanship, and G. B. 
Dantzig, H. O. Pollak, J. B. Rosser, and G. S. Young have been added to the 
Committee as new members. 

The Division of Mathematics believes that the ideas and recommendations 
made by the Committee on Applications and others who attended meetings of 
the Committee should be brought to the attention of the mathematical com- 
munity. It is the Committee’s hope that its recommendations can have the 
effect of strengthening applied mathematics in the United States, not only by 
suggestions directed toward augmenting the numbers of college departments 
offering work in applied mathematics, but also by indicating points of view 
which, with time, the pure mathematician and applied mathematician can 
grow to share. 

The Committee would like to express its especial thanks to Dr. Gail S. 
Young who, even prior to his membership in the Committee, provided par- 
ticularly valuable ideas and insights. Many of the points made in this report 
stem from his articulate expression of his ideas and experiences. 


2. The Problem. At the present time there is a sharp dichotomy in the 
mathematical curriculum between pure and applied mathematics. This division 
has existed, to some extent, since the earliest days and will continue to do so in 
the future. It is not the purpose of this discussion to attempt to evaluate the 
merits of the issues involved here, but rather to see what can be done to strengthen 
the role of applied mathematics in American universities. 


3. Recommendations. 

a. Enlarge the course offerings in applied mathematics. It seems axiomatic 
that mathematics departments should offer a variety of courses dealing with 
the applications of mathematics to other sciences and to engineering. In the 
past this has always meant a series of courses in classical physics from a mathe- 
matical point of view. It goes without saying that such a series is always a most 
welcome and important part of the curriculum in applied mathematics. Since 
such courses usually emphasized partial differential equations, they were usually 
taught by analysts. 
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Today, however, because of the large and important new applicational areas 
arising from the advent of the modern computer, courses are available which can 
be taught by mathematicians with different fields of specialization. For example, 
specialists in logic could teach modern combinatorics and formal logics, more 
specifically logic of computing machines and theory of automata; algebraists 
and topologists could teach linear programming, theory of games, combinatorial 
analysis, and graph theory. Evidently a well-rounded curriculum should include 
many of these courses. 

In addition to these computer-oriented subjects, the biological and social 
sciences are now ripe for mathematical exploitation and may not only provide 
the stimulus for much mathematical research, but may also open up new areas 
in pure mathematics. 

b. Make available existing staff to teach applied mathematics courses. lf a staff 
member is going to venture into teaching a course in applied mathematics, the 
department should be prepared to release him from some of his teaching duties so 
that he may prepare himself. If possible, it would be desirable for such an in- 
dividual to spend a year or so in an environment relevant to his new-found 
interest. The National Science Foundation already encourages such stays at 
established centers by offering a number of visiting memberships. 

c. Solicit Government support to implement 3b. To assist the departments in 
solving the financial problems raised by the released time suggested above, the 
Committee suggests that the Federal Government be asked to institute a sys- 
tem of training grants to go directly to the departments concerned. The grants 
could be used either to support summer salaries for faculty members interested 
in developing courses in the applications of mathematics, or to give them re- 
leased time to prepare such courses, or to support them during their stay at an 
established center of applied mathematics, or simply to assist the department 
in securing the services of a man already versed in the applications. 

d. Encourage broadened study 1n various sciences by mathematics students. 
All mathematics majors should be encouraged and counseled to take courses in 
various sciences beyond the general introductory courses. Moreover, the stu- 
dent should be encouraged to begin this work as early as possible. There are two 
reasons for this. Conditioned by the trend to rigor that prevails in mathematics, 
the student who begins to study other subjects late in his academic career may 
find it difficult to follow the motivations of other disciplines because he is too 
easily thwarted by non-rigorous and essentially intuitive processes. It is this 
inability to see the forest for the trees that may possibly be avoided by giving 
the mathematics student an early prolonged exposure to more empirical sub- 
jects. Secondly, scientific intuition is a valuable tool for the applied mathe- 
matician and it will quite likely never mature without a more extensive ex- 
posure to the empirical sciences than is represented by one or two introductory 
courses. 

e. Create suitable applied mathematics textbooks at all levels. There is a vital 
need for suitable textbooks at both the undergraduate and graduate level for 
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applied mathematics. In general, there are better works available on the gradu- 
ate level, but there is no reason why, with proper textbooks, the undergraduate 
could not be introduced to fluid mechanics, elasticity, electromagnetic theory, 
mathematical economics, automata theory, etc. 

A faculty member whose entire graduate background lies in abstract mathe- 
matics and whose undergraduate training may not even include a course in 
physics would be a hardy soul indeed were he to attempt to each a course in 
fluid dynamics or in electromagnetic fields, however convinced he may be in his 
own mind that this is a desirable thing to do. A series of monographs setting 
forth the applications of mathematics to such diverse disciplines as biology, 
physics, and the social sciences is almost essential for the success of this plan. 
Feller’s book on probability, the two volumes of Courant-Hilbert on mathe- 
matical physics, and Friedman’s “Techniques of Applied Mathematics” are 
good examples of what can be done along these lines. 

A good monograph giving the applications of Hilbert space to quantum 
mechanics with emphasis on applications to specific physical problems is badly 
needed, as are scholarly approaches to the roles that mathematics plays today 
in biology, the social sciences, and operations analysis. Such books would en- 
lighten and enrich the mathematics curriculum and enable many mathemati- 
cians to broaden and deepen their point of view. Funds for the support of those 
qualified and willing to undertake this important task can be obtained; com- 
mercial publishers would be more than happy to cooperate and will pay to get 
good manuscripts. In addition, the Air Force Office of Scientific Research has a 
program under which writers of advanced scientific monographs may seek 
financial support. 

f. Assist mathematical librarians. Not only are adequate textbooks needed, 
but libraries should have guidance in the acquisition of applied mathematics 
books. The CUPM (Committee on the Undergraduate Program in Mathematics 
of the Mathematical Association of America) has prepared, and is now revising, 
a list of basic books in mathematics for the undergraduate library, listing only 
those that every library should have. In applied mathematics particularly, there 
is need for a larger list covering advanced books also so that a college or univer- 
sity with limited library resources (this probably includes all of them) and 
without applied mathematicians can be sure that their collection is adequate 
and that they are getting the most from their money. Reviews alone do not 
provide adequate guidance. But a list of 700 books, say, broken up into gradu- 
ate and undergraduate and described as “essential,” “desirable,” and “supple- 
mentary,” would be of tremendous value, particularly if it were followed by 
annual or biennial supplements. 

At many schools, the funds available for keeping the library adequately 
stocked in the fields in which research work is offered are too limited. A mecha- 
nism is badly needed for getting enough money to build an adequate collection 
in applied mathematics in the broad sense of the word. 

g. Hold summer institutes to prepare applied mathematics instructors. A school 
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regarding itself as a serious graduate center should have its own applied mathe- 
maticians. But a good undergraduate college, or a weaker graduate school, will 
very likely have to provide courses taught, in the first place, by people with 
little training in the area, and, in the second place, by people with lesser 
mathematical ability. There should be a program of summer institutes to pre- 
pare such people for teaching good advanced undergraduate courses in applied 
mathematics. For these programs to be successful, the faculty salaries should 
compete, not with summer school salaries, but with research-grant or consulting 
salaries, and probably so should the stipends for the students. The $75-plus- 
dependency-allowance NSF formula for the student will not attract people with 
a degree of competence in other areas. 

h. Help mathematicians switch tnto applied mathematics. Moreover, there 
needs to be some way to provide support to scholars of proved ability who wish 
to begin work outside their present fields of competence. Existing research- 
grant mechanisms tend to freeze scholars into their fields. Certainly few people 
would submit proposals for changing their fields of research unless the evalua- 
tion was based on new standards. High-level summer institutes, perhaps on 
higher level than the ones mentioned above, would allow the man who is very 
competent in one field to understand the important research problems in a new 
field. 

i. Form study group. To attack the problem of applied mathematics prepa- 
ration on the secondary school level, the CUPM Teacher Training Panel, of 
which Dr. Gail S. Young is the chairman, is planning the introduction of a course 
on “Applications of Mathematics for the Secondary School Teacher” in the 
training of secondary school teachers of mathematics. The panel believes that 
a study group should meet to outline a book for such a course. Individuals 
would then be enlisted to write the chapters and finally a smaller group would 
meet in the summer of 1965 to do the final editorial work. The Committee on 
Applications of Mathematics was called on to make suggestions to the Panel 
about possible topics and possible members of the working group. The Com- 
mittee on Applications applauds the aims of the Panel and hopes for their 
SUCCESS. 


4, Conclusion. In conclusion, the Committee on Applications feels that the 
growth of applied mathematics in the United States is not only vital for our 
society from the point of view of national interest and, if you will, culture, but 
for mathematics itself. This need for mathematics to return to “reality” was 
well stated by John von Neumann, who contributed so greatly to both pure 
and applied mathematics: 

Asa mathematical discipline travels far from its empirical source, or still more, if it is a second and 
third generation only indirectly inspired by ideas coming from ‘reality,’ it is beset with very grave 
dangers. It becomes more and more purely aestheticizing, more and more purely l’art pour Part. 


This need not be bad, if the field is surrounded by correlated subjects, which still have closer em- 
pirical connections, or if the discipline is under the influence of men with an exceptionally well- 
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developed taste. But there is a grave danger that the subject will develop along the line of least 
resistance, that the stream, so far from its source, will separate into a multitude of insignificant 
branches, and that the discipline will become a disorganized mass of details and complexities... 
whenever this stage is reached, the only remedy seems to me to be the rejuvenating return to the 
source: the reinjection of more or less directly empirical ideas. I am convinced that this was a nec- 
essary condition to conserve the freshness and the vitality of the subject and that this will remain 
equally true in the future. [1] 


Reference 


1, John von Neumann, The Mathematician. In: “The Works of the Mind,” R. B. Heywood ed., 
University of Chicago Press, 1 (1947) 180-196. Reprinted in the Collected Works, Vol. 1, pp. 1-9. 


CROSS-EXAMINING PROPOSITIONAL CALCULUS 
AND SET OPERATIONS* 


JOHN F. RANDOLPH, University of Rochester 
1, The proposition P=[p—-(q¢Vrn)|A[~(pe~r)] has the truth table 
given in Fig. 1 


ey 
yy 


Even without the intermediate working columns, it 
may not be evident that P is independent of g, and a 
Boolean algebraic proof of this is somewhat involved. 
In [2] pg. 13, a truth table for P is given with 112 T’s 
and F’s; a person experienced in constructing truth ta- 
bles would probably use at least 64 entries. 

The purpose of this paper is to give an operational 
method for obtaining the truth value column of a com- 
pound proposition without writing any other column of Fic. 1 
the truth table. The iconic notation also reveals per- 
tinent facts about a proposition much as the graph of an equation displays 
properties of the equation. In addition, much of Boolean algebra may be by- 
passed but, on the other hand, Boolean operations may be clarified by using 
the symbols, The symbols are already being used by several Electrical Engineer- 
ing groups whose work involves simplifying switching circuits. 


ZyDWDIHyss |] s 
>> ie i >> i 
WAWHDAWS 
oe > ie ee > ee Be: 


2. The truth values for the primary statement p are represented by T/F 
and for the secondary statement g by F\T; that is, “J above the line, F below 
the line.” The two segments placed together form a St. Andrews cross X which 
is lettered 


* This trickery was a byproduct of work supported by the Air Force Office of Scientific Research 
—Contract Number AF-AFOSR-481-64. 
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TT 


FF 
Fia., 2 


In any quadrant the first letter is J or F according as the quadrant is above or 
below the p-line; the second letter is T above the g-line but F below. Upon 
numbering these quadrants as shown in Fig. 3, the quadrant 7 corresponds to 
row 2 of the truth table listing p first and g second in the usual way 


p q 
| rT Lr 
2 T F 
3 F T 
4 F F 


Fic. 3 


3. A St. Andrews cross with a dot in one quadrant, and the remaining quad- 
rants left blank, will be used to represent a compound statement whose truth 
column has T in the row corresponding to the dot and F in each row correspond- 


ing to a blank. For example, 


p q ~pb/AQq 
Xe =A rT oT F 

F T T 

F F F 


Fic. 4 


Rather than thinking of the truth table, however, it is easier to consider the dot 
as below the p-line (hence ~p) and above the g-line (hence g). In the same way 

A cross with two dots may, therefore, be considered as the disjunction of 
two single-dot propositions. Thus 

M=*KV KH (HPADV (WP AWD. 
But also, in this illustration, the two dots “fill” the entire space below the p-line 
so that 
=~. 


Thus two readings of this single cross is equivalent to the algebraic manipulation 
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(~pAQDV (~PA~D =~? AGV ~D = ~?. 
Similarly  =q. Consequently ~pVq= AVM = & ; that is 
me = “If p, then g” = pq. 


The disjunction of two crosses 1s a cross having a dot where, and only where, the 
first or the second of the given crosses has a dot. (“Or” is used in the inclusive 
sense.) 


Again, various readings of a cross reveal equivalencies: 


p-q= B= XV XK =9V (~pA~9) 
= XV - =(pAgV~? 


= XV VK =(PADV(OPADV (WPA ~9) 
The conjunction of two crosses is @ cross having a dot where, and only where, 
the first and the second of the given crosses has a dot. 
Thus (p> 9) \ (>) = RA K=K =) 4. 
To “not” a cross, erase all dots and dot where there were blanks. 
Thus ~ *& = X& 
is de Morgan’s rule ~(pV/q) = ~pA~q. 


A completely filled cross %8 is a tautology while a completely blank cross X is 
a contradiction. For example (~p—q) V ~@q is a tautology: 


KV K =X 
That (bAg) A\[~(p<q) | is a contradiction is established by 
KX AI~KI]=K A x= 


We shall henceforth use “/\” or merely juxtaposition whichever is con- 
venient; and also for “not” we shall use either “~” or an over bar. Thus 


%K= X =X 
shows that ~ (pV) /\(q->p) | =p—¢ where Vv” is the “exclusive or.” 


4, Remember the old chestnut about a prisoner in a cell with two unlocked 
doors; one to freedom, the other to death? (See [2] pg. 16 or [8] pg. 48.) There 
are two guards and the prisoner may ask either of them one question. The 
trouble is one guard is always honest but the other always lies; the prisoner 
knows this but does not know which is which. The prisoner may ask “Does 
Door 1 lead to freedom and you tell the truth or does Door 2 lead to freedom 
and you lie?” A guard who can understand the question should give up guarding 
and take up logic. 

To be practical, the prisoner tells the guards to go to separate corners and 
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not let anyone see what they draw. He instructs the guards to draw / and 
then a second line to form X . Now he says “I want you to put one dot in one 
of the four spaces so that the dot is above the first line if Door 1 leads to freedom, 
below the first line if Door 2 leads to freedom; but wait a minute, also the dot is 
to be above the second line if you are honest, below the second line if you lie.” 
Even a guard should be able to do this. 

The captive knows the possibilities of dots are as given in Fig. 5a (since the 
liar is honest with himself, for otherwise etc.). 


Door 1 to Freedom | Door 2 to Freedom 


Honest 


Fic. 5a Fig. 5b 


The prisoner now draws Fig. 5b points to either guard and asks his one 
question, “Does your dot agree with either of these?” 
Write the answer on Fig. 5a for each possibility and see why the prisoner goes 


free. 
Could the prisoner have asked, “Is your dot in one of my blank spaces?” 


5. W. S. McCulloch [3] introduced the use of crosses and dots. The exten- 
sion to three or more statements, as given below, differs from McCulloch’s. 

With p and q as before and 7 a third statement, we now use a small slant / 
in each quadrant of the (p, g)-cross. Each quadrant is then divided into T- and 
F-portions for r; T above and F below / in that quadrant. Both portions of any 
quadrant now have three letters; the first two are the same as they were before, 
but the third has T above the new slant and F below. Thus the eight rows of a 
(p, g, r)-truth table correspond, respectively, to the numbered regions of the 
(p, g, r)-cross as shown in Fig. 6. 


~~ 
1 
“ 


yy AAA Ay Sy 
SASS Ws 
WAS SAS 


CoN AMA Ga: By 
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It now takes four dots to represent the tertiary r alone: 
: 


/a 
r= YXY while~r = AXKS 
Y /s 


Notice that » alone (where g and r are also to be considered) may be represented 


Yo ° or % 
For example, 
° o/ ° 
rvar= KX V >< - 


illustrates how, in disjunctions, once a secondary region receives a dot, then 
that region need not be further encumbered with anything tertiary. Again, for 
(~p)VaVr we first fill in two dots below the p-line for ~p, then above the 
g-line place one further dot (since one dot is already there) for g, and finally, in 
the only remaining quadrant, insert ” to obtain 


(~p) VaVr=7XKe 


With very little practice it is easy to dot a cross for a proposition formed by 
disjunctions of conjunctions. As an example, write directly 


pg V pr V gr = XY 
° Sr y ° 


On the other hand a dot in a secondary region may be expanded to °/. in 


that region: 
° % /o Y /. 
AXY = 4AXY = Vi KY = pF Var, 


thus showing that pg\/pr\/ qr = p# gr. Thus the whole “clause” pg on the left 
is superfluous. 
Also in pqg\V pr the g is superfluous ([7] shows why such information is use- 


ful) as shown by 
pa 9tr=IX = X vIK = paver 


6. The proposition P= [p—(¢V1r) |[~(po~r) ], given at the beginning of 
this article, is cross-examined as 


rather than 
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P=YXKo AX XV = YK AK = YX YK 
. Y Y /> 
(1) =7YXA 
fr 


By following the enumeration as given in Fig. 6, the truth column (written as 
a row) for P is 


Hence the detailed construction of the truth table has been avoided. 
Also the crosses reveal facts which would be hard to glean from the truth 
table: 


1. The final cross (1) has the same configuration above as below the g-line 
thus showing that P is independent of gq. 

2. In (1) the designation for 7 is in both quadrants above the p-line while 
the designation for ~7r is in both ~p-quadrants thus revealing that P is 
T provided # and r are either both T or else are both F; i.e. 


P=(per). 


3. The cross in (1) is also the last cross in the line above (1) thus showing 
that P is in fact equal to its second factor. In other words, whenever the 
second factor is J the first is also 7; that is, ~(p-~~q) strictly implies 


p->(qV7r): 
~(pe~g>p-(@V 2). 


The adjective “strict” is used since some authors use “p implies g” and “If p 
then qg” interchangeably. Further discussion of strict implication is given in sec- 
tion 9. 


7. The above shows how the truth values of a proposition may be obtained. 
Conversely, propositions having given truth values are easily made. For exam- 
ple, to find a proposition having truth values 


T T F F FT FT 
first dot a cross x% 


If each dot is read individually the result is 


parV pat? V/ barvV pqF 
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In the top quadrant, however, */ . may be condensed to a dot, while the two 
lower right quadrants have /. so that the simpler proposition 


pqaV pr 


may be obtained with no algebraic manipulation. In fact, such obvious contrac- 
tions and groupings on a cross lend meaning to such factoring and reduction as 


bparVpqr=pq(rV?r) = py. 


Also the distributive law (p\V/qg)(pVr) =pV/ qr may be “proved” by noting 
that 


8. When four statements p, g, r, s are involved, then use a St. Andrews cross 
for 7, s in each of the quadrants of the cross for p, g. For example 


»~ 
parsV pgs V pares) - 3x 
has truth values 


FRFTF FTFT TFET FRE F 


since the small crosses follow the established order and the quadrants of the 
large cross are picked up in the same order. 
As another example, the equality 


(2) PISVbarVbGrs=pqsVpqrV briVagrs 
will be established. Merely check that both sides have the same cross 


4 
Once a region receives a dot it is, of course, redundant to insert other dots in 
the same region. The use of multiple dots does, however, reveal hidden duplicity 
in a proposition. Thus, cross-representing the right side of (2) could be 


xX 
showing double inclusion of both pgGrs and #qrsS and triple inclusion of 
Pqrs. 

If all 16 spaces have, or can be seen to have, a dot then the proposition is a 
tautology. Thus (see [6] pg. 30) 


paV p*iVbrVEesVGrvVis 


may be shown to be a tautology as follows: 


© /o x ® 
7 N Y % % 
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Conversely, it is easy to make up complicated tautologies. 


9. As mentioned earlier, strict implication P=Q, meaning “Q is true when- 
ever P is true,” is easily visualized. For example, given 


/e 
P=(qAr~nVv (~PA~GdAn = fe 
7 
fra /r 
O=(pAQGAn~”"V~P= o = nee 


then P= Q, since every dot for P has a corresponding dot for Q (and Q has addi- 
tional dots). For this example 


_ Y /e Yo 
PVO= XY V Ke = XK 
fe ° ° 
is a tautology. 


Visually, in any case, P\/QO is a tautology iff each blank for Q has a dot for P, 
therefore a blank for P. Hence P\/Q is a tautology iff each dot for P has a cor- 
responding dot for Q. This proves the theorem 


(3) P=>Qiff PV Qis a tautology; that is, “P= O iff P > Q is a tautology.” 


From my point of view, it is most unfortunate that “PDQ” is sometimes used 
for the conditional “If P then Q.” For note that by considering the dots on the 
crosses for P and Q as point sets P and Q, then the set relation “P CQ” means 
“The proposition P strictly implies the proposition Q.” Then instead of PDQ 
it would be more revealing to use P CQ since, for P to imply Q strictly, P must 
be the weaker (if anything) in truth values. Also the theorem in (3) would be 
written 


(3’) PCOifPV Qis a tautology 
thus resembling the set theoretic analogue 
PCQif PU Q is the universal set. 
Instead of (3), it may be easier to use the equivalent theorem 
(4) P= OQ iff OA P is a contradiction, 
as shown in establishing [p—>(q—->7) |[~s Vp ](qg)=>(s—7), taken from [9], pg. 83. 


Since 
x »* 
sors XR o-nle= SX 


Henceforth we merely check large spaces already known to be blanks. Thus, 
since p—>(q—>r) = AV GVr, 
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mo nleale nl = Ke OK = YK 
Im Nola > @ Als V 2) - >< XK - ~< 


A test for. validity of an argument is quickly made. without the necessity of 
truth tables, Boolean algebra, modus ponens [10], etc: 


wat ° ° 
p49 x “xX° . = x 
° yN 7° yY 


The argument is valid since each dot in the final cross above the line has a cor- 
responding dot in the cross below the line. 


valid. 


Pq . . . 
~wgra~r © Axe = 6 
° fr /e 
not valid. 
r—p © /e 
/e 


10. Having established the order of the lines on a cross, a cross may be used 
as a function. The arguments are then freed from restriction to p, q, 7 


Thus 
Y 
x< (a, 6) = cbva, SG (u,v, w) = v(uw V/V aw). 


Now, with the ultimate arguments understood, crosses may themselves be used 
as arguments in a “function of functions” mode. For example, the proposition 
P at the beginning of this article could be expressed by 


For a discussion of the resulting “Function Algebra” using two arguments, see 
[4]. 

11. It is redundant to point out that the cross notation may also be used for 
set operations, but as an-example we prove the associativity of the symmetric 
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difference 4 +B defined by 


A+ B=(A—B)U(B— A) = ABU ZB = x 
7 


Proof of associativity. 


fe of \oY 
UE D+Ce dK MCU K MY =, 
fr ° 7 Y 
he fr Y 
4@ro= SMU KG 
Y 7 Y 


and both final crosses are the same. 
Note that the cross for 4d +B+C is the above final cross with each dot moved 
across its (and only its) tertiary line so that 


4 4 — 
A+ B40 OSG - B= TF EEE 
fe / 


a relation which is fairly long to prove by using Boolean algebra. 

The distributive law need not be used before dotting a cross for such an 
expression as (A BUAB)C. First put two dots to represent ABU AB and then 
merely insert a tertiary line above each dot to.show the intersection with C: 


! 
NS 
x 


I 
oN 
AN 


(ABUZ BC = XG 


A spectacular saving, over the use of the distributive law and de Morgan's 
rules, is illustrated in: 


ABCU(ABUA BC (ACUC(BUAC) 


VW \S% , Af \A Ks _ 
= 2K ee > =SYKY = 7 = B(AC U AC), 
% 6 


12. Many diagrammatic methods for the propositional calculus or set theory 
have been proposed. A fairly complete account is given in [1]; also see [5]. It 
seems, however, that no one of the other schemes combines the operational fea- 
tures, iconic appeal, and systematic extension (theoretically, at least) that 
crosses do. Even the venerable Venn diagrams become messy for more than three 
components, and they are not operational (who ever put a “\/” or “U/” between 
two partially shaded Venn diagrams?). Moreover, the whole Venn diagram 
must be drawn before the search for the representation of a given set is started. 
For example, on Fig. 7 locate the set 


TBCDE~ XK 
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D 
Fic. 7 
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THE DISTRIBUTION FUNCTIONS OF RANDOM VARIABLES 
IN ARITHMETIC DOMAINS MODULO a 


P,. SCHEINOK, Radio Corporation of America 


1. Introduction. Consider a point P on the circumference of a roulette wheel 
with initial angular position zero. Let the wheel be spun in a fixed direction, 
and suppose that a known probability distribution were defined on the distance 
traveled by the point P. What is the corresponding probability distribution of 
the final angular position ([0, 27)) of P? 

In addition, if the wheel were spun twice, one might then ask the following 
question. What is the probability distribution of the sum (modulo 27), of the 
respective final angular positions of P? Similar questions can naturally be asked 
for the quotient or product. 

In this presentation we shall formulate the corresponding mathematical 
problem, and compute the distribution functions of random variables resulting 
from arithmetic modulo a finite number a. Only the basic operations of addition, 
multiplication and division, all modulo a, will be considered. This may be useful 
pedagogically, as it might aid the reader in familiarizing himself with the proper 
calculation of distribution functions. Mathematically, it might lead to seeing 
how various classical theorems in the theory of probability are modified in this 
arithmetic domain. For some interesting results dealing with distribution func- 
tions of quotients and products of random variables, see Craig [1]. 

The language and notation of Parzen [2] will be used throughout the paper. 


2. The reduction of a random variable mod a. One assumes the existence of 
a probability space (R,@, p), defined on the space of points R = {x —-o<X< Hw } 
with a collection @ of Borel sets defined on R, and a probability measure p de- 
fined on the sets of @. Let X be arandom variable defined on the sets of @ having 
distribution function /x(-). Let X, be congruent to X modulo a, and restrict 
X, to the interval [0, a). Then 


Pr{X,Sut} = D> PrikasS XS hkat+u} 
k=—w 
(2.1) 


eo 


> {Fx(ka + u) — Fx(ka) + Pr{ X = ka} }. 


k=—00 


Assume that Fx(-) is absolutely continuous, and thus Pr{X =ka} is zero for 
all k. Let fx(-) and fx,(-) denote the probability density functions of X and X, 
respectively. Then if >)... fx(ka+u) converges uniformly in 0<uSa, one 
knows that 


(2.2) fx.(u) = 2) fx(ka+u) OSusSa 


0 otherwise. 
128 
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Example. Let X have the exponential distribution on [0, ©), and consider 


X,. One has 
fe() pe OSx< 
XxX = 
* 0 otherwise. 
Then 
( he* 
- Dire ate) = OSxsa 
fxa(x) = | k=O 1—e* 
0 otherwise. 


3. The addition of random variables mod a. Let X and Y be independent 
random variables defined on [0, a] having distribution functions Fx(-) and 
Gy(-) respectively. Define Z=X+Y with distribution function Hz(-). Then 


Hz(z) = Pr{ X+ VY S3} 


(3.1) J, ext — y)4Fx(9) OSsSa 


Fx(z — a) + f Gy(z — y)dFx(y), @X28 2a. 


If Z, is congruent to Z modulo a, having distribution function Hz,(-), then 
(3.2) Hz,(u) = Pr{Z, Su} = He(u) + Acl(a + u) — Az(a) + Pr{Z, = a}. 


Again, in the absolutely continuous case, Pr{Z,=a} is zero. If one denotes the 
corresponding probability density functions by fx(-), gy(-), Az(-) and hz,(-), 
then one sees that 


3.3) haslu) = J feoder(u— »ddy + J feOder(e + w — yay. 


It is clear from (3.3) that if X and Y are uniformly distributed on [0, a], then 
Za is also uniformly distributed on [0, a]. Thus, the uniform distribution is one 
which reproduces itself under addition mod a. The converse question is whether 
this reproducibility property is one peculiar to the uniform distribution. In the 
language of the theory of integral equations, this is equivalent to proving that 
the nonlinear integral equation for OSusSa 


3.4 fl = f fore yay + [ soya tu - vey 
0 u 
has a unique solution f(z) in the interval 0 Su Sa, under suitable conditions on f. 


Actually one can prove the following: 


THEOREM. Let f(u) be nonnegative and continuous on [0, al, and let fof(u)du 
=1. If f(u) satisfies (3.4) then f(u) =1/a, OSu Sa. 
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Proof (due to L. Flatto): Assume that f is not a constant in the interval of 
definition. Then, by the continuity assumption, f assumes a maximum in 
Osusa. Let this maximum be at “=u, where up is not an end-point of the 
interval [0, a]. Then 


(3. 5a) J sortie — nay <seu) f “sore, 
and 
(3.5b) J forfa + ma vddy < seus) [ Fo)4y. 


By addition, 


fla) =f“ FO)tlwe — vay +f FO) + Ha — vay 


< stu] f° soray + ff “foray | 


Since /Of(y)dy=1, one reaches the contradiction that f(uo) <f(uo). Thus f(w) 
is a constant, and must be 1/a. 

If the maximum were at the end-points 0, a, one has the strict inequality 
holding in either (3.5a) or (3.5b), while the other inequality becomes an equal- 
ity with zero on both sides. The strict inequality in (3.6) holds nevertheless, 
proving the theorem. 


(3.6) 


(4/6, b) 
—— a ce ck eae ee oe es a en See an ~T (b, b) 


(6, 2/b) 


Fie. 1 
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4, Products and quotients of random variables, mod a. Let X and Y be 
two independent random variables defined on the interval [0, 6], having dis- 
tribution functions Fx(-) and Gy(-) respectively. Let U=X Y, with distribution 
function Ky(-). One obtains this distribution function from Fig. 1. 


Ku(u) = ff dF x(x)dGy(y) Osus bd? 
(4.1) — uly ulb b 
= dGy dF xy dGy dF 
J aGr(9) [oars + J aGr) fax) 
or 
(4.2) Ku(u) = Gy(u/b) + f Fx(u/y)dGy(y) 0Osus 0. 
u/b 


Here again, if Px(-) and Gy(-) are absolutely continuous with corresponding 
densities, fx(-) and gy(-), then U has a probability density Ru(-) which is ob- 
tained from (4.2) by differentiation. 


b dy 
(4.3) ev(u) = f fa(u/y)ero) = OSusd 
ulb y 
Consider the random variable U,, where a<b?2. Then b?=ma-+r, where m is 


the largest integral multiple of a in b?, and r20 is the remainder. Now consider 
Pr{ UaSc}, where 0 Sc<a. One obtains that 


m—1 
(4.4) Pr{U, Sc} = >) Prima S US na+c} + Rc”), 
n= () 
P <Us OScSy, 
(4.5) Ro, 1) = { r{ma < <ma+c} Scsr 
Pr{mas Us 6%} rScsa. 


The combination of (4.2), (4.4) and (4.5) now allows one to write down the dis- 
tribution function of U, explicitly in terms of /x(-) and Gy(-). 
For quotients, let V= Y/X, with distribution function My(-). By definition, 


(4.6) My(0) = f f | dF x(x)dGy(y). 


From Fig. 2, we see that the distribution function My(v) can be written as 
follows, 


7) Uz 
f dF x(x) f dGy(y) 0<7S1, 
0 0 


(4.7) My(v) = ble ; 
1-f aFx(x) f dGy(y) 1lS50<., 
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(b/v’, 6) 


4 (b, vb) 


Xx 


~ (b, 0) 
Fic. 2 


Integrating with respect to y, one gets the following expression for My(v): 


b 
Gy(vx)dF x(x) O<vK1, 
0 


(4.8) My(v) = bly 
1 — Fx(b/v) + f Gy(vx)dF x(x) lsSvu<o, 


Again, if Fx(-) and Gy(-) were absolutely continuous, one obtains the density 
function my(v) by differentiation as follows: 


f xgy (vx) fx(x)dx OsSv78 1, 
(4.9) my(v) = ss 
J xgy (vx) fx(x)dx lSv< om, 
Now consider what happens to the random variable V, congruent to V mod a. 
Case 1. a21. Then, for 0 Sv <a, 
(4.10) Pr{ Va Sv} = My(s, a) + Si(0), 
where My(v, a) is defined only for 0 Sv <a and is identical to My(v) there, and 


where for m21, 
© b b 
) 2 * (;-) * (5. + )| 


b/ (ka+-v) 


(4.11) + > Gy((ka + v)x)dF x(x) 


b/ka 


— > Gy(kax)dF x(x). 


k=m 0 
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Case 2.a<1. Then there exists an integer m>1, such that ma21>(m-—1)a. 

We again recognize two sub-cases. 

A) If vis such that (m—1) a+vS1<ma, then 
(4.12) Pr{V,S vo} = S [Gr((ea + v)x) — Gy(kax)|dF x(x) + Sn(v). 

k=0 
B) On the other hand if (m—1) a<1S(m—1)a+v<ma, then 
m—2 b 
Pr{ Va s v} = > |Gy((ka -{- v)x) _- Gy(kax) |dF x(x) 
0 


k=0 


b b 
(4.13) + 1 — Fy (——) _ J Gy((m _- 1)ax)dF x(x) 


b/ [(m—1) a4] 
+f Gy(((m — 1) + 0)a)dF x(a) + Sn(0), 


where, in both (4.12) and (4.13), S,(v) is defined by (4.11). 


5. Examples. Let X and Y be uniformly distributed on the interval [0, 5]. 
Let UV=XY and V=Y/X. We shall be interested in the distribution functions 
of U, and Vg. 

For the case U=X/Y, one has that 


u 1 b 4 u u 
(5.1) Pri{U su} = —+— «a = 5 (1-0) Osus BD 
b= Bt ayy x b? b? 
while the density ky(u) is expressed as 
_ 1 u <4 <hpt 
(5.2) ko(u) = — in Su SBA 


Now consider the distribution function of U,. One sees that for b?=ma-+r, 
Osc<a 


(m—1)c m2 nate m1 na 
5.3) PrjU.Sc¢; = ——+ ———— -+- se in “+ R(c, ; 
(6-3) Pri ! pte et Spat Ro 
where 
C ma + ¢ b? ma ma 
— ( ) im —— |In — OScsr 
2 b? ma-+c b? b? 


(5.4) Ren) = 
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Now consider V= Y/X 


1 b v 
— [ oxde=— Osvs1 
(5.5) Pr{V So} ae 
. r Ssvu= 
1 1 b/v 1 
1-—-—-+ — vexdx=1—-—— 1sSv<0 
v b2 J 9 2u 


The density function my(v) is then 


(5.6) my(v) = 


a? 1sv< ow, 
Vv 


For V., applying the results of section 4, one sees that for OSvSaSi1, and 
(m—1)a+vs1sma 
my 1 < v 
—_——_. -- — —_————______— 
2 2 keem ka(ka -+- v) 
while if (m—1)a<1S(m—1)a+vSma, then 


(m—1)@—a@) © 1 1 2 v 


(5.7a) Pr{ Va < v} = 


(5.7b) Pr{V. Sv} =1+ 5 Io obexdt 2 ilketo 
If a>1, then 
(5.8) Pr{V, <0} = My(o,a) + —- > —-—_, 
2 xa1 Ra(ka + 2) 

where 

= 05051 
(5.9) My(v, a) = 

1-—— 1sv<a. 


2u 
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THE BRAUER-RADEMACHER IDENTITY 
M. V. SUBBARAO, University of Alberta 


1. Introduction. Let ” and 7 be integers, r>0 and let d(7) and u(r) denote 
the well known arithmetic functions of Euler and Mdbius. The so called Brauer- 
Rademacher identity [1] says that 


(1) 6) Dau(+) /o@=0 Dau(4), 
d|r d d\ (r,n) d 
(d,n)=] 
Eckford Cohen gave new proofs of this identity in [2], [3] and [4] with some 
generalizations, in two of which ([2], [3]) he used the principle of inversion for 
even arithmetic functions, and in the other, the theory of expansion of Cauchy 
products of such functions. For another proof of (1) and generalization we refer 
to McCarthy [6]. 
Now it is well known that 


Dd, dulr/d) = o(r)u(r/g)/b(r/2), — g = (1, 0) 
ad\(r,n) 

and in fact the expressions on both sides of the equation are identical with the 
Ramanujan sum c(n, r)= >, exp(2ainx/r), summed for all x varying over a re- 
duced residue system modulo r. Hence (1) becomes 


(2) 2. du(r/d)/o(d) = w(r)u(r/g)/o(r/8). 
(d,n)=1 


It is important to note that the arithmetic function f(r) =7r/d(r) is multi- 
plicative and has the additional property that, for every prime , 


(3) f() = f(6?) = fp’) = ++: 


We wish to show that every such multiplicative function satisfies an identity 
of the Brauer-Rademacher type. In deriving this identity we do not use the 
methods of Cohen or McCarthy, but simple properties of multiplicative arith- 
metic functions of two arguments. 


2. Preliminaries. All functions considered in the sequel are assumed to be 
complex-valued arithmetic functions. The letter p always denotes a prime. 

A function f(r) is said to be a multiplicative function of 7 (or, briefly, multi- 
plicative) if f(1) =1 and f(rire) =f(n)f(72) whenever (71, 72) =1. This definition 
can be extended for functions of more than one argument. Thus the function 
f(r, 5) is said to be a multiplicative function of both arguments 7 and s if f(1, 1) 
=1 and 


Ff (rire, $152) = f(r1, 51)f (12, $2) 
135 
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whenever (7151, 7252) =1. The function f(r, s) is said to be multiplicative in 7 if, 
by keeping s arbitrarily fixed, f(r, s) is a multiplicative function of 7. A similar 
definition holds for f(7, s) to be multiplicative in s. 

If f(r, s) is a multiplicative function of the arguments 7 and s, it need not be 
multiplicative in r or s, but f(7, 1) and f(1, s) are multiplicative in 7 and s re- 
spectively. It has also to be noted that a multiplicative function f(7, s) is 
uniquely determined whenever, for every prime / and all nonnegative integers 
a and ), the values of f(p2, p®) are known. 

The following result is useful: 


LemMA. If f(r) and g(r) are multiplicative and 


h(n, r) = a. f@g(r/d), 
dir 
(d,n)=1 

then h(n, r) 1s a multiplicative function of both arguments and 1s also multiplicative 
in Yr. 

Proof. lf r=nire, n= Mim. and (711, r2M2) =1, then any divisor d of 7 for which 
(d, nim2) =1 can be uniquely written as d=d,d, where 
(4) di| 11, do| ro, (ds, 21) = (de, m2) = 1. 
Conversely, whenever d; and d satisfy (4), did,| yr and (didz, n) =1. Thus 


h(n,r) = Dd) f(didg(ri/dir)- Dy f(da)g(r2/do) = h(n, rih(na, 12), 


dy \Iry dg |re 
(dy,ny)=1 (dg,n2)=1 
showing that h(n, r) is multiplicative in its two arguments. 
A similar proof can be given to show that h(n, r) is multiplicative in 7. 
We note that A(n, r) need not be multiplicative in x. 


3. THEOREM. Let f(r) be a multiplicative function such that f(p*) =f(p2"}) for 
all a=1 and every prime p. Let h(r) be any multiplicative function for which h(p) 
=f(p)—1 for every prime p. Then for r21, n21, 


(5) 2. f@Oulr/d) = wlr)u(r/)h(r/t), 
dnyet 
where t=(n, 1). 


Proof. It follows from the lemma that the left side of (5) is a multiplicative 
function of both the arguments r and 7; also it is easily verified that the same 
result holds for the right side of (5). Thus the theorem follows if it is shown that 
(5) holds for r= p*, n= p® for every prime # and all nonnegative integers a and BD. 
The result is trivially true for a=b=0. Denoting the left and right sides of (5) 
by F(n, r) and H(n, r) respectively, we have for the case b>0, 
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F(p, 2) = >, f(p*)u(pt*) = f(1)u(p2) = u(%). 


Osksa 
min (k,b)=0 
If b=0 then 
(6) F(p', p°) = 2, f(d)u(p*/d); 
d|p* 


for a=1 this becomes p(1)f(p) +u(p)f(1) =f(b) —1, while for a2=2 (6) gives 
u(1)f(p2) +u(p)f(p2*) =f(b2) —f(b"?) = 0. Thus 


1, a=b=0 
f(s) — 1, a=1,b=0 
F(p®, ~%) = 
(7) 0 P= 1) er peo 
u(p?) b> 0. 


Similarly, it can be verified directly that the function A(p*, p*) 
=p(r)u(r/t)h(r/t) has the same values as on the right side of (7) for different 
values of a and b. This completes the proof of the theorem. 

REMARK. In the statement of the theorem, for a given f(r), we can take for 
h(r) any multiplicative function subject to the only restriction h(p) =f(p) —1 
for every prime ~. Thus the values of h(p*) for a>1 can be arbitrarily chosen 
and therefore (vr) can be chosen in an infinite number of ways. 


4, Applications. (1) Let f(r) =1 for all 7 and h(r) = [1/r]=1 or 0 according as 
v=1or >1. The theorem gives 


>> u(r/d) = [1/7]. 


dir 
(d,n)=] 


This result, of course, can easily be seen otherwise. (2) Let f(r) =2¥™, where 
w(r) is the number of distinct prime divisors of r. Then f(p*) =2 for all k>0. 
We should then have h(p) =1 and thus we can define either A(r) =1 for all 7, or 
h(r) = | u(r) | . The corresponding identities will be 


> 2°@u(r/d) = w(r)u(r/t) = w(r)u(r/t) | w(r/2)| « 
(d,n)=1 


(3) Taking f(r) =r/d(r) so that f(p")=p/(p—1), for all R>0O, we can choose 
h(r) =1/¢(r) since h(p) =1/(p —1) =f(p) —1. This gives the Brauer-Rademacher 
identity. 

We can, in fact, get a generalization of this identity by setting 


f(r) = (r/6(r))’, 
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where a is any real number. In particular, for a= —1 we should have h(p) 
= —1/p so that we can choose, for example, 


h(r) = w(r)/r or hr) = Xr) /r; 


here A(r) is Liouville’s function given by A(r) = (—1)*™, where a(r) denotes the 
number of prime divisors of 7, the multiplicity of each such divisor being taken 
into account. Thus we obtain 


a. $(2)u(r/d)/d = wlr)t/r = tu(r)u(r/)X(r/t)/r. 
(d,n)=1 


(4) Let ¢,(r) denote Jordan’s totient function representing the number of 
ordered sets {ai1, - - - , a,}, each a; being chosen from a complete residue system 
mod 7 in such a way that the g.c.d. of 7, a1, - + + , @, is unity. 

Choosing f(r) =@:(7)/r* and f(r) =r*/d:(7) we can take either A(r) =y(r)/r* 
or h(r)=X(r)/r* for the first choice of f(7) and h(r) =1/¢x(r) for the second. In 
the latter case we get 


Dd, Fulr/d)/ox(@) = u(r)ulr/t)/du(r/2). 
ns 
This generalization of the Brauer-Rademacher identity has been obtained by 
Cohen and is given, in a slightly different form, in formula (3.4) of his paper [5]. 
Research done under NSF Grant GP1222. 
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MATHEMATICAL SWIFTIES 


“As x0, the function (1/x)(sin 1/x) oscillates,” Tom said wildly. 

“The function takes on only the values 0 and 1,” said Tom with characteristic modesty. 
“Rearrangement of this series does not affect its convergence,” Tom said unconditionally. 
“It’s easy to construct the reals, given the rationals,” Tom said cuttingly. 


PRIME NUMBERS IN ARITHMETIC PROGRESSIONS 
WITH DIFFERENCE 24 


PAUL T. BATEMAN ann MARC E., LOW, University of Illinois 


Dirichlet proved that if ] and k are coprime positive integers, then there are 
infinitely many prime numbers # such that 


pb =1 (mod ). 


For proofs of this general result see [2|—[7], and [9]-[12]. 

In this note we give a simple proof of Dirichlet’s Theorem for the special 
case k = 24, in which case / can be assumed to be one of the numbers 1, 5, 7, 11, 
13, 17, 19, 23. The proof which we give is of the same general nature as Euclid’s 
familiar proof that there are infinitely many primes in toto. Namely, for each 
value of / we consider a certain polynomial in P, where P is the product of some 
finite set S of primes greater than 24, and infer from the divisibility properties 
of the polynomial that S cannot possibly include all primes greater than 24 
which are congruent to / modulo k. For general k a proof of this kind can be 
given only when 


(1) 12 =1 (mod ). 


Since the only values of & for which (1) holds for every ] relatively prime to k are 
k=1, 2, 3, 4, 6, 8, 12, and 24, the modulus 24 is the largest which can be settled 
completely by the present method. Proofs of the present kind occur in the 
literature for k= 3, 4, 6, 8, 12, for example, on pages 28-29 of [1]. As far as we 
are aware, however, no one has bothered to give a complete proof of the present 
type for k= 24 (although the values /=7, 13, 17, 19 are treated on pages 51, 
45, 47, 51 respectively of [1]). 

Since k= 24 is the natural boundary of the present method, it seems worth- 
while to give a systematic and complete account of this case. The proof uses 
nothing beyond the simplest cases of the quadratic reciprocity law and so is 
readily accessible to students in a course in elementary number theory. 

Let us make some more specific remarks about the nature of the proof, 
particularly for those familiar with the elementary theory of algebraic number 
fields. For any k the case 1/=1 of Dirichlet’s Theorem can be established by us- 
ing the kth cyclotomic polynomial ®;(x), the polynomial with leading coefficient 
1 whose zeros are the primitive kth roots of unity. In fact, aside from the 
primes dividing k, it can be shown that any prime dividing ®,(m) for some 
integer 2 must be congruent to 1 modulo &. If J2=1 (mod k) but 141 (mod 2), 
there exists a polynomial with integral coefficients f1,,(”) such that, aside from a 
finite number of possible exceptional primes, any prime dividing f1,.() for some 
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integer 2 must be congruent to either 1 or ] modulo k&. Further elementary argu- 
ments with congruences will generally show that primes congruent to / modulo k 
occur infinitely often. Actually fi.(«) is simply any polynomial of degree 
346(k) whose zeros generate that subfield of the field of the kth roots of unity 
which is invariant under the automorphism ¢-—¢', where ¢ is a primitive kth 
root of unity. For a more detailed discussion see [8]. 

We now proceed with our specific argument for k=24. We shall not assume 
the general results quoted in the preceding paragraph. In fact the following 
lemma about the Legendre symbol is all we need. 


Lemma 1. Suppose that pis a prime greater than 3. Then 
(—1 |p) = 1 if and only if p = 1 (mod 4), 
(2\p) = 1 if and only if p = 1,7 (mod 8), 
(—2 |) = {| if and only if p = 1,3 (mod 8), 
(3|p) = 1 if and only if p = 1,11 (mod 12), 
(—3|p) = 1 if and only if p = 1 (mod 6), 
(6|p) =1 if and only if p = 1, 5, 19, 23 (mod 24), 
(—6|p) = 1 if and only if p = 1,5, 7, 11 (mod 24). 
Proof. These assertions follow directly from the quadratic reciprocity law 


and its two supplements. Alternatively they can be deduced directly from 
Gauss’s lemma to the quadratic reciprocity law. 


Lemma 2. If n is any integer, then any prime factor of n'—n*-+1 ts congruent 
to 1 modulo 24. 


Proof. lf nm has one of the values —1, 0, or 1, then 28 ~—n‘+-1 takes the value 1 
and so there are no prime factors at all. So suppose that | n| >1and pisa prime 
such that 


n® — n*+1=0 (mod p). 
Clearly p> 3. Since 
n(n + n)(ni — n) =n — nt*=—1 (mod 9), 
we must have p/n?, p}/(n?+-n), and p/(n?—n). Thus there exist integers a, D, 
and ¢ such that 
an? =1 (mod p), b(n? + nx) =1 (mod p), c(n? — n) = 1 (mod 9). 
In view of the identity 
xt — at +1 = (xt — 1)? + (x2)2, 
we have 
(ant — a)? +1 = (ant — a)? + (an?)* = a*(n8 — nt + 1) = 0 (mod 9). 
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Similarly from the identities 
w8 — gt 1 = (xt + 4? + 1)? — 2(4? + x)? = (44 — wo? 4+ 1)2 + 2(x? — x)? 
=(+1)? = 30)? = (ett $3) 
= (x4 + 3x? + 1)? — 6(4? + x)? = (at — 3x? + 1)? + 6(x3 — x), 
we readily infer that 
(bn* + bn? + 6)? —2=0 (mod 9), (cnt — cn? +c)? +2 =0 (mod P), 
(an* + a)? — 3 = 0 (mod 9), (2n4 — 1)?+ 3 =0 (mod 9), 
(bn* + 3bn? + bd)? — 6 = 0 (mod p), (cn* — 3cn? +c)? + 6= 0 (mod 9). 


(=)-G)- G)-G)-G)-G)- G) 
b b p b b b b 
Hence by Lemma 1 we have p=1 (mod 24). 

The roots of the polynomial «§—x*-+-1 are the primitive 24th roots of unity. 
The identities used in the preceding proof show that the field of the 24th roots 
of unity contains the seven quadratic fields generated by the square roots of 


the numbers —1, +2, +3, +6. However, we do not use this fact as such. 
In what follows we shall use the following seven polynomials: 


Thus 


s(x) = x4 +9 = (x)? + 32 = (42+ 3)? — 642 == (x4? — 3)? + 62? 
fr(x) = «t+ Qe? + 4 = (4? + 2)? — 2x? = (x? + 1)? +3 = (4? — 2)? + 62? 
frr(x) = at + 4a? + 1 = (x? + 1)? + 2x? = (x? + 2)? — 3 = (x? — 1)? + 6x? 


fis(z) = at — 0? +1 = (2? — 1)? + a? = (a? — §)?-+ 3(9)? = (2? + 1)? — 32? 
fara) = at +1 = (0%)? $1 = (41)? 20? = (x? — 1)? + 22? 
fio(x) = at — Qa? + 4 = (x? — 2)? -+ Qa? = (2? - 1)? +3 9 = (aw? + 2)? — 62? 
fas(*) = at — 40? + 1 = (4? — 1)? — 20? = (a? — 2)?—-~3 0 = (4? + 1)? — 62? 


Those interested can easily verify that the zeros of these polynomials gener- 
ate the seven quartic subfields of the field of the 24th roots of unity. 


LEMMA 3. Suppose 11s one of the numbers 5, 7, 11, 13, 17, 19, 23. Suppose nis 
an integer and p is a prime greater than 3. Then «af fi(n) =0 (mod ), zt follows 
that p=1, 1 (mod 24). 


Proof. The assertion is a consequence of Lemma 1 and the above identities 
for fi(x). Let us illustrate the argument with the case ]=11. If fi(~) =0 (mod 9), 
where p> 3, then 


(n? + 1) + 2n? = (n? + 2)? — 3 = (n? — 1)? + 6n? = 0 (mod £). 
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Since cannot be divisible by », we may conclude as in the proof of Lemma 2 


that 
—2 3 —6 
)-@)-@)- 
Pp p p 
By Lemma 1 this implies that ) is congruent to either 1 or 11 modulo 24. A 


similar argument can be given for each of the other values of /. 
Now let us introduce the polynomials: 


gs(x) = 4fs(12e + 1) = 24(43204+ 14403 4+ 1827+ 4%) +5 
g(x) = — fr(Ga + 1) = 24(54a4 + 36a%+ 1247+ 2x) +7 

gu(e) = 4Ffn(6a + 2) = 24(18%4 + 24e?+ 1442+ 4x) +11 
gis(x) = firs(12” + 2) = 24(864a4 + 576x3 + 138%? + 14x) + 13 
gir(x) = = firr(6x + 2) = 24(5404 + 72x? + 36x? + 8x) +17 
gio(x) = psfig(12" + 4) = 24(72a4 + 96x? + 474? + 10x) + 19 
gos(x) = bfo3(12% + 3) = 24(432a4 + 43203 + 1500? + 21x) + 23 


The actual values of the coefficients here are not really required, except 
that we need to know the values of the constant terms and the fact that the 
other coefficients are integers divisible by 24. 


LemMA 4. Suppose lis one of the numbers 5, 7, 11, 13, 17, 19, 23 and n 1s any 
integer. Then gi(n) has at least one prime factor congruent to 1 modulo 24. 


Proof. From the definition of g:(x) we see that gi(z) is a positive integer 
congruent to / modulo 24. In particular g;(”) cannot be divisible by either 2 or 3. 
Therefore by Lemma 3 and the definition of g:(«) we conclude that all prime 
factors of g;(z) are congruent to either 1 or ] modulo 24. Since gi(”) =/ (mod 24), 
it would be impossible for all the prime factors of g:(z) to be congruent to 
1 modulo 24. Thus the assertion of the lemma follows. 


THEOREM. If | is an integer relatively prime to 24, then there are infinitely 
many primes p such that p=l (mod 24). 


Proof. We may suppose that / is one of the numbers 1, 5, 7, 11, 13, 17, 19, 23. 
Let P be the product of some finite set S of primes each greater than 24. In view 
of Lemma 1, each prime factor of P®—P4+1 must be congruent to 1 modulo 24 
but different from any of the primes in S. Thus S cannot include all primes 
congruent to 1 modulo 24. (We may assume S to be nonempty, so that P>1.) 

If / is one of the numbers 5, 7, 11, 13, 17, 19, 23, choose a positive integer c; 
such that 


gi(c,) # 0 (mod J). 
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Since / is a prime and the leading coefficient of gi(x) is not divisible by /, the 
existence of ¢; follows from the theorem that an algebraic congruence in one 
unknown modulo a prime cannot have more roots than its degree. However, we 
can choose ¢; numerically, for example, as follows: 


C6=2, cr=1, cn =1, Cr3=1, Cry = 2, Crp = 1, Cog = 2. 


Now consider the positive integer g;(c,P~'). By Lemma 4 we know that 
gi(c,P'—) has at least one prime factor congruent to / modulo 24. Since the con- 
stant term of g:(x) is] and (J, P) =1, we see that gi(c,P*—) is not divisible by any 
of the primes in S. By Fermat’s Theorem 


gi(c:P'“') = gi(ci) # O (mod J) 


and so gi(c,P*) is not divisible by /. Thus g:(c,P*—!) has a prime factor congru- 
ent to J modulo 24 which is different from 7 and different from any prime in S. 
Hence S cannot include all those primes greater than 24 which are congruent to 
1 modulo 24. 

Since S can be taken to include any preassigned finite set of primes greater 
than 24, our theorem is established. 


This work was supported (in part) by the Office of Naval Research. 
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MATHEMATICAL NOTES 


EDITED BY J. H. Curtiss, University of Miami 


Material for this department should be sent to J. H. Curtiss, University of Miami, 
Coral Gables, Florida 33146. 


ON MATRICES OF COFACTORS 
E. W. WALLACE, University of Leeds, England 


1. Introduction. Two questions concerning matrices of cofactors, raised by 
W. R. Utz in [2], were recently answered by H. Schwerdtfeger in [1]. Exten- 
sions of these results are given in this note. 


2. Definitions. Basic results. Unless otherwise stated, all matrices will be 
real and of order n> 2. If Mis such a matrix, we denote its matrix of cofactors 
by M*, its transpose by M’, its determinant by | /|, and the identity matrix 
of order 2 by Jy. 

The following results are well known, but are listed here for ease of refer- 
ence. 

(1) M'’M*=M*M'=| MI, 

(2) | M*| =| MM] 

(3) M**=(M*)*¥= | M|>-2M 

(4) (MN)*= M*N* 

(S) (M*)’ = (1')* 

(6) (—~M)*=(—1)"""*M* 

(7) M has rank n; rank n—1; rank <n—1; if and only if M* has rank n; 
rank 1; rank 0. 

We shall be concerned mainly with finding solutions to equations of the 
form A*=B, where B is a given matrix. 

To avoid repetition, we note here that any matrix A of rank <n—11isasolu- 
tion of the equation A*= (0). 

For proofs of the following two theorems see |1]| and [2]. 


THEOREM 1. Jf Bis a singular matrix, the equation A*=B has a solution A if 
and only if the rank of B 1s 0 or 1. 


THEOREM 2. If B is nonsingular, the equation A*=B has (i) the unique solu- 
tion A=|B|/@-)(B')-! af n is even; (ii) no solution if n is odd and |B| <0; 
(iii) exactly two solutions A = +| B|1/@-»(B’)- if n is odd and | B| >0. 

3. The equation A*=kA. Here k is any fixed nonzero real number. By 


taking R=1, results of [1] are recovered. 
If A is singular then (0) = A**=(kA)*=k*"!14*=k"A. Hence, 


THEOREM 3. If A ts singular, and k¥0, then A*=kA tf and only tf A =(0). 
144 
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If |A| #0, then | A*| =|A|*-1=&"| A], so that | A|"-?=2&". We also have 
kA'A=|A|I,. 

If >0, and ) is the positive root x of the equation x*-?=k", then | A| =2. 
For, if not, then 


AA=—RIO-O], =—pl,  (u> 0), 
and 
> ap14g1 = — Bb, where A = (eg) « 
B==1 


It follows that A’A =k?/%-2T7,, Similar methods apply when k <0. 

Because of the following lemma, the proof of which is obvious, our results 
are contained in Theorem 4 (where | &| will denote the absolute value of the real 
number ). 


LEMMA. A matrix A satisfies the equation A’A =a?I,, where a is a nonzero real 
number, tf and only tf aA is orthogonal. 


THEOREM 4. If A is non-singular and k#¥0, then A*=kA «if and only if 
|&|-"/-2A is orthogonal, |A| =k"!-®, and | A| and k have the same sign. 


Proof. The necessity of the conditions for k>0 has been proved. 
If the conditions for k>0 are satisfied, then A’A*= | A | I, =kni™-2T, and 
kA'A = k. Ram 27 = Rrlr-27, 


by the lemma. Hence A*=k4A. 
A similar proof can be given when k<0. 


4, Conditions for a symmetric solution. Conditions are now determined for 
the equation A4*=B to have symmetric solutions A. (The skew symmetric 
case was considered in [1]). It is easily verified that B must be symmetric, and 
when B is nonsingular, Theorem 2 can be applied with B’=B. 

If B is singular we can suppose that it has rank 1, and put B=(A,x;), where 
x:*0 for some t. Since *;=A;«:/Az, it follows that 


B=— (ia) 
= 0 


and the nonzero diagonal elements of B have the same sign as x:/A;. If they are 


all positive, put 
Ci) 
Be = Ay — 
+ r; 3 


so that B= (u,u;). Assuming, for example, that ui+0, we verify easily, using the 
cofactor-expansion of | A|, that the matrix 
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C11 —M2 BH — Bn 
1 — M2 Mi 0 0 
=———| —u3; 30 Ma 0 
iv} (n—3) /(n—1) ‘ 
1 
— Fn 0 Ors wy 
where cn = (>~%.5 2) /m, is a solution. (This value of c, ensures that |A | = 0.) 
If B has negative nonzero diagonal elements, then B= —(»,»;), where 
—4,\ 12 
a a ri ) : 
If »:+40, then the matrix 
dy v2 —V3 —M% —Vn 
Vo V1 0 0 0 
1 —p3 0 V1 0 0 
yr O1O-1 —y, 0 0 vers 0 
— Vy 0 0 O-+- wv 
is a solution, where du=(v3-+vp+ «++ +v2—v§)/r1. Hence, 


THEOREM 5. Jf B 1s singular, the equation A* = B has a symmetric solution A if 
and only if either B=(0), or Bis symmetric of rank 1 with its nonzero digonal ele- 
ments all positive or all negative. 


5. The equation A*= A’. As a second generalisation of the equation A*= A, 
we now consider the equation A* =A’, where 7 is a fixed positive integer. 
When A is singular, 


O= A** = (Ar)* = (A*)? = A”, 


so that A is nilpotent and all its latent roots are zero. A real orthogonal matrix 
P exists, therefore, such that T7=P’AP is upper triangular with zeros on the 
main diagonal. From A*=4A’ it follows that P*T*(P*)’=PT'P’, and hence 
T*=T" since P* = +P (Theorem 4). But 7” is upper triangular and 7* is lower 
triangular, giving 


T* = T' = (0) = A* = A’. 


Moreover rank A <n—1. 

It is obvious that if A*=(0) and rank A<n—1 then A*=A*=(0). When 
r=2, 4?=(0) implies that A has rank <n—1. For, in this case, choose T= (¢,;) 
= P’AP to be upper triangular. Since T?= (0), 
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» trates = O = totes 


a=1 


and so rank T<n-—1. This implies that rank A <n—-1. If r>2, A’=(0) does 
not imply that rank A <n—1, as can be seen by choosing r= 3, and 


pe 
A=j;,0 0 1 


00 0 
We have proved 


THEOREM 6. If r is a fixed positive integer, and A is singular, A*=A* af and 
only uf AT=(0) and A has rank<n—1. 


When A is nonsingular, only the case = 2 will be studied in detail, the gen- 
eral problem still being open. For any r>0, however, 


| A*| = | Ale = | Af, 


and A**=(A*)"=A"=|A|™24. Hence, A™-!=|A|"-2J,=|A|*-Y,. Three 
cases can arise: 


(i) n—1=r; Art= | Aly, A’AT= | Al D3 
(ii) n—1-—riseven; |A|=+1,A*>1=+417,, A’AT=4+],; 
(iii) m—1-—risodd; |A|=1, A" 1 =2,, A’A7= I, 


It should be noted that, for example, if »—1-—r7 is odd, the conditions 
| A | =1, A”-!1=], alone are not sufficient to ensure that 4*=A". This is seen 


by taking n=r=2, 
0 1 
s-[2 4]. 
—i —-1 


We conclude by proving the following 


THEOREM 7. If A 1s non-singular, then A* =A? «f and only tf 
(i) A=I,, when n—3 ts odd; 

(ii) A=+T1,, when n—3 ts even; 

(iii) A=|A| 1/873, when n=3. 


Proof. We have A*=|A|J,=A'A? and so A is symmetric. Its latent roots 
M1, °°, A, are therefore all real. 

(i) If n—3 is odd then |A| =1, A*=J,, and so \;=1 (i=1, +--+, 2). Since 
a real symmetric matrix is orthogonally similar to a diagonal matrix, it follows 
that A=_J,. 

(ii) If m—3 is even, |A| =+1and A4*=+],. If A*=J, then A =J, as in (i). 
If A4?= —J,, then \;= —1 @=1,---,n) andsod4=—J,. 
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(iii) Finally, when n=3, A®*=A’'A?= |.A | I3. If A has (real) latent roots 
Az, Az, As, then A? = |.A | and A;= |.A | 1/3, There is a real orthogonal matrix P such 
that P’AP=|A| 1/873, and hence A =| A| 1/3Js. 
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EQUIVALENCE OF THE ONE-TERM RITZ APPROXIMATION 
AND LINEARIZATION IN A CHEBYCHEV SENSE 


A. C. SouDACK, University of British Columbia 


The behavior of nonlinear, single-degree-of-freedom systems is often de- 
scribed by the normalized system 


(1) E(“) = 4+ f(*)=0, 4«(0) = 1, #(0) = 0, 


where f(x) is monotonically increasing or decreasing, is defined over the normal- 
ized region —1S$x*3-+1, and exhibits zero-point symmetry. 

A classical, and often-used method for determining an approximate solution, 
#, to equation (1) was formulated by W. Ritz in [1], [2], [3], and [4]. The moti- 
vation for the Ritz method is a physical one, namely, Hamilton’s Principle, as 
in [2]. 

Let us first consider the case in which f(x) is monotonically increasing, i.e., 
in the 1st and 3rd quadrants of the x, f(x)-plane. If we introduce the function 
V(x) defined by 


V(x) = J “fade, 


equation (1) can be rewritten as #+ V'(x) =0. 
Multiplying by # and integrating, we have 


1a? + V(x) = h 


which is the familiar energy conservation law. If we now examine V(x), the 
potential energy, and its first and second derivatives, we find that there is an 
energy minimum at the singularity x=%=0. The singularity is therefore a 
center point and the solution will be oscillatory (see [5]). 

Hence, for this case, consider the one-term approximation 


(2) % = COS wt. 


Where f(x) is monotonically decreasing, the above argument leads to a po- 
tential maximum at x=%=0. The singularity is therefore a saddle point and 
the solution will be nonoscillatory (see [5]). 
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For this case, consider the one-term approximation 
(2a) % = cosh wt. 


Minimization of the energy integral using the assumed dependent variable 
leads to the equation 


(3) J KE(Z)d(wt) = 0 
from which w is obtained. 

It is the purpose of this paper to show that an entirely mathematical (rather 
than physical) approach, namely that of linearizing f(x) in a Chebychev sense, 
leads to precisely the same results as those obtained using the one-term Ritz 
approximation. 

Substituting (2) into (3), one obtains 


(4) f- cos wi| —w? cos wt + f(cos wi) |d(wi) = 0. 


Integrating the first part of (4), and noting that f(cos wt) is an even function 
of ¢, one obtains 


(5) w? = 2 f f(cos wt) cos wt d(wt). 

T J 9 

Since cos wt is the solution to #+w2x =0, x(0) =1, 4(0) =0, and cosh wt is the 
solution to #—w’x=0, «(0)=1, #(0)=0, equation (1), by application of the 
Ritz method, has been “linearized” to #+w2x =0, x(0) =1, #(0) =0. 

A purely mathematical approach might be to linearize (1) right from the 
start, i.e., replace f(x) by dix. Here we recall that f(0) =0, since f(x) is symmetric 
with respect to the origin. Evidently, there are any number of straight lines that 
could be chosen. Let us consider that straight line derived from a truncated series 
of Chebychev polynomials. 

In order to be expandable in a series of Chebychev polynomials, f(x) must 
be “absolutely integrable” (see [6]). Since the f(x) under consideration is of this 
nature, we are guaranteed that the expansion exists. Thus, where 7;(«) is the 
ith order Chebychev polynomial, we have f(x) = ) Jin10;T,(x). Due to the 
orthogonality of these polynomials, the coefficients, b;, may be obtained from 
the relation 
2 (! f(x)T.(x)dx 


bb =— 


mJy S(1 — x?) 
Since we want a straight line approximation to f(x), consider 
2 f xf (x)dx 


b= —_———— » 
—1 SVG! — x7) 


Tv 
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since b:7;(x) =bix. Making the substitution x=cos wt, one obtains 
2 Tv 

(6) bh = =f f(cos wt) cos wt d(wt). 
T 0 


Comparing equations (5) and (6), one obtains b; =w? and hence linearizing f(x) 
in a Chebychev sense leads to the same results as those obtained by applying 
the Ritz method. 

When f(x) is a polynomial, the method of linearizing f(x) involves less labor 
than the Ritz method does. The reason is simply that tables of coefficients of the 
Chebychev polynomials are available (see [7]), and hence the necessity of 
Carrying out an integration is eliminated. 
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SOME INEQUALITIES INVOLVING ELLIPTIC FUNCTIONS 
S. FEMPL, University of Beograd, Yugoslavia 


In [1], P. L. Duren noted that in the literature on elliptic functions there 
does not seem to be an adequate source of inequalities. He derived the following 
two: 


sn u u 
(1) —________— = —_______, <u<kK, 
(dInu+cnu)? K(1 — k?) 
sn 4 2u 
(2) —————_———— =) <uskK, 
(dnu+kcnu)?  w(i-+ &)? 
where K is 


w {2 
K= f (1 — k? sin? 6)—1/2d6. 
0 


On the present paper two new inequalities are derived which follow easily 
from (1) and (2). They may be employed to bound the function dc u=dn u/cn u 
from both sides. 


1965] MATHEMATICAL NOTES 151 
Dividing (1) by (dn w—cn u)?, and keeping in mind that dn? u—cn? u 
=k’? sn? u(k’?=1—h?), cn?u+dn?u=2—(1+k?)sn? u [2, 121.00], we get 
2 1+? 2cnudnu- uk” 


Taking the integral between the limits (u, k), following [2, 311.03 and 311.01] 


du 1 sn u cnudnu 
f =| G+ 4) n——*_ ae), 


sn? 4 cn“u+dnu sn? 4 


du sn 4 
f an, 
sn u cnu+dnzu 
(sn u)'/=cn u dn u [2, 731.01] and because of sn K=1, cn K=0, dn K=R’ [1, 
122.02], we get 


cnudnu 1 (K? — u?)R’? 
Jag ge SO 


sn? 4 sot“ 2K 
cnudnu—cn?4 cnu(dnu— cn) < (K? — u*)k’? 
sn? 4 sn? 4 7 2K 
Multiplying by dn uw-+cn u, we get 
cn 4 K? — 4? 
—_______-___ < . 
dnu+cn4u 2K 


(3) 


By a similar treatment of (2), using dn? w—k? cn? u=k’?, we get 


sn u(dn?4— 2kcnudnu-+ k? cn? #) 2u 
RI = (1+ &)? 


from which it follows that 
2u 
(1 + k?) snu — 2k? sn'u — 2ksnucnudnu = — (1 — k)?. 
T 
Integrating between limits (uw, k) and using 
1 
f snudu = : In (dnu — kcnw), 
1 
ff snt udu ~ One [Aenudnu + (1 + &) In(dnu — kenw)], 


[2, 310.01 and 310.03] we get the inequality 
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K* — x? 
cnudnu — k(1 — sn? u) = ———— (1 — &)?; 
Tv 


1.€., 
2 42 


K 
cnu(dnu — kcnu) 2 ——— (1 — &)? - 
T 


After multiplying by dn u+kcn u we get 
cn u 1—k K?—~w 
> a, 


(4) —_—__— 2 
dnu+kcnu i+k T 


Taking reciprocal values of (3) and (4) we can get left and right bounds 
for dn u/cn u. 

Let us make the following note. Exchanging u for K—z in (3), because of 
sn (K—u)=cn u/dn u, cn (K—u)=k’ sn u/dn u, dn (K—u)=k'/dn u; [2, 
122.03], the inequality (3) is reduced to 


snu< u(2K — u) . 
~ 2K — u(2K — u) 


Together with inequality sn u2=u/K [1, (4)] we get the double inequality 
1 sn 4 2K — 4 


K~ 4 ~2K—u(2K —1)_ 
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BROWN’S METHOD OF EXTENDING FIXED POINT THEOREMS 
J. D. McKniaut, JR., University of Miami 


While the two theorems presented by A. B. Brown in [1] to extend the 
Brouwer fixed point -theorem are interesting as observations, their proofs are 
even more interesting because, being not very deep, they may readily be gen- 
eralized to extend a large class of fixed point theorems. The main tool of Brown’s 
proofs is the absolute extensor property of retracts of cubes, the fixed point 
property of such retracts being used only in the form of the traditional Brouwer 
theorem. (Here a cube is simply a topological power J¢ of the closed unit interval 
I, where Cis any set.) Several geometrical insights into the theorems themselves 
have been reported (cf., e.g., [2]), but the essential ingredients of Brown’s 
analytical proofs have not previously been displayed elaborately. We propose 
not only to display some of these by a sequence of simple propositions, but also 
to illustrate the technique by a larger class of concrete examples than that class 


1965] MATHEMATICAL NOTES 153 


forming the theme of [1]. To this latter end, we use two theorems of the “well- 
known” type, which are easily proved from their famous special cases, and one 
lemma of the “classroom” type. We distinguish between compact absolute re- 
tracts, which are retracts of cubes, each being therefore a retract of any compact 
Hausdorff space in which it is embedded, and absolute extensors for a class K 
of spaces, each such extensor A being a space which is such that every continu- 
ous function from a closed subspace of any X CK to A has an extension to a 
continuous function from X to A. Thus, the compact Hausdorff absolute ex- 
tensors for the compact Hausdorff spaces or the normal spaces are the compact 
absolute retracts according to the 


WELL-KNOWN THEOREM 1 (Tietze). Every continuous function from a closed 
subset of a normal space X to a compact absolute retract A has an extension to a 
continuous function from X to A. 


WELL-KNOWN THEOREM 2 (Brouwer). Every continuous function from a com- 
pact absolute retract to ttself has a fixed point. 


CLassRooM LEMMA. A completely regular (Hausdorff) space A 1s an absolute 
extensor for compact Hausdorff spaces 1ff thereis an embedding e of A 1nto a compact 
absolute retract R so that for every compact subset of e(A) there 1s a map of R into 
e(A) leaving points of the compact subset fixed. 


Note. An absolute extensor for a class containing X is an absolute extensor 
for the possibly larger class containing also the closed subspaces of X. 

We shall deal with maps of pairs of spaces. We write f: (S, 4)->(T, B) if f 
is a continuous function from S to T and f(A) CB, where 4 CS and BCT. We 
say that the pair (X, S) is extensibly coupled to (T, B) if every map f: (S, bdyS) 
—(T, B) has a continuous extension g: XT for which g: (X, X\S)->(T, B). 


BRowN Lemna 1. If S1s a closed subspace of a space X,1f X 1s of class K, and 
af Bis an absolute extensor for class K contained as a subspace 1n the space T, then 
(X, S) ts extensibly coupled to (T, B). 


Proof. lf f: GS, bdyS)-—>(T, B), then the restriction of f to bdyS has an exten- 
sion g that is a function from the closure of X\S to B. The domains of f and g 
intersect in the set bdyS, on which f and g coincide. Therefore, fg is an exten- 
sion of f, and fUg: (X, X\S)->(T, B). 


Coro.uary. If Sis a closed subspace of a normal space X and B 1s a compact 
absolute retract that 1s a subspace of a space T, then (X, S) is extensibly coupled to 
(T, B). 


Proof. According to Well-Known Theorem 1, this is a special case of Brown 
Lemma 1. 


Coro.uary. If S is a closed subspace of a compact Hausdorff space X and if T 
is a space having a subspace B with the property that every compact subset of B is 
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contained in a subset of B that 1s homeomorphic to an absolute retract, then (X, S) 
as extensibly coupled to (T, B). 


Proof. According to the Classroom Lemma, this follows from Brown Lemma 
1. 

As usual, a space X has the fixed point property if every continuous function 
from X to itself has a fixed point. Thus, Well-Known Theorem 2 states that ab- 
solute retracts have the fixed point property. 


Brown Lemna 2. If (X, A) 1s extensibly coupled to (X, B), if BCA, and if 
X has the fixed point property, then every map from (A, bdyA) to (X, B) has a fixed 
point. 


Proof. lf f: (A, bdyA)—>(X, B), then f has an extension over X to a function 
g for which g(X\A) CBCA. The fixed point of g is therefore not in X\A. Since 
g coincides with f on A, the fixed point of g must be a fixed point of f. 


BROWN THEOREM. If the subspace B of the space X 1s an absolute extensor for 
any class containing X and if X has the fixed point property, then, for every closed 
set A of X containing B, each map from (A, bdyA) to (X, B) has a fixed point. 


Proof. According to Brown Lemma 1, (X, A) is extensibly coupled to (X, B). 
Therefore, Brown Lemma 2 applies. 


CorROLLaARY. If the subspace B of the normal space X 1s an absolute extensor for 
normal spaces, if A 1s a closed subset of X containing B, and if the mapf: (A, bdyA) 
—(X, B) has the property that ALf(A) ts contained in a closed subspace of X with 
the fixed point property, then f has a fixed point. 


CorROLuaRY. If the compact absolute retract B 1s a subspace of the normal space 
X,tf A ts a closed subset of X containing B, and 1f the map f: (A, bdyA)—>(X, B) 
has the property that AVU/f(A) 1s contained in a closed subset of X with the fixed 
point property (e.g., an absolute retract), then f has a fixed point. 


CoROLLARY. If the subspace B of the compact Hausdorff space X is an absolute 
extensor for compact Hausdorff spaces, 1f A 1s a closed subset of X containing B, 
and if the map f: (A, bdyA)—>(X, B) has the property that A\f(A) is contained 
an a closed subset of X with the fixed point property, then f has a fixed point. 


ABIAN-BROWN THEOREM. If Bis a subspace of the completely regular space X, 
af B 1s an absolute extensor for the compact Hausdorff spaces, and if A 1s a compact 
subset of X containing B, then any map from (A, bdyA) to (X, B) has a fixed point. 


Proof. We may assume that X is a subspace of a cube I°, so that B is also. 
The compact set A is then closed in J° and a mapf: (A, bdyA)—>(X, B) is a map 
f: (A, bdyA)—->CI", B). Since I° has the fixed point property, the last corollary 
applies. 

The Classroom Lemma may be applied by replacing the condition that B 
be an absolute extensor for compact Hausdorff spaces by the conditions which 
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are equivalent to that one according to the lemma. More specially: 


Coro .uary. Jf Bis a subspace of the completely regular space X, if every com- 
pact subset of B is contained in a subspace of B that is homeomorphic to an absolute 
retract, and if A is a compact subset of X containing B, then any map from 
(A, bdyA) to (X, B) has a fixed point. 

The author acknowledges the sponsorship of the Air Force Office of Scientific Research of the 
Office of Aerospace Research under Contract No. AF49(638)-1215 with the General Electric Com- 
puter Laboratory. 
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THE EXTREMA OF A CERTAIN TYPE OF CONNECTIVITY FOR GRAPHS 
Louis V. Quintas, St. John’s University, New York 


1. Introduction. Let G denote a linear graph which is not necessarily con- 
nected and such that the open edges of G are pairwise disjoint. Let D denote a 
subset of G no two points of which come from the same closed edge of G and 
let 6(G) denote the least number of points D can contain such that G—D is dis- 
connected. 

We consider the problem of finding the extreme values of 6(G) when G 
ranges over all graphs of the above type having p vertices and g edges. 

In this note we show that the type of connectivity involved is intermediate 
to the concepts of vertex connectivity and edge connectivity for linear graphs. 
This observation combined with some recent results of F. Harary |1] resolves 
thé above problem, the solution of which is contained in the following theorem. 


THEOREM. If Gis a graph having p vertices and q edges, then 

fq<p—t 
[29¢/p] ifg2r-1. 
Furthermore, for each pair (p, q) the indicated extreme values for 6 are realized by 
some graph. 


2. Proof of the theorem. Let x(H) and \(#) denote the vertex and edge con- 
nectivity, respectively, of a graph H (for definitions cf. [1], where x(H) and 
\(#) are called the connectivity and line connectivity of H respectively). 


Max{0, q — (p — 1)(p — 2)/2} $a@ < ' 


Lemma. If a graph G has vertex connectivity x and edge connectivity \, then 
kK S6(G) SX. 
Proof. Let D denote a subset of G as described in Section 1. Then, D contains 


a vertices of G and 8 points of G each of which is contained in a distinct open 
edge of G which is not incident to any of the vertices in D. Let A denote the 
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union of the open stars of those vertices of G which are contained in D and let B 

denote the union of those open edges of G which contain points of D. Then, 

G—D is connected if and only if the subgraph G—(AWUB) of G is connected. 
Since G—A is a subgraph of G, we have 


(2.1) K—-aSk«G-— A). 


For any graph, the vertex connectivity cannot exceed the edge connectivity 
(cf. [2] p. 159). This together with (2.1) implies x-aSA(G—A). 

Thus, if B<x—a, then G— (AB) is connected. Therefore, if D is a discon- 
necting set we must have kSa+8. This implies 


(2.2) k S 6(G). 
Since G can be disconnected by the removal of \ open edges, we have 
(2.3) 6(G) Sd. 


Combining (2.2) and (2.3) completes the proof of the lemma. 

F. Harary [1] has shown that among all graphs having p vertices and q 
edges (i) the maximum edge and vertex connectivities are equal to 0 if g<p—1 
and [2¢/p| if g2p—1 and (ii) the minimum edge and vertex connectivities are 
equal to g—(p—1)(p—2)/2 or 0 whichever is larger. The proof of the theorem of 
this note now follows directly from these facts and the above lemma. 


3. Remark and a problem. For the case g= p(p—1)/2 our theorem yields the 
solution of a specialization of a problem which appeared in the June-July 1963 
issue of this Montuty [3]. In that problem the configuration of points and line 
segments considered could be thought of as a complete graph with a restricted 
type of self-intersection permitted. The specialization we refer to is the require- 
ment that the open line segments be pairwise disjoint, our definition of discon- 
necting set being the same. These remarks suggest considering the problem of 
this note for a class of graphs which includes graphs having the above indicated 
type of self-intersection. Specifically, let S denote a subset of Euclidean space 
which consists precisely of the points belonging to a (rectilinear) graph G having 
gq edges and p vertices no 7 of which are collinear. Let D denote a subset of 
S no two points of which come from the same closed edge of G and let A(S) de- 
note the least number of points D can contain such that S—D is disconnected. 

Problem. For each pair (p, g) and each r(r=3, 4, +--+, +1), what are the 
extreme values of A(S) as S ranges over all subsets of the above type? 
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A NOTE ON PERIODICITIES OF PREFERENTIAL ARRANGEMENT NUMBERS 
PETER G. NEUMANN, Bell Telephone Laboratories, Murray Hill, N. J. 
The integers f, defined by f,= >,".1 A(n, 7), where 


r r 
Ann) =D (-1¥(")o- ay 
j=0 J 
have received considerable attention recently [1, 2, 3]. It is the purpose of 
this note to draw attention to a congruence of J. Touchard [4], and then to 
extend it by use of a little-known theorem given by R. D. Carmichael [5]. The 
periods of f, (mod 10+), given by O. A. Gross [1] for k=1 and by D. H. Kauff- 

man [2] for k=2, 3, 4, follow as special cases. 

Touchard has shown that fnsgon)=fn (mod m), n2k21, where o(m) is 
Euler’s ¢-function (the number of integers up to m which are prime to m), and 
where the factorization of m contains no prime to a power higher than &. This 
follows from the Euler-Fermat theorem b¢“)=1 (mod m), (b, m)=1. An im- 
provement upon the Euler-Fermat theorem is given by Carmichael: }“™ 
=1 (mod m), (b, m)=1; here \(2%) =¢(22), a=0, 1, 2, A(2%) = $¢4(22), a>2, 
A(p9) =$(p%), and A(29-pH +» - pt) =LCM[A(2*), APH), =, APY) ], where 
the ; are distinct odd primes. It then follows that fa4x¢m) =f, (mod m), under 
the same conditions as the Touchard result. For k $4, this leads to the periods 
given by Gross and Kauffman, frig. 7?=/f, (mod 10"), n2k. For n2k>4, the 
corresponding periods are given by fn45.10°?=fn (mod 10*). 

The Carmichael theorem implies that 3" (mod 10*) has the above periods of 
fo (mod 10*), with no restrictions on 2. These periods are in fact minimal for 
3" (mod 10). Furthermore, the minimal period of 0” (mod 10*) divides the 
minimal period of 3" (mod 10*) for any b and k. Although the Carmichael theo- 
rem (when applicable) is never less powerful than the Euler-Fermat theorem 
(since A(m) divides ¢(m)), there may remain a gap between A(m) and the 
actual minimal periods, as for example in the case of 7* (mod 10*). Thus it is not 
surprising that some of the above periods A(m) of f, (mod m) are not minimal. 
An example of non-minimality occurs for m=16, where A(16)=4 and fase 
=f, (mod 16), 223. 


Acknowledgment. I am extremely grateful to John Riordan for various helpful suggestions. 
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SOME TOTALLY EQUIVALENT MATRICES, II 
B. E. RaoapEs, Lafayette College 


The author raised in [4] some questions concerning the existence of infinite 
matrices that are totally equivalent, but not necessarily identical or almost iden- 
tical. Brauer in [1] investigated the problem, obtained some results, and raised 
the following questions. 

1. In order that two regular matrices which are strictly stronger than the 
identity matrix be totally equivalent, is it necessary or sufficient that there exist 
two natural numbers ™, Ne such that for each n> M;, the nth row of one matrix 
appears as the mth row of the other, for some m>N-2? 

2. Let A and B be two positive, regular matrices. What are necessary and 
sufficient conditions on A and B in order that each sequence x such that 4,(x) 
—o satisfies A,(x)/B,(x)—-1? 

Partial answers to both questions are contained in a paper by Miss Debi [2]. 
(When [4] was written the author did not have access to Miss Debi’s paper.) 

Two matrices are totally equivalent if each sequence evaluated by one of the 
matrices is evaluated by the other matrix to the same value—finite or infinite. 

In [2] (Theorem 6) it is shown that the methods L and (WN, 1/(n+1)) are 
totally equivalent, where ZL denotes the logarithmic mean method, and 
(N, 1/(n+1)) denotes the weighted mean method. See [3] page 59 for the defini- 
tions of these methods. 

Employing the basic idea of the above-mentioned theorem, one can estab- 
lish the following: 


Let { bx} denote a sequence of nonnegative real numbers such that po>O, 
Pr=potpfit -°+ th, and P,-+ 0. Let Qn} denote any sequence such that 
Pi/Qn—1 as n—o0. Then the sequence-to-sequence transformations defined by 


n n 
» PuXx > PRX 
=o Un = 


P,, On 
are totally equivalent. 


Clearly ty =UnPn/Qn. Since Pra/Qnr—1, unl if and only if ¢,—>1, 1 finite or 
infinite. 

The above class of matrices provides a set of sufficient conditions in answer 
to question 2. 

To show that the condition stated in question I is not necessary, one may use 
the example of [2], Theorem 6, ie., p,=(R+1)—! and Q,=log n. 

To show that the condition in question 1 is not sufficient, consider the fol- 
lowing example. Let A denote the matrix defined by Qnn=2/3, Qn ngi=1/3, 
Onz = 0 otherwise. Let B be defined by bn, =Gn41,x for n>1, and b:,=1/k(R+1). 
Then A and B are both totally regular and strictly stronger than the identity 
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matrix. However {(—2)"} is summable by A, but not by B. Thus A and B are 
not equivalent, hence not totally equivalent. 
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SOME METABELIAN-LIKE VARIETIES OF GROUPS 
I, D. MacponaLp, Newcastle University College, Australia 


Important classes of groups, called varieties, may be presented by stating 
which equations or identities are to be valid within each group of the class. 

Before considering examples of this situation we need notation. Let x1, xs, 

+, Xn, °° be elements in some group. The commutator (%, 2) is defined 
to be x;'xy'xx. while for n>2 we specify (*1,:+-, Xn) inductively as 
((%1, °° ° , Xn-1), Xn). In any group G the commutator subgroup G’ is that gen- 
erated by all commutators (x1, x2) to be found as x, and x2 vary in G; and 
Gl = (G’)’. 

Now the groups G in which (a, b) = 1 for all elements a and 0 in G form a well- 
known variety, namely the abelian variety. Another important variety is that 
defined by the equation 


holding for all choices of the elements a, b, c, d in each group of the variety. It 
is easily proved that an alternative equation corresponding to this variety, which 
is known as the metabelian variety, is 


(2) (a, b, c, d) = (a, b, d, c), 
a fact which we shall generalise in 

THEOREM 1. The varieties corresponding to the equations 
(3) ((a, 6), (¢, d)) = (a, 5, ¢, d)~, 
(4) (a, b, c, d) = (a, 6, d, c)"*} 
respectively, where n 1s a fixed integer, coincide. 


Then we investigate this variety and find a strong resemblance to the 
metabelian case: 


THEOREM 2. Let G be a group of the variety defined in Theorem 1. Then G” ts 
in the center of G and has exponent 2. If n is odd the variety may also be defined by 
the patr of equations 
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(a, b, c, d) = (a, b, d, c), 
(a, b, c, d)™ = 1. 
In the proofs it will be convenient to write (u, v; x, y) for ((u, v), (x, y)) and 
(u,v; x, y; 8) for ((u, v), (x, y), 8), in accordance with standard practice. By x¥ 


we shall mean y~xy. The following identities, which hold in all groups, may be 
verified by direct calculation or by reference to standard works: 


(S) (x, 9) = (@, 97) = (@, 9), 

(6) (wv, xy) = (u, )"(v, y)(u, ©)(v, %)¥, 

(7) (x, y~*, 2)"(y, 271, x)*(2, a1, y)* = 1. 

An immediate deduction from (7) with (5) is: 

(8) (u, 0; 2%, y) = (u,v, y?, eM”) U(u, 0, a1, ym?) 
Proof of Theorem 1. Assume (3). Then 

(9) (a, b, d; a, b) = 1, 

(10) ((a, b)™, c) = (a, b, c)™ 

for any integer m, by (9) and (5); and 

(11) (a, b,c; d,c) = 1 

because 


(a, b, c; d, c) = (a, b,c; c,d)“ by (10) 
= (a, b,c, c,d)" by (3) 
= ((a, b, c, c)", d) by (10) 


= | by (3). 

On applying (6) and (9) to (8) we find 

(12) (a, b; c, d) = (a, 6, d—, c)4(a, b, c, d-)e4, 

and we simplify the right-hand side of this: 

(a, b, d—, c)* = ((a, 6, d)—}, c(c, d)) by (5) 

= (a, b, d, c(c, d))“ by (10) 
= (a, b, d, c)~©® (a, b, d; c, d)—! by (6) 
= (a, b, d, c)~@” by (11). 


Similarly, using (5), (6), (10), and (11) we can show that 
(a, b, c~1, d-1) = (a, b, c, d)®. 
We therefore deduce from (12) that 
(a, b; c, d) = (a, b, d, c)—@®(a, b, c, d) ©, 
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On using (9) we have (a, 0; c, d)=(a, b, d, c)—(a, b, ¢, d), and (4) follows from 
this and (3). 

Now assume (4). Then (9) and (10) may again be verified, which enables 
us to deduce (12) from (8). Note also that 


(13) (a, b, c, dnt = 1, 


Now since 
(4, b, 4, d-)# = (a,b, 4, HHO by (4) 
= (a, b, d~1,c)~@t)4 by (5), 


we find from (12) that 
(a, 6; c, d) = (a, b, d-', c)-"4 
= (a, b, c, d-!)—+14 by (4) 
= (a, b, c, d)n(et) by (5) 
= (a, b, c, d)~" by (13). 
Therefore we have proved (3), and completed the proof of Theorem 1. 
Proof of Theorem 2. We note that combination of (3) and (13) gives 
(14) (a, b; c, d)™+? = 1. 
Further we have 
(a, b, c, d, e)” = (d, e; a, b, c) by (3) 
= (d, e, (a, b), ce) by (3) 
= (a, b, (d, e), c)™ by (10) 
= ((a, b, d, e)-", c)™ by (3) 
= (a, b, d,e,c)-™ by (10); 
but because also 
(a, b, d, e, c) = (a, b, d, c, e)”*} by (4) 
= ((a, b, c, d)"*+1, e)™** by (4) 
= (a, b, c,d, e)*)" — by (10) 
= (a, b, c, d, e) by (13), 


we atrive at the identity (a, b, c, d, e)"“+) =1. Here another application of (3) 
yields (a, b, c; d, e)"*!=1, comparison of which with (14) gives the result 


(15) (a, b, c; d, e) = 1. 
When we raise each side of this to the (x+1)st power and use (4) we obtain 
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that is, G’’ is in the center of G as asserted in Theorem 2. Note that (3) and (15) 
together imply that 


(17) (a, b, c, d, e)™ = 1. 
Next we show that G’’ has exponent 2. By (5), (6) and (15), 
(a, 6-1, c)® = (0, a, c(c, b)) 

= (6, a; c, b)(b, a, c) 

= (0, a; ¢, b)(, a, c). 
This with further applications of (6) and (15), enables us to deduce the following 
identity from (7): 
(18) (b, a, c, d)(c, b, a, d)(a, ¢, b, d) = 1. 


This may be raised to the mth power and simplified by means of (15) again, 
(b, a, c, d)"(c, b, a, d)"(a, ¢, b, d)"=1, after which use of (3) produces 


(19) (a, c; b, d)(c, b; a, d)(b, a; c, d) = 1. 
When a and d in (19) are interchanged there results 

(20) (d, c; b, a)(c, b; d, a)(b, d; c, a) = 1. 
But by (10) 


(d, c; b, a) = (b, a; ¢, d), 
(c, b; d, a) = (ce, b; a, d)-, 
(b, d; c, a) = (a, c; b, d), 
so (19) and (20) combine to give 
(21) (c, b; a, d)? = 1. 


We have thus proved, in view of (16), that G’’ has exponent 2, as asserted in 
Theorem 2. 

When 7 is odd (14) and (21) at once show that G is metabelian, and the re- 
maining assertion of Theorem 2 then follows from Theorem 1. Note that (3), 
(21) and (4) imply that the groups of our variety satisfy the two equations 

(a, b, C, d)?” = 1, 
(a, b, C, d)? = (a, b, d, c)*. 
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THE TRIPLE VECTOR PRODUCT AX(BxC) 
K. E. BissHopp, Rensselaer Polytechnic Institute 


Although triple vector products are used extensively in vector algebra, little 
attention is currently given to the geometrical structure of many of the earlier 
proofs for the fundamental identities. With the almost universal adoption of 
triple index e systems, formal proofs, involving only trivial manipulations, have 
superseded geometrical reasoning in terms of coordinate-free representations of 
vectors. Many of these geometrical proofs for the expansion of triple vector 
products are not entirely straight-forward, and even the discussion of Coe and 
Rainich [1] admits of some simplification which the following equivalent pro- 
cedure achieves by introducing an appropriate system of base vectors and their 
reciprocals. 

From any two nonzero vectors B and C, which are neither parallel nor col- 
linear, it is always possible to construct the system of linearly independent 
base vectors {e;}, where 


(1) e, = B; e, = C; e; = BX C. 
It is trivial to verify that the corresponding set of reciprocal base vectors is 
C X (BX C) (BXC)XB BXC 
(2) t= —_____—__ ; ee = ————_—; ee = ——____ 
(BX C)? (BX C)? (BX C)? 
where the reciprocity of {e;} and {e+} is expressed by 
lie; 
(3) eve == ] _ 
01] (4, 7 = 1, 2, 3). 


Since the vectors e* are not all parallel to a plane, they are linearly independent, 
and equally valid expressions for an arbitrary vector V, by virtue of equation (3), 
are 


V = (V-e,)e! + (V-e2)e? + (V-e;3)e3 
(4) = (V-et)e; + (V-e7)e2 + (V-e2)e; 
= (V-e1)B + (V-e7)C + (V-e*)(B X C). 
The expansion of the triple vector product will be facilitated by appeal to 
163 
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the identity 
(5) n xX (U Xn) = U, 
where n is a unit vector that is perpendicular to U. The proof follows by re- 


peated application of the definition of the cross product. If AX(B XC) is sub- 
stituted for V in equation (4) the result is 


AX(BXC)-CX(BXC) AX(BXC)-(BXC)XB 


AX(BXC)= 
Xx (BX ©) (BXC)? (BXC)? 
BXC BXC 
6 = A-—— _—_———__ 
(6) axe * ( x exo) 
BXC BXC 
- Ax ( x = Je 
| Bxc| IBXC| 


The unit vector, BXC/|BXC| =n, is perpendicular to B and C by definition, 
hence equation (5) applies so that 


(7) AX(BXC) = An xX (C Xn)B— A-n X (B Xn)C = B(A-C) — C(A-B) 


and the identity is proved without evaluating unnecessary scalar parameters. 

In spite of the fact that the concept of reciprocal vectors is employed for 
the proof, the only operations involved are those of scalar and vector multi- 
plication. 


Fic. 1 


The particular choice of reciprocal vectors that simplifies the expansion of 
AX(B XC) also is convenient for the solution of numerous problems in vector 
geometry. For example, let it be required to find the equation of the line of 
intersection of two planes without solving simultaneous equations. Figure 1 
shows two planes 7 and 7,2 which are identified by points P;, P, and normal 
vectors ny and ne respectively. 
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If O is an arbitrary origin, the equation of X, the line of intersection, is 
ni X Ne 


8 R=R ———_——; 
®) oF ST Xml 


where Po is any point on X. 
A suitable set of reciprocal vectors constructed from n, and nz is 


_ Me X (fi X Ma) © ae = SX Be) X Ba ; ni X Ne 
(ni X ne)? (mi X ne)? (ni X nz)? 


(9) nn! 


A convenient point Py on A can be found by expressing P2P1=Ri—R, in terms 
of n!, n?, n°’, i.e., Ri —Re=ain!+aen?-+a3n’, then 


____. ni X Ne) Xn 
aon? = PoP, = Ri- Ryo = (Ri — R,)-n, CX) X 


(mi X ne)? 
and 
(Re — Ri) “Ne 
(10) Ro = Ry + ——-——— (ni xX No) X ni. 
(ny X ne)? 
Reference 


1. Coe and Rainich, Fundamental identities of vector algebra, this MONTHLY, 56 (1949) 175- 
179. 


AN ELEMENTARY FIXED POINT THEOREM 
R. H. Cowen, Yeshiva University 


The following provides a simple and, I think, interesting example of the 
way an existence proof is sometimes effected by choosing a “suitable” function 
and showing that it has a fixed point, the existence of which turns out to be 
equivalent to the existence of the property we are interested in. 

Suppose we have a two dimensional outline of the human form and we drop 
a smaller replica of the same form on the larger one in such a way that the little 
figure is completely within the big one. One might surmise after a few trials that 
there is always exactly one point with the property that it indicates the same 
location relative to both figures (clearly there is no more than one such point, 
for two would imply that both figures are of the same size); we shall call such a 
point, a point of exact coincidence. This conjecture is correct, as we shall show, 
but first we note that if there is in fact a point which indicates the same position 
on both figures, a point of exact coincidence, then it can be found as follows: 
assume that the smaller outline is a tattoo on the larger, and that this tattoo is 
inherited by all similar tattoos (in particular by itself) in exactly the position 
that the little figure occupies in the big one. In this way we get an infinite 
sequence f, of ever smaller figures, each occurring in exactly the same place 
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relative to the next larger figure. We see that fs and fg must have a point of 
exact coincidence in the same anatomical location as that of fe and fi. Therefore 
it must be the same point; hence the point of exact coincidence of f; and /f2 is 
contained in fs. Continuing in this way we can show that the point must be in 
all the figures and hence is uniquely determined by them. 

The existence of the point of exact coincidence is of course an immediate 
consequence of Brouwer’s fixed point theorem (which states in two dimensions 
that any continuous transformation T of a set topologically equivalent to the 
unit disk (with its boundary) into itself has a fixed point, i.e., a point a, such 
that T(a) =a); for consider the transformation whose image for each point of the 
big figure is the corresponding point of the little figure. This transformation is 
surely continuous and into, and thus must have a fixed point which by definition 
of the transformation satisfies our condition. 

The existence of the point of exact coincidence can, however, be readily 
established without Brouwer’s theorem, and the remainder of this paper will be 
devoted to giving an “elementary” proof. We prove the theorem when the figures 
are rectangles; the same proof (with minor modifications) can be used for more 
“creative” figures. 


THEOREM. Let Ri, Re be two similar rectangles in the plane with R2 properly 
contained in R1. Let (x, y)1 be a Euclidean coordinate system defined on Ri, and 
let (x, Y)2 be the coordinate system induced on Rz by that of Ry under the similarity 
transformation. Then there exists a point of the plane with the same coordinates in 
both systems. 


Proof. Define a transformation f: Ri—R:z by (a1, @2)1—(a@1, G2)2, for (a1, ae)1 
€ R,. Thus the image under f of Ri is Re, and the image of R2 is a rectangle, Rs, 
which has the same coordinates in (the system of) Re, as Rz has in (the system of) 
R,. We represent this situation by f: [Ri, Re]: [Re, Rs|2 Clearly RsCRe. 

Consider the rectangles Ri, Re, Rs in the system of R,; their images under f 
are rectangles Ry, R;, R, in the system of Re, and R,, Ry, R, have the same 
coordinates in Re, as Ri, Re, R3 have in Ri; but as we saw above R= Re, R,= Rs, 
and so if we call R,, “Ra,” we have that Re, Rs, Rs have the same coordinates in 
Ra, as Ri, Ro, Ke have in R3, 1.€., f: [Ri, Ra, Rs]: [Re, Rs, Ra]s. Also RR, CRs 
(since R3C Re in the system of Ri, and f clearly preserves the inclusion relation), 
and so we have RuCRsCReCRi. 

Continuing in the same way, we can show that for any k, the images of 


Ri, Re, > ++, Ry, Ry in Ry are, respectively, Re, R3,-- +, Rr, Reyi in Re, ie., 
f: [Ri, Res ++, Reo, Ri |: [ Re, Rs, +++, Re; Risse, and also Riga CRiC ++ 
CReCR. 

Therefore for all 2, f: Ra—Rna1, so certainly (since RasiC Rn) 
(*) f: Ra Ra. 


Let d(R,) be the length, measured in the system of Ri, of the diagonal of 
Ry. Then d(R2)/d(R1) =s, with s<1. Therefore by the definition of (x, y)e, and 
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since f(R;) = Riss, +21, we have d(Ry1)/d(R:) =s. Thus 
d(Rn)/d(R1) = €(Rn)/d(Ra-s) -d(Rn-1)/d(Ra-2)+ ++ + d(R)/d(R1) = s*—*, 


i.e., @(Rna) =s"—"'d(R1). 

Therefore, using (*), we see that all points in R, move at most s*—'!d(Rj), 
under f. But Ri: DR: DR; -+-+, and so by the nested interval property there 
is a point Q in all the R,, and it is easily seen that Q must remain fixed under f, 
i.e., there exists real numbers a, b such that Q=(a, b)1=(@, D)e. 


THE PERIODIC SOLUTION OF A NONLINEAR DIFFERENTIAL EQUATION 
MARCIA PETERSON AND WILLIAM SWARTZ, Montana State College 


1. Introduction. The purpose of this note is to point out that the existence 
of a periodic solution of a certain nonlinear differential equation may be proved 
by a method analogous to the familiar Cauchy-Picard procedure for initial 
value problems. We consider the differential equation 


* + #2) = 00 


where f’ (x) is continuous, 0<a<f’(x) <b, p(é) is continuous, and p(¢+27) = p(Z). 
The application to an electric circuit with nonlinear resistance is apparent. 

The approximating sequence of iterates {x,()} is obtained as follows. We 
first write (1) in the form 


ax 
(2) 7 + bx = p(t) + F(x), 


where F(x) =bx—f(x). Then xo(¢) is the periodic solution of the linear equation 
resulting from the deletion of the nonlinear term F(x). Now xo(¢) is substituted 
into F(x) in the right member of (2), and «:(¢) determined as the periodic solution 
of this linear equation. In general, x,(¢) is the periodic solution of the equation 
resulting from substituting x,1(¢) into the right member of (2). We use the 
readily verified fact that 


x(t) = | * gbe-g(s)ds 


—oO 


is the unique periodic solution of x’+bx=g(t) where D>0, g(¢) is continuous, 
and g(¢-+27) =g(t). Hence, the iterate x,(£) is given by 


tn(t) = J ees [p(s) + F(%n1(s)) ]ds. 


An inductive argument verifies the existence of all iterates. 
We note the consequences of failure to add the term bx to both members of 
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(1). The iteration then consists of repeated quadratures and consequently the 
iterates are not unique. 


2. Proof of convergence. We note that F(x) satisfies a Lipschitz condition. 
The inequality 0<a</f’(x) <b is written b>b—a>b—f'(x)>0, or 0< F’(x) <K, 
where K=b—a. If y(t) and 2(¢) are any two functions defined for all t, the Law 
of the Mean and the bound on F’(x) give 


(3) | F®) — F@@)| S$ K|9® — 2@| 


for all t. 

Since F and xo are continuous and xp is periodic, F(xo(s)) is continuous and 
periodic. Then a positive constant M exists such that | F (x0(s)) | <M for all s. 
This gives 


t 
[nd — a) | sf ods = — 


Now using (3) we show inductively that for all ¢, 
Kr 


| a(t) ~ x.1(4)| 


Thus the partial sums x,(#) of the series xo(f) + Dor-1 [xz(é) —xn-1(£)] are domi- 
nated by the terms of a convergent series of constants. The sequence {xn (t) } 
converges uniformly on the infinite ¢ interval to a limit x(t). The iterates x,(¢) 
are continuous so x(t) is continuous. Since the sequences {Xn (t)} and {Xn (t-+27) } 
are identical and the convergence is pointwise, we have x(t+27) =<x(Z). 


3. Verification of the solution. Here, and in the following uniqueness argu- 
ment, we use the fact that x(t) satisfies the integral equation 


() x) = f &Plp(s) + FOO) as, 


—O 


if and only if x(¢) satisfies (2) and x(t+27) =x(t). Now one endeavors to show 
that x(t) satisfies (4), by justifying the following interchanges of limiting proc- 
esses. 


t 
lim #,(t) = lim eb(s—t) F(x,_1(s)) ds 


x(i) = 
(5) | ~ ) 
= foo tim FeeaG))ds = [oR (a(s))ds. 


We give two lemmas. 


LemMA 1. Let f,(s) be continuous and periodic for n=0, 1, 2,---, and 
let { fas) } converge uniformly to f(s) on —©<sSto. Then, if b>0 and tSto, 
ft we®*f,(s)ds converges uniformly with respect to n. 
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Proof. The hypotheses insure that the f,(s) are uniformly bounded, i.e., 
fas) | <M for — © <sSto and n=0, 1, 2, ---. We then have 


a2 a2 
f e°sf,(s)ds f e* Mids 


a1 ay 


M 
< = — | ebar — gba, 
b 


Clearly the right member tends to zero as ay, a2—— ©, independently of x. 


LEMMA 2. Let fn(s) (n=0, 1,2, --- ) be continuous and { fats) } converge uni- 
formly to f(s) on — © <sSto. For tSto, let ft .f(s)ds converge, and [* wfn(s)ds con- 
verge uniformly with respect to n. Then 


f f(s)ds = lim fF tats. 
Proof. For R<t we have 
| f “ fls)as 


| J soa -f als) 
+ | f “falda 


IIA 


+ f 1169) - t0)| 4 


Let e>0 be given. We may choose RF so small that the first and third terms in 
the right member are each less than €/3 for all 7. Also, there corresponds to the 
given ean integer NV such that | f(s) —fnz(s) | <(€/3)(t9 -R) forn> Nand RSsSbo. 
Then, for > N we have 


[tous — J tacos 


It follows immediately from (3) that { F(xn(s)) } converges uniformly to 
F(x(s)) on — © <sSto. On this interval e* is bounded so { e* F(xn(s)) } con- 
verges uniformly to e*F(x«(s)). Then, according to Lemma 1, the integral of 
e°s F(x,(s)) from — © to ¢ (£Sto) converges uniformly with respect to n. The 
continuity and periodicity of F(«(s)) imply its boundedness, and it follows that 
the integral of e*F(x(s)) from — © tot (¢Sto) is convergent. Now Lemma 2 
justifies the third equality in (5). The last equality in (5) has been justified in 
the preceding remarks. Therefore, (4) is satisfied on any interval ¢ St, where é 
may be chosen to be any number. 


¢ é 
3 —_———. d 3 . 
< é/ re stc/3<e 


Uniqueness. We need only show that (4) has a unique solution. Supposing 
x(t) and &(¢) to be solutions of (4) gives 


(6) |x) —2| = [o>] Fle) — FEO) | as 


—OO 


(7) | x(t) — (1) | < f eb(s—t) K | x(s) — &(s) | ds. 


bomad’,*] 


170 CLASSROOM NOTES [February 


The functions F(x(s)) and F(#(s)) are bounded and we may suppose this bound 
to be K (for K =b—a, and b may be replaced by any larger number without loss 
of generality). Then (6) gives 2K/b as a bound on | (2) — £(t) | . Using this result 
in (7) gives 2K2/b? as an improved bound. By induction, we find that for all 


| x(t) — a()| S 2(K/b)*. 


The right member tends to zero with increasing n. The left member is inde- 
pendent of 2, hence is zero. 


A COMPOSITE GENERATOR 
R. C. Orr, Humboldt State College, Arcata, California 


The prime generator problem has suggested the idea of a composite gener- 
ator. The function f(k, 7, 7, s) developed here generates all the composite positive 
integers and no others. 

Let WN be the set of all positive integers, and let all lower-case letters have 
only integral values. 

Every positive integer except 1, 2, and 3 is of one of the forms, with nC JN: 
(1) 6n+1, (2) 6n+2, (3) 6n+3, (4) 6n —2, (5) 6n—1, (6) 6n. 

Forms (2), (3), (4), and (6) obviously generate disjoint sets of composite 
numbers. Forms (1) and (5) generate disjoint sets containing the remainder of 
the composite numbers, and all the primes except 2 and 3. 

Consider the function: 


f(k, n, 7,8) = (6n + R) (ee 4 t) 


ok — 3 
for RE {0, +1, +2, 3}, n, rEN, and sE{0, —2}. 
Then 
6n ifk = 0 
(6n+1)(6r+s+1) tk =1 
6n + 2 if k = 2 
Mamnd=) oo 4 ifk = 3 
6n — 2 ifk=—2 
(6n —1)(6r +s+1) ifR = —-1 


Hence f(k, , 7, s) has only composite values; it cannot be a prime or 1. 
Let P be the set of all primes. 
Let Pi = 2 xCP, x=1 (mod 6) I 
Let Ps={x|x€P, x=—1 (mod 6)}. 

Then P= {2, 3}UP,UPs. 


1, p2 © Pi=> pipe = 1 (mod 6) 
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qi, 2 © Ps= qig2 = 1 (mod 6) 
fi © Pi and qi € Ps=> pigi = — 1 (mod 6). 


Let m= [fy an Oe Gi a ast Dita 6;>1, where pPiE Pi and qEPs. 
Then 


1 (mod 6) if > Bs = 0 (mod 2) 
i=l 
n= 


—1 (mod 6) if > 8; = 1 (mod 2) 


tun] 


and every composite integer of either form (1) or form (5) is also of form m. 


u ; u—l a; a 
TT = | pi'p." = (6n + 1)(6r + 1) 
= t=] 


og (6m + 1)(6r — 1), > B; = 1 (mod 2) 
II 9° = IL ae = 5 | 
(6n — 1)(6r — 1), 356: = 0 (mod 2) 


t=] 


(671 + 1)(671 + 1)(6m2 + 1)(6r2 — 1) if > 6; =1 (mod 2) 


mt FE [mms + 1) G6rs + 1) (6n2 — 1)(6ra — 1) if B= 0 (mod 2) 
Hence 
_ ty geet te fm + 1) (6r — 1) or (6u — 1) (6r + 1) if m= — 1 (mod 6) 


It follows that m=(6n £1)(6r7+s-+1) se {0, —2} and f(k, n, r, s)=x iff x is 
composite. 


SETS OF GAUSSIAN RANDOM VARIABLES 
J. E. Potter, Massachusetts Institute of Technology 


Firestone and Hanson pointed out in [1] the important distinction between 
sets of random variables with joint Gaussian distributions and sets of random 
variables whose individual distributions are Gaussian, but whose interrelation 
is not Gaussian. In this note we give a somewhat more intuitive example of two 
dependent uncorrelated random variables whose individual distributions are 
Gaussian. In addition, it will be proved that a set of random variables has a 
joint Gaussian distribution if, and only if, every linear combination of the 
random variables is normally distributed. This condition is of interest because 
it is a strengthening of the condition that each random variable be normally 
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distributed and because it does not involve multidimensional probability dis- 


tributions. 
To construct a pair of dependent uncorrelated random variables each of 


which is Gaussian when considered alone, let x be a Gaussian random variable 
with mean zero. Let y be an independent coin tossing random variable 


1 with probability $ 
-_ toy with probability 3 
and let 
z= xy. 
It will be shown that x and zg have the desired properties. The property of the 


Gaussian distribution, which is fundamental to this example, is the symmetry 
of the distribution about its mean. Thus 


Pr(x < a) = Pr(« > — a). 
Since x and y are independent 
Pr(z < a) = Pr(y = 1) Pr(x < a) + Pr(y = — 1) Pr(x > — a) = Pr(x < a). 
Hence x and 2 individually have Gaussian distributions. The variables x and z 
are dependent since z= +x. However, E(xz) = E(x*y) = E(x?) E(y) =0. 
It will now be shown that a set of random variables, x1, -- - , X,, has a joint 
Gaussian distribution if, and only if, every linear combination of x; to xX, is 


normally distributed. The “only if” half of this statement is well known, so 
only the “if” half will be proved. Let « denote the column vector 


w= (%1,°°°, Xn)t 


where the superscript 7 represents the transpose operation. Since, in particular, 


%1,°°°,%, are normally distributed, E(xi), - - - , E(x?) are finite and therefore, 
all first and second moments of the x,’s exist. Let the mean of « be denoted by 
(1) m = E(x) 

and let C be the covariance matrix 

(2) C = El(x — m)(« — m)™]. 


The proof will be carried out by showing that the characteristic function of the 
random variable x, ¢(y) = Elexp(iyTx)]| is the characteristic function 


(3) $(y) = exp (m*y — 2y7Cy) 


for a set of random variables having a joint Gaussian distribution with param- 
eters m and C [2]. Since a probability distribution is uniquely determined by 
the associated characteristic function, x must have a joint Gaussian distribution. 
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Given the deterministic column vector y, it follows by hypothesis and equa- 
tions (1) and (2) that the scalar random variable 


(4) ue yl¢ 

has a normal distribution with mean 

(5) a= y'm 

and variance 

(6) b= ytCy. 

Then 

(7) Elexp (i\u)| = exp (tad — 45d?) 


and substituting (4), (5), and (6) in (7), with A\=1, yields (3). 


References 


i. C. D. Firestone and J. E. Hanson, Uncorrelated Gaussian dependent random variables, 
this MonTHLy 70 (1963) 659-660. 
2. H. Cramer, Mathematical methods of statistics, Princeton, 1946. 


SHORT PROOF OF A RESULT ON DETERMINANTS 
GEORGE MarsaGLia, Boeing Scientific Research Laboratories 
In the reference below, Bush proves the following: 


THEOREM. If A 1s an (n—1) Xn matrix of integers such that the row sums are 
all zero, then |AA'| =nk? where k is an integer. (A’ means A transpose, and | A| 
means determinant of A.) 


The proof uses an interesting application of the Cauchy-Binet theorem, 
prefaced by a remark on how the unwary may be led astray if they improperly 
use the rules for manipulating rows of a determinant. It is possible, by partition- 
ing A, to get a simpler proof—one which suggests generalizations and also pro- 
vides the value of & Write A=(B, BB’), where B is (n—1)X(n—1) and 
B=(-1, -—1,---, —1) is 1X(m-—1). Then 


= | BB’ + Be’sB’| = | BIT + 6'6)B' | 


| 44’| = |:2, 367(-) 

BB 

= | BP |I+ 68 

Since | +’8| =n, we have |AA’| =n] BI*. 


» 


Reference 


1. K. A. Bush, An interesting result on almost square matrices and the Cauchy-Binet Theo- 
rem, this MONTHLY, 69 (1962) 648-649. 
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Comparisons between subject areas are difficult because of differences in the 
distribution of faculty by ranks. For example, the median teacher of law is a full 
professor, since the estimated 1400 law faculty, 960 are full professors! In the 
case of all faculty on academic year contracts, 49% are full and associate pro- 
fessors, while in the case of mathematics teachers, only 44% are at these ranks. 
Also when comparing academic year and calendar year salaries, it should be 
noted that 35% of all faculty are on calendar year contracts, while only 25% of 
mathematics teachers are employed on such contracts. 


PROBLEMS AND SOLUTIONS 
EDITED BY E. P. STarKE, Bloomfield College 


COLLABORATING EpiTors: J. BARLAz, Rutgers—The State University; L. Cartitz, Duke 
University; H. S. M. Coxeter, University of Toronto; A. E. LIvINGsTon, 
University of Alberta; and A. WiLANsky, Lehigh University. 


All problems (both elementary and advanced) proposed for inclusion in this Department 
should be sent to E. P. Starke, Bloomfield College, Bloomfield, N. J. 07003. Proposers of 
problems are urged to enclose any solutions or information that will assist the editors. Ordi- 
narily, problems in well-known textbooks and results in generally accessible sources are not 
appropriate for this Department. Solutions to problems appearing in previous issues of the 
Monthly should not be sent to Professor Starke. 


ELEMENTARY PROBLEMS 


All solutions of Elementary Problems should be sent to A. E. Livingston, University of 
Alberta, Edmonton, Canada. To facilitate their consideration, solutions for Elementary 
Problems in this issue should be submitted on separate, signed sheets and should be mailed 
before June 30, 1965. 


E 1757. Proposed by J. L. Brown, Jr., Ordnance Research Laboratory, State 
College, Pa. 


Show that the equation ?’’ =2¢’ has infinitely many solutions in triangular 
numbers ?¢’ and 7”. 


E 1758. Proposed by Michael Goldberg, Washington, D. C. 


Arrange four radial lines of lengths a2=b 2c2d so that their convex envelope 
is maximized. 


E 1759. Proposed by M. T. L. Bizley, London, England 


In how many ways can 7 rooks be placed on an Xn chessboard so that no 
rook can take another and so that the occupied squares are symmetrically 
placed relative to a given diagonal of the board? 
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E 1760. Proposed by I. I. Kolodner, University of New Mexico 


{an} and {b,} are sequences of real numbers such that {b,} converges and 
bn =On—OOn41. Show that {an} converges if |a| >41, or if Ja] <1 and {an} is 
bounded. 


E 1761. Proposed by John Burke, University of Vermont 
Let A be an nXn matrix with a;;=j*!. Prove that 
det A =(n—1)(n—2)? + + -2"-?, 
E 1762. Proposed by Underwood Dudley, University of Michigan 


co co 1 
Evaluate > >» 


m=xl n=1 mn? 
(m,n)=1 


E 1763. Proposed by E. O. Thorp, New Mexico State University 


A computer programmer attempts to shuffle N cards by the following proc- 
ess. Let zt be a random variable integer uniformly distributed over the integers 
1<2:SN. Generate an 7. Interchange the first card and zth card. Then generate 
another 7. Interchange the second card with the zth card. Continue until the 
Nth card has been interchanged with the zth card. For which N22 is the 
shuffling random? 


E 1764. Proposed by Michael Gemignani, University of Notre Dame 


Let G bea group with identity 1,and A asubgroup of Gsuch that (G—A)U { 1 \ 
is also a group. Prove that either A= {1}, or A=G. 


E 1765. Proposed by Andy Vince, Stanford University 


Given a set of n-+1 integers chosen from the set 1, 2,3, -- + , 2”, itis always 
possible to choose two elements from the +1 integers such that one divides 
the other. 


SOLUTIONS OF ELEMENTARY PROBLEMS 


Ratio of volume of inscribed sphere to polyhedron 
E 1671 [1964, 316]. Proposed by D. C. Duncan, East Los Angeles College 


If a sphere is inscribed in a trirectangular tetrahedron, show that the ratio 
of the volumes of the sphere and the tetrahedron is equal to the ratio of their 
areas. (Ref. inscription on the tomb of Archimedes.) 


Solution by Martin J. Cohen, 419 S. El Camino Dr., Beverly Hills, California. 
The problem posed is the special case n=3 of the known formulas 


Va = 2nl27/[nT(n/2)| and Sy = 2x!2¢-1/D(n/2) 
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for the volume and surface area of an n-dimensional sphere of radius 7, and the 


THEOREM. If an n-dimensional sphere of radius r is inscribed in a polyhedron 
P, then V(P)/S(P)=r/n, where V(P) and S(P) denote the volume and surface 
area respectively of P. 


Proof. Let X be an n-dimensional pyramid with base area B and altitude h. 
If A, is the area of a cross-section of \ at a distance x from the base, then 
A,=(h—«x)"1B/h"—" since each dimension of the cross-section is (—x)/h times 
the corresponding dimension of the base. Integrating from 0 to h gives 


h (h — x*)"-1B 
VQ) = f fet dx = hB/n. 
0 


If P has faces with areas Ai, Ao, ---, Ax, then 


V(P) = As = 15(P)/n, 


tl 


since the solid bounded by P is the union of the k pyramids with base areas 
Ay, Ae, +--+, Az and altitudes 7, the radius of the inscribed sphere. 


Also solved by J. W. Baldwin, Merrill Barnebey, M. T. L. Bizley, F. L. Bookstein, F. P. 
Callahan, Michael Goldberg, Ned Harrell, J. O. Hassler, Stephen Hoffman, J. D. Konhauser, 
E. S. Langford, Tung-Po Lin, Andrzej Makowski, D. C. B. Marsh, Gus Mavrigian, Walter Meyer, 
David Perin, P. A. Scheinok, C. W. Trigg, Simon Vatriquant, J. J. Weinkan, and the proposer. 

Cohen also deduces the formula 


1/r = > 1/o. + ( > Ve) 


k=1 


for the radius 7 of the sphere inscribed in the m-dimensional polyhedron bounded by the planes 
Si =X2= +++ =x,=0 and Do ee/cr= 1, C1, C2, °° * , Cn >0. Meyer shows that the square of the 
area of the face opposite the right trihedral angle of a trirectangular tetrahedron is equal to the 
sum of the squares of the areas of the remaining faces. 


Prime Divisors of 2?—1 


E 1672 [1964, 317]. Proposed by Guy Torchinelli, State University College at 
Buffalo 


Prove that each prime divisor of 2?—1, where p is a prime, is greater than p. 
(It is a corollary that the number of primes is infinite.) 


Solution by Francis P. Callahan, 632 Deaver Drive, Blue Bell, Pennsylvania. 
There is nothing to prove if =2, so we assume that p is odd. Suppose then that 
2?=1 (mod q), where q is a prime less than or equal to p. g is clearly odd. By 
Fermat’s Theorem, 29-1=1 (mod gq). If =q, we have the contradiction 
2=1 (mod q). If g<p, then ap+0(q—1) =1 for appropriate integers a and 0, and 
then 2 =2¢7+6(¢-) =1 (mod gq), a contradiction. Therefore, g> >. 
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Also solved by J. C. Abad, Joseph Arkin, Joseph Bechely, M. T. L. Bizley, J. A. Burslem, 
Leonard Carlitz, M. J. Cohen, G. C. Dodds, R. B. Eggleton, Gregory Forster, Arthur Greenspoon, 
Hajna Janos, Erwin Just and Norman Schaumberger (jointly), Sidney Kravitz, E. S. Langford, 
Andrzej Makowski, D. C. B. Marsh, M. G. Murdeshwar, Stanton Philipp, G. B. Purdy, Camilo 
Schmidt, A. M. Vaidya, R. L. Wilson, K. L. Yocum, Charles Ziegenfus, and the proposer. 


The problem is not new: Abad and Just and Schaumberger cite the 


THEOREM (Fermat, 1640). If p is an odd prime, then each prime divisor of 2?—1 is of the form 
2kp-+1 with k a positive integer. 


[L. E. Dickson, History of the Theory of Numbers, vol. 1, Chelsea (1952), p. 12 and Shanks, 
Solved and Unsolved Problems in Number Theory, vol. 1, p. 19. | 


A permutation of three positive numbers 
E 1673 [1964, 317]. Proposed by Alexander Oppenheim, University of Malaya 


The three positive numbers x, y, 2 lie between the least and greatest of the 
three positive numbers a, 0, c. If x +y+2=a+b)-+c and xyz=abc, show that, in 
some order, x, y, 2 are equal to a, D, ¢. 


I. Solutton by W. J. Blundon, Memorial University of Newfoundland. It is 
easily verified that bc(x — a)(y — a)(z — a) = ca(x — d)(y — D)(z — BD) 
=<ab(x—c)(y—c)(g—c), each expression being equal to abc(ab-+ac+bc—xy 
—xZ— 3). 

If no factor in any of the three expressions is zero, then one expression has 
all positive factors and another expression has exactly three negative factors, 
which is a contradiction. Thus each expression has one zero factor, and the re- 
quired result follows. 


II. Solution by R. B. Eggleton, Avondale College, Cooranbong, N.S.W., Aus- 
tralia. Let s(u) and t(u) be cubics in u with positive roots a, b, c and x, y, 2 
respectively. Put a=a+b+c=x+y+2, B=ab+bc+ca, B'’=xy+ye+ex and 
y =abc=xyz. Then 


s(u) = uw — av? + Bu-—y and tu) = v— av? + Bu — y. 


Since x, y, 2 are to lie in the range determined by the least and greatest of the 
positive numbers a, b, c, the graphs of s(w) and ¢t(w) must intersect at some point 
u=Up in the specified range. Therefore s(uo) —t(uo) = (8B —B’)uo=0. But uo>0, 
so B=£’. Thus s(u) and t(u) are identical, so their roots are identical; that is, 
x, y, 2 are equal in some order to a, J, c. 


III. Solution by Michael Goldberg, 5823 Potomac Ave., N.W. Washington, 
D. C. The convex cubic surface represented by the equation xyzg=abc intersects 
the plane x +y+2=a+0-+c in a convex cubic curve. This curve passes through 
the six points (a, 0, c), (a, c, b), (b, a, c), (b, c, a), (c, a, b), (c, b, a). These are the 
vertices of a hexagon whose opposite sides are each parallel to the same coordi- 
nate plane. Each of the other points of the curve is closer to one of the coordinate 
planes than any of the six indicated points, or is further away than any of these 
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points. Its coordinates do not fall within the interval of the values a, b, and c. 
Hence, only the indicated six points satisfy the conditions. 


IV. Solution by M. G. Murdeshwar, University of Alberta, Edmonton. Without 
loss of generality, assume aSdSc and xSysSz. From x«+z2=a+b+c—y and 
x2=abc/y, we get 


4abe 

tem atbto—yt4/(otb+e~y)*— , 
y 

ar 
y 


Using g Sc in the first of these equations and eliminating the radical, we find that 
(y—a)(y—b) 20. Similarly, the inequality x 2a and the second equation gives 
(y—b)(y—c) 20. Since aSySc, it follows that y is one of a, b, and c and then 
that x =a, y=), and z=c. 

Also solved by Joseph Arkin, J. A. Burslem, F. P. Callahan, Leonard Carlitz, M. J. Cohen, 
D. M. Hancasky, Stephen Hoffman, R. F. Jackson, Leroy Junker, E. S. Langford, D. C. B. Marsh, 


Stanton Philipp, Horvath Sandor, M. S. R. K. Sastry, Simon Vatriquant, Andy Vince, and the 
proposer. 


Another characterization of prime numbers 
E 1674 [1964, 317]. Proposed by C. A. Nicol, University of South Carolina 


Prove that a necessary and sufficient condition that m be a prime is that 
a(n) +o(n) =n d(n), where a(n) is the sum of the divisors of n, d() is the Euler 
totient of 2, and d(m) is the number of divisors of x. 


I. Solution by Martin J. Cohen, 419 S. El Camino Dr., Beverly Hills, Cali- 
fornia. We have 


2d, o(2)$(n/d) = 2. o(n/d) 9,58 = >) bo (<) 


d\n 5|d bd|n dd 
n 
= D4 ¥ 6(2) = Da = nam, 
din é|n/d bd d|n 
since >-4, ¢(d) =k. Thus 
nd(n) — [o(n) + 6(m)] = 2) o(d)o(n/d) 
din 

letdeen 

is zero if and only if 2 is a prime. 


II. Solution by J. A. Fridy, University of North Carolina. The necessity is 
obvious. On the other hand, for each positive integer n we have 
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o(n) =1+ Dimsit+ Din=1+4+n{d(n) — 1}; 


m\|n m|n 
m>1 m>1 


therefore nd(n) 2a(n)+n—120(n)+¢(n), since d(n) Sn—1. Assuming that 
the left and right members are equal, we have ¢(n) =n—1, in which case n is 


prime. 
This same argument can be used to show that, for x>0, ¢2(”) +¢2(n) =n*d(n) 
characterizes the primality of m, where o2(n) = Doimin m* and 4¢,(n) 


=n" Ilo. (1—1/p*). 


Also solved by A. N. Aheart, W. J. Blundon, J. A. Burslem, Leonard Carlitz, S. Chowla, S. 
Chowla and R. A. Smith (jointly), S. Chowla and A. M. Vaidya (jointly), G. C. Dodds, R. B. 
Eggleton, Hajna Janos, E. S. Langford, C. C. Lindner, P. J. McCarthy, Andrzej Makowski, 
D. C. B. Marsh, R. A. Mullikin, M. G. Murdeshwar, Stanton Philipp, Joseph Raitberg, Charles 
Seguin, S. B. Seidman, Frank Servas, Jr., Lawrence Taylor, Simon Vatriquant, Andy Vince, and 
the proposer. 

Makowski calls attention to Elem. Math., 15 (1960), pp. 39-40, Aufgabe 339. 


An inequality involving the altitudes and exradii of a triangle 


E 1675 [1964, 317]. Proposed by Andrzej Makowski, Warsaw, Poland 


Prove that hyhothehsthahy Srretrer3+r3r1, where the /; are the altitudes 
and the 7; are the exradii of a triangle. 


I. Solution by Mannis Charosh, New Utrecht High School, Brooklyn, New 
York. The following formulas may be found in most college level geometry text 
books: (1) }01/h;=>01/r;; (2) Area of triangle =A =a,a203/4R =a;h;/2 
=4/rryners (R=circumradius); and (3) Euler’s Theorem: (TP)?=R(R—2r), 
where JP is the length of the segment joining the incenter to the circumcenter, 
so that 7.P=0Oif and only if the triangle is equilateral. From (3), 27 SR; there- 
fore, from (2), 87A Sajaza3. Thus r [[(2A/a,) SA? Srnrors. Hence r | [h; Sr []1:. 
Therefore, ([]h#,) >01/h: S$ ( Ir.) 51/7:. Whence, applying (1), we obtain the 
given result and we have equality if and only if the triangle is equilateral. 

II. Solution by A. Oppenheim, University of Malaya. Since ay, = 2A 
=27r1(s—ai) where 2s=a,+a2+a3, the given inequality is equivalent to the 
inequality 


(1) (a2 + a3 — a1)(a3 + a1 — G2) (a1 + ae — G3) S a1G003. 


Now if the positive numbers x, y, z lie between the least and greatest of the 
positive numbers #, g, rand ifx+ty+zs2p+q-+r7, then xyz2pqr; equality occurs 
if and only if (in some order) the numbers x, y, z are equal to the numbers 
b, 9, r. See E 1673.) Take x, y, 2 to be a4, de, a3, and p, g, 7 to be adg-+a3—4; etc. 
The inequality (1) follows at once. 


III. Solution by J. Schopp, Budapest, Hungary. It is possible to prove more; 
namely, it will be shown that wiwetwewstwsw Srirvetrers+r371 holds where 
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w; (4=1, 2, 3) are the lengths of the inner angle bisectors. 

Let a; (c=1, 2, 3) be the sides of the triangle, s=4(ai1+a2.+a3) and put 
S;=s—a, 4=1, 2, 3). If the area of the triangle is denoted by ¢, then t=7;s; 
holds for 1=1, 2, 3t; herefore 7725152 =? and, using the Hero’s formula, we obtain 
172 = SSs. Summing this and the corresponding other equalities we get 


1172 + rors + rari = 5. 


It was shown by Leuenberger (Elem. Math., 17 (1962), pp. 45-46) that 
W;(s-s,)3, therefore w;-weSs(s1-52)4. The well-known inequality between 
geometrical and arithmetical means gives 


Si Se 


W1W2 s AY 


Summation of the corresponding other inequalities yields ww, + wow; + ww, Ss?, 
what we have stated. The equality sign holds if and only if s;=se=5z, i.e., in 
the case of an equilateral triangle. 

The original inequality is a simple consequence of ours, since ; Sw; (7 = 1, 2, 3) 
implies hihe SW We and similar inequalities, which give hihe +hohgthshy SW We 
+ wows -+wW3W1, where the equality sign appears again only in the case of an equi- 
lateral triangle. 


Also solved by A. N. Aheart, Leon Bankoff ,W. J. Blundon, Leonard Carlitz, Ragnar Dybvik, 
Michael Goldberg, D. C. B. Marsh, M. G. Murdeshwar and V. K. Rohatgi (jointly), J. I. Nasser, 
A. Oppenheim (another solution), Stanton Philipp, Horvath Sandor, M.S. R. K. Sastry, Simon 
Vatriquant, and the proposer. 


An ellipse generated by an ellipse 
E 1676 [1964, 317]. Proposed by J. C. Van Rhijn, Vollenhove, Netherlands 


Given an ellipse E with foci Ff; and Fs, a point P outside E, and a positive 
number f. PR, and PR, are tangents to £. Find the locus of P if (PR:)(PR2) 
=f(PFi)(P Fr). 


Solution by Stanton Philipp, Seal Beach, California. Choose a rectangular 
coordinate system so that the equation of £ is b2x?+-a2y?=ab? and P is the point 
(x, y). Let @ be the angle RiPR, and let K be the area of the triangle R;P Rs. 
The following three statements (which are not difficult to prove) occur as exer- 
cises 43, 54, and 56 on pages 180, 182 of C. Smith, Conic Sections (1914): 


(62%? + a*y? _ a2?) 3/2 2+/b?x? + ary? —_ a2b? 
= tan gp = 


b2x? +- ay? x2 -+- yy? —q’ — b2 
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But K =4(PR;)(PR:) sin ¢ and sin ¢=cos ¢ tan @. It follows that 
(PR1)(PR2)/[(PF1)(PF2)] = (62x? + a®y? — a°b*)/(b2x? + ay”). 


Thus, the locus exists if and only if 0<f<i, in which case it is the ellipse 
(1 —f) (b2x?+a?y?) =ab?. 
Also solved by A. N. Aheart, D. C. B. Marsh, M. G. Murdeshwar and V. K. Rohatgi (jointly), 


Simon Vatriquant, and the proposer. 


A nonsingular matrix 


E 1677 [1964, 317]. Proposed by J. E. Potter, Massachusetts Institute of Tech- 
nology 


If A and B are positive semidefinite symmetric matrices, prove that C=JI 
+AB is nonsingular, if J represents the identity matrix. 


I. Solution by Paul J. Nikolai, Aerospace Research Laboratories, Wright- 
Patterson AFB, Ohio. We assume that A and B are Hermitian. If Cx =0 for some 
vector x, then the Generalized Schwartz Inequality [F, Reisz and B. Sz.-Nagy, 
Legons d’ Analyse Fonctionnelle, Budapest (1952), 260] gives 


0 S (a, «)? = (a, —x)? = (x, ABx)? S (x, Ax)(Bx, ABx) = — (x, Ax)(x, Bx) S 0, 
whence x=0. 


Il. Solutson by Mathura D. Sawhney, New York University. If Cx=0 for 
some vector x, and A and B are Hermitian, then ABx = —x, BABx= — Bx, and 
a?’ BABx = —Z'Bx. The left-hand side of the last-written equation is nonnega- 
tive and the right-hand side is nonpositive. Therefore, 27Bx=0 and, then 
Bx=0 and ABx = —x=0. Hence, C is nonsingular. 


III. Solution by David Carlson, Oregon State University. We prove more: If 
A and B are positive semi-definite Hermitian matrices, then all eigenvalues of 
AB are real and nonnegative. 

Proof. (i) If A is nonsingular (i.e., definite), then there exists a nonsingular 
K for which 4 = KK*. Hence AB is similar to K7-1(KK* B)K=K* BK. As B 
is positive semi-definite, by Sylvester’s Law of Inertia, so is K* BK, and AB 
and K* BK both have all real nonnegative eigenvalues. 

(ii) If A is singular, then there exists a unitary U so that 


. Cu 0 
utau=c=| | 
0 0 


with Cu nonsingular. Let U* BU=D=[D,,;], i, 7=1, 2, partitioned conform- 
ably. Clearly C and D are Hermitian and positive semi-definite, and if we can 
prove the result for CD we are done. We have 


co=|" Al he ad 
0 OJLDe: Dee 0 0 |’ 
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so that the nonzero eigenvalues of CD are those of CyDy. As Cy and Dy are 
positive semi-definite, and Cy is nonsingular, we may complete the proof by 


applying (i). 


Also solved by Henry Cox, Carl Evans and J. T. Fleck (jointly), W. J. Hartman, J. C. Hick- 
man, L. N. Howard, and the proposer. 


A well-known eigenvalue problem 


E 1678 [1964, 317]. Proposed by Reuben Hersh, Stanford University 


What are the eigenvalues of the mth order matrix having 2a’s along the main 
diagonal, b’s along the two diagonals bordering the main diagonal, and 0’s 
everywhere else? 


Solution by M. G. Murdeshwar and V. K. Rohatgi, University of Alberta, 
Edmonton. Let A, denote the det (AJ—A), where A is the given matrix of order 
n. Expanding Ans, we have Ajvi=(A—2a)A,—b7A,-1. On writing cos 6 
=(A—2a)/2b, and y,=A,/b", this becomes Yni1—2Y, Cos O+Yn-1=0 of which 
the general solution is y,=C cos (n@)+D sin (n@). From the initial conditions, 
C=1 and D=cot @, so that 


sin (n + 1)6 
yn = cos (v6) + (cot 8) sin (x6) = ——————- 
sin 0 
The zeros of this expression are 6=kir/(n+1), R=1, 2, +--+, m. Hence, the re- 
quired eigenvalues are \=2a+2) cos (ka/n+1), R=1,2,---,n. 


Also solved by F. P. Callahan, C. G. Cullen, Murray Geller, D. R. Hayes, Sidney Heller, 
R. H. Hines, R. F. Jackson, P. G. Kirmser, J. D. E. Konhauser, E. S. Langford, G. K. Liebschner, 
D. C. B. Marsh, Gus Mavrigian, Carl F. McLaren, R. V. Moody, F. D. Parker, Stanton Philipp, 
H. B. Rosenstock, M. D. Sawhney, P. A. Scheinok, Simon Vatriquant, and the proposer. 

Denoting the given matrix by ,(a, b), most solvers observed that each eigenvalue of M,(a, b) 
is given by 2a —bx, where x is an eigenvalue of 14,(0, 1). They then obtained the recurrence relation 
P(x) =xPpa(x) —Pa-i(x) with Po(x)=1 and P;(x)=-x for the characteristic equation of M,(0, 1), 
and observed that this recurrence relation defines the Chebyshev polynomials of the second kind. 

The problem is apparently a standard one in quantum mechanics, solid state physics, and 
electrical engineering: M. Born and Th. v. Karman, Physikalische Zeitschrift, 13 (1912) p. 297; 
L. Brillouin, Wave Propagation in Periodic Structures, McGraw-Hill, 1946; W. Kauzmann, Quan- 
tum Chemistry, Academic Press, 1957; Rayleigh, Theory of Sound, vol. 1, Dover (1945), p. 174. 

Kirmser found the problem as a special case of Problem 38 on page 215 of R. Bellman, Az 
Introduction to Matrix Analysis, McGraw-Hill, 1960. He further calls attention to similar problems 
in F. B. Hildebrant, Methods of Applied Mathematics, Prentice-Hall (1952), pp. 335 and 366, and 
C. R. Wylie, Jr., Advanced Engineering Mathematics, 2nd. ed., McGraw-Hill (1960), p. 175. Other 
references: Mirsky, Introduction to Linear Algebra, chap. 1, and J. Todd, The condition of a certain 
matrix, Proc. Cambridge Phil. Soc., 46, Part 1, 116-118. 
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Probability that an integer-valued determinant is odd 


E 1679 [1964, 317]. Proposed by Harry Lass, California Institute of Tech- 
nology 


Given an 2 Xn matrix with randomly selected integer elements, what is the 
probability that the absolute value of the determinant of the matrix is an odd 
integer? 

Solution by E. S. Langford, Autonetics Division, North American Aviation. 
We consider the following generalization. Let A be an Xn matrix with “ran- 
dom” integer elements. Let p be a fixed prime. Then what is P(p, 2), the proba- 
bility that det A is not congruent to 0 (mod p)? (By symmetry, the probability 
that det A is congruent to k (mod p), for R40, is P(p, n)/(p—1).) By “ran- 
dom,” we mean that the numbers in A are equally likely to be congruent to 
anything (mod >). 

Let GF"(p) be the vector space of m-tuples of elements of GF(p) over GF(p), 
with the usual operations. It is not difficult to see that P(p, 2) is the number of 
automorphisms of GF"(p) divided by the total number of endomorphisms; the 
latter number is evidently p”’. 

Consider the basis {e} for GF"(p), where e consists of 0’s except for a 1 
in the &th place. Let A be an automorphism of GF"(p). Let E;, be the subspace 
spanned by Ae, Aé,---, Ae. Since { Ae} must also be a basis for GF"(), 


{fo} CA CEC:+::CE 


(strict inclusion). Since the order of E, (for any k) must divide p”*, evidently 
the order of Ey, is p*. 

Thus one has (p"—1) choices for Ae, (b"— p) choices for Aé, ++ -, (b*—p"—}) 
choices for Ae,. Since the automorphism is completely defined by its effect on 
the basis {ex}, this gives the total number of automorphisms of GF*(p). Thus: 


P(p, n) =p" II (p» — ph = II (1 — 9). 


Also solved by A. H. Booker and E. A. Flinn (jointly), Joel Brawley, Jr., Carl Evans and 
J. T. Fleck (jointly), D. C. B. Marsh, and the proposer. 


An anomaly concerning Picard successive approximations 
E 1680 [1964, 317]. Proposed by R. A. Struble, University of North Carolina 


Show that the limit of a uniformly convergent subsequence of Picard suc- 
cessive approximations need not satisfy the associated differential equation. 


I. Solutton by D. C. B. Marsh, Colorado School of Mines. For y’=f(x, y), 
where 
glt/y fOSxes ane, 


Xx = 
I ») i f0<2<51,0=,y, 
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under the initial condition y(0) =0, the Picard approximations are ye, =2"x!/?, 
Yont1=27-"x. The subsequence with odd subscripts converges uniformly to 0, 
which does not satisfy the differential equation. 


II. Solution by the proposer. The sequence of successive approximations for 
the equation (i) dx/dt=—|x|*, 0<a<1 beginning with x)=¢ contains subse- 
quences uniformly convergent on [0, 8] for any B>0 which do not converge to 
solutions of (i). 


ADVANCED PROBLEMS 


All solutions of Advanced Problems should be sent to J. Barlaz, Rutgers—The State University, 
New Brunswick, N. J. 08903. Solutions of Advanced Problems in this tissue should be 
submitted on separate, signed sheets and should be mailed before August 31, 1965. 


5240. [1964, 1047] Correction. Proposed by D. G. Bourgin, University of 
Illinois 
Prove the following identity: 


Ort) PS yum PEt OG st P 
P(2Q(n+1)) ja (G+ 2G + 1)1(2n — 7) 


5261. Proposed by M. Rajagopalan, University of Illinois 


Let R? be the complex plane with the usual addition operation. Let S be the 
set {x-+i sin x|0 SxS}. What is the additive group generated by S? 


5262. Proposed by George Bergman, Harvard University 


The Dirichlet Unit Theorem says that, if R is an integrally closed integral 
domain with finite additive basis, over the integers, then the multiplicative 
group of units in R is finitely generated, with rank m—1 (and torsion subgroup, 
of course, equal to the group of roots of unity in R); where m is the number of 
embeddings of R in the complexes, modulo complex conjugacy. (E.g., m=2 for 
Z[/2], m=1 for Z[/—2].) 

Prove that the condition that R be integrally closed can be omitted without 
affecting the conclusion. 


5263. Proposed by Art Winfree, Cornell University 


Consider an angular region, of angle 60°, filled with a honeycomb of regular 
hexagons (that is, one sixth of the complete regular tessellation {6, 3 \ ). Number 
the rows of hexagons 1, 2, 3, - - - from one side of the angle and again 1, 2,3, - - - 
from the other side, thus assigning a pair of coordinate integers to each hexagon. 
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factor 2: (4, 8) 
Rel. prime: (5, 9) 


Prove or disprove that the hexagons with relatively prime coordinates (consti- 
tuting 6/7? of the whole) form a connected set, whereas those whose coordinates 
have a common factor greater than 1 occur in isolated clusters. (See the figure 
where the construction is carried out to about 50 by 50.) 


5264. Proposed by D. E. Knuth, California Institute of Technology 


Let V be a vector space over the real numbers, and let the operator ||«|| be 
defined for all xC V, satisfying the following conditions: 

(1) ||x|| is a nonnegative real number. 

(2) x-+y||2+||«"— — yl]? = 2||«|]2+-2]] y]]2 (parallelogram law). 
Prove that the triangle inequality holds: 


|e + ol] [lel] + ly. 
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5265. Proposed by E. Ehrhari, Strasbourg, France 


For which integral values of a, b, c is the following sum defined and equal to 
an integer: 
a1 sin (bn7/a) 


nai sin (cnr/a) 
5266. Proposed by J. D. Pryce, University of Newcastle, England 


Let F be a positive, nondecreasing, convex function on [0, ©) with F(0) =0 
and with y=x—a as an asymptote, [a>0]. It is easily seen that the function 
H(x) =4F(F(2x)) again has y=x—a as asymptote. Prove H(x) S F(x) for all x. 

Hence prove that if we define a sequence {F,} by 


FP, = P, F(x) = oP p-1(F n—1(2)), 
then every F, is a positive nondecreasing convex function and F,(x) 
—max(0, x«—a@) uniformly on [0, ~). 
5267. Proposed by Paul Erdés, Israel Institute of Technology 


Let there be given a system of circles of radius 1 in the plane such that every 
line meets at least one of them. Prove that, for every k, there is a line which 
meets at least k of them. 


5268. Proposed by V. H. Ketser, University of Colorado 


(a) A transitive nilpotent permutation group which is not of prime degree is 
imprimitive. 

(b) A primitive permutation group which is not of prime degree has no 
center. 

5269. Proposed by Michael Gemignani, University of Notre Dame 


Prove that any first countable topological space in which every compact 
subset is closed is 7». 


SOLUTIONS OF ADVANCED PROBLEMS 
Unitary modules over division rings 
5145 [1963, 1014]. Proposed by Seth Warner, Duke University 


Prove that if # is a nonzero unitary module over a semi-simple ring K with 
identity, then every set of generators of E contains a basis of E if and only if K 
is a division ring. 


Solution by Bertram Walsh, University of California, Los Angeles. It is well 
known that every unitary module (left vector space) over a division ring has 
the property that every set of generators contains a basis. Suppose that the 
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unitary left-K-module £ has the property in question; then so does every direct 
summand of £, for if E=E,@E, and {x;} ser generates Ey, then {x;}\UE, gener- 
ates E. E consequently contains a basis {x,} icy {yn }uex where JCI and each 
y.€ EH, and it follows easily that {x} ser is a basis for E;. Since E is certainly 
free and thus has direct summands left-K-isomorphic to K itself, K must have 
the property that every set of left-K-generators of K contains a left-K-basis of 
K. 

But let {est sea be a left-K-basis of K. Then 1= ied a,e; for uniquely de- 
termined a,’s, almost all of which are zero. Then for any 7G A we have 


es =e 1= >> (eae; 


tcA 


and so (1) e,a;=0 if 447, and (2) eja;=1. From (2) it is clear that a; generates K 
and is thus a basis of K. Hence a; cannot be a right zero divisor; interchanging 
the roles of i and j in (1) we see that e;=0 for ij. Thus {e;}:e4 has exactly one 
element e, and there exists a with ea=1=ae. 

Now, given any nonzero DEK, by semisimplicity there exists a maximal left 
ideal MCK with 6 M. Then {b}\UM generates K; thus K contains a basis. 
But we have just seen that this basis must contain exactly one element, and it 
must be invertible, hence not in /. But then this element is 0, and 0 is invertible 
as desired. 


Also solved by Earl Willard and James Murtha, and by the proposer. 


Integral of functions in L,(— ©, + «) 


5171 [1964, 215]. Proposed by P. T. Bateman and L. A. Rubel, University 
of Illanots. 


Suppose that f is a real-valued function belonging to Zi(—©, +). Put 
H(t) = >./tf(Rt), where ><’ indicates that the summation is over all nonzero 
integers R. 

(1) Prove that >.’|f(k)| < © for almost all positive ¢. 

(2) Prove that 


ess lim inf H(t) S$ f f(x)dx < ess lim sup A(2). 
—o t0-+ 


t0-+ 
(3) Construct an f for which 


ess lim inf H(t) ¥ ess lim sup H(2). 
to-+ to-+ 
Solution by the proposers. Let D denote the characteristic function of the open 
interval (—1, +1). Since })’f(&t) is a function of t, we have formally for any 
positive X 
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i i ¢> 
—f H(t)dt = —f t{ >> flkt)} dt 


=~ f iio(— ~){ { Do’ fet) } dt 


(*) 
1 1 
- Daf lelo(S) soe 
°° x 
-fx (~) nea 
where 
[uj wu, l 
Koy = EPG) ale Se 
Since 
co 1 1 | 2 | 
K(u) < Hl © Ga-pa) "mn? 


the calculation in (*) is justified by the absolute convergence of the end-result. 
Since the same calculation as in (*) can also be made with | f(x) | in place of 
f(x), we conclude that 


foe CD /reo |} a 


is finite. Thus >,’ | f(ke)| <-+o for almost all ¢ in (0, A). Since A is arbitrary, 
(1) is established. 


Since 
K(u) > |u| 2 ——= _ ie 
wei RR+1) = [lu] ]4+1 


we see that limy.4. K(u)=1. Thus, by the Lebesgue dominated convergence 
theorem 


li “K ax = f d 
sim (=) fade =f" fa)ar, 


Hence (*) gives 


lim — ~ f (iat = iZ f(a)de, 


40+ nN 


and (2) follows at once, 
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To obtain (3) consider the particular f defined as follows: Let f(x) =n? if 
n-'!<x Sn-!+n-‘ for some positive integer 7, and let f(x) =0 otherwise. Then if 
n-'<tsSn-!+n~ for some positive integer n, we have H(t) 2if(t) =tn? 2n. Thus 


ess lim sup H(#) = + ©. 
t—0-+- 


On the other hand 


© oe) yy? 
f(a)dx =D) —< +, 
—00 n=1 n* 


so that, by (2) 
ess lim inf H(t) << + ©. 


t0-+ 


We note finally that assertions (1) and (2) may also be established in a some- 
what different way by combining Lemmas 2 and 3 of Bateman’s paper, The 
Minkowski-Hlawka theorem in the geometry of numbers, Archiv der Mathematik, 
13 (1962) 357-362. 


Integral domains embedded in primitive rings 
5172 [1964, 216]. Proposed by Kwangil Koh, University of North Carolina 


An associative ring R, not necessarily commutative, is said to be an integral 
domain if it has no zero divisor. It is known that any commutative integral do- 
main can be embedded in a field [1], and there is an integral domain which can- 
not be embedded in a skew field [2]. Prove that an integral domain can be em- 
bedded in a primitive ring (a ring with faithful irreducible right module [3]). 


Solution by George Bergman, Harvard University. We shall say that a ring R 
“has exact characteristic p” if » is a nonnegative integer such that for every 
integer m and nonzero rC R, nr=0 implies b| n. It is immediate that an exact 
characteristic must be a prime or 0, and that any integral domain has an exact 
characteristic. 

Any ring R with an exact characteristic can be embedded in an algebra R’ 
over a field F. If the characteristic is #0, R is indeed already an algebra over 
the field of integers mod p. If R has exact characteristic 0, then R@®zQ is an 
algebra over the field QO of rationals, and R is embedded therein. 

Let R be the ring of all linear maps (written as acting on the right) of the 
algebra R’ as an F-vector-space into itself. Since R’ is an irreducible right R- 
module, R is primitive. Finally, R’ and R are embedded in R. 

It is not hard to show that having an exact characteristic is a necessary as 
well as sufficient condition for R to be embeddable in a primitive ring. 

It seems, then, that this embeddability property is not strictly a generaliza- 
tion of embeddability in a field, since there are many commutative rings that 
satisfy it, and yet have zero divisors. 


198 PROBLEMS AND SOLUTIONS [February 


Also solved by E. R. Gentile (Argentina), and by the proposer. 


References 


1. Birkhoff and MacLane, A Survey of Modern Algebra, New York, 1947. 

2. A. Malcev, On the immersion of an algebraic ring into a field, Math. Ann., 113 (1936) 689- 
691. 

3. Nathan Jacobson, Structure of rings, Amer. Math. Soc., Colloq. Publ., 37, 1956. 


An integral inequality 


5173 [1964, 216]. Proposed by James E. Potter and Robert Fitegerald, Massa- 
chusetts Institute of Technology 


Given that v(¢) is an -dimensional vector valued function, that P(¢) is a one 
parameter family of n Xn positive definite matrices, that yp is a positive measure 
on the real line, and that v(t) and P-'(¢) are in L1(u), show that 


f *ore@omutay = f stata) ( f Pula) f oucao, 


where * denotes conjugate transpose. 


Solution by L. J. Wallen, Stevens Institute of Technology. We may as well 
consider the problem in any 2-dimensional unitary space V with an inner prod- 
uct ( , ). For w, w€ Vand any positive definite 0, Schwartz’s inequality gives 


| (w1, We) [2 = | (O-0w1, We) |2 Ss (O'Ow,, Qw1) ° (Owe, We) 
= (Ow, W1) . (Owe, Wo). 


Then for any constant vector wE J, 


(fume) {fool 


{feo v(t), v(t))/2- (P-1(t)w, wut 


{ f eo 0, vot 4 ([ fron]ew) 


The result follows on setting w= [fP—()u|-fo(d) uy. 


IA 


A 


IIA 


Also solved by the proposers. 
Derivates of slowly varying functions 
5174 [1964, 216]. Proposed by Ranko Bojanic, University of Notre Dame 


In A. Zygmund’s Trigonometric Series, v. 1, Ch. V, a positive and continu- 
ous function /(x) defined for x 2% is called a slowly varying function if for every 
5>0 there exists +329 such that 
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(1) x*l(x) increases and x~*/(x) decreases if + = %s. 
Prove that a positive and continuous function /(x) is slowly varying in the 
above sense if and only if 
—«o < D(x) S Dtl(x) << + @ (% 2 %1) 


2 
2) xDii(«) = o(l(x)) and xDti(x) = o(l(x)) (4 —> 0), 


Here D,l(x) and D*l(x) are the lower and the upper right hand derivatives of 
I(x) respectively. 


Solution by Martin J. Cohen, Beverly Hills, California. Suppose that 1(x) 
is slowly varying. Then, with x2%, for any 6>0, (x+h)'l(x+h) —xl(x) >0 and 
(x+h)—l(x+h) —x-1(x) <0 or (1 +h/x)l(x+h) —l(x) >0 and (1+h/x)—l(x+h) 
—1(x) <0. We now assume 6<1 and || <x and use the easily proved inequal- 
ities (1+y)'<1+268y, (1+-y)~>1—8y, valid for 0<6<1 and 0<y<1. 

We then have 


(1 + 26h/x)l(a +h) —l(x) >0 and (1 — bh/x)l(x + h) — I(x) < 0 
or 
l(a + h) — I(x) s — 251(x + h) l(a + h) — I(x) c él(x + h) 
h x h x 
or, upon letting h-0, 
Dix) 2 — 261(x)/x, Dtl(x) S 6l(x)/x 
since / is continuous. Therefore 
—281(x) S xDl(x) S xDtl(x) S l(a). 
6 may be chosen arbitrarily small, hence (1) implies (2). 
On the other hand, suppose that — © <Dil(x) SDtl(x)< © and xD41(x) 


=o(1(x)), xDtl(x) =o(l(x)). This means, for any e>0, for large enough x, and 
for all h, 0<h<h,., we have 


+ D= 19) 9, 


(*) —eél(x) <x: 
Suppose that, for some 6>0 and some Xo, x*l(x) decreases at xo. Then for 
0<h, <ho, (Xo + h1) h(x +h) — x2](x9) <0, or (1 +h /x0)91 (Xo +A) —1(x0) <0, or 
or 


I(xo + h1) _ 1(x0) < — 61(xo -- hy) 


hy Xo 
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But if this is true for x» large enough so that (*) holds, then 
— §1(%9 + hy) — el(Xo) 


Xo X0 


or él(Xo) > 61(xo +1), which is a contradiction for small enough € since / is con- 
tinuous and positive. A similar contradiction may be obtained from the assump- 
tion that x~](x) increases at a point. 

That (2) implies (1) now follows from the continuity of I(x). 


Also solved by E. S. Langford, and by the proposer. 


Oscillations of sections in a Riemann integral 


5175 [1964, 216]. Proposed by Ranko Bojanié, University of Notre Dame 


Let f be continuous for all x20 and 


ne) = sup (_[" s0oat), 


Then 7(x)—0(x«— ©) if and only if there exists a Riemann integrable function 
g such that f(x) Sg(x) for all x and /¢g(t)dt exists. 


I. Solution by Leroy Junker, Stanford University. First, suppose we are given 
such a function g. Then 


0Sn(x) Ss Sup ( f“swat) 0 (> 0) 


and hence 7(x)—0 as x ©. 

Conversely, suppose that 9(*)—0 as x-> 0. Then we have several possibili- 
ties: 

(a) If fo f()dt exists and is finite, let g(x) = f(x). 

(b) If fo f(é)dt= + ©, this would contradict the assumption that 7(x)—0. 

(c) If f¢f()dt were undefined, the assumption would be contradicted also, 
because this would mean that there were numbers p<g such that, for some se- 
quence a1<fi<a2<~2< +--+ approaching infinity, /"f()dtSp and fo-f(t)dt 
=q, so that 


Br 
nl) = J Ma Zq— p>0, 


contradicting the assumption that 9(x)-0. 

(d) The only remaining possibility is [¢f()dt= — ©. 

If this is true, let ft (4) = max(f(‘), 0) and f-() = min({(é), 0). We define the 
sequence {xn} 9 inductively as follows: x»=0, and *,41=%,+k,, where 2, is 
the smallest positive integer such that 
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an+kn 
f f(dt < 0. 


n 


(This always exists since {¢f(f)dt= — .) In the interval [x,, x,41), define g(t) 
=ft()+A,f-(f), with ,€ [0, 1] chosen so that 


tnt+1 
i} g(t)dt = 0. 


n 


To complete the proof we note that g(t) =f(4), [o g(t)dt=0. 


II. Solution by D. Z. Djokovié, University of Belgrade, Yugoslavia. To prove 
the existence of a g(x), given 7(x)—0, we note that, given e>0 there exists a20 
such that 0S7(x) <e(x2a). For x>a we have fof()dt<fefdt+e, implying 
that /¢f(t)dt is bounded from above. We set 


h(x) = sup ; f(édt. 
ver 0 


This function is monotone decreasing and continuous. Moreover, the derivative 
h’(x)( 0) exists except for a finite or countable number of points. We can take 
g(x) =f(x) —h’ (x) 2f(x). Then we have 


in g(t)dt 


[Hoa ~ n2) + (0) 


[soa — sup [soa + h(0) 


v= 


h(0) — sup [1041 = 200) = n(2) > 00) (> @), 


z 


Hence the Riemann integral [> g(¢)dt exists. 
Also solved by N. G. de Bruijn (Netherlands), P. G. Engstrom, and D. J. Schaefer. 
Dependence of rows and columns in a matrix 
5176 [1964, 217]. Proposed by Orrin Frink, Pennsylvania State University 


Let there be given a square array of elements of a division ring (e.g. quater- 
nions). Prove that if the rows of the array are left linearly dependent, then the 
columns are right linearly dependent. 


Solution by D. Z. Djokovié, University of Belgrade, Yugoslavia. Let the left 
linear relation between the rows be 


(1) > Avi = 0 (with some \;0), 


t=] 
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where n is the number of rows in the given array, and 7; is the 7th row vector. 
Suppose that the columns of the array are right linearly independent. We con- 
sider the following two types of elementary transformations: 

(a) addition of c,u to c; where c, is the kth column vector, 

(b) transposition of ¢; and ¢;. 

It is obvious that the new row vectors (obtained by the elementary trans- 
formations) satisfy the same linear relation (1) and the new column vectors are 
still right linearly independent. By applying the elementary transformations 
we can reduce the given array to the lower triangular form with nonzero entries 
on the main diagonal. But such an array cannot satisfy (1). This contradiction 
insures that right linear dependence of the columns must obtain. 

Also solved by E. F. Assmus, Jr., Hwa S. Hahn, J. van Ijzeren (Netherlands), J. G. Mauldon 
(England), M. H. Murdeshwar, Veselin Peric (Yugoslavia), R. F. Rinehart, W. C. Waterhouse, 
G. P. Weller, Oswald Wyler, and the proposer. 

Several contributors pointed out that the problem was in essence that column rank is equal to 
row rank in a square matrix with elements from a skew field. References cited include Emil Artin, 
Geometric Algebra, Ch. 1; Nathan Jacobson, Lectures in Abstract Algebra, vol. II. 


A potential integral independent of a parameter 
5177 [1964, 217]. Proposed by P. R. Vein, Leatherhead, Surrey, England 
Find q(x) such that the integral 


1 
(1) “= — { q(x) log {x2 — 2x” cosh b(r? — sinh? b)1/2 + 72} dx 
—1 


is independent of 7 in the interval sinh b Sr Scosh b. 


Solution by the proposer. u can be interpreted physically as the potential at a 
point 7 units distant from the origin on the elliptic cylinder (x/cosh 0)? 
+(y/sinh b)?=1, due to a nonuniform distribution of electric charge of density 
g(x) per unit length perpendicular to the xy-plane between the foci +1. The 
potential is 


1 
“= — 2f q(x) log (%? — 2xr cos 8 + r?)1/2dx 
-1 


and this is the same as (1) when the equation of the cylinder is written in polar 
form: 7 cos 6=cosh b(r?—sinh? b)1/2, 

Now, if w is to be independent of 7, the elliptic cylinder must be an equi- 
potential surface. But it is known from conformal transformation theory that 
when a family of confocal ellipses represents a family of equipotential surfaces, 
the charge density on the flat strip lying between +1, i.e., the degenerate el- 
lipse, is 


q(x) = g/a(l — 2?)*?, 
q being the total charge per unit length perpendicular to the xy-plane between 
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the foci. This must therefore be the solution of (1). 
The solution may also be checked by direct calculation of the potential u 
for the given g(x). 


Combinatorial sums 


5178 [1964, 217]. Proposed by Robert Breusch, Amherst College 


Find A; («=0, 1, 2,---) if for every nonnegative integer 7, 


EC 4 Ce) bee) =) 


I. Solution by M. T. L. Bizley, London, England. Let 
f (x) = Ao t Aye + Aon? + eee, 


@ — “) 
n— 1 
is the coefficient of x"-? in (1—4x)—1/?, 
n(n — 21 
> ( _ As 
0 \ 1 — 1 
is the coefficient of x* in (1—4«)—'/*f(x). But by hypothesis this coefficient is 


equal to 
@ + ') 
n 3 


which is the coefficient of x* in {(1—4x)~!/2—1} /2x. 
Since this is true for all nonnegative integral values of 7, we have 


(1 — 4x)—/2f(4) = {(4 — 4x)-¥2 — 1} /2x. 
Therefore f(x) = {1- (1 —4Ax) U2} /2x and A;=(7)/(t+1). 


II. Solution by M. T. Bird, San Jose State College. The values of A; are given 
by the equation A;=()/(t+1). This fact is established by using the identity 


& ("77 (74) 1 ~ (7) (ath) 
—\n-il\isvit+z1 2\n4+1/7 \ an 


The foregoing identity is a consequence of placing 7 =0 in the more general form 


(=)? 1 W2oit h(i) (n+? 3) 
S\n-il\isit- 19 Ante) \i/\n41-5 


which is valid for all nonnegative integers m and for all integers j in the range 


Then, since 
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j=0, 1, 2,---+,n. This more general identity is seen to be valid for j= and 
the validity for 7 = k may be deduced as a consequence of its validity for 7 =k-+1. 


III. Solution by S. G. Mohanty, State University of New York, Buffalo. A 
generalized Vandermonde convolution formula [H. W. Gould, this MonTHLY, 


1956, 84-91, (11) ] is 
3 (Ore) A.= (" +v+ ”) 


t==0) n—1 nN 


A; = r(” r "ie + 8, 
4 


The present problem is a special case of this formula with a=0, v=1, B=2. 

An interpretation of the generalized convolution in terms of lattice paths is as 
follows: The set of minimal lattice paths from (0, 0) to (a+tv+(@—1)n, 2), not 
touching the line x=a+(8—1)y beyond (a+(@—1)(n—72), n—1),7=0,---,n 
is the same set of lattice paths from (0, 0) to (atv+(8B—1)n, n). 


Also solved by George Bergman, W. J. Blundon, J. Boersma (Netherlands), R. G. Buschman, 
L. Carlitz, M. J. Cohen, P. G. Engstrom, N. J. Fine, W. D. Fryer, H. W. Gould, R. E. Greenwood, 
Cornelius Groenewoud, R. P. Kelisky, John B. Kelly, J. Koekoek (Netherlands), E. S. Langford 
and T. L. Austin, J. H. Lieske, A. E. Livingston, Imanuel Marx, J. W. Moon (England), B. J. M. 
Morselt (Netherlands), R. C. Mullin, M. G. Murdeshwar and V. K. Rohatgi, Stanton Philipp, 
John Riordan, Hermann Schulte (Germany), Arnold Singer, James Singer, W. F. Trench, and the 
proposer. 

Several solvers directed attention to the literature for other studies and interpretations of the 
numbers A;, in particular the Cayley formula, Anyt=AodntAtAnit +++ +AnAo [Collected 
Mathematical Papers, pp. 112-115]. See also H. G. Forder, Some problems in combinatorics, Math. 
Gazette, vol. 45, pp. 199-201 for several problems which are solved by the numbers A,. A general- 
ization of the present problem by Gould appears as no. 5231 [1964, 923]. 


where 


RECENT PUBLICATIONS AND PRESENTATIONS 


EDITED By R. A. ROSENBAUM, Wesleyan University 
COLLABORATING EpiTors: K. O. May, University of California, Berkeley and 
E. P. VANCE, Oberlin College 


Materials intended for review should be sent directly as follows: Books: R. A. Rosen- 
baum, Wesleyan University, Middletown, Conn. 06457. Programmed Materials: K. O. May, 
Univ. of California, Berkeley, California 94704. Films: E. P. Vance, Oberlin College, Oberlin, 
Ohio 44074. 


A Course in Mathematical Analysis, Vol. II, Intermediate Analysis. By N. B. 
Haaser, J. P. LaSalle, and J. A. Sullivan. Blaisdell, New York, 1964. xit+677 
pp. $11.75. 


Although this is the second part of a two-volume work, the authors have 
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Concepts of Real Analysis. By Charles A. Hayes, Jr., Wiley, New York, 1964. 
190 pp. $6.50. 


This book was originally designed for use in a summer institute for college 
mathematics teachers. Half the book is devoted to set theory (including a dis- 
cussion of finite and infinite sets), the real number system (not constructed), 
and an exposition of the validity of “definition by induction.” The other half 
deals with the limiting processes that occur in elementary analysis. Sequential 
limits are dealt with first and then the methods and results are applied to the 
more general theory of real functions. No applications to the calculus are given. 
The analysis is phrased in terms of the extended real number system. 

Certainly every college teacher of mathematics should be familiar with 
everything in this book. In fact, any student who is about to take a reasonably 
good course in advanced calculus should be familiar with the bulk of the book. 

Many theorems are proved that are ordinarily, even in rigorous courses of 
analysis, taken for granted or left as exercises. Thus the book often presents a 
landscape that is flat and that bristles with notation. There is some danger that 
the reader may become impatient with the apparent lack of distinction between 
the trivial and the significant. 

But the book appears to be teachable. There are motivational passages and 
many exercises of varying difficulty. It can usefully be recommended to anyone 
who has gone through two years of college mathematics and still feels insecure 


about sets, numbers, and limits. 
J. B. RoBerts, Reed College 


Elementary Theory of Analytic Functions of One or Several Complex Variables. 
By Henri Cartan. Addison-Wesley, Reading, Mass., 1963. 228 pp. $10.75. 


This is a translation, by John Standring and H. B. Shutrick, of Cartan’s 
monograph Théorie élémentaire des fonctions analytiques dune ou plusieurs vari- 
ables complexes, Collection Enseignement des Sciences, Hermann, Paris, 1960. 
Comments are therefore in order as well on the content as on the translation. 

Analyticity is viewed, with Weierstrass, as the property of having, at each 
point, a convergent power series expansion. This enables Cartan to treat real- 
as well as complex-analytic functions in the same breath. Holomorphy is taken 
to be the property (of a function of complex variables) of having a complex 
derivative with respect to each variable. The equivalence of these two notions is 
proved after the presentation of useful algebraic results on formal power series 
and a (somewhat jazzed-up) Ahlfors-like version of winding numbers. 

The usual elementary results on analytic functions (Cauchy integral theorem, 
Laurent expansion, residues, maximum modulus, d’Alembert’s (fundamental) 
theorem (of algebra), relations with harmonic functions, Dirichlet problem, etc.) 
are followed by chapters on: the topology of the spaces of functions continuous, 
holomorphic, or meromorphic, respectively, on a given domain; holomorphic 
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transformations, conformal mapping, complex manifolds, and Riemann sur- 
faces; and analytic systems of differential equations. 

Each of the seven chapters is followed by numerous exercises prepared by 
M. Reiji Takahashi. The clear and economical presentation of the text is neatly 
complemented by this opportunity to try one’s own hand. 

As for the translation itself, one has small bones to pick. Two of the eighteen 
errata listed in the original edition recur here. Among noteworthy examples of 
mistranslation or poor mathematical English we mention only the beginning 
of the last paragraph of the preface, the statement of Liouville’s theorem 
(p. 80), the use of “revision” for “review” (pp. 17, 66), and the introductory 
remarks in the section on Weierstrass’s g-functions (p. 153). Fortunately, the 
mathematical thought is nowhere more than briefly obscured, if at all. 

Some errata that reached the reviewer’s notice are: p. 8, line 8 from below: 
replace “who are from” by “who, fortified by” or “who, fresh with”; p. 8, line 6 
from below: replace “exersices” by “exercises”; p. 50, last line: the summation 
should extend from 1 to +1; p. 97, 4 lines after (5.2): cancel the last “m” on 
“parallelogramm”; p. 140, second display: replace f,(z) by f,(z); p. 222: replace 
3az3bibe by 3asbibz in the expression P. 

The last two corrections are listed on the errata sheet bound into the French 
edition. 

F, E. J. Linton, Wesleyan University 


Elements of Point Set Topology. By John D. Baum. Prentice-Hall, Englewood 
Cliffs, N. J., 1964. x +150 pp. $5.95. 


Over the past ten or fifteen years several books have been published which 
aim at providing undergraduate students with a background in linear or ab- 
stract algebra. Only in the past two or three years have texts at a comparable 
level in topology become available. In the reviewer’s opinion, Mr. Baum’s text 
is a good one for a one quarter or one semester course. It presents the basic 
topology which is used in analysis with an axiomatic-geometric approach. The 
proofs are rigorous and (in the first part of the book) are presented in exhaustive 
detail so that the student can learn to recognize a proof and to recognize when 
steps in a proof have been omitted or lightly touched upon. The language and 
motivation of many of the proofs are geometric so the student's geometric back- 
ground will enable him to follow and remember the main line of a proof. 

A few random comments: Topological spaces are based on neighborhood sys- 
tems. Examples and exercises appear together, with each example being partly 
an exercise and many exercises providing examples. The Axiom of Choice and 
Zorn’s Lemma are both stated and used, but neither is proved from the other. 
The book appears to be singularly free from misprints; in a fairly careful read- 
ing, the reviewer found only one point at which to cavil: “thus” in line 21, p. 111 
might better have been “on the other hand.” If that is the only objectionable 
feature of the book, it must be a very good one indeed. 

B. H. ARNOLD, Oregon State University 
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of use in a differential equations-advanced calculus sequence. The author is to 
be commended on the clarity of exposition in which the student is eased into 
conceptual material with interesting examples in such a manner that a reason- 
ableness prevails. By linearly grading the material over the four chapters from a 
quite elementary level of reasoning to a mature approach at the very end, a 
hurdling effect is eliminated. An ample supply of exercises having an even dis- 
tribution of the computational drill type, a testing of the student’s grasp of 
concepts, and material not included in the text proper follows each section. 
Answers and hints to solutions of many problems are given at the end of the 
book. In general, examples are plentiful and wisely chosen. The first chapter 
would make excellent outside reading for students during the latter part of the 
introductory calculus sequence. 

Some may object to the non-postulational and less algebraic approach that is 
used and to the superscript notation, X1, X2,---,X*. Itis felt that the material 
could have been arranged with more sectional headings; e.g., the first chapter of 
108 pages is divided into only six sections. The over-all use of Euclidean two- 
space and 2X2 matrices for the introduction of a concept from which general- 
izations are immediately made, at times masks evolution by the usual inductive 
processes; in particular this is evident in the sections on the adjoint of an oper- 
ator and on determinants. Any other objections would depend more on indi- 
vidual tastes than on the soundness of development. 

This text should be given serious consideration for a first course in linear 
algebra and is very suitable for a sophomore level program. 

HoMER BECHTELL, Bucknell University 


NEWS AND NOTICES 
EDITED BY Raout Hartpern, SUNY at Buffalo 


Readers are invited to contribute to the general interest of this department by sending news 
atems to Raoul Halpern, Associate Secretary, Mathematical Association of America, SUNY 
at Buffalo (University of Buffalo), Buffalo, New York 14214. Items must be submitted at 
least two months before publication can take place. 


PERSONAL ITEMS 


Professor Wade Ellis of Oberlin College has been awarded the rank of Commander in 
the Order of Magisterial Palms of Peru for services rendered to national education in that 
country. 

Professor Emeritus Solomon Lefschetz, Princeton University, and Professor Emeritus 
Marston Morse, Institute for Advanced Study, have been awarded the 1964 National 
Medal of Science. 
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Professor M. Gweneth Humphreys, Randolph-Macon Woman’s College, represented 
the Association at the inauguration of Marion C. Brewer as President of Lynchburg 
College on October 17, 1964. 

Professor W. J. Klimczak, Trinity College, represented the Association at the 
installation of Rev. William C. McInnes, S.J., as President of Fairfield University on 
October 24, 1964. 

Professor E. H. Matthews, Southwest Missouri State College, represented the Asso- 
ciation at the inauguration of E. S. Brandenburg as President of Drury College on 
November 6, 1964. 

Professor D. W. Robinson, Brigham Young University, represented the Association 
at the inauguration of James C. Fletcher as President of the University of Utah on 
November 5 and 6, 1964. 

University of Akron: Professor L. D. Rodabaugh, Ohio Northern University, has been 
appointed Associate Professor; Assistant Professor W. H. Beyer has been promoted to 
Associate Professor. 

University of Alberta: Professor A. L. Dulmage, University of Manitoba, has been 
appointed Professor and Head of the Department of Mathematics; Drs. T. A. Burton, 
Washington State University, and J. S. W. Wong, California Institute of Technology, 
have been appointed Assistant Professors; Dean Max Wyman has been appointed Vice- 
President of the University. 

University of Arizona: Visiting Assistant Professor M. S. Cheema and Assistant 
Professor D. E. Myers have been promoted to Associate Professors. 

Stephen F. Austin State College: Dr. M. R. Hagan, Oklahoma State University, has 
been appointed Assistant Professor; Mr. H. E. Bunch has been promoted to Assistant 
Professor. 

Bowling Green State University: Dr. Richard Eakin, Washington State University, 
has been appointed Assistant Professor; Associate Professor Louis Graue has been pro- 
moted to Professor. 

University of California, Santa Barbara: Associate Professor Hans Schneider, Uni- 
versity of Wisconsin, has been appointed Visiting Professor; Assistant Professor R. C. 
Thompson, University of British Columbia, has been appointed Assistant Professor; 
Dr. David Outcalt, Claremont Men’s College, and Dr. Melvin Rosenfeld, University of 
California, Los Angeles, have been appointed Lecturers; Dr. E. C. Johnsen has been 
promoted to Assistant Professor; Assistant Professor A. M. Bruckner has been promoted 
to Associate Professor. 

California State Polytechnic College: Professor Simon Green, Arizona State Univer- 
sity, and Dr. Sidney Spital, Hughes Aerospace, El Segundo, California, have been ap- 
pointed Associate Professors; Assistant Professor Samuel Gendelman, Los Angeles State 
College, has been appointed Assistant Professor; Mr. T. J. Flynn has been promoted to 
Assistant Professor; Associate Professor H. F. Simmons has been appointed Head of the 
Department of Mathematics. 

Clarkson College of Technology: Dr. A. R. Amir-Moéz, Monterey Park, California, has 
been appointed Professor; Mr. G. H. Ryder, Carnegie Institute of Technology, has been 
appointed Assistant Professor. 

Dentson University: Associate Professor Andrew Sterrett has been promoted to 
Professor; Assistant Professor W. N. Prentice has been promoted to Associate Professor. 

East Los Angeles College: Mr. Arthur Hadley, State University of New York at 
Albany, has been appointed Assistant Professor; Assistant Professor Edward Rosenberg 
has been promoted to Associate Professor; Mr. Robert V. Kester has been promoted to 
Associate Professor. 
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Fordham University: Dr. Salvatore Anastasio, New York University, and Dr. 
Donald Goldsmith, University of Pennsylvania, have been appointed Assistant Pro- 
fessors; Assistant Professor Michael Aissen has been promoted to Professor. 

Georgetown University: Associate Professors A. K. Azizand M. W. Oliphant have been 
promoted to Professors. 

Harpur College: Dr. C. J. Houghton, Ohio State University, and Dr. H. V. Kronk, 
Michigan State University, have been appointed Assistant Professors. 

University of Illinois, Chicago: Professor Joseph Landin, University of Illinois, 
Urbana, has been appointed Head of the Department of Mathematics; Associate Pro- 
fessors Flora Dinkines and L. L. Pennisi have been promoted to Professors. 

Illinois Institute of Technology: Dr. Arthur Grad, Stanford University, has been 
appointed Professor and Dean of the Graduate School; Mr. Adam Czarnecki and Mr. 
John Synowiec have been promoted to Assistant Professors. 

State University of Iowa: Professor G. P. Weeg, Michigan State University, has been 
appointed Professor and Director of the Computer Center; Dr. R. H. Oehmke, Institute 
for Defense Analysis, has been appointed Professor; Dr. M. A. Geraghty, University of 
Alabama, and Dr. T. M. Price, University of Wisconsin, have been appointed Assistant 
Professors; Professor H. T. Muhly has been appointed Chairman of the Department of 
Mathematics; Associate Professors Sterling Berberian and D. W. Wall have been pro- 
moted to Professors; Assistant Professor J. F. Jakobsen has been promoted to Associate 
Professor. 

Kent State University: Associate Professor K. B. Cummins has been promoted to 
Professor and appointed Temporary Chairman of the Department of Mathematics; 
Assistant Professor T. N. Bhargava has been promoted to Associate Professor; Dr. 
J. G. Maxwell has been promoted to Assistant Professor. 

University of Maryland: Drs. R. S. Bucy, R. I. A. S., Towson, Maryland; J. H 
Henkelman, Saugus High School, Saugus, Massachusetts; W. E. Kirwan, Rutgers, The 
State University; A. S. Strauss, University of Wisconsin; and R. J. Whitley, New Mexico 
State University, have been appointed Assistant Professors; Mr. T. H. Dyer has been 
promoted to Assistant Professor. 

Massachusetts Institute of Technology: Assistant Professor R. G. Heyneman, on leave 
from Cornell University, and Dr. R. W. Goodman, Harvard University, have been 
appointed Lecturers; Associate Professors L. N. Howard and Hartley Rogers, Jr., have 
been promoted to Professors; Assistant Professor W. G. Strang has been promoted to 
Associate Professor; Professor Philip Franklin retired on June 30, 1964 with the title of 
Professor Emeritus. 

Michigan State University: Assistant Professor M. R. Parameswaran, Washington 
State University, has been appointed Visiting Associate Professor; Assistant Professor 
P. K. Wong, Lehigh University, and Dr. D. A. Moran, University of Chicago, have been 
appointed Assistant Professors; Associate Professor J. G. Hocking has been promoted to 
Professor; Assistant Professor D. W. Hall has been promoted to Associate Professor; 
Miss Dorothy Bollman has been promoted to Assistant Professor. 

Mississippi State University: Professor W. E. Koss, Louisiana Polytechnic Institute, 
has been appointed Professor; Drs. J. L. Tilley, Clemson College, and Robert Heller, 
University of Houston, have been appointed Associate Professors; Mrs. Helen McPher- 
son Boyd and Mr. R. P. Finley have been promoted to Assistant Professors. 

University of Missourt: Assistant Professors M. D. George and J. N. Younglove have 
been promoted to Associate Professors. 

University of Nebraska: Dr. J. A. Eidswick, Purdue University, has been appointed 
Assistant Professor; Professor Edwin Halfar has been appointed Chairman of the 
Department of Mathematics, 
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University of New Mexico: Dr. Reuben Hersh, Stanford University, has been ap- 
pointed Assistant Professor; Professor J. R. Blum has been appointed Chairman of the 
Department of Mathematics. 

New York University: Dr. A. B. Novikoff, Stanford Research Institute, has been 
appointed Visiting Associate Professor; Assistant Professor Donald Ludwig, University 
of California, Berkeley, has been appointed Associate Professor; Dr. J. J. Benedetto, 
University of Toronto, has been appointed Assistant Professor; Mr. C. W. Langley has 
been promoted to Assistant Professor. 

State University of New York at Albany: Associate Professor Paul Schaefer has been 
promoted to Professor; Assistant Professor John Therrien has been promoted to Asso- 
ciate Professor. 

North Texas State University: Associate Professors D. F. Dawson and J. T. Mohat 
have been promoted to Professors; Assistant Professor R. G. Bilyeu has been promoted 
to Associate Professor. 

Northeast Loutsiana State College: Dr. D. R. Bedgood, Oklahoma State University, 
and Mr. C. D. Tabor, Texas Christian University, have been appointed Assistant Pro- 
fessors. 

Old Dominion College: Professor J. J. Barron, Marshall University, has been ap- 
pointed Professor and Chairman of the Department of Mathematics; Assistant Professor 
C. A. Schulz, Frederick College, has been appointed Assistant Professor. 

Pratt Institute: Dr. A. B. Finkelstein, Professor of Engineering Science, has been 
appointed Professor of Mathematics; Associate Professor G. C. Helme has been pro- 
moted to Professor. 

University of Rhode Island: Assistant Professor Arnold Seiken, Michigan State Uni- 
versity, and Dr. George Martin, University of Michigan, have been appointed Assistant 
Professors: Professor H. A. Bender retired October 1964. 

Ripon College: Assistant Professor J. A. Berton, Indiana State College, has been ap- 
pointed Associate Professor; Assistant Professor Wayne Larson has been promoted to 
Associate Professor. 

Rockefeller Instttute: Professor Emeritus Hans Rademacher, University of Penn- 
sylvania, has been appointed Visiting Professor; Assistant Professor Louis Solomon, 
Haverford College, has been appointed Assistant Professor. 

San Diego Siate College: Mr. Euel Kennedy, University of Utah, has been appointed 
Lecturer; Mr. James Carter, University of California, Los Angeles, has been appointed 
Assistant Professor; Associate Professor C. V. Holmes has been promoted to Professor; 
Assistant Professors Leonard Fountain and Joseph Moser have been promoted to 
Associate Professors. 

San Fernando Valley State College: Associate Professor J. C. Smith has been promoted 
to Professor; Assistant Professor Tung-Po Lin has been promoted to Associate Professor. 

San Jose State College: Dr. R. H. DeVore, University of Arizona, has been appointed 
Assistant Professor; Mr. A. E. Halteman, Sylvania Electronic Defense Laboratories, 
Mountain View, California, and Mr. G. K. McLeod, University of San Francisco, have 
been appointed Lecturers; Associate Professors Richard Post and J. R. Smart have 
been promoted to Professors. 

Southeastern Louisiana College: Assistant Professor N. S. Andrews has been pro- 
moted to Associate Professor: Mr. L. B. Wheeler has been promoted to Assistant Pro- 
fessor. 

Southern Illinois University: Professor Andrew Sobczyk, University of Miami, has 
been appointed Professor; Associate Professor Dilla Hall retired September 1, 1964 with 
the title of Associate Professor Emeritus. 

University of Tennessee: Assistant Professor R. M. McConnel, University of Arizona, 
has been appointed Assistant Professor; Professor J. H. Barrett has been appointed 
Acting Head of the Department of Mathematics. 
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Temple University: Assistant Professor Hwa Tsang, San Fernando Valley State Col- 
lege, has been appointed Assistant Professor; Assistant Professor Seymour Lipschutz, 
Polytechnic Institute of Brooklyn, has been appointed Associate Professor. 

Texas Christan University: Drs. D. O. Cutler, New Mexico State University, and 
D.S. Nymann, University of Kansas, have been appointed Assistant Professors. 

University of Toledo: Associate Professor Nand Kishore, Idaho State University, has 
been appointed Professor; Professor S. S. Blakney, Grambling College, has been ap- 
pointed Associate Professor; Assistant Professor Edward Ebert has been promoted to 
Associate Professor. 

Trenton State College: Mr. Jack Irwin, Western Illinois University, has been ap- 
pointed Assistant Professor; Miss Jane McLaughlin has been promoted from Assistant 
Professor II to Assistant Professor I. 

Tulane University: Associate Professor F, D. Quigley has been promoted to Professor; 
Assistant Professor F. T. Birtel has been promoted to Associate Professor. 

Union College: Assistant Professor S. M. Robinson, Smith College, has been ap- 
pointed Assistant Professor; Professor A. H. Fox has been appointed Chairman of the 
Department of Mathematics; Professor O. J. Farrell retired June 1964 with the title of 
Professor Emeritus. 

University of Virginia: Assistant Professor L. H. Lanier, Jr., Ohio State University, 
and Dr. L. E. Snyder, Purdue University, have been appointed Assistant Professors; 
Assistant Professor N. F. G. Martin has been promoted to Associate Professor. 

Washington University: Assistant Professor R. H. McDowell has been promoted to 
Associate Professor and is on leave of absence as Associate Director of the MAA Com- 
mittee on the Undergraduate Program in Mathematics; Assistant Professor C. D. Gor- 
man has been promoted to Associate Professor; Professor I. I. Hirschman, Jr., is on leave 
of absence and has been appointed Visiting Professor at Stanford University. 

College of William and Mary: Associate Professor H. Margaret Elliott, Washington 
University, has been appointed Acting Professor; Professor L. T. Conner, Bluefield 
College, has been appointed Assistant Professor. 

Wisconsin State University, Whitewater: Mrs. Karamaneh Oschwald, Carroll College, 
has been appointed Assistant Professor; Mr. J. S. Dombek has been promoted to 
Assistant Professor; Professor C. E. Flanagan will be on leave of absence for two years 
to work on a teacher education project in Northern Nigeria. 

University of Wisconsin, Madison: Drs. W. C. Holland, University of Chicago, F. L. 
Sandomierski, Pennsylvania State University, and Michael Voichick, Dartmouth Col- 
lege, have been appointed Assistant Professors; Associate Professor John Nohel has been 
promoted to Professor; Professor S. C. Kleene has been named Cyrus C. MacDuffee 
Professor of Mathematics; Professor R. H. Bing has been named Research Professor of 
Mathematics. 

University of Wyoming: Assistant Professor J. E. Shockley, College of William and 
Mary, has been appointed Associate Professor; Dr. D. R. Anderson, Massachusetts 
Institute of Technology, and Dr. A. D. Porter, University of Colorado, have been ap- 
pointed Assistant Professors; Associate Professor P. O. Steen has been promoted to 
Professor. 


Assistant Professor R. O. Atkinson, North Georgia State College, has been ap- 
pointed Assistant Professor at Tennessee Polytechnic Institute. 

Assistant Professor Felice Bateman, University of Illinois, has been appointed a 
Visiting Member of the faculty of Science and Mathematics at Sarah Lawrence College. 

Assistant Professor J. O. Brooks, Haverford College, has been appointed Assistant 
Professor at Villanova University. 

Mr. T. R. Caplinger, Florida State University, has been appointed Assistant Pro- 
fessor at Memphis State University. 
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Dr. Gary Chartrand, Michigan State University, has been appointed Assistant Pro- 
fessor at Western Michigan University. 

Assistant Professor Donato DeFelice, Duquesne University, has been promoted to 
Associate Professor. 

Rev. M. S. Delaney, Immaculate Heart College, has been promoted to Assistant 
Professor. 

Associate Professor J. W. Dettman, Case Institute of Technology, has been ap- 
pointed Professor at Oakland University. 

Associate Professor R. A. Dobyns, McNeese State College, has been promoted to 
Professor. 

Associate Professor R. E. Dowds, Butler University, has been promoted to Professor. 

Mr. A. H. Garness, Concordia College, has been promoted to Assistant Professor. 

Mr. G. E. Haborak, Wayne State University, has been appointed Assistant Professor 
at the U.S. Naval Academy. 

Dr. C. B. Hanneken, Marquette University, has been appointed Chairman of the 
Department of Mathematics. 

Dr. H. H. Hartzler, Professor of Physics, Mankato State College, has been ap- 
pointed Professor of Mathematics. 

Dr. Robert Heller, University of Houston, has been appointed Associate Professor 
at Mississippi State University. 

Dr. B. G. Hodges, Winthrop College, has been appointed Professor at Illinois State 
University. 

Dr. J. M. Horner, University of Alabama, has accepted a position as an Associate 
Senior Research Mathematician at General Motors Research Laboratories, Warren, 
Michigan. 

Dr. F. M. Hudson, University of Texas, has been appointed Associate Professor 
and Chairman of the Department of Mathematics at McMurry College. 

Dr. R. E. Hughs, Sandia Corporation, Albuquerque, New Mexico, has been ap- 
pointed Assistant Professor at Carleton College. 

Associate Professor G. P. Johnson, Wesleyan University, has been appointed Asso- 
ciate Professor at the University of the South. 

Assistant Professor J. R. King, Providence College, has been promoted to Associate 
Professor. 

Dr. G. B. Lampton, Jr., University of South Carolina, has been appointed Assistant 
Professor at Winthrop College. 

Mr. Gerald Leibowitz, Northwestern University, has been promoted to Assistant 
Professor. 

Assistant Professor F. M. Lister, Western Washington State College, has been pro- 
moted to Associate Professor. 

Dr. N. E. Losey, University of Wisconsin, Milwaukee, has been appointed Assistant 
Professor at the University of Manitoba. 

Assistant Professor R. A. McHaffey, on leave from the University of Massachusetts, 
has been appointed Assistant Professor at Adelphi University. 

Dr. B. H. McLemore, Jackson State College, has been appointed Associate Professor 
at Fenn College. 

Assistant Professor W. S. Mahavier, University of Tennessee, has been appointed 
Assistant Professor at Emory University. 

Assistant Professor J. W. Meux, Kansas State University, has been appointed 
Assistant Professor and Chairman of the Department of Mathematics at Midwestern 
University. 

Professor Emeritus W. L. Miser, Vanderbilt University, has been appointed Visiting 
Lecturer in Mathematics at Sweet Briar College. 
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Assistant Professor J. G. Moser, Rose Polytechnic Institute, has accepted a position 
as an Associate with Daniel H. Wagner, Associates, Paoli, Pennsylvania. 

Professor F. W. Perkins, Dartmouth College, retired June 1964 with the title of Pro- 
fessor Emeritus. 

Assistant Professor Wallace Raab, California State Polytechnic Institute, has been 
appointed Professor at the University of South Dakota. 

Dr. D. S. Ray, University of Tennessee, has been appointed Associate Professor at 
Bucknell University. 

Dr. Zalman Rubinstein, Harvard University, has been appointed Associate Professor 
at Clark University. 

Dr. J. L. Sieber, Shippensburg State College, has been appointed Acting Chairman 
of the Department of Mathematics. 

Visiting Professor Louis Silverman, University of Houston, retired on May 31, 1964 
with the title of Professor Emeritus. 

Sister Mary Job Ternes, Rosary College, has been promoted to Assistant Professor. 

Professor M. B. Smith, University of Wisconsin, Madison, has been named Vice 
Provost of the University Center system. 

Associate Professor W. E. Timon, Jr., Northwestern State College, has been pro- 
moted to Professor. 

Associate Professor Evelyn K. Wantland, University of Mississippi, has been ap- 
pointed Professor and Chairman of the Department of Mathematics at Illinois Wesleyan 
University. 

Assistant Professor J. W. Warner, College of Wooster, has been promoted to Associate 
Professor. 

Associate Professor A. B. Willcox, Amherst College, has been promoted to Professor. 

Associate Professor C. W. Williams, Washington and Lee University, has been pro- 
moted to Professor. 

Assistant Professor Israel Zuckerman, Queens College, has been appointed Assistant 
Professor at Vassar College. 


THE CITY UNIVERSITY OF NEW YORK—DOCTORAL PROGRAM IN MATHEMATICS 


The doctoral program in mathematics of The City University of New York is happy 
to announce that Professor Marston Morse will give a year’s course on Differential 
Geometry in the Large. 

Our regular staff will include Professors Louis Auslander, Gilbert Baumslag, Alex 
Heller, Stanley Kaplan, Richard Sacksteder and Leo Zippin. Professors Elliott Mendel- 
son, Moses Richardson, and Robert Schatten of the CUNY doctoral faculty and Dr. 
Henry Landau and Dr. Henry O. Pollak of the Bell Telephone Laboratories will also 
each give a year’s course. 

The topics covered will include Lie Algebras, Category Theory, Group Theory, the 
geometric theory of differential equations, Game Theory and Programming, Advanced 
Topics in Analysis, real and complex, and partial differential equations. 

A number of substantial Fellowships are available and also teaching opportunities 
in the many colleges of CUNY (usually only reserved for students with the M.A.). 
Address inquiries to Professor Leo Zippin, The City University of New York, 33 West 
42 Street, New York, N. Y. 10036. 


Editorial Note. Professional mathematicians as well as laymen will be interested in 
the article: “Mathematics and the Layman,” by F. A. Ficken, which appears in A mert- 
can Scientist for December 1964, pp. 419-430. 

H.M.G. 
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IMPACT OF COMPUTERS 
R. W. HAMMING, Bell Telephone Laboratories, Murray Hill, N. J. 


1. Introduction. In discussing the impact of computers it is easy to cite the 
number of computers installed, the projected number of installations in the next 
decade, the number of persons involved, the size of the computer industry in 
billions of dollars spent annually, and the presence of computers throughout our 
society such as in accounting, process control, research, etc., but in writing for 
mathematicians it seems better to ignore these material aspects and to con- 
centrate on the intellectual aspects of the impact. 

In order to approach the effects of computers on our intellectual outlook it 
seems necessary to dispose first of a number of misconceptions that are widely 
held. These misconceptions have their roots, it seems to me, not in a rational, 
considered approach, but rather in a mixture of 1) emotional fear, and 2) the 
conservative approach that wishes to believe that nothing essentially new is 
occurring. 


2. Misconceptions. The simplest error is to suppose that computing machines 
merely do arithmetic. The fact is that they are symbol manipulators. It is often 
convenient to identify the symbols with numbers; it is not the form of the 
representation, however, but rather the interrelationships between the symbols 
that gives them meaning. Since by suitable programming we can give the sym- 
bols any interrelationships we please, we are free to give them a wide variety of 
meanings. Every mathematician knows the power that comes from the ability 
to manipulate symbols according to a given set of rules. 

Another argument that continually arises is that machines can do nothing 
that we cannot do ourselves, though it is admitted that they can do many things 
faster and more accurately. The statement is true, but also false. It is like the 
statement that, regarded solely as a form of transportation, modern automobiles 
and aeroplanes are no different than walking. One can walk from coast to coast 
of the U. S. so that statement is true, but is it not also quite false? Many of us 
fly across the U.S. one or more times each year, once in a while we may drive, 
but how few of us ever seriously consider walking more than 3000 miles? 
The reason the statement is false is that it ignores the order of magnitude 
changes between the three modes of transportation: we can walk at speeds of 
around 4 miles per hour, automobiles travel typically around 40 miles per hour, 
while modern jet planes travel at around 400 miles per hour. Thus a jet plane is 
around two orders of magnitude faster than unaided human transporta- 
tion, while modern computers are around six orders of magnitude faster than 
hand computation. It is common knowledge that a change by a single order of 
magnitude may produce fundamentally new effects in most fields of technology; 
thus-the change by six orders of magnitude in computing have produced many 
fundamentally new effects that are being simply ignored when the statement is 
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made that computers can only do what we could do for ourselves if we wished to 
take the time. 

One often hears the remark that computers can do only what they are told to 
do. True, but that is like saying that, insofar as mathematics is deductive, once 
the postulates are given all the rest is trivial. An outsider not well acquainted 
with mathematics is apt to admit readily the truth of this last statement, 
but the mathematician well knows how much is being concealed when one 
says that all of deductive mathematics is trivial. Similarly, any person who has 
had reasonably extensive experience with modern computers well knows how 
much is being concealed when one admits that machines can do only what they 
are told to do. The truth is that in moderately complex situations, such as the 
postulates of geometry or a complicated program for a computer, it is not pos- 
sible on a practical level to foresee all of the consequences. Indeed, there is a 
known theorem that there can be no program which will analyze a general pro- 
gram to tell how long it will run on a machine without actually running the pro- 
gram (or a direct simulation of the program). 

One often hears, especially in military circles, remarks to the effect that 
machines may make mistakes (due to poor programming, not machine failures) 
that a skilled human would not. The error that is being made is to compare ideal 
human behavior with carelessly programmed machine behavior. In practice it is 
the human, of course, who is unable to be careful all the time, who has the lapses 
of judgment, etc., especially on jobs which are monotonous and involve day in 
and day out activities of the same sort. Similarly, the mathematician is apt to 
compare the behavior of the best mathematicians at their inspired moments 
with that of a computing machine doing routine work; if we were to pick the 
average mathematician when plodding along then the results would often be 
reversed and the machine would look a good superior. 

Finally, another argument that is frequently met is the attempted com- 
parison of the human mind and the computer. Mysteriously arrived at numbers 
are cited for the number of neurons in the human nervous system and these 
are arbitrarily compared with the number of components in a machine. Since 
the machine has a repair man to replace defective parts promptly, while we poor 
humans have to put up with failing neurons at the rate of one every few seconds 
(so they claim), we evidently have to use much of our capacity in the form of 
protective redundancy. A realistic comparison would also point out that human 
signaling speeds are at best 125 meters per second, while computers signal at 
close to the speed of light, that human pulse repetition rates are rarely close to 
1000 per second while computers use rates of millions to almost billions per sec- 
ond, that humans are incredibly prone to lapses such as forgetting their best 
friend’s name, careless slips while playing chess, etc., while machines have failure 
rates that are far, far, lower. But fundamentally it seems to me that one cannot 
compare computers and human minds generally but only on specific tasks, and 
then only when the tasks are described in some detail so that we can have a 
good idea of what is being done in both cases. 


IMPACT OF COMPUTERS 3 


3. The impact on experimental science. Having, I hope, cleared the air of 
a number of misconceptions, let us turn to our main goal of examining the 
impact of computers on our intellectual world. One observation I have often 
used is that not too long ago 90% of the experiments done at the Bell Telephone 
Laboratories were done in the lab and only 10% were done on computers, but 
in the not too distant future 90% will be done on computers and only 10% in the 
lab. This remark illustrates the fundamental change in our basic approach to 
the physical world that is occurring due to the availability of computers. 

Let us examine the remark more closely. Many of the early uses of com- 
puters were to reduce the data after an experiment was done (and J shall not 
make the distinction between using machines to gather the data while the ex- 
periment is actually running and using it after the experiment is done). A few 
early applications of computers, and increasingly so these days, put the com- 
puter before the experiment and simulate what would happen if we did the ex- 
periment. For example, at Los Alamos during the Second World War the be- 
havior of an atomic bomb was computed before any were actually tried out in 
the field. Currently we are “flying” thousands and thousands of trajectories on 
computers for every one we actually fly in space. We are gradually using com- 
puters during the experiment in a control loop, reducing the data so rapidly 
that the results are available to control the next steps in the experiment. 

Besides these three uses we are also using computers instead of experiments. 
In many areas we have almost completely abandoned the laboratory equipment 
and use only simulations. Of course there must always be some checking of our 
models against reality, but think of how seldom we bother to check classical 
mechanics in practical matters; we simply assume that if we let go of a plate it 
will drop to the floor and the higher it is held the harder will be the impact. 
Rarely do we do experiments in this well-tested area. 

The net effect of these applications of computers on experimental science is 
yet to be widely felt, but many individuals have reorganized their approaches 
to their work and are working in a fundamentally new framework of ideas of 
how to plan and carry on their research. 

Two examples recently done at Bell Telephone Laboratories come to my 
mind. (I apologize for using Bell Telephone Laboratories as if it were the only 
place using machines, which of course it is not, but excuse myself on the grounds 
that naturally I am more familiar with the work there than work done else- 
where.) One was a study of binocular vision. In this field one of the main experi- 
mental problems is to separate the effects of the recognition of previously 
learned patterns from the direct recognition by the central nervous system. Bela 
Julesz used a computer [1] to produce square patterns of some 10,000 spots of 
randomly selected shades of light and dark. By suitably arranging a pair for 
stereo vision he could demonstrate and study some problems of depth percep- 
tion with reasonable assurance that he had eliminated the learned pattern 
effects. 

The second example of a new approach due to the availability of a computer 


4, COMPUTERS AND COMPUTING 


is that of the work of Roger Shepard [2] who used a digital computer and pro- 
grams already produced by others to generate tones without the presence of 
any musical instruments. This remark needs a small qualification. The com- 
puter produces a digitized version of the sound track and this is run through a 
digital to analog converter plus a simple smoothing circuit to produce the actual 
sound track. One of the sound tracks so produced had a series of “notes” that 
seemed to rise as each note was played, but in fact was simply circular and 
might be called an “auditory illusion” in analogy to “optical illusions.” 

In both of these cases it was the presence of a computer which stimulated 
and made possible the basic approach to the research; the awareness of the 
computer and its possibilities had to be there before the idea to try the experi- 
ment could arise. 


4, The impact on theoretical science. It might be supposed that if com- 
puters have had so large an effect on experimental science then their impact 
on theoretical science would be even greater, but the facts seem not to be so. 
The methods of pure theory are still the same as they were before computers 
were available; a man speculates and puzzles over a field of knowledge until a 
new insight arises. It is true that the theoreticians do make wide use of com- 
puting when the analytical tools of classical mathematics fail them. Computers 
have also affected the starting points of theories; the concept of a suitable end 
point of a theory may perhaps now be a much more complex array of formulas 
than before; the subject matter of the theory has often been affected; but so far 
as I can see the way the theoreticians work is still much the same. Thus while it 
is necessary for the experimentalist to reorganize his approach, the theoretician 
need only add a few additional tools to his armory. 

“Experiments” have been carried out on computers to study genetic prob- 
lems, traffic patterns, etc., but I interpret these as the use of computers instead 
of experiments. They have not affected the approach to the theory except to 
encourage a wider range of speculation since now we can check the speculation 
against observation fairly easily. 


5. The impact on some other areas of intellectual activity. Computers have 
had a large effect, relatively speaking, on music. Not only have experiments 
been performed in the area of musical composition according to accepted stand- 
ards of composition, but many other experiments have also been tried. 

One of the most interesting is that of having the computer calculate the 
sound track directly without the presence of any musical instruments, as men- 
tioned before. This is interesting for the composer because it opens the door to 
the entire world of possible sounds, not merely those that can be made with real 
instruments. All kinds of effects may be produced which are beyond human 
production, such as simultaneous vibrato in the various instruments which are 
being simulated. 

In the entertainment world increasing amounts of background music are 
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being produced by artificial means, and computers will undoubtedly carry an 
increasing share of this type of “music.” 

This kind of work is stimulating some musicians to try new kinds of ap- 
proaches to their tasks, in composing, production, even in the evaluation of 
music. 

I have already mentioned two experiments in the area of psychology as exam- 
ples of the impact of computers; there are many more examples. 

Computers have also had a fair sized effect on language studies. Attempts 
to produce programs to translate from one natural language, such as Russian, to 
another, such as English, have stimulated a great deal of research. Furthermore, 
the attempts of computer experts to devise synthetic languages for communi- 
cating with computers, and the building of translaters from these languages 
to the languages of the machines themselves have given us a great many new in- 
sights into language. We are now much more aware of language as an engineer- 
ing device to which engineering criteria such as efficiency, reliability of com- 
munication, need for redundancy, etc., can be applied. 

Computers have also stimulated the growth of an almost completely new 
field called “artificial intelligence.” The goals of this field are varied, as is natu- 
ral in a new field, and the various workers disagree, sometimes violently, over 
what should be, or has been, done. Some are trying to explore how humans 
operate by simulating various proposed models. Others are simply trying to get 
machines to do tasks which were traditionally supposed to require thinking, 
without trying to do it in ways that are thought to be similar to those used by 
humans. There are all gradations of activity in between these extremes, methods 
which use analog as well as digital simulations, those which try to be precise 
and those which attempt to use random methods (sometimes merely to cover 
ignorance!), those which try to produce detailed models and those which merely 
simulate gross effects, etc. 

The field is interesting because for the first time computers give us the pos- 
sibility of exploring models of “creativity,” whatever that means. We may not 
be able to define “creativity,” but in many, many phases of our life, from mathe- 
matics to fashion styles, we put a high premium on it. 

Another way of examining the impact of computers is to note that comput- 
ers use algorithms, and this very fact has caused many of us to examine the 
world with eyes searching for processes to describe what we see rather than 
words. (The displacing of the dominance of words is not unique to the comput- 
ing field but seems to be a somewhat broad effect in the whole of our society.) 

These are only a few of the ways computers have affected some fields of 
intellectual activity, but space and time forbid going on to fields such as medi- 
cine, law, cosmology, and archeology. 


6. The impact on mathematics. Finally we come to the topic of the impact 
of computers on mathematics. It depends on what you think mathematics is 
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as to how much you think computers have had, or will have, an effect, and it 
also depends on what you mean by “have an effect”; hence there is a wide range 
of opinions on the matter. If you think of mathematics as being the more ab- 
stract parts, such as are so often published in the purer mathematical journals, 
then it is apparent that computers have had very little effect and it is difficult 
to see how it will soon be much different. Thus I cannot imagine how computers 
will ever affect the field of Lebesgue integration, though I do not deny the pos- 
sibility. On the other hand if, like the author, you believe that much of mathe- 
matics has its ultimate roots in attempts to explore and understand the uni- 
verse, then it is apparent that there have been great effects, and the future will 
show even greater effects. 

Let me illustrate in a general way what I mean. Much of mathematics has 
arisen from the observation of special cases. Computers now enable us to com- 
pute many more special cases than we could by hand, to see much more detail 
in those we do examine, and consequently have led to many more insights. 

Mathematics depends not only on numerical examples, counting of sub- 
groups, enumeration of branches of a tree, etc., but also occasionally on doing a 
large mass of algebra. A number of efforts to program a computer to’ perform the 
typical operations of high school algebra have been made and some have met 
with modest successes. Thus at BTL the so-called ALPAK (Algebra Package) 
has been used [3] to help prove theorems in a number of fields such as queueing 
theory, celestial mechanics, crystals, and wave propagation, simply by letting 
the computer perform a large mass of well-organized algebraic manipulation. 
When the final answer condenses down to a few terms then the result can often 
be used, but when there is simply a sea of thousands of terms left, then the 
result is almost useless except in a negative sense. In the successful cases there 
is, of course, the suspicion and hope that, knowing the answer, by some ingenu- 
ity one can find a simple derivation which by-passes the mass of algebra done 
by the machine. 

D. H. Lehmer has used computers [4] to follow out all the various branches 
of particular complex proofs in Number Theory. Others have tried to write 
programs for computers so that the computer could “find” proofs in broad 
fields, such as High School geometry or the early parts of Whitehead and Rus- 
sell’s Principia. The results have been very interesting but at least for this 
author somewhat discouraging—at present we seem to be very far from the day 
when we can give a machine a very difficult theorem such as Riemann’s hypoth- 
esis and hope to have the machine produce a mathematical proof. 

To those who use mathematics to explore the universe, computers are of 
tremendous help. For us a numerical solution to a 10 body problem is often far 
more useful than an analytic solution to a 3 body problem. We use computers 
in a rather uninhibited fashion, to make a preliminary numerical exploration 
of a situation, to simulate systems of various degrees of idealization, and to 
compute solutions to situations for which there are no known existence theo- 
rems. In practice we care surprisingly little for a rigorous mathematical proof 
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of convergence so long as we get an answer we like; on the other hand, mathe- 
matical rigor based on an inappropriate model does not impress us much. In 
a way, we have gone back to the classical mathematicians who created the 
mathematics they felt was appropriate to the physical situation at hand, who 
ignored the mathematics they did not like, and in the absence of rigorous proof 
went ahead anyway. . 

I happen to believe that this uninhibited approach to mathematics will even- 
tually enrich mathematics by giving it many new fruitful and useful models 
to explore—but I appear to be in the minority! Most of my mathematically 
trained friends still feel that computing, especially Numerical Analysis, should 
stay within the currently accepted bounds of mathematical theory and rigor; 
if it does, then I believe that the impact of computing on pure mathematics 
will be much less than it could be. 

It is hard to be sure when some mathematics is inspired by computers. Thus 
the whole area of “computability” in abstract logic might be thought to have 
been started from considering current computing machines, but the fact is that 
Turing’s basic paper appeared in 1937 long before the modern era of computers! 
How much the later elaboration of the field is due to computers is a matter for 
conjecture. 

One final effect of computers on mathematics should be mentioned; namely, 
that many of the most able people in computing were attracted there from 
mathematics and probably represent a loss to mathematics. On the other hand, 
the glamor and money in computing probably have attracted some people to 
mathematics. The net balance would be hard to measure. 
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THE POST-WAR COMPUTER DEVELOPMENT 
R. D. RICHTMYER, New York University 


Of the automatic computers that existed at the end of 1945, only the Eniac 
was really electronic, and none qualified as a computer by today’s definition. 
None had a central control unit, a vocabulary or list of instructions, or a mem- 
ory in the modern sense. (In Harvard’s Mark I relay calculator, however, the 
sequence of operations was controlled by a pre-punched paper tape.) 

Electronic computer technology really began with the Eniac, which was 
designed and built by J. P. Eckert and J. W. Mauchly at the Moore School of 
Electrical Engineering at the University of Pennsylvania and later moved to the 
Army’s Aberdeen Proving Ground. Eckert and Mauchly pioneered in the sys- 
tematic use of gates and flip-flops and in the general design of digital circuitry, 
and the Eniac was quite fast, even in comparison with most computers of the 
next several years. Many large computations in pure and applied science were 
done on it, but its utility for the largest problems was hampered by the necessity 
of making hundreds of cable connections and of setting hundreds of switches 
on counting devices, etc., in order to organize the Eniac for solving a given 
problem. Later, this difficulty was eliminated by the development of the so- 
called converter code, which will be described briefly below. 

Meanwhile, several people were giving serious thought to the theory of 
automatic computing, and there emerged a number of basic principles so funda- 
mental that computer design became completely revolutionized. These prin- 
ciples seem almost obvious in retrospect, and people tend to forget that many 
of the notions that are now commonplace in the computing world, and which 
still dominate the design of 1964’s computers, had not been thought of before 
1945, although their origin can perhaps be traced to Babbage. The most influen- 
tial and clear thinking of the people in the field in the middle and late 40’s was 
John von Neumann; he and his co-workers turned out a series of reports at the 
Institute for Advanced Study’s Computer Project, at Princeton, in 1945-47, 
which established the pattern that the subsequent evolution of computers has 
followed. 

One basic principle was that the presentation of a calculation to the com- 
puter and the functioning of the computer should both be in terms of a vocabu- 
lary or machine language. That is, the computer should be wired, once and for all, 
so that it can perform any one of a list of a few dozen basic operations, or 7n- 
structions, on receipt of a suitable initiating impulse; to solve a particular prob- 
lem, the machine should then be supplied (from a device not yet described) 
with a long sequence of initiating impulses, planned in advance by writing 
down a sequence of instructions, or a code for the problem. The code is a de- 
scription of the calculational procedure, of more-or-less the same kind that one 
might give to a hand computer; it tells which arithmetical operations are to be 
performed, on which numbers, and in which order, and it tells when portions of 
the sequence are to be repeated until, say, some test shows convergence; it tells 
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when new data are to be brought into the computer from an outside source, like 
a deck of punched cards, when to print out results, and when to stop. Designing 
a computer so that it can, in effect, read, interpret, and execute such a sequence 
of instructions was the goal of the Princeton project. 

It was evident that any finite computational program, whether numerical 
or otherwise, can be expressed in terms of the instruction list chosen, and sym- 
bol manipulation and formal operations were often as important as numerical 
processes in many of the large calculations then being planned. 

Another basic principle was the separation of various functions and of the 
units in the computer that performed them. (The separation was to some extent 
more conceptual than physical, in the actual construction.) A computer was 
thereby recognized to consist of an arithmetic or operation unit, a control unit, 
a memory or storage unit, and input and output units. 

The arithmetic unit consisted of the circuits for adding, subtracting, multi- 
plying, dividing, possibly taking square roots, shifting numbers relative to the 
decimal or binary point, extracting certain digits from a number, and so on. This 
unit also contained several registers for holding one or possibly both of the oper- 
ands before an operation, and the result after the operation. In the Princeton 
arrangement, which persists in most of today’s computers, there were two of 
these: an accumulator register A and a mulitplier-quotient register MQ. 

The storage unit or memory consisted of devices for storing a very large num- 
ber of bits, or elementary units of information; these could represent the binary 
or decimal digits of numbers, letters or other characters, or the designations of 
instructions. The unit was divided into a thousand or so memory locations, each 
of about forty bits, and each designated by a number, its address. It was decided 
that the code should be stored in the same memory as the numerical data; 
just which locations were allotted to which, for a given problem, was left to the 
programmer to decide. The string of bits stored in a location was called a word; 
the number of bits in a word was fixed so that it could represent a number of 
ten to twelve decimal digits (or the equivalent number of binary digits); it then 
turned out that a word of this length could contain either one or two instruc- 
tions, depending on the arrangement. 

Associated with the memory, there was a memory address register (MAR) 
and circuits for bringing out or fetching from the memory that word whose ad- 
dress was then sitting in the MAR and sending it to the arithmetic unit (in 
case it happened to be a number) or to the control unit (in case it happened to 
be an instruction word). For purely technical reasons, this was usually done via 
a storage register, where the word was held temporarily. A word could similarly 
be stored in the memory, at any desired address, the word previously stored at 
that address thereby being wiped out. 

There was much debate as to the best number of addresses per instruction. 
In a three address code, a typical instruction was “multiply X, Y, Z,” meaning 
“multiply together the numbers stored at X and Y, and store the product at 
location Z.” (A three address machine needs no registers.) In a one address code, 
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which was favored by the Princeton group and has been almost universally 
adopted since, the corresponding instruction, “multiply X,” meant “multiply 
the number stored at X by the number in the MQ register and leave the product 
in the accumulator”; it was followed either by a store instruction or an instruc- 
tion one of whose operands is the number in the accumulator. 

The principle of storing the code in the same memory as the numerical data, 
i.e., the principle of the stored-program computer, made it possible for the code 
to be modified (i.e. to modify itself) during the running of a problem, by use of 
any of the same instructions that operate on numbers. For example, addresses 
of operands and of results could be modified in successive passes through a sub- 
routine; numbers could be taken from the right place in a stored table by 
suitably modifying the address of a fetch instruction; the exit from a subroutine 
could be modified so as to return to different places in the main code on different 
occasions. Furthermore, codes could even be generated by other codes espe- 
cially prepared for this purpose. This made possible assemblers and compilers, 
which first appeared in about 1949 and are basic to most coding systems today. 
In these systems, the code is written, usually in somewhat symbolic form, in 
pieces, each of which ignores the other pieces; the assembler or compiler then 
puts the pieces together, assigns storage locations, and computes and inserts 
the relative addresses and the addresses of cross-references between the pieces. 

The control unit contained a control counter (or “instruction location 
counter”), an instruction register, and a decoding matrix. The control counter 
held the address of the instruction to be performed next; this address was auto- 
matically increased by 1 while an instruction was being performed, so long as 
one wanted to have the instructions performed in the order in which they 
appeared in the memory, but could be set to a new value by a transfer instruc- 
tion if one wanted to change the sequence. The instruction to be performed was 
held in the znstruction register, from which its operation part was communicated, 
for as long as needed, to the decoding matrix, and whose address part was com- 
municated to the memory address register. The decoding matrix was a network 
of resistors and diodes with as many inputs as there were bits in an instruction 
and as many outputs as there were separate instructions; it had the remarkable 
property that if the bit combination that described any one of the operations 
was supplied to its inputs, exactly one of the output lines was energized; this 
line provided the initiating impulse for the operation to the appropriate arith- 
metic unit. This manner of control, which was von Neumann’s idea, persists 
today, with variations. 

Input and output were straightforward. Primary input was from a manually 
punched paper tape or a deck of punchcards. When a load-buiton on the console 
was pushed, consecutive words were automatically read from the tape or cards 
and stored in consecutively numbered storage locations until the end of the 
paper tape or card deck was reached. Primary output was equally simple: a 
print instruction caused the word whose address appeared in the instruction to 
be printed on a typewriter or punched on a tape. 
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In addition, the computers were planned to have (and they all eventually 
acquired) an auxiliary memory, often in the form of one or more magnetic 
tapes, of more-or-less unlimited length, onto which words could be written in 
sequence, automatically under control of the stored program, and from which 
they could be read back later into the machine. The primary memory was 
limited in size both by its cost (it usually contained electrostatic tubes or a 
magnetic drum) and by the number of bits allotted to an address; for example, 
if just 10 bits were available for an address, in each instruction, only 2?° or 
1024 words could have separate addresses. The auxiliary memory did not have 
separate addresses for individual words and was much slower, but these dis- 
advantages could be overcome by a little care, during the coding of a problem, 
in planning the transfer of information back and forth between the two mem- 
ories. Today, both the main and the auxiliary memories have increased greatly 
in size and speed, but the distinction between them has remained. 

In 1947, before the foregoing ideas had been fully incorporated in any of 
the computers then under construction, von Neumann proposed that the mode 
of operation of the Eniac should be modified to put some of these ideas into 
effect. A list of sixty instructions was drawn up, and each was designated by 
two, four, or sometimes six decimal digits. After a code had been written, the 
list of instructions could be set up on huge banks of ten-position switches. (These 
banks were originally intended for storage of tables, but were not in fact much 
used for this purpose, because it is generally easier, in an automatic computa- 
tion, to compute function values as needed, by the same methods used for 
preparation of the tables, than to store the tables in advance.) Each row of 
switches was assigned an address, a number from 1 to 300. Of the Eniac’s 
twenty accumulators, devices for adding or storing a number, one was used as 
a control counter, to keep track of the address of the row of instructions being 
executed, one served as a central clearing house for numbers, similar to the 
accumulator register of the Princeton design; two others were reserved for spe- 
cial purposes, and the rest were available for general storage. Wiring up the 
Eniac so that it could then read, interpret, and execute the instruction sequence 
on the switch banks was a huge task accomplished by the Aberdeen Computing 
Laboratory in collaboration with people from Princeton and Los Alamos. When 
this was done, not only did one have the advantage that the Eniac was easier 
to use, because the wiring never had to be changed again, but also the much 
greater advantage that the planning of a calculation was enormously simplified: 
the scientist had only to program the calculation and then set up the resulting 
code on the switches, rather than arrange a set of circuit connections about as 
complicated as a moderate-sized telephone exchange. The Eniac became thus 
the first machine to have a vocabulary. 

The Princeton group also studied the problem of the mathematical formula- 
tion of large computations. One powerful idea that emerged was that of the flow 
diagram, introduced by von Neumann. This idea has fallen somewhat into dis- 
use, lately, partly because of the emphasis on rather smaller and simpler prob- 
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lems than those that occupied von Neumann. For difficult and especially novel 
problems in the physical sciences a flow diagram, as originally understood, that 
is, a diagram providing a complete precise specification of the entire computa- 
tional process, not merely a vague general plan, is still almost essential. 

Although the fundamental principles have changed very little since the late 
nineteen-forties, a number of additional ideas have been introduced. The first 
is that of floating point operation, which was considered in 1945, but was dis- 
carded then, mainly because the technology of that time did not seem adequate 
for designing the needed circuits in a reliable way. Whenever numbers are oper- 
ated on, their exponents are automatically adjusted; one usually takes as 
normal form that representation y-10* of a number in which the left-most non- 
zero digit of y lies immediately to the right of the decimal point, that is, 0.1 Sy 
<1.0, and in a binary machine one writes y-2? where 1/2Sy<1; y and x are 
normally stored in one word of memory. 

A more recent idea, that of significance arithmetic, also goes back to the 
practice of hand computers, who usually designate, for example by an underline, 
the last digit that is considered significant, thus writing either 3.760 or 3.7602 
or 3.760293, depending on the estimated accuracy. During a calculation, the 
significance of each intermediate result is estimated by a simple set of rules. 
(Usually one more digit is carried along than the last significant one, to decrease 
the accumulation of rounding errors.) Experienced computers know that unless 
this practice is carefully followed it is very easy in a long calculation to end up, 
without knowing it, with results that have no significance at all. This is espe- 
cially likely to happen in calculations where there can be cancellation due to 
subtraction of nearly equal quantities. Scientific computations made on today’s 
computers are generally much longer and more difficult to analyze than those 
formerly made by hand, and it is perhaps surprising that only three or four com- 
puters, even now, have automatic provision for the monitoring of significance. 
Several methods of doing this are under study, however, and probably one of 
them will soon be adopted generally. 

A basic idea, introduced around 1950, is that of index registers, to provide 
for automatic modification of addresses in those instructions containing a fag 
in one or more bits reserved for this purpose in the instruction word, by increas- 
ing the address by the amount in the index register; this enables one in effect to 
deal with subscripted variables. Some machines have up to 100 index registers, 
any one of which (or sometimes several) can be specified by a corresponding tag 
in any instruction. 

Index registers and other innovations, such as indirect addressing, instruc- 
tions for logical operations, push-down storage banks, etc. have made it often 
possible to do in one instruction things that previously took several. 

A number of ideas for speeding up the execution of the instructions have 
been introduced into computer circuit designs, whereby operations are made 
concurrent whenever possible, for example, by overlapping of input and output, 
or by having the control unit look ahead, while it is performing one instruction, 
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and make as much preparation as possible for the next few instructions to come, 
or by the use of several multipliers or other arithmetic devices in parallel, and 
so on. 

The so-called associative memories, now under consideration, in which a 
word can be given an arbitrary symbolic address, located in part of the word 
itself, will probably have great value in some applications, though probably not 
in basic mathematical science. 

The main advance in computers since 1950 is the very great progress in the 
technology of computer manufacture. This shows up primarily in connection 
with reliability. A typical calculation may contain 10° basic operations, each 
depending on, say, 100 electrical components; in order to be 99.9% sure that the 
result is not invalidated by a machine error, each component has to be so reli- 
able that it only makes one mistake in 10“ actuations. This is like permitting 
a. typist only one error in a million years of continuous typing, and is a degree of 
reliability far beyond anything that was attainable in electrical or mechanical 
parts until recently. Simultaneously, speeds have been increased almost a thou- 
sandfold since 1950, and memory capacities almost a hundredfold. Ferrite 
cores and disc-files have revolutionized the storage problem. Input and output 
devices have been greatly improved with respect to both speed and the variety 
of characters that can be read and printed. 

The advances in computer technology have unfortunately not been paral- 
leled by a corresponding advance in the art of scientific computing. In many 
areas of physical science, the calculation procedures now used are similar to 
those formerly used in hand calculations, although they have been considerably 
improved in detail and are applied to much bigger and more complex problems. 
It is clear on combinatorial grounds alone that today’s computers could handle 
procedures based on vastly more sophisticated mathematical principles, if we 
only knew how to find those principles. Contrary to popular belief, we are more 
often limited in what we can compute by the lack of sufficiently powerful mathe- 
matical methods than by the lack of sufficiently powerful computers. 

The chief advance in the computing art has been the development of simpli- 
fied coding schemes, such as formula translators, that help people who have not- 
too-large problems of a somewhat standardized nature. In a formula-translator 
system, the programmer writes a description of the problem as a series of state- 
ments and simple formulas, according to a certain set of rules, and the formula 
translator, or compiler, which is a lengthy code in itself, turns the statements 
and formulas into a running code. The compiler is usually embedded in an elabo- 
rate system for using the computer, which sequences the problems through the 
computer, one after another, and supervises them in various ways. This system, 
together with the library of subroutines, routines for control of input and out- 
put formats, and so on, has come to be called software in the industry (as op- 
posed to hardware) ; a manufacturer is expected to supply a considerable amount 
of software with the machines he sells. 

A curious phenomenon that has accompanied the development of software 
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is a tendency for the hardware to become dependent on it. For example, ma- 
chines of a few years ago had a “print” instruction, which caused one or more 
words to be printed (either on-line or off-line) directly in recognizable form. 
This is no longer true of many present machines, which require a complicated 
input-output “package” of subroutines, also format statements and the like, 
before anything can be printed. 

The amount and complexity of the software have increased enormously in 
the last few years, and its preparation has become a rather large industry. It is 
the writer’s conviction (shared by at least some of his colleagues) that, although 
the systems now in use are successful in industrial and commercial applications, 
they are a serious obstacle to basic research in mathematical science, especially 
to research whose aim is to find fundamentally new and different methods of 
computation. To change existing methods requires nonconformity, which is 
virtually impossible in the face of the vast array of rules and regulations in the 
present systems. The overall system is so complicated that it is almost impos- 
sible to find out what has happened whenever one of the rules (it may be an 
unwritten one) has been violated. The testing of novel methods is an almost con- 
tinual process of debugging, not of the code but of the mathematical processes 
taking place. For this, one has to work directly with the machine language code, 
even if the program was written in some super language, but the codes turned out 
by the compilers are almost impossible to follow, and the monitor systems pre- 
vent any other than very standard and conventional manipulation of the code. 
The manoeuvres that one has to go through not only waste machine time but 
also retard progress enormously. Also, present machine languages are designed 
for the systems people, who write compilers, etc., and are not well planned for 
scientific users. 

The fundamental spirit of von Neumann’s ideas was an emphasis on direct- 
ness and simplicity. It is the writer’s belief that these notions are not incompat- 
ible with the advances in computer technology and that a return to them is 
necessary before the inherent promise of modern computers in basic science can 
be realized. 
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THE PRIMALITY OF RAMANUJAN’S TAU-FUNCTION 
D. H. LEHMER, University of California, Berkeley 


Introduction. The function 7(m) introduced by Ramanujan in 1916 [1] asa 
natural outgrowth of the functions o;(”), the sum of the kth powers of the 
divisors of n, has been the subject of numerous investigations ever since. It is 
defined most simply as the coefficient of X” in the expansion of the product 

X JJ — X™)*%* = DO) r(n)X* = X — 24X24 252KI+.-.-., 
m=1 n=1 
Although a number of remarkable properties of 7(”) have been established, some 
of which are cited below, there remains a number of unsolved questions about 
t(n); for example: What is the exact order of magnitude of r(m) (see [2])? Is 
t(n) =0 for some n>0 (see [3])? In this note we address ourselves to the ques- 
tion: Is r(z) ever a prime? We answer this question by 


THEOREM A. The integer r(n) 1s composite for 2 Sn 363000, but 
7(63001) = 80561663527802406257321747 
1s a prime number. 


Since published tables of r(m), [4], extend to »=1000 and unpublished 
tables to n= 10000, [5], it is clear that to prove Theorem A requires the use of 
some of the known properties of 7(z), namely the formulas and congruence 
properties listed below. Numbers in square brackets give references to papers 
where these results are established. In what follows p always designates a prime. 

Required Properties. 


(1) If (a, 6) = 1, then r(ab) = r(a)r(d). [6] 

(2) r(pxtt) = r(p)7(p%) — pMr(o*"), (a> 0). [6] 
As an immediate consequence of (1) and (2) 

(3) If p|r(s) then |7(np), (n> 0). 

(4) If 2 is odd r(m) = a(n) (mod 8). [7] 
Setting p=2 in (3) and using (4) we easily derive 

(5) 7(m) is odd if and only if ” is an odd square. 

(6) If misodd, +(n) =o3(n) (mod 32). [8] 

(7) If (x, 3) = 1, r(m) = o(n) (mod 3). [9] 

(8) If 3p = u? + 2302, 7(p) = — 1 (mod 23). [to], [3] 

(9) r(n) = on(n) (mod 691). [2], [11] 


Proof of Theorem A. We begin by assuming there exists a least integer 
no) =63000 for which 7(mo) is a prime. If 2 is not a power of a prime then m)=ab 


15 


16 COMPUTERS AND COMPUTING 


with 1<a<b<™m and (a, b) =1. By (1), either 7(a) or 7(d) is a prime, contrary 
to the minimal property of 29; hence 
(10) no = p* (a 2 1). 


We now separate two cases: 

Case I. | r(m)| =2. 

In this case it is clear that p42 because 7(2) = —24 is a multiple of 8 and so, 
by (2), is 7(2%). Hence mo is odd but not an odd square, by (5). Therefore 
Ny = pt! (b>2, B20). Writing (2) in the form 
(11) r(peHt) = pllr(p) = r(p)r(9%), 


we see, by induction on k, that 7(p) divides 7(p*t!) = +2. Now |7(p)| = 1 would 
contradict (5). Hence |r(p)| =2. Because m is minimal this implies =p. Now 
the case 7(p) = —2 is impossible by (7). In fact, +3 because 7(3) =252 4 —2. 
Hence (7) would give 


—2 = 7r(p) = o() = 1+ p (mod 3). 
This implies p=3, a contradiction. Hence we are left with 
(12) T(p) = 2. 


To complete Case I we have to show the impossibility of (12) with p<63000. 
This is easily done by using the congruences (6) and (9). In fact, (6) gives 


2 = 7(p) = 1+ p? (mod 32) 
which implies 
(13) pb = prte16 = 33 = (p%) = 111 = 1 (mod 32). 
Also (9) gives 2=7(p) =1+ 5" (mod 691) which implies 
p = pt4-690 = 2761 == (61)251 = 1 (mod 691). 

Combining this with (13) gives p=22112x%-+1. Since 22113 and 44225 are not 
primes, p> 63000. This disposes of Case I. 

Case II. |7(mo)| >2. 

Since | 7(10) | is now an odd prime, (5) and (10) give m»)=p*%*(p>2, B21). 

We show next that ~ does not divide 7(p), for otherwise by (2) p? would 


divide r(p?), 7(p*), - - - , so that r(mo) =7(p**) could not be a prime. Since b| T(p) 
for p=3, 5, 7 it follows that 211. Since 


63000 < 83521 = 174 < 1771561 = 118, 
the case of @>1 reduces to the consideration of 
7(114) = — 81544677556667127577895 


and 
7(134) = 1528680442488998435984621. 
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Neither one of these numbers is a prime, the latter being divisible by 25741. 
There remains the case m) = p?, 11) <251. We see from (7) that if p=6x-+1 
then 


t(p?) = o(p?) = 1+ 6+ p? = 0 (mod 3). 
This would imply 7(p?) = +3. We would infer from (9) that 
+3 = oy(p) =1+ p+ p% (mod 691). 


Solving these two congruences gives the solutions p=1, 21, 33, 348 (mod 691). 
This disagrees with the assumption that p is a prime less than 251. Hence 
p¥6x-+1. 

Next suppose that 


(14) 3p = u? + 2302. 


Then 
3 u? 
prs (<) = (=) = (=) = 1 (mod 23) 


so that (2) and (8) give 7(p?) = (r(p))?— p!!=(—1)2-—1=0 (mod 23). This would 
require 7(p?) = +23. But then (9) would give 


+ 23 = on(p?) = 1+ p+ p (mod 691), 


which has solutions p=92, 340, 410, 432 (mod 691) contrary to p<251. Hence 
the prime ? is of the form 6x—1 but not of the form (14). The fifteen such primes 
<251 are the arguments of Table 1. For each argument, we give one or more 
small factors g of r(p?) to show that 7(p?) is not a prime. In those cases in which 
only one g is given |7(p?)| 4q (see [12]). 


TABLE | 
p q p q 
17 842087 - 15936629 113 31 
23 11-13 137 11 
53 17 149 49139 
59 137 167 137 
83 61-71 173 89 - 1567-38833 
89 33107 191 2357-308117 
101 8731 227 51869 


Test for Primality of 7(2512). To complete the proof of Theorem A we must 
establish the primality of 7(63001). The standard procedure for testing numbers 
N as large as this is to apply some valid converse of Fermat’s theorem [13]. 
These require the knowledge of some large prime factor of VW —1. In our case 


N — 1 = 2-397-101463052302018143900909, 
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where the large factor was found to be composite but rather difficult to decom- 
pose into its prime factors, but the factorization of N-+1 is relatively easy, 
namely 


N +1 = 2?-3?-7-23-29-1249-1767401 - 217122342553. 
Hence the following Fibonacci type test was used [14]. 


THEOREM. Let Po =0, Fi=1, Pasi= Fat Fai, be the sequence of Fibonacct. If 
F, ts divisible by N forn=N-+1 but not forn=(N-+1)/p, where p ranges over the 
prime factors of N-+1, then N ts a prime. 


Although this theorem speaks of Fibonacci numbers that are incredibly 
large for N=7(63001), one does not deal with such large numbers themselves 
but only their remainders on division by N. Furthermore, one does not use the 
defining recurrence to compute F, modulo N but instead skips over all but 
O (log NV) values of m by a duplication formula. All told, the application of the 
theorem represents an effort proportional to only log N. For N=7(63001) the 
hypothesis of the theorem was verified in about twenty seconds. Hence 7(63001) 
is indeed the first prime value of 7(7). 
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THE PRIME FACTORS OF CONSECUTIVE INTEGERS 
D. H. LEHMER, University of California, Berkeley 


In 1892, J. J. Sylvester [1] proved that every product of k& consecutive 
integers greater than k is divisible by a prime greater than k. This beautiful re- 
sult is by no means the strongest possible. In fact, a theorem of Stérmer [2] 
implies that the product of only two sufficiently large consecutive integers 
must be divisible by a prime greater than k. That is, for each integer k there 
exists a number M; such that n(n-+1) is divisible by a prime greater than k for 
every n> M,. Incidentally, it follows from recent results [3] that log M, 
< Ck?e*/2 for some constant C. 

Thus, for each k, the statement: “n(~-+1) is divisible by a prime greater 
than k” is true except for only a finite number of n’s. The same is true, of 


course, for the statement: “n(m+1)---(n+h—1) is divisible by a prime 
greater than k” no matter what h 22 is chosen. 
Let p}=2, b2=3, - - - be the primes in ascending order. Then from the above 


considerations we can define the function U;(£) to be the greatest integer n> i, 
if any, such that m(m-+1) - - - (n-+-h—1) is divisible by no prime greater than 
p;. It is clear that U;(t) will cease to exist if h becomes too large. In fact Syl- 
vester’s result shows that this has already happened when h=>p,. The least value 
of h for which there is no U;(#) we denote by f(,), following Erdés [4]. In 
proving a conjecture of Erdés, Utz [5] has recently shown that 


f(2) = 2, f(3) = 3, f(5) =f) = 4, and f(13) 2 6. 
It is the purpose of this note to show that 


(1) fll) = 4, f(13) = f(17) = f(19) = f(23) = f(29) = f(31) = f(37) = 6, and, 
f(41) = 7. 
These results follow from the evaluation of U;(é) for all possible h and all ¢ $13. 

The determination of U;(¢) for a particular h and ¢ is a small theorem in its 
own right whose proof, for £>6, becomes rapidly too laborious for humans to 
carry out. For ¢$14 such detailed proofs are well within the capabilities of to- 
day’s computers. 

The general method is easy enough to understand. For each ¢ we find all the 
numbers S such that S(S-+1) is divisible by no prime greater than p;. A prac- 
tical method of discovering all such S is explained in [3] and complete lists of 
such S are given for each ¢=13. We have only to arrange each set of S’s in order 
and search the list of runs for h—1 consecutive integers. The largest such S$ 
is clearly U,(t). These results are as tabulated in Table 1. 

For example, the entry U,(9) =322 means that 


322 = 2-7-23, 323 = 17-19, 324 = 2%- 34, 325 = 52-13 
19 
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is the last instance of four consecutive numbers whose prime factors do not 
exceed 23= py. A glance at each row of Table 1 establishes the results (1). 
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TABLE 1 

t pe h=2 h=3 
2 3 8 
3 5 80 8 
4 7 4374 48 
5 11 9800 54 
6 13 123200 350 
7 17 336140 440 
8 19 11859210 2430 
9 23 11859210 2430 
10 29 177182720 13310 
11 31 1611308699 13454 
12 37 3463199999 17575 
13 44 63927525375 212380 
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COMBINATORIAL ANALYSIS AND COMPUTERS 
MARSHALL HALL, Jr. anp D. E. KNUTH, California Institute of Technology 


1. Introduction. The “logical decision-making” characteristics of computers 
enable them to attack many problems which are not basically numerical. Com- 
binatorial constructions and searches are applications of this kind in which 
computers have been very successful. The two principal ways in which com- 
puters have been used in these problems are: 1) generation of a sequence of 
combinatorial patterns as part of a larger problem, and 2) constructions and 
searches for which hand calculations are unfeasible. 

Since the size of combinatorial problems grows very rapidly, we can usually 
expect the computer to do only about one case larger than can be done by hand. 
For example, the problem of constructing a finite plane of order m is equivalent 
to choosing, in a restricted way, (n—1)? of the 2! permutations on 7 letters; 
thus, changing 2 to +1 will make the problem many orders of magnitude 
larger. 


2. Combinatorial sequences. Many computer applications call for the gen- 
eration of combinatorial sequences such as the set of all permutations on 7 ele- 
ments, the set of all combinations of m things taken mu at a time, and so on. 

The simplest combinatorial sequence is the set of all ordered x-tuples 
(%1, Xe, °° +, Xn) for which OSx;<m, 1 Si Sn. This set can, of course, be gener- 
ated by repeatedly adding 1 in the m-ary number system; in applications, how- 
ever, it is usually more useful if the m-tuples are generated in such a way that 
only one x; changes at each step [5, 7|. The simplest method for doing this is 
the following: At the kth step, 1Sk<m", add 1 to x,_,(modulo m) if m* is the 
highest power of m dividing k. Whenever & is a multiple of m, it is not difficult to 
prove that this will be the digit immediately left of the rightmost nonzero digit, 
assuming (0, 0,---, 0) was the starting n-tuple. The case m=2 gives rise to 
the so-called Gray binary numbers which have found many engineering applica- 
tions, and the sequence is the well-known procedure for solving the classical 
Chinese Ring Puzzle [2]. 

The problem of generating all permutations has stimulated much interest 
[1, 27, 40]. A method which is at least 150 years old [6], and which is still being 
rediscovered fairly often, is the following: Permutations can be generated in 
lexicographic order if we (1) obtain the successor of (41, %2, - - + , %n) by finding 
r, s such that 


Xp <Xpp1 ZS Xpp2 Zt + 2 Xn, Xrts > Xp 2 Xrtet, 
then (2) interchange x, and x,4.; and (3) replace (%,41, X%py2,°°°, Xn) by 
(Xn, °° * , Xpze, X41). This method is valid even when the elements permuted are 


not distinct. 
As above, however, it is usually advantageous to generate the permutations 
in such a way that successive permutations are “near” each other, i.e., only two 
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elements have been interchanged. The first method of this kind was due to Wells 
[45], but an improved algorithm was later discovered almost simultaneously by 
Trotter [42], and by Johnson [22]. In the latter method, all permutations of x 
distinct objects are obtained by the successive interchange of two adjacent 


elements, by using essentially the following recursive rule: Let (y1, ye, - - +, Yn—1) 
be the kth permutation of the sequence for all permutations on (1, 2, ---,n—1); 
then the (kn+1)-st, (kn-+2)-nd, --- , (k+1)n-th permutations on (1, 2, - - -, 2) 
are 


(7, V1, Yo, °° +) Yat), (M1, M, V2, °° + y Vat), 
(v1, Yo, N,°*"*", Yn—1) my (y1, V2, °° * » Yn—1; n) 
if k is even, and the same sequence in reverse order if k is odd. For example, here 


is the set of all 24 permutations on 4 elements obtained by repeated inter- 
changes of adjacent elements: 


1234 3124 2314 
1243 3142 2341 
1423 3412 2431 
4123 4312 4231 
4132 4321 4213 
1432 3421 2413 
1342 3241 2143 
1324 3214 2134 


This technique is the fastest method for generating the complete set of permu- 
tations on a computer. 

Similarly, an algorithm is known for successively choosing all combinations 
of m things, m at a time, by changing the choice of only one object each time. 
Algorithms for obtaining all partitions of an integer m are given in [38]; the 
partitions of a set are produced by the algorithm in [19]; and many similar 
techniques are known. 


3. Backtrack. The basic method [9, 43] used for most combinatorial searches 
has been christened “backtrack” technique by D. H. Lehmer. A great many 
combinatorial problems can be stated in the form, “Find all vectors 
(%1, X%2, ° + * , Xn) which satisfy p,,” where 1, X%2, - - +, %, are to be chosen from 
some finite set of m distinct objects, and p, is some property. The combinatorial 
sequences of the preceding section all fit into this framework; for example, if 
we are to generate all permutations of distinct objects, the property , states 
simply that «;4.x; if 77. If we wish to generate all combinations of the numbers 
(1, 2,---,m) taken n at a time, p, is the property 


1Snu.<x%2.<-++<4%,Sm. 


COMBINATORIAL ANALYSIS AND COMPUTERS 23 


The backtrack method consists of defining properties p, for 1k Sn in such 
a way that whenever (%1, %2, - + - , %n) satisfies p,, then (%, - - - , %,) necessarily 
satisfies p,. The computer is programmed in a straightforward manner to con- 
sider only those partial solutions (%, - - - , x) which satisfy p;; if p; is not satis- 
fied, the m"—-* vectors (%1, °° -°, Xk, Xn, °°*, Xn) are not examined by the 
program. If the properties p;, can be chosen in an efficient way, comparatively 
few cases are considered. 

Although the backtrack approach frequently gives satisfactory results, 
there are equally many cases on record for which it has failed; in fact, it is not 
uncommon (see [31]) to find situations in which thousands of centuries would 
be required for the algorithm to be completed! For this reason, it is desirable to 
have some convenient means for estimating the computational time before put- 
ting the algorithm onto a computer. One can proceed by playing the following 
little game: Let a; be the number of (x1) which satisfy »,; then let y,; be one such 
solution, chosen at random with probability 1/a;. Similarly let a; be the number 
of x, for which (1, ---, Ve-1, %) satisfies p,; randomly choose y;, to be one 
such x,, with probability 1/a,. If a,=0 or k=n, the game terminates. It is 
not difficult to verify that the expected value of 


Gy + aide + A1d203 + ++ + + A102 °° On 


will be precisely the number of cases which are examined by the backtrack 
algorithm, and therefore by playing this game several times one obtains a good 
idea of the size of this number. When the number is greater than, say, 10 mil- 
lion, the backtrack method is probably unfeasible with contemporary equip- 
ment. 

This random process can be combined with backtracking to give “random” 
solutions (x1, %2, °° +, %,) to the combinatorial problem (see [30]). The solu- 
tions, however, are not truly random in general, 1.e., they are not necessarily 
obtained with equal probability. For example, of the 10X10 latin squares 
shown in Fig. 1, square B [31, 32 | would be obtained with probability 9.0 x 10-27, 
assuming the first row and first column are fixed; square A, whichcertainly 
appears to be “less random,” is actually produced with the much higher proba- 
bility 9—18—87—-56—-75—-64— 43-2 = 1.3 X 10774. 


A B C 
0123456789 0123456789 0123456789 
1234567890 1832547690 9654783012 
2345678901 2956308471 1385260947 
3456789012 3709861524 7840532196 
456789012 3 467529081 3 5296378401 
5678901234 5094783162 3962014578 
6789012345 6547132908 8401697253 
7890123456 7418029356 6739105824 
8901234567 8360915247 2017849635 
9012345678 9281674035 4578921360 

Fic. 1. Three latin squares of order 10. Squares B and C are orthogonal. 
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The backtrack algorithm usually produces its results in lexicographic order, 
and this fact can often be utilized to shorten the computational time greatly by 
eliminating isomorphic solutions. If it can be established that any completion 


of the partial solution (%, %,-°-+*, x.) must be isomorphic to a solution 
(V1, Va, ° °°, Yn) With (M1, °° +, Ve) <(%1, - + * , X) in the lexicographic order, we 
may omit consideration of (1, %2, - - - , X,). (This principle is to be incorporated 


into the property px.) This and other methods for rejecting isomorphic solutions 
are discussed by Swift [39]. A technique for possibly speeding up backtrack 
solutions by preliminary identification of objects has been suggested by Tomp- 
kins [41]. 

Backtrack has been used in most of the applications discussed later in this 
paper; it has also been used to determine all 80 Steiner triple systems of order 
fifteen [13], to construct certain codes [20, 46], to discover an Hadamard ma- 
trix of order 92 [8], to study the four-color problem [47], and to do problems 
with a more “recreational” flavor such as the fitting together of geometric shapes 
[36]. The techniques of dynamic programming [3] have proved useful as an 
alternative to backtrack in some combinatorial applications. 


4, Latin Squares. Parker [32] has discovered an ingenious way to apply the 
backtrack method for determining latin squares orthogonal to a given one. A 
straightforward method would be to successively fill each cell of the potential 
orthogonal mate. Parker’s method, however, proceeds in two steps: He first 
applies backtrack to obtain the set of all transversals of the given square; a 
transversal is a set of cells with exactly one in each row, one in each column, and 
one containing each symbol. The problem of finding an orthogonal mate to the 
square is equivalent to finding a set of disjoint transversals to cover the square, 
so the second stage is to use backtrack again in order to find such coverings by 
transversals. With 10X10 latin squares, this reduces the number of cases to be 
considered from approximately 10!” to approximately 5 X10°, a factor of some 
200 billion! The total time required, when the problem is split into two parts 
in this way, may be thought of as the sum of the time for two separate steps 
rather than the product. 

Parker used his program to show that square C of Fig. 1 is the only latin 
square orthogonal to square B. On the other hand, square A is known to have 
no transversals, hence no orthogonal mate, by theorems proved in [12]. Parker’s 
program has been applied to nearly one hundred 10X10 latin squares and the 
majority of these have possessed orthogonal mates. This is quite remarkable, 
since Euler’s conjecture that no such squares exist had been believed for so 
many years. Yet no triple of mutually orthogonal squares has ever been found 
after much computer searching, and more theoretical advances will be necessary 
before this problem can be reduced to a size computers can handle. 

A set of five mutually orthogonal 12X12 latin squares has been found by 
computer [4, 21]. Starting with the multiplication table of a group which has 
the elements %1, Xe, - + °, Xn, the square formed by permuting the rows so that 
the first column has the form 1, yo, -- *, Yn Will be orthogonal if and only if 
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xyvyri, Xeye4, +--+, XV, is a permutation of the group elements. We may as- 
sume y; is the identity. If we start with the Abelian group having elements 
x (0Sx%<6, 0S57<2), with product x,y;=(«+y)mod 6¢4j)moa 2, the following 
first columns will yield five mutually orthogonal latin squares: 


It has been shown that no set of six mutually orthogonal latin squares of this 
kind exist. Similarly, if we start with the non-Abelian group having elements 
x; (% a permutation on 3 letters, 0S1<2), and multiplication defined by multi- 
plying the permutations and adding the subscripts (mod 2), we can get three 
mutually orthogonal squares: 


(1)o (12)o (13)0(23)o(123)0(132)o (1): (12): (13): (23)1(123)1(132), 
(1)0(123)1 (12)0(12)1 (23)1 (13)o (13)1 (23)0(123)0(132)1 (1)1(132)o 
(1)0(132):(123)0(13)1 (23)o (23)1(132)o(123)1 (13)o (12): (12)o0 (1)1 


Starting with the alternating group on 4 elements, there are 3840 pairs of orthog- 
onal squares but no three mutually orthogonal. From this data it appears that 
as the group gets less Abelian, less orthogonal squares are present, although no 
theoretical grounds for such behavior are known at this time. 


5. Projective planes and symmetric block designs. More computer studies 
have been made relating to finite projective geometries than to any other branch 
of combinatorial analysis. A survey of this work appears in [16] and we mention 
only the principal results here. 

It is easy to show by hand computation that the projective planes of orders 
2, 3,4, and 5 are unique. The Bruck-Ryser theorem shows that there is no plane 
of order 6. There is a unique plane of order 7; this result was first established by 
Norton [29], being incidental to his listing of the 147 nonisomorphic latin 
squares of order 7. Norton found only 146; an omission was found by Sade [34] 
who confirms the completeness of the list of 147. A more direct proof of the 
uniqueness of the plane of order 7 is given by Hall [10] and Pierce [33]. 

In a plane of order 8, the multiplication table of nonzero elements forms a 
7X7 latin square. Using the list of 147 such squares and a few further simplifica- 
tions, a computer was programmed to help establish the uniqueness of the plane 
of order 8 [11]; this proof is a good example of the effective interplay of machine 
and hand methods. There are four known projective planes of order 9, and work 
is under way to determine whether these are in fact the complete set. This prob- 
lem appears to lie at the borderline of computational feasibility with respect to 
an exhaustive search for planes of a small order. Since planes exist for every 
order which is a prime or prime power, the question as to the existence of any 
plane of nonprime-power order is of considerable interest, and the smallest order 
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of this kind permitted by the Bruck-Ryser theorem is order 10. A search is un- 
der way for a plane of order 10 with a nontrivial collineation, but even this is a 
large undertaking. A plane of order 10 is equivalent to a set of nine mutually 
orthogonal 10 X10 latin squares, but as stated above not even three such squares 
are known. 

If we can find residues 0,, be, ---, by(modulo v) where every difference 
d#0 (mod v) has exactly \ representations d=b);—b,; (modulo v) we call the 0’s 
a difference set modulo v. The relation k(k—1)=A(v—1) must necessarily hold. 
If bi, - ++, b, are a difference set modulo v, then the “blocks” B;: bi+j, be-+), 

-+ +, b,+7(mod v) j=0,---, v—1 form a symmetric block design. In the 
special case that \=1, R=n-+1, v=n?-+n-+1, the block design is a finite projec- 
tive plane of order n, and the blocks are the lines of the plane. For example, the 
following difference sets may be used to construct the planes of small orders: 


n= 2: 1, 2,4 (mod 7) 
n= 3: 0O,1,3,9 (mod 13) 
n= 4: 3,6, 7,12, 14 (mod 21). 


By a theorem of one of the authors [14], under certain conditions we may as- 
sume that the difference set 01, - - - , 0b; is fixed by “multipliers,” where a multi- 
plier is a prime p dividing k—X. If pis such a multiplier then phi, - - - , pb,(mod v) 
are the same as bi, --- , b; in some order. This fact considerably simplifies a 
computer search for difference sets, and those of small order are discussed in 
[14, 17]. In particular, the SWAC computer was used t6 show that all differ- 
ence sets with A=13, k=40, v=121 are isomorphic to one of the following four: 
1, 3, 4, 7,9, 11, 12, 13, 21, 25, 27, 33, 34, 36, 39, 44, 55, 63, 64, 67, 68, 70, 71, 75, 80, 81, 82, 
83, 85, 89, 92, 99, 102, 103, 104, 108, 109, 115, 117, 119. 


1,3, 4, 5,9, 12, 13, 14, 15, 16, 17, 22, 23, 27, 32,34, 36, 39, 42, 45, 46, 48, 51, 64, 66, 69, 71, 
77, 81, 82, 85, 86, 88, 92, 96, 102, 108, 109, 110, 117. 


1, 3,4, 7, 8, 9, 12, 21, 24, 25, 26, 27, 34, 36, 40, 43, 49, 63, 64, 68, 70, 71, 72, 75, 78, 81, 82, 
83, 89, 92, 94, 95, 97, 102, 104, 108, 112, 113, 118, 120. 


1,3, 4,5, 7,9, 12, 14, 15, 17, 21, 27, 32, 36, 38, 42, 45, 46, 51, 53, 58, 63, 67, 68, 76, 79, 80, 
81, 82, 83, 96, 100, 103, 106, 107, 108, 114, 115, 116, 119. 


Parker has recently shown that these four lead to nonisomorphic designs, by 
having a computer ‘determine the intersection patterns of three blocks at a time. 

When A=1, the difference set will always give a projective plane, and all 
primes » dividing »=k—\ must be multipliers. Singer [37] proved that all 
finite Desarguesian planes can be constructed by using difference sets; Mann 
and Evans [28], by hand computation, have shown that for 2 $1600 no projec- 
tive planes can be constructed from a difference set unless m is the power of a 
prime. 

Other searches have been bases on the algebraic properties of the planes. 
Killgrove [23] showed that no plane of order 9 has a cyclic additive group, and 
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it was determined in [15] that the only planes with an elementary Abelian addi- 
tive group are the four known ones. Therefore addition in a further plane of 
order 9, if there is one, cannot be a group. 

Kleinfeld [24] found all Veblen-Wedderburn systems of order 16 which have 
a left nucleus of order 4. These systems lead to four planes: the Desarguesian 
plane, the Hall plane, and two new planes coordinatized by semifields (non- 
associative division rings). The two latter planes inspired constructions of sev- 
eral new types of projective planes [18, 25, 35]. 

Non-Desarguesian planes of all orders p", where p is prime, ~>1, were 
known except for the cases 2” for prime ». As mentioned above, there are no 
non-Desarguesian planes of order 2? or 2%, and so there was interest in the next 
smallest case 25. A search was undertaken for all semifields of order 32, inde- 
pendently by Walker [44] and one of the authors, and the complete set of 2502 
nonisomorphic systems was found. These yield five non-Desarguesian planes 
whose structure was also determined by computer [25]. Fortunately, it was 
possible to observe a pattern in one of the semifields, and this led to a construc- 
tion [26] of semifields of all orders 2™" where mn>3 and u>1 is odd. In this 
way the solution for all remaining cases 2? was obtained as a byproduct of a 
computer examination of the smallest case; such results are the main goals of 
combinatorial computer explorations. 


The preparation of this paper was supported, in part, by NSF grant number GP-212. 
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THE QUEST OF THE PERFECT SQUARE 
W. T. TUTTE, University of Waterloo, Ontario, Canada 


1. Introduction. A squared rectangle is a rectangle dissected into a finite 
number, two or more, of squares. If no two of these squares have the same size 
the squared rectangle is perfect. The order of a squared rectangle is the number 
of constituent squares. It has been found that there are just two perfect rectan- 
gles of order 9, and none of order less than 9 ([1], [2]). 

The case in which the rectangle is itself a square is of special interest. It was 
long conjectured that no “perfect square” could exist. However an example 
was published by R. Sprague [5] in 1939, and many others have been found 
since. The outstanding problem at present is that of finding the lowest possible 
order for a perfect square. The record is held by T. H. Willcocks with a perfect 
square of order 24 ({11], [12]), and C. J. Bouwkamp, A. J. W. Duijvestijn and 
P. Medema have found, using computers, that there is no perfect square of 
order less than 20 [3]. 

It is convenient to describe a squared rectangle as compound or simple ac- 
cording as it does or does not contain a smaller squared rectangle. Willcocks’ 
perfect square, shown in Figure 2, is compound. For some years the simple 
perfect square of lowest order was one of order 37, also due to Willcocks. But 
this record has now been lowered to 25 by J. C. Wilson. His square is shown in 
Figure 3. 

The object of the present paper is to give some account of the methods which 
have been used to find low-order perfect squares. Following P. J. Federico we 
use the term “low-order” for squared squares of order 28 or less. A list of 24 per- 
fect squares of this kind has been published by Federico [4]. 


2. Squared rectangles and graphs. Let R be any squared rectangle. We dis- 
tinguish one pair of parallel sides of R as horizontal, and the other pair as vertt- 
cal. The union of the horizontal sides of the constituent squares of FR consists of 
disjoint horizontal segments, among them the upper and lower horizontal sides 
of R. We call these segments the horizontal dissectors of R. There is of course 
an analogous family of vertical dissectors. 

We can represent R by a graph P as follows. The vertices of P correspond to 
the horizontal dissectors of R, and the edges of P to the constituent squares of 
R. Each edge joins the vertices representing the two horizontal dissectors con- 
taining sides of the corresponding square. The relation between RK and P is 
illustrated in Figure 1, in which each vertex of P is shown as a point in line 
with the corresponding horizontal dissector. 

We call P the horizontal polar net of R, and say that the vertices correspond- 
ing to the upper and lower horizontal sides of R are its positive and negative 
poles respectively. Interchanging these poles corresponds to the trivial operation 
of turning R upside down. On joining the poles of P by a new edge we obtain 
the horizontal completed net, or c-net, of R. There is likewise a vertical polar net, 
and a vertical c-net of R. 
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With each edge of P we associate a “current” whose magnitude is measured 
by the side of the corresponding square. It is directed from the vertex represent- 
ing the upper side of the square to that representing the lower side. It is easy to 
see that the currents satisfy Kirchhoft’s Laws for a network of unit resistances, 
provided that the total current is supposed to enter P at the positive pole and 
to leave at the negative. The currents are indicated by numbers and arrows in 
Figure 1. 


Fic, 1. 


For the theory of squared rectangles, their polar nets and c-nets, the reader 
may turn to [2]. In what follows we quote many of the theoretical results of 
that paper without proot. 

It can be shown that a c-net is a nonseparable planar graph, and that a 
polar net can be drawn in the sphere or closed plane so as not to separate its poles. 
Moreover a c-net G of a simple squared rectangle R is 3-connected. This means 
that G, in addition to being nonseparable, cannot be represented as the union 
of two subgraphs, each with at least two edges, such that their intersection has 
no edges and only two vertices. 


3. Catalogues of squared rectangles. Methods for constructing polar nets of 
perfect squares by modifying graphs with suitable kinds of symmetry have been 
described in the literature ([2], [6], [7]). Unfortunately no such method has 
been made to yield a perfect square of low order, and so we do not discuss them 
here. 

One way of searching for low-order perfect squares is simply to construct 
a large number of perfect rectangles in the hope that eventually a square will 
appear among them. This simple-minded approach has not yet been made to 
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work, but a number of workers who have constructed such lists of rectangles 
have found that two or more of their specimens could be fitted together, with a 
few extra constituent squares, so as to make a perfect square. Sprague’s square 
was obtained in this way. It is not of low order, however, having 55 constituent 
squares. 

A complete catalogue of the simple perfect rectangles up to the 13th order 
was constructed by Brooks, Smith, Stone and Tutte, though only part of it was 
published. The method used was as follows. 

Let G be a 3-connected planar graph. It is known that such a graph can be 
drawn in the 2-sphere, or closed plane, in essentially only one way ([9], [10]). 
Let A be an edge of G, with ends x and y, and let P be the graph obtained from 
G by deleting the edge A. We use Kirchhoff’s equations to obtain the currents 
in P on the assumption that the total current enters at x and leaves at y, and 
that the edges of G are unit resistances. It is shown in [2] that the resulting 
distribution of currents in P determines a squared rectangle R. Usually P is 
the horizontal polar net of R, though this rule breaks down when P has a zero 
current, or when two vertices of P, not separated by G in the 2-sphere, have 
equal potentials. Every simple squared rectangle can be derived, however, from 
its horizontal c-net by applying the above construction to the appropriate 
edge A. 

It follows from the above considerations that all simple squared rectangles 
of the mth order can be determined provided that we can first list the 3-connected 
planar graphs of n-+1 edges. 

In the determination of the currents in P it is convenient to take the total 
current equal to the complexity C(P) of P. This is the number of spanning trees 
of P, that is the number of subgraphs of P which are trees and which include 
all the vertices of P. With this convention it is found that the currents in P are 
all integers. We describe these currents and the corresponding: potential differ- 
ences in P as full. The reduced currents are obtained from the full ones by divid- 
ing by their highest common factor. It is the reduced currents that are the side- 
lengths of the constituent squares of R “in its lowest terms.” 

The full potential drop from vertex a to vertex b when the total current 
enters P at x and leaves at y is conveniently denoted by (ab-xy). It can be re- 
garded as a function either of P or of G, for it takes the same value in each net- 
work. 

Brooks, Smith, Stone and Tutte found two distinct simple perfect rectangles 
of sides 422 and 593. Both are of the 13th order, and the 26 constituent squares 
are all of different sizes. These two rectangles can be combined with two squares 
of sides 422 and 593 to form a perfect square of order 28 and side 1015 [4]. 
There was also a 12th-order rectangle of sides 231 and 377, and a 13th order 
one of sides 377 and 608. These can be combined with a square of side 231 to 
form a 26th order perfect square of side 608 ([2], [4]). 

The square of side 608 held the low-order record for some years, until it 
was replaced by Willcocks’ square, whose side is only 175. (See Figure 2.) 
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Willcocks was able to find this square because he did not confine his cata- 
logue to simple and perfect squared rectangles. He included also rectangles with 
just two equal squares, one of these being in a corner and the other being 
adjacent to it. In his square he uses one such rectangle of sides 94 and 111, the 
repeated constituent square being of side 30, one perfect rectangle of the same 
size, and two extra squares. The two squared rectangles are made to overlap 
in the corner square of side 30 which accordingly does not appear in the final dis- 
section. 


4, The use of computers. Another catalogue of simple squared rectangles of 
orders 9-13 was made by C. J. Bouwkamp, working independently, and later 
the two catalogues were checked by comparison. At this stage the problem of 
finding all the 3-connected planar graphs of a given order was becoming acute. 
However it was solved by a theory later published in [8]. 

The essential theorem is as follows. Let LZ, be a complete list of noniso- 
morphic 3-connected planar graphs of ~ edges, where n 26. Then the members 
of L,41 are (i) the graphs derivable from some GCL, by joining two nonadjacent 
vertices not separated by G in the 2-sphere, (ii) the duals of the graphs so de- 
rivable, and (iii) when 2 is an odd number 2¢—1 the graph of the pyramid with 
a t-sided base. 
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It is easily verified that LZ, contains only the graph of the tetrahedron. The 
lists L7, Ls, Ly and so on can then be constructed by repeated application of the 
above theorem. L, is null, while Zs contains only a pyramidal graph. The main 
difficulty in applying this method is that of recognizing duplicates. 

C. J. Bouwkamp, A. J. W. Duijvestijn and P. Medema succeeded in pro- 
gramming a computer to carry the lists of 3-connected planar graphs and simple 
squared rectangles up to the 15th order. The resulting catalogue [1] has become 
essential for workers in this field. The researcher’s main object was to demon- 
strate the applicability of computers to problems in pure graph theory, but of 
course they were also looking for perfect squares. But no such square appeared 
in the catalogue. 

A theoretical reason can be given why perfect squares of such low orders are 
not to be expected. Let G be any network of unit resistances, let C be its com- 
plexity, and let a, b, x and y be vertices of G. Then it is shown in [2] that 


(ab- ab) (xy: xy) = (ab-xy)? mod C. 


If G is the polar net, with poles x and y, of a squared square S we have 
C=(xy-xy). Writing C=mk?, where m is square-free, we find that mk divides 
(ab-xy). Thus to find the reduced currents corresponding to the squares of S 
we must divide the associated full currents by the large reduction factor mk. 
But for squared rectangles in general the reduction factors encountered are 
usually small, commonly unity. It would seem therefore that the probability 
of a squared square of a given order being perfect must be much less than that 
of a squared rectangle of the same order being perfect. 

Another conclusion to be drawn from the above theorem is that in searching 
for perfect squares we need consider only c-nets whose complexity is of the form 
mk?, where k is reasonably large. (Complexities can be computed recursively 
or as determinants.) Making use of this observation Bouwkamp and his col- 
leagues extended their search to the 19-th order and concluded that there was 
no perfect square within this range. Details of the investigation have been given 
by Duijvestijn [3]. 


5. Recent results. In 1962 a new method was introduced by P. J. Federico 
[4]. He makes a catalogue of squares which are dissected into a number of un- 
equal squares and one rectangle. These figures are obtained by a process of 
distortion applied to known squared rectangles. In each such figure the shape 
of the rectangle is uniquely determined. Reference to the catalogue of squared 
rectangles may show that the rectangle can be squared perfectly. If so a squared 
square results and this may or may not be perfect. 

Using this method Federico has found many new low-order perfect squares, 
including the first known perfect square of order 25. But he has found no per- 
fect square of lower order than this. 
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A new application of an electronic computer to the problem has been made 
by J. C. Wilson. He has examined a large number of graphs of about 25 edges, 
each graph being the union of two polar nets with only their poles in common. 
The polar nets are taken from Bouwkamp’s tables, and the complexities of their 
combinations are readily computable. Many of the graphs were found to have 
square complexities, corresponding to the case m=1 of the theory given in 
Section 4. These gave rise to several simple perfect squares. One of these squares, 
of order 25, is shown in Figure 3. Its discovery was announced at the IBM sym- 
posium held at White Plains, New York, in March 1964. 

The writer would prefer to find perfect squares by a theoretical method not 
demanding exhaustive computational searches, but must confess that so far he 
has seen no hint of such a process. Instead we have a pioneering example of the 
construction by computers of graphs satisfying specified nontrivial conditions. 
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PERMUTATION BY ADJACENT INTERCHANGES 
D. H. LEHMER, University of California, Berkeley 


1. Introduction. Many problems of optimization involve the examination of 
permutations of distinct or possibly nondistinct objects. Often the number of 
these permutations becomes too great to deal with effectively even at high 
speeds. In other cases the number is modest enough to contemplate an exhaus- 
tive examination. In such cases one can consider optimizing the procedures 
used. The following problem is one of these. It could be considered as a special 
case of the Travelling Salesman Problem |1] but it turns out to be sufficiently 
special to warrant a solution peculiar to its own type. In any case, solutions 
have been found to problems which if stated in the general context would have 
involved more than a thousand cities for the Salesman to visit. We call the prob- 
lem the Motel Problem and we show its connection with another more general 
problem which we call the Travelling Burglar Problem. For this we present a pro- 
cedure and give solutions for the Motel Problem for motels having up to seven 
units. 


2. The Motel Problem. Mr. Smith is the manager of the Magnolia, a stand- 
ard type, thin walled motel, consisting of m units arranged in a long straight 
row, with adjacent units supplied with an interconnecting door. Mr. Smith is a 
profound student of the behavioral sciences and a good combinatorial analyst. 
There is no vacancy; in fact the present guests are all scheduled to stay at the 
Magnolia for m days. Mr. Smith wants to study the effect of rearranging the 
guests in all possible ways so that every morning a new arrangement is to be 
made. Unfortunately it rains every day and the guests don’t like to move. So 
Mr. Smith plans to minimize the discomfort of his guests by interchanging the 
occupants of only two adjacent units each morning. This interchange can be 
made via the interconnecting door without anyone’s luggage getting wet. The 
problem is complicated, however, by the fact that among the guests there are 
several large families. Whenever members of the same family occupy adjacent 
units they naturally unlock the connecting door and circulate to such an extent 
that scheduling an interchange of these two units is a waste of time. Mr. Smith’s 
problem is to work out a schedule of interchanges that will most nearly meet 
the above conditions. 

Of course, if m is too small, for example, less than the total number of really 
different permutations of the guests, the problem becomes clearly hopeless. 
More precisely, if we suppose that the units are occupied singly and that there 
are t families with a; guests belonging to the zth family, so that 


Ard rs + Tras n 


is one of the partitions of m into ¢t parts, then the number of permutations in 
Mr. Smith’s project is 


Pi(n) = n!/(ar!ae! - > + az!). 
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Even if m=P,(n) the problem may be impossible. For example if n=4, t= 2, 
a, =d,=2, then P2(4) =6. Denoting the 4 guests by 0, 0, 1, 1, the six permuta- 
tions are, in dictionary order, 


(1) 0011, 0101, 0110, 1001, 1010, 1100. 


Try as he will, Mr. Smith cannot arrange these 6 permutations in a sequence 
such that each is derived from its predecessor by the interchange of adjacent 
elements. Thus 6 days will not suffice. However, he soon solves the problem for 
m=7 days as follows 


(2) 0011, 0101, 0110, 1010, 1001, 1010, 1100. 


This problem from “real life” can occur in a much more realistic way in 
mathematics. For example, let f(x) be a function of a real variable whose values 
are unpredictable and expensive to calculate. Let 


b = (01, be, +++, dn) 


be a given vector some of whose components may be equal and let S be the set 
of all distinct vectors obtained by permuting the components of b. Let a be a 
given vector. We wish to find with least expense the maximum 


M = max f{(@, »)] 


where (a, X) is the inner product and x ranges over all the members of S. Here 
the given components of b play the roles of the Magnolia guests. The successive 
inner-products (a, x) are most cheaply calculated recursively by leaving the 
components of x unaltered except for the interchange of x; and %;4; (unless, of 
course, %;=%,41), where 7 runs through an appropriate sequence. 


3. The Travelling Burglar Problem. One of the purposes of this paper is to 
point out that the Motel Problem is a special case of the following problem. 

A competent burglar plans to rob a bank in each of 50 large cities. He 
travels only by air. Although each large city has an airport, some have rather 
limited service to the other cities, especially in the way of nonstop flights which 
our friend insists upon. To avoid being recognized, he resolves, after his first 
robbery, not to land twice at the same airport, at least, not if he can help it. 
As he will have plenty of money, the cost of the flights is immaterial. Fortu- 
nately our burglar has as a trusted friend a travel agent who is also interested in 
combinatorial problems, and who can therefore solve his transportation prob- 
lem. 


4, Graph formulation. The connection between these two problems is the 
graph that represents both of them. The graph of the Travelling Burglar Prob- 
lem is pretty obvious. Its vertices, or nodes, are the 50 cities and the edges, or 
lines, joining each node to certain others are the available nonstop flights. The 
problem consists of starting from a certain node and choosing a continuous path 
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through 48 other nodes to a final node without revisiting any node, if possible. 
Such a path, if possible, is called a perfect Hamiltonian path since W. R. Hamil- 
ton proposed a similar problem for the graph of the dodecahedron in 1862 [2]. 
If, for a given graph, such a perfect path is impossible we may become recon- 
ciled to an imperfect path in which one or more nodes are visited twice. For 
reasons which will appear later, we allow ourselves to revisit a node N only by 
returning immediately to N from the node N’ to which we first set out from N, 
thus making a “spur” in the path, the path from N to N’ being double. The 
simplest example of such an imperfect graph is shown in Figure 1. 
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For example, the path through the points 1, 2, 3, 2, 4 has the spur on the 
segment (2, 3). 

A graph need not be drawn to be appreciated. It may be presented in tabular 
form so that even a digital computor can understand it. One convenient and 
concise tabular representation consists in placing in the argument column the 
names of the nodes, which we may as well take to be the numbers k=1(1)n. 
The &th row of the table consists of a list of those nodes that are directly con- 
nected to the node k. Thus the graph of Figure 1 can be tabulated as follows 


1] 2 
2| 1,3, 4 
312 
4 | 2 


If the graph is connected, it is possible to number its nodes in such a way that 
every node, except the first, is connected to at least one node of smaller serial 
number. The number of entries corresponding to a given argument, that is, the 
number of lines leading into and out of a given node is called the valency or 
multiplicity of the node. 

The way in which the Motel Problem leads to a graph is only a little less 
obvious. Let us take again the example in which the motel has 4 units occupied 
by 4 guests two of which belong to one family and two to another. The 6 permu- 


PERMUTATION BY ADJACENT INTERCHANGES 39 


tations are given in (1). Each of these is transformed into one or more of the 
others by interchanging adjacent elements. Numbering these permutations from 
1 to 6 we form the following table: 


2 
1, 3,4 
2,5 
2,5 
3, 4, 6 
5 


NN om Ee CR LO = 


in which opposite each argument entry we have listed the serial numbers of 
those permutations that result from interchanging adjacent elements of the 
given permutation. Drawing the graph corresponding to this table gives Figure 2. 
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It is at once evident from Figure 2 that a perfect solution of the Motel Prob- 
lem is impossible. The path 1, 2, 3, 5, 4, 5, 6 gives a compromise solution with a 
spur on the segment (4, 5). This is one of the 14 imperfect Hamilton paths with 
a single spur traversing this graph. 

Although the characterization of graphs arising from Motel Problems ap- 
pears to be a difficult problem, they have a few special features that are easily 
discussed. 

All such graphs are colorable, that is, their nodes can be colored in red and 
blue so that the two nodes at the ends of each edge of the graph are of opposite 
color. This follows from the fact that the parity of a permutation is altered by 
an interchange. The nodes corresponding to the even permutations can be 
colored red. As a consequence, any loop in the graph must have an even number 
of sides. Most loops have 4 sides but some have 6. For instance, the graph cor- 
responding to the permutations of the marks 0012 consists of two hexagons and 
two quadrilaterals, and that of the marks 00012 consists of three hexagons and 
six quadrilaterals. 

Let n, and m denote the respective numbers of red and blue nodes of a 
colorable graph. We define d= | 2,—ms| as the defect of the graph of n=n,-+ 
nodes. Since on any Hamilton path the nodes must alternate in color, a perfect 
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path is possible only when d=0 or 1 according as m7 is even or odd. It is impos- 
sible to find a Hamilton path with fewer than d—1 spurs. In fact, if a path has s 
spurs, these could be erased to produce a residual graph of m—s nodes with a 
perfect Hamilton path and hence of defect 0 to 1. But removing s nodes can 
reduce the defect by at most s, so that d—s does not exceed 1. That is, s is at 
least d—1. 

Another important feature of the Motel Problem graph is that each node 
has a modest multiplicity, in fact less than m since at most n—1 adjacent inter- 
changes are possible. Figure 2 is a rare exception to the usual fact that there are 
no nodes of multiplicity 1. This can occur only when there are two families and 
only for the extreme permutation 000---0O11---+11 and its reverse, for in 
these two cases only is there but a single possible interchange. As a more typical 
example, we may cite the case of n=7,t=3, a1=3, dg =a3=2 so the marks being 
permuted are 0001122. Here P,(m) =7!/(3!2!2!) =210. The 210 nodes are dis- 
tributed as to multiplicity as follows: 

There are 6 nodes of multiplicity 2, 

27 nodes of multiplicity 3, 

63 nodes of multiplicity 4, 

79 nodes of multiplicity 5, 

35 nodes of multiplicity 6. 
The graph contains 475 lines. There are 108 red nodes and 102 blue ones, so the 
defect is 6. There is a path with 5 spurs for this graph. 

We may describe the Motel Problem by using the notations of partitions. 
Thus in the above example the family distribution of 0001122 can be written 
322. In general, the families may be ordered by size and the number a; of fam- 
ilies of size p; can be reported in this as pf. This gives in general the partition 
pyps? - - +> pee of n, where 


apy + arspe +--+: + ashe = n(pi> po>-+: > pa; > 0,7 2 1). 


The number of Motel Problems for a motel of ~ units is thus p(), the number 
of unrestricted partitions of 2. Incidentally 


1 _ 

p(n) naa? (1/2n/3) 
and even (10) =42. These p(m) problems range from the completely trivial 
partition m itself in which the guests all belong to the same family to the most 
frequently encountered partition 1” in which the guests are entirely unrelated. 
This last case has been solved by Selmer M. Johnson [3] who found a perfect 
Hamilton path for every n. In between this case and the trivial case no complete 
solution is known, but a great many cases are solved by the following theorem. 


THEOREM. If a perfect solution of the Motel Problem 1s known for a certain set 
of n guests then there is a constructive method of solving the problem for the set of 
n+1 guests obtained by adjoining a new guest unrelated to the others. 
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Proof. We can think of the given perfect solution as a sequence of P;(n) 
permutations on m marks each of which is obtained from its predecessor by a 
single interchange of adjacent marks. We now expand this list of permutations 
by replacing each permutation by ~-++1 copies of itself. Let M be the new mark 
representing the new guest so that / is distinct from the other marks. We begin 
by annexing the mark JM to the first permutation at the extreme right. In the 
succeeding permutations we interchange M with its left neighbor until 1 arrives 
at the extreme left. Here M remains for one step while the old marks undergo 
an interchange. M now infiltrates from left to right during the next ~-++1 steps. 
This process continues back and forth to the end of the list. We now have the 
Pisi(n+1) =(n+1)P:i(n) permutations on the +1 marks giving a perfect 
solution to the new Motel Problem. 

In particular if all the marks are distinct this gives Johnson’s method for 
generating permutations by adjacent interchange. | 

Cayley [4] called the partition p{'p%? - - - p%* unitary in case p,=1 and gave 
a table of the nonunitary partitions of 7 100 into parts less than 7. The above 
theorem says that if the Motel Problem for a unitary partition fails to have a 
perfect solution it must also fail for the nonunitary partition obtained by sup- 
pressing the unit parts of the unitary partition. However, the converse proposi- 
tion is not generally true. We have seen that for the four marks 0011 there is no 
perfect solution. Likewise, there is none for the five marks 00112 corresponding 
to the unitary partition 221. However, a perfect solution does exist for the 6 
marks 001123 and so for all further partitions of the form 271% with a>1. Again, 
the problem has a perfect solution for the partitions 321% for a>0, but not for 32. 


5. Interchange digits. In Section 8 we append solutions, perfect or best pos- 
sible, for ~S7 of all cases not covered by our theorem. Instead of listing the 
succession of permutations it suffices (and it is much more compact) to give a 
list of successive interchanges to be applied to an initial permutation of the given 
marks. By convention this initial permutation is taken to be the first in diction- 
ary order. Thus, instead of the 7 permutations (2), we give the 6 “interchange 
digits” 213112. Here the first digit 2 signifies that, beginning with 0011 we inter- 
change the second and third marks, counting from the right, obtaining 0101. 
The next digit 1 tells us to interchange the first and second marks obtaining 
0110 and so forth. The two consecutive equal marks 11 indicate a spur, the one 
running from 1010 to 1001 and back to 1010. 

The interchange digits are intended to be stored in packed form in the high- 
speed memory of a computer. In processing the interchange digits recursively 
the computer saves the last digit used and compares it with the incoming new 
digit. In case of equality the resulting “new” permutation is not used, since it 
is in reality an old one. Thus in those problems in which a considerable amount of 
time is spent processing a permutation the occurrence of one or more spurs is of 
little consequence. 

It goes without saying that the interchange digits are used only to organize 
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“address arithmetic.” The actual objects being permuted can be any kind of in- 
formation each item occupying part of a machine word, one machine word, or 
indeed any number of machine words. 


6. Machine method. We give now a very brief account of the methods used 
to obtain the results given in the next section. Some of these methods are direct 
and straightforward such as those used to produce the P;(m) permutations of 
the given set of marks and the generation of the graph in tabular form. Although 
there is abstractly a single graph associated with a set of marks there is the pos- 
sibility of assigning different serial numbers to the P:(z) nodes and thus produc- 
ing different looking incidence tables of the same graph. The importance of this 
possibility will appear presently. Different serial numbering of the P:(”) permu- 
tations can be accomplished simply by using different methods of generating 
the m! permutations of the 2 marks with regard to the equalities existing among 
the 2 marks. The machine saves only the P,() distinct permutations numbering 
them in order of their appearance. In practice three different methods of gen- 
eration were made available to the machine. Once the graph is constructed the 
machine proceeds to color it and compute its defect. 

Now the machine is ready to begin the search for a Hamiltonian path 
through the graph. This is done by carrying out the formal heuristic procedure 
given below. In this procedure the machine goes from step to step » +1 unless 
directed to some other step. We can picture the machine in the middle of the 
process standing at a particular node trying to decide which next path to take. 
We designate this node by B in what follows. The next path selected leads to the 
node called N. There are two convenient auxiliary tallies being kept: the node 
tally and the spur tally. The former keeps track of the number of nodes visited 
and the latter the number of spurs produced. 


Hamiltonian Path Procedure 


Step 1 Set node tally at 1. 

Step 2 Set spur tally at 0. 

Step 3 The first node becomes B. 

Step 4 If there is no path leaving B go to Step 16. 

Step 5 Among the nodes connected to B of least multiplicity select the node N of least serial 
number. 

Step 6 If the multiplicity of N is 1 go to Step 12. 

Step 7 Store interchange digit from B to N in next storage place. 

Step 8 Disconnect B from all connecting nodes thus reducing by 1 the multiplicity of each 
such node. 

Step 9 N becomes B. 

Step 10 Node tally plus 1 replaces node tally. 

Step 11 Go to Step 4. 

Step 12 Store interchange digit from B to N in the next two storage places. 

Step 13 Spur tally plus 1 replaces spur tally. 

Step 14 Disconnect B and N. 

Step 15 Go to Step 10. 

Step 16 Output initial marks, spur and node tallies, and list of interchange digits. 

Step 17 Halt. 
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7. Application. To illustrate the application of this algorithm to a more 
general graph we consider the Travelling Burglar Problem where the cities are 
the largest in each of the 50 states. An examination of the Official Airline Guide 
(March 1964) reveals at once that a perfect solution is impossible. In fact, six 
of the fifty cities Billings, Burlington, Cheyenne, Fargo, Manchester, and Port- 
land, Me. have nonstop flights to only one of the 44 other cities. These flights 
are Manchester-Boston, Portland-Boston, Burlington-New York, Cheyenne- 
Denver, Billings-Minneapolis, Fargo-Minneapolis. Therefore, if we consider 
the graph of 44 nodes, ignoring these 6 cities, and find a perfect Hamilton path 
beginning with Boston and ending with Minneapolis, or vice versa, we can 
insert the 6 cities and obtain an imperfect but optimal solution of the Travelling 
Burglar Problem with only 4 spurs. 

The graph in question has 44 nodes and 195 edges. It is undirected but not 
colorable (that is, nonstop flights have nonstop return flights). Four nodes 
(Anchorage, Columbia, Little Rock, and Wilmington) have multiplicity 2, the 
maximum being Chicago with multiplicity 26. The average is, of course, 8.86 
= 195/22. 

The fixing of the two end points of the proposed Hamilton path complicates 
the search somewhat. The algorithm, once started, is completely determined by 
the order in which serial numbers have been attached to the nodes. By renum- 
bering the 44 nodes and starting at one end, one can try to reach the other by 
trial and error. Alternatively, starting anywhere, one may look for Hamilton 
paths that are circuits and in which the desired end points are made adjacent. 
Breaking the loop at this point gives the desired path. One can also try a com- 
bination of these strategies. For this graph the IBM 7090 search for a path takes 
less than a second. It found first the solution in Table A. 


TABLE A 
1. Manchester 18. Memphis 35. Wichita 
2. Boston 19. Houston 36. Chicago 
3. Portland, Me. [Boston] 20. New Orleans 37. Anchorage 
4, Providence 21. Jackson 38. Seattle 
5. Hartford 22. Birmingham 39. Honolulu 
6. Philadelphia 23. Atlanta 40. Portland, Ore. 
7. Wilmington 24. Columbia 41. Salt Lake City 
8. Newark 25. Charlotte 42. Boise 
9. Milwaukee 26. Baltimore 43, Denver 
10. Detroit 27. Norfolk 44, Cheyenne [Denver] 
11. Miami 28. New York 45. Omaha 
12. Cleveland 29. Burlington [New York] 46. Des Moines 
13. Charleston 30. Phoenix 47. Sioux Falls 
14. Louisville 31. Las Vegas 48. Minneapolis 
15. Indianapolis 32. Albuquerque 49. Billings [Minneapolis] 
16. St. Louis 33. Los Angeles 50. Fargo 
17. Little Rock 34. Oklahoma City 
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8. Table of interchange digits. Table B gives the interchange digits for all 
nonunitary partitions of m and those unitary partitions that are not simple 
consequences of Theorem A for $7. The trivial partition =n is omitted. 


TABLE B 

n t Pin) partition marks defect Interchange digits 

4 2 6 22 0011 2 213112 

5 2 10 32 00011 2 2131412443 

5 3 30 2741 00112 2 123421411312121421212312321412 

6 2 15 42 000011 3 2113124332151234 

6 2 20 32 000111 0 3452541453252154123 

6 3 90 28 001122 6 453521543245352154324535215431 
322435452543534525351535454525 
431514322435 152543543224352115 
4552 

6 3 60 321 000112 0 123452 154321212343545154252413 
21512313521513515412345354353 

6 4 180 2212 001123 0 123451254345354545254545154545 
325215454512354345354245351541 
514515354545254315414345354121 
231345354353451543534535253525 
431323432545452545415254252453 
§2535235315253545 154545351535 

7 2 21 52 0000011 3 2132214123544321612345 

7 2 35 43 0000111 3 321412562616316512524165152446 
365224 

7 3 210 32? 0001122 6 21314124432 1341424312321341424 
536162636465215646164636126251 
412443564534562346451256436326 
463645616525636563245141516123 
364626153461626162361636141216 
512515612331564142 142162142412 
42265 1563651565316515351524216 
1414 

7 3 105 421 0000112 3 123456216154143141245626164654 


$542 12124212151612162161316512 
524165152534564654633456361651 
6541626334626526 


PERMUTATION BY ADJACENT INTERCHANGES 45 
TABLE B—({ Continued) 


n t Pin) partition marks defect Interchange digits 


7 4 630 231 0011223 6 1234562 16541453543424142124213 
123242526146546456162654426236 
5465432 15646362616261626362636 
2646263525 154545645 15243262326 
321212621212534561451536562656 
5626465 1545656545 1651525634321 
234645 123456463653635432423464 
342436234513456565431365631413 
121251231321421212315432123132 
34312 1612313261636512354345634 
652313534143634143465656156254 
2464234525 15342141512535125234 
245146563656563626565636546261 
62313262 13242615161365 15646265 
262562646535626512523515613216 
5256365256326525 15253563212321 
213126163616241421652313631232 
325326216261636162612363236162 
612326244163614261626162613161 
235231212131451254633426614156 
163612 146142521525122561436316 
36654 


9. Further questions. In conclusion we raise a few questions about the above 
procedure and about Motel Problem graphs with some partial answers. 

Are there connected graphs without Hamilton paths even if spurs are al- 
lowed? Of course there are. One has only to put more nodes on the arms of 
Figure 1, but any such graph with a “pigtail” of length 2 or more cannot be the 
graph of a Motel Problem. In fact the end node, with its multiplicity of 1, 
would have to correspond to a permutation of the form 


aaaa:---:abbb---b 


and the node adjacent to this one would have multiplicity 3, not 1. 

We have observed that the multiplicity m of a node of a Motel Problem 
graph cannot exceed —1. Can anything stronger be said about m? If the parti- 
tion notation for the graph is 


ay a 


pif? -*+he  (pi>pe>+-+> pr) 
then 
aytoazt:--ta,—1sS ms min (x — 1, 2(m — f1)) 


and the first inequality is best possible since there always is a node of the graph 
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for which equality holds. To see this we need only observe that 
S=arytagt---+a 


is the number of distinct marks in each permutation. There are therefore at least 
S—1 adjacent interchanges possible in each permutation and exactly this many 
when the marks are arranged in ascending order, for example. In fact there are 
S! such nodes of minimum multiplicity. As for nodes of maximal multiplicity, 
these correspond to permutations with the maximum number of pairs of 
adjacent but distinct marks. This number cannot exceed 2(n—>p,). In fact, 
n—p, is the number of marks not equal to 0, the most popular mark. If p; 
>(n-+1)/2 we consider permutations of the type 


0 m1 0 m20---0Mn—p,00--- 0, 


where the m’s are the nonzero marks. The number of pairs of adjacent distinct 
marks is clearly 2(n— 1) and this is the maximum possible. If ,;3(n+1)/2 
then n—152(n— 4;) and in any case m<n-—1 as we have seen. 

Whether the heuristic algorithm given above always leads to a solution is an 
unsolved problem. So far no failure was encountered. Another unsolved problem 
is whether by adjoining a sufficiently large number of unrelated guests to a given 
motel registration one always can obtain a perfect solution of the Motel Prob- 
lem. Another question is whether a graph of motel type always has a Hamilton 
path of d—1 spurs where d is the defect of the graph. Finally one can ask for 
a procedure for obtaining all solutions of the Hamilton path problem for a given 
graph. The “backtrack” method of exhaustive search [5], though expensive, 
will solve this problem. 
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ERROR ESTIMATION IN COMPUTER CALCULATION 


R. L. ASHENHURST ann N. METROPOLIS 
Institute for Computer Research, University of Chicago 


Introduction. The problem of error analysis has several facets, and confusion 
often results from the failure to distinguish clearly between them. To illustrate, 
suppose that a number 


yek+l 


n 2 
y= oT 

is calculated, by some means or other; the nature of the “error in y” which results 
depends on the conceptual framework in which the calculation is conceived. If 
the calculation is regarded as the evaluation of a polynomial P(x), where the 
argument x is exact as represented, the only source of error affecting the result 
is that arising from rounding or otherwise truncating the results of the arith- 
metic operations. If x is taken to be only an approximation of some “true” argu- 
ment, however, this must also be taken into account in attributing an error to 
the value y= P(x). Finally, one may not wish to think of this as the evaluation 
of a polynomial at all, but rather as the evaluation of the function 
log [(1+)/(1—x)] for x near 0; the polynomial is then only an approximation 
to an infinite series, and the error in y due to neglecting terms of order greater 
than 2n-+1 must also be taken into account. Here one would still have to dis- 
tinguish between cases according as x is assumed exact or is taken only as an 
approximation. One sees that care must be taken in making statements about 
the “error in y,” to provide a context for interpretation. 

It is convenient, and by now more or less traditional, to distinguish three 
sources of error, designated (here) generated, inherent and analytic. Generated 
error reflects inaccuracies due to the necessity of rounding or otherwise truncat- 
ing the numeric results of arithmetic operations, inherent error reflects inaccu- 
racies in initially given arguments and parameters, and analytic error reflects 
inaccuracies due to the use of a computing procedure which calculates only an 
approximation to the theoretical result desired. 

In practice, error from any of these sources is introduced at successive points 
in a calculation, and affects the subsequent results. The study of the propagation 
of error in calculations of various types is an important part of error analysis. 
Error propagation may in general be studied without reference to the classifica- 
tion of error by source; it is usually possible, however, to break down the final 
error in a calculation and ascribe part of it to each of the several error sources 
[1, ch. 1]. On the other hand, it is often convenient to adopt a relative point of 
view concerning sources of error; thus at any stage of a calculation all previously 
accumulated error, from whatever source, might be regarded as inherent error for 
subsequent stages. Another expedient which has been successfully used is to 
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redefine generated error as inherent error, by attributing the result of inexact 
arithmetic on exact arguments to exact arithmetic calculation with inexact 
arguments [2, ch. 1]. 

The difficulties and subtleties involved in a thoroughgoing analysis of even 
the seemingly simplest computation are not at once evident; these will be illus- 
trated as the investigation progresses. What is desired is a straightforward way 
of expressing the outcome of a computational process which depends on many 
parameters (e.g., all the coefficients as well as the argument of a polynomial, 
or all the elements of a matrix) subjected to a complicated and interwoven 
sequence of arithmetic operations. The critical dependence on the particular 
combination of parameter values and the particular way in which the computa- 
tion is structured makes it imperative to have some sort of analysis technique; 
the efficiency with which such an analysis can be obtained, however, turns out 
to be dependent on certain features of the way arithmetic is done. Thus one 
must be concerned with basic questions of computer design as well as with issues 
of computational technique. 


Error analysis. To facilitate the discussion of computer arithmetic, it is con- 
venient to postulate a mode of number representation sufficiently general to 
comprehend the specific conventions found in practice. Let e be an integer and 
f areal number satisfying |f | <1; then the pair (e, f) may be taken to represent 
the number 2¢f. The exponent e specifies a “scale factor” (here taken as a power of 
2 in anticipation of the application to binary arithmetic), while the coefficient f 
carries the detailed information specifying the value of the number. The ex- 
ponent is sometimes called the “characteristic” and the coefficient (inappropri- 
ately) the “mantissa” or (more appropriately) the “fixed-point part” of the 
number. 

In practice, the possible values of f are restricted to the set in the interval 
[—1, 1] representable by a standard length sequence of digits; that is, assuming 
a binary representation, the possible values of f are multiples of some value 27°, 
b being the number of binary places allocated to the representation of f. (It is 
also true that usually one and possibly both of the values f= +1 are excluded, 
but this becomes important only as a detail.) The value » here may be said to 
characterize the precision of the representation. 

If e is to be represented explicitly, it is also restricted in a similar manner; 
since é is an integer, however, the effect here is merely to restrict the range of e 
values. 

Now it is possible, for purposes of computer processing, to have only f repre- 
sented explicitly, e being kept track of by the programmer; alternatively, both 
e and f may be carried explicitly and used in the implementation of arithmetic 
rules. In the former case, one speaks of fixed-point representation and arithmetic, 
and in the latter of floating-point. In either case, arithmetic rules are not uniquely 
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determined, since a result (e, f) could be equivalently represented as (e-+d, 2-4f), 
with only a discrepancy of low order being incurred due to the digital nature of 
the representation of f. The manner in which the magnitude of a number is 
shared between e and f is called the adjustment of the number. The adjustment 
of a given number is uniquely specified by giving either its exponent e, or alter- 
natively the number m of leading digits in the representation of f; the latter is 
formally defined, for f0, as the number which gives 1/2 <2"|f| <1. A number 
for which m=0, that is, for which 1/28 | f | <1, is said to be normalized; the 
conventional manner of resolving the adjustment ambiguity in floating-point 
work is to impose the requirement that all nonzero numbers (e, f) be manipu- 
lated in normalized form. Although this seems to have the advantage of retain- 
ing as many “significant digits” as possible, it also makes it difficult to estimate 
the number of digits which are truly significant; this is discussed in more detail 
subsequently. 

Suppose that (e, f) is derived as a computational approximation to a number 
x; that is, there is some “true value” f* (not necessarily representable in a finite 
number of digits) such that «= 2°¢f?, with the discrepancy between f and f? being 
attributed to one or more of the error sources already described. Let 6=f—/?; 
then 2°6 = 2°f—x may be defined as the absolute error of the approximation, and 
r=6/f? as the relative error. The latter is usually more interesting; in fact, the 
number of “significant digits” in a result is essentially a measure of the relative 
error, being approximately —logs |r| (assuming binary representation as be- 
fore). In the present context, however, it is convenient to take the value 6 itself 
as the fundamental error measure, and call it the coefficient error. Since if (e, f) 
is also given the absolute error is immediately expressible as 2°6, and the rela- 
tive error is approximately expressible as r~6/f, nothing much is lost by think- 
ing in terms of 6. It should be noted that if (e, f) isa normalized representation, 
then |5| $|6/f| $2|5]|, so that 6 itself is a good order-of-magnitude measure 
of relative error; in general, where (e, f) is not restricted to normalized form, how- 
ever, this is not the case. 


Error propagation. Consider the determination of a value y = F(x) of a function 
F of one argument. Let (é, fo) represent y and (é, f1) represent x, and suppose 
the coefficient errors in function value and argument to be 6) and 6,, respectively; 
this supposition implies that the relationship 


2°(fo — 80) = F[2"(f1 — 4] 


is satished exactly, not approximately. Define a, the amplification factor for the 
function evaluation, by the relation 


| 50] = a@| di]. 


It is then possible to study the nature of a (as it depends on x) under various 
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assumptions concerning the computational method and sources of error intro- 
duced. To begin with, if one assumes that F[2%f,] can be derived exactly (i.e., 
without the introduction of either analytic or generated error), then 65 is solely 
the propagated effect of the inherent error 6,, and as such is determined by the 
nature of the function F and the adjustment of (é, fo) in relation to that of 
(é1, fi). In practice, it may be possible to minimize the effect of analytic and 
generated error (i.e., produce a value such that 2%f,= F[2@f,| to within the 
accuracy permitted by the p-digit representation); the propagation of inherent 
error is then the main error effect which must be taken into account. 

To illustrate, consider a very simple functional relationship y=x—1. If 
(€o, fo) and (é, f:) are normalized floating-point approximations to y and x, 
respectively, then a>>1 when x is very near 1, and a<i1 when x is very near 0. 
Another way of expressing this is to say that the function is “significance- 
losing” near 1 (i.e., y has fewer significant digits than x) and “significance-gain- 
ing” near 0 (i.e., y has more significant digits than x). This very simple example 
shows that there is no law tending to “preserve” significance, a fact that is obvi- 
ous on the face of it but often lost sight of in arguments concerning error. 

The behavior of a@ in normalized calculation reflects the behavior of relative 
error, because of the circumstance, mentioned earlier, that | f | is constrained 
to be of the order of unity. The fact that a is subject to essentially unbounded 
fluctuation in normalized work makes its estimation very difficult in a calcula- 
tion of any complexity. The above point of view suggests that this might be 
remedied by not requiring a normalized representation (e, f), but instead adjust- 
ing so that @ is at worst of the order of unity. A criterion which accomplishes 
this may be called a significance criterion. If such a criterion is used, the evalua- 
tion of y=x—1 for unnormalized (e1, f1) produces an (é, fo) such that |fo| «(fi 
when x is near 1, and |fo|>>|f,| when x is near 0; this is effectively equivalent 
to the condition that (é, fo) have fewer significant digits than (e, f1) in the 
former case, and more in the latter. 

A simple adjustment rule applicable to this case is expressible as ¢) =e), with 
the provision that if this leads to violation of the inequality | fo| <1, then (é, fo) 
is developed in normalized form. When this rule is used for the function at hand, 
it can be stated definitively that ~=1 except in the cases where é)>e, in order 
to preserve | fo| $1, in which case a<1. Thus coefficient error is never amplified, 
and is deamplified only as required by formal properties of the floating-point 
representation. This criterion is automatically implemented if y=x—1 is evalu- 
ated in unnormalized “significant-digit” floating-point arithmetic, as described 
in the next section. It is important to realize, however, that in the case of func- 
tion evaluation an adjustment criterion which makes a@ of the order of unity is 
defined independently of the manner of computation of the function value, and 
in general also independently of the actual value of 6, (which is ordinarily 
unknown); furthermore, for many basic functions an adjustment criterion can 
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be expressed in terms of the exponent or some other simple formal property of 
the argument representation (é, f,), thereby making it not unduly onerous to 
apply (see [3]). 

It is desirable to extend the concept of amplification factor to the case in 
which the result depends on several arguments, all of which may be in error. 
A reasonable way to do this is to define a with respect to the largest of the argu- 


ment errors; that is, if y= F(x, %2, - ++, %n) and (éo, fo) with error 6) represents 
the value of y derived from (é;, f1), (€2, fe), - - * , (@n) fn) with errors 61, 62, °° +, 6b, 
representing 1, %2, - + * , %,, then @ is defined by the relation 

| do] = a-max(|6i1|, | 62|,---, | d,]). 


Besides applying to the evaluation of actual multi-argument functions, this 
definition can also be applied to the case where a function of one argument also 
depends on one or more “parameters” (e.g., a polynomial), and to the analysis 
of arithmetic rules (viewed as specifying the evaluation of functions of two argu- 
ments). 

Computer arithmetic. The concepts of the previous section can be applied 
to the analysis of propagation of error through arithmetic operations; this in turn 
gives insight into the way in which inherent and generated error affect arith- 
metically computed results, and suggests methods for monitoring and control- 
ling such error. It is even possible occasionally to say something concerning 
analytic error in this context, although in general, of course, the arithmetic 
operations defining an approximate evaluation of (say) a function of one argu- 
ment carry no information as to what the function “really” is. 

The adjustment of numbers in conventional fixed-point arithmetic is deter- 
mined by the assumed requirement e=0 for operands and result, and the nor- 
malization convention m= 0 plays a similar role for the usual floating point arith- 
metic. An error-amplification analysis can be carried out for arithmetic opera- 
tions under both these rules, using the extended definition of a given in the pre- 
ceding section. It turns out that in fixed-point (e=0) arithmetic, a ~1 necessar- 
ily for addition or subtraction, but multiplication may be sharply error-de- 
amplifying and division may be sharply error-amplifying. By contrast, in nor- 
malized floating-point arithmetic the situation is reversed; a~1 for multiplica- 
tion or division, but it may be that a>>1 in addition or subtraction. Specifically, 
the latter obtains where the sum or difference is considerably smaller in magni- 
tude than the operands, so that major left-shifting is required to bring it to 
normalized form. This particular situation, usually unpredictable in advance 
because it involves the comparative magnitudes of intermediate results, makes 
it possible for catastrophic loss of significance in floating-point calculation to 
occur without any explicit indication of the fact in the final results (since coeffi- 
cients are all expressed to p-digit precision). 

If the normalization requirement is relaxed, it becomes possible to specify 
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floating-point rules which are more reasonable with regard to significance propa- 
gation, and which may be said to share essentially the advantages of both the 
standard fixed- and floating-point arithmetics without the disadvantages. 
Specifically, this is achieved by the adjustment rules 


€) = max (é1, é) 
for addition and subtraction and 
my = max (m1, m2), 


for multiplication and division; here m is as before the number of leading digits 
(so p—m is the number of “significant” digits) associated with a coefficient f. 
The result of addition or subtraction may be described as obtained by adjusting 
the operand with the smaller exponent to the larger (which decreases 6), then 
adding or subtracting with no post-normalization operation such as would occur 
in standard floating-point arithmetic. The result of multiplication or division 
may be described as obtained by multiplying or dividing the associated normal- 
ized coefficients, and then adjusting the result so as to have the same number of 
apparently significant digits as that operand with the fewer such. 

A detailed analysis of these arithmetic rules has been carried out in [4]; it 
shows that the “worst case” amplification factor for all operations is a number 
of the order of 2 or 3, and that “on the average” a~1. This is the basis for the 
informal name “significant-digit arithmetic” for this particular variety of un- 
normalized floating-point arithmetic. The arithmetic unit of the Maniac III 
computer at the University of Chicago has been designed to incorporate, among 
others, these arithmetic rules (see [5]). 

It should be kept in mind clearly that despite the name there is no guarantee 
that computing in “significant-digit arithmetic” will produce only results for 
which all digits are meaningful, in terms of any error criterion in which one may 
happen to be interested at the moment. Naive trust on this point can lead to 
early and unjustified disillusionment with the potentialities of unnormalized 
arithmetic. In fact it would be possible to specify adjustment rules so that only 
“truly” significant digits of results were generated, assuming all operand digits 
to be “truly” significant; these would require a<1 by enough margin to take 
into account the additional error made in rounding, and would thus tend to 
discard digits which often should be retained. In any case, operands are not in 
general error-free, so the general propagative effects of arithmetic rules must be 
taken into account. From this point of view, the stability achieved by the a~1 
criterion, and the accompanying formal consistency of the rules given above, 
seems to recommend them over more conservative rules which guarantee that 
a<1.In succeeding sections some of the possibilities afforded by the use of these 
arithmetic rules, in conjunction with additional adjustments made on the basis 
of analysis are discussed. 
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Error monitoring and control. As indicated in the previous section, the use of 
unnormalized arithmetic permits the establishment of estimates for and bounds 
on the amplification of coefficient error through arithmetic operations, such 
estimates and bounds being essentially independent of the particular operands 
involved. This permits the “monitoring” of coefficient error as it propagates 
through a series of calculational steps; the possibility of exponent adjustment 
even permits a certain degree of “control” to be exercised, since adjusting (e, f) 
to (e+d, 2-4f) in general adjusts the coefficient error 6 to 2~46, regardless of 
what 6 may be (this statement must of course be modified to take into account 
the use of p-place representation, but its force is clear). 

It may be seen from the foregoing that the estimation of computational error 
in the context of unnormalized arithmetic depends on the assessment of a vari- 
ety of interacting factors. Furthermore, arithmetic rules by themselves cannot 
be expected to solve the problem of obtaining sufficiently accurate estimates; 
this is because their application is strictly “local” in a computational scheme, 
and they cannot reflect certain “global” or long-run aspects of its structure. In 
this connection, two cases must be considered; that where the error builds up 
more rapidly than predicted, thus leading to results which appear more sig- 
nificant than they actually are, and that where there is unexpected deamplifica- 
tion of error, so that digits which are actually significant are discarded. 

The unnormalized arithmetic rules described insure against sharp amplifica- 
tion of error by virtue of the bounding inequalites on a; thus large increases in 
coefficient error can be associated only with long calculational sequences. In 
fact, striking examples of error buildup have been noticed in connection with 
summation of series (see [6 |); in general, however, the phenomenon is marked 
mainly when the summation is carried out to many more terms than practical 
computation would ordinarily involve. 

The contrary phenomenon, error deamplification, is troublesome because it 
need not occur gradually, it being impossible to design arithmetic operations 
so as to insure that errors do not accidentally cancel each other. Of course, 
when it occurs such cancellation is usually not really accidental, but depends 
on the fact that the arithmetic operands are mathematically related in some 
way. To illustrate, consider the calculation, in unnormalized arithmetic, of 
y=x(1—4%). Let it be assumed that the particular x involved is such that 1—x 
can be represented at the same exponent as x. The product adjustment for un- 
normalized multiplication is based on the assumption of independent errors in 
the factors; here, however, the coefficient errors in x and 1—x are equal in mag- 
nitude and opposite in sign. For x ~1/2, these errors are multiplied by approxi- 
mately the same coefficients and added to get the error in the product; this error 
is therefore much less than the adjustment allows for, and in fact may be less 
than the rounding error which occurs. In the latter case, the result obtained us- 
ing normalized arithmetic is more accurate; one can take advantage of this addi- 
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tional accuracy, however, only if analysis has shown it to be there, and the same 
knowledge could be used to compensate for the effect in the unnormalized case. 

This latter point emphasizes the necessity for having available adjustment 
operations over and above those built into the unnormalized arithmetic opera- 
tions. In planning Maniac III, consideration was given to the various ways of 
specifying adjustment that might be useful in practice: adjustment by a given 
amount d, adjustment to a given exponent e, and so forth. A flexible capability 
of this nature is needed if full advantage is to be taken of the error monitoring 
and control potentialities of unnormalized arithmetic. 

The present section has indicated how the judicious use of unnormalized 
arithmetic and supplementary adjustment operations can lead to error estimates 
which are “computed” along with the associated numerical results. Although 
some of the considerations discussed can be applied to the case of normalized 
arithmetic, the constraint on the representation of f makes difficult the analysis 
of a, either beforehand or afterwards. In effect, the value m given by the number 
of leading digits of an unnormalized result is an evaluator for the error which is 
not available in the normalized case. Mention should be made of an “index” 
scheme which has been proposed, in which computation is normalized but an 
index value equivalent to m is kept with each number as a significance indicator 
(see [7]). This requires that extra storage be assigned to the digits which repre- 
sent the index, which could otherwise serve to give more precision in the repre- 
sentation of f; aside from this, however, the system combines the accuracy of 
normalized arithmetic with a capability of monitoring significance. It must be 
realized, of course, that in cases such as those discussed above, in which the sig- 
nificance indication is misleading, one must still use analytic criteria to deter- 
mine what extra accuracy can be claimed. 


Computational case studies. Besides illustrating some of the general notions 
introduced earlier, the following examples indicate the manner in which tech- 
niques applicable to various specific classes of computational tasks may be 
developed. 

a) Function Evaluation. As already stated, adjustment rules for values of a 
function can be specified independently of the manner of their computation. In 
several elementary cases, however, the rules appear in a certain sense “natural” 
from the computational point of view also. Consider the case of the square-root 
function, where amplification analysis (see [3]) shows the rule m)=m,—1 to be 
appropriate. The conventional method for computing a square-root value 
y=+/x uses the Newton-Raphson iteration formula 


yet) = L(y® 4 y/y®), 


Assume that x is represented in unnormalized form and y™ is a normalized ap- 
proximation to »/x. Then x/y™ is computed at the same adjustment as x (in 
terms of number of leading digits) by the unnormalized division rule. If the 
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normalized y™ is added to this, it is adjusted to the same exponent as x/y™, 
which it approximately equals; the sum, being approximately double each of the 
terms, is therefore formed with the same exponent and one less leading digit 
than the terms. Performing the multiplication by normalized 1/2 according to 
the unnormalized multiplication rule does not alter this situation, so the new 
approximation y“t) will satisfy m)=m,—1. Repetition of the process starting 
with normalized y“t» again produces a value of so adjusted; hence the adjust- 
ment of the final value y also satisfies the rule. Note that it is specified that each 
intermediate approximation be normalized before being used in further iteration. 
This is a general rule, to be applied in cases where an approximation is to be im- 
proved according to some analytic criterion, since then it may be regarded as 
“arbitrary” and hence accurate; the naive supposition that approximations 
should be introduced with low significance simply because they are approxima- 
tions is inappropriate. Actually, what is required is only that each successive 
approximation have enough digits so that its apparent significance does not 
condition the result; this shows that the intermediate normalization in the 
square-root case is not strictly necessary, as long as y™ has fewer leading digits 
than x. 

b) Determination of Polynomial Zeros. Consider a general polynomial of 
degree n, defined by 


P(x) = ao + aie + + + + a,x". 
Iteration to an isolated zero may be accomplished by the Newton process 
th) = yb) — P(x) / P(g), 


where P’ is the derivative of P. The repeated evaluation of P(x) and P’(x) 
necessary here can be accomplished by the combined synthetic division pp =dn, 
qo=0; 


Di = Oni 1 XPs-1, gi = pi t+ xQi-1, t=1,2,--+,m. 


This yields P(x) =p, and P’(x) = qn. 

Now if the polynomial coefficients a; are known exactly, it is theoretically 
possible to get an arbitrarily accurate determination of %. But practically, the 
attainable accuracy is limited by the accuracy with which P(x)/P’(x) can be 
evaluated near #, using the available numerical precision. Even if the a; are 
representable exactly (as in the case when they are integers), the occurrence of 
rounding errors in the evaluation process renders the computed value of 
P(«x)/P'(x) inaccurate. The degree to which this rounding error is amplified in 
the evaluation of P(x) near Z is said to reflect the “condition” of the zero %; if 
a zero is “ill-conditioned” it is in general impossible to get a determination of 


its value which is relatively accurate in terms of the computational precision 
(see [2] ch. 2). 
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When normalized arithmetic is used, the attempt to compute a value 
P(x)/P’(«) near # must in any case give a normalized number, most of the 
digits of which are essentially meaningless. The crucial question then becomes 
whether the exponent of this meaningless number is small enough so that it does 
not affect x appreciably when added to it. Ill-conditioning is signified by failure 
of this “zero value” to become sufficiently small, giving rise to appreciable fluc- 
tuations in the successive iterates which never “damp out.” Since in automatic 
computation one does not have the opportunity to see that this is happening, 
the procedure for detecting that “convergence” has been achieved must be 
complicated accordingly. 

By contrast, when unnormalized arithmetic is used, the representation of a 
value P(x)/P’(x) near an ill-conditioned zero # consists mainly of leading digits, 
and the ill-conditioning is essentially reflected only in the size of the exponent. 
This results in the value x—P(x)/P’(x) being formed with a greater exponent 
than that of normalized x, and hence the sum has “lost significance.” If each 
successive iterate is computed by first normalizing x (see the remarks above per- 
taining to the iterative evaluation of the square-root function), then the series 
of computed iterates will “settle down” to a sequence of values which fluctuate 
only in the last one or two places, if at all; the number of digits achieved then 
reflects the accuracy attainable in the determination of the zero #. Iteration can 
in this case be terminated by a coefficient tolerance criterion, which is appropri- 
ate to both the well- and ill-conditioned cases. 

(Example) The polynomial of degree 8 defined by 


P(x) = «8 — 36x7 + 5462 — 4536a5 + 2244944 — 67284x3 + 118124? 
— 109584x + 40320 


has zeros at the integer points ¢=1, 2,---, 8. It isa member of a class of poly- 
nomials whose zeros tend to be ill-conditioned (see [2] ch. 2). Starting from the 
normalized approximation x =4.75 (so convergence to the zero at #=5 is 
expected), the Newton process was applied unnormalized and normalized on 
the Maniac III to generate the iterative sequences of Table 1. 

Caution: The reader should not conclude from this single example that (a) 
the unnormalized iteration always settles down to a single value (it may cycle 
through a sequence of slightly differing values); (b) that the normalized iteration 
always arrives at a cycle of such short period so early. It should also be noted 
that care must be used when drawing conclusions from results displayed in 
decimal; the binary number represented by the convergent value in the un- 
normalized case was 


101.0000000000000000000001, 
so the value was actually in error by only one bit in the last place, and the 


greater apparent discrepancy in the decimal value was a product of the binary- 
decimal conversion. 
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TABLE 1. Sequences of unnormalized and normalized iterates. 


Unnormalized Normalized 
5 .0814474 5.08144719801 
5 .0001462 5 .00014621355 
4 .9999998 499999985429 
5 .0000006 4.99999979387 
5 .0000002<— 5 .00000000331 
5 .0000002<— 4.99999971107 
. 4 99999998841 
4 .99999986837<— 
. 4 .99999982947 
(unchanged 5 .00000013163 
thereafter) 5 .0000001 7053 
4 .99999986837<— 


(repeats cycle of four iterates thereafter) 


c) Matrix Pivoting. Many matrix procedures for calculating inverses and 
determinants, and solving equations, are based on a succession of stages involv- 
ing the selection of a pivot element and the application of a transformation de- 
rived from the classical method of elimination. In numerical work considerations 
of accuracy dictate the adoption of an appropriate pivot selection strategy, and 
this is customarily handled by specifying that at each stage the pivot of largest 
magnitude in some set of eligible elements be selected. An elegant analysis 
justifying this strategy for normalized floating-point arithmetic has been given 
(see [2] ch. 3); it pertains mainly to the buildup of rounding error, however, and 
shows, essentially, that if the largest-magnitude strategy is adopted then the 
loss of accuracy from rounding error is comparable to that arising from inherent 
error (which can be substantial in ill-conditioned situations). 

An analysis from the point of view of the present paper indicates that this 
strategy is not the appropriate one if unnormalized arithmetic is used. The rule 
suggested for pivot selection is based, not merely on largest magnitude, but on 
a combination of magnitude and accuracy of representation. Let x;,=(e;;, fi) 
be an element of a square matrix. A measure of magnitude is the quantity 
Mij = C33 —™Mj, Where m,; is the number of leading digits in x,;. It may be noted 
that the number of significant digits in x;; is given by o,;=p—m,;, where p is 
the precision of representation, as before. The operation that transforms the 
majority of the elements x,; at any one stage of pivoting may be written 


Lig — LicKrg/Xre —> Kay, 


where %,, is the pivot element. In the execution of the subtractive operation the 
term with the smaller exponent is first adjusted until exponent match is achieved, 
then the subtraction is performed. It is evidently desirable to select as pivot an 
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element that effects a minimization in the exponent of the subtractive term, so 
that as few digits of x,; are lost as possible. The pivot selection criterion sug- 
gested is to maximize \,;=y.;-+o,; (or in practice \;;=p4; — m3, Since p is a con- 
stant); this tends to select elements of large magnitude, but not when they are 
relatively inaccurate. If all elements are normalized, this reduces to the usual 
largest-magnitude criterion; if however elements are unnormalized in varying 
degrees, reflecting varying significance, the use of the present rule can make a 
substantial difference. A detailed justification of the rule will be given else- 
where; the present discussion is intended to give a heuristic basis for its use in 
unnormalized computation. 


Research on which this paper is based supported by the Atomic Energy Commission under 
Contract No. AT(11-1)-614. 
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MATRIX EIGENVALUE PROBLEMS 
BERESFORD PARLETT, Stevens Institute of Technology, Hoboken 


1. Matrix theory is easy, so why should matrix computations be difficult? 
Mathematics is the art of avoiding calculations. Should the mathematician 
therefore shun the computation of matrix eigenvalues? The fact that these 
numbers are often of importance to physicists, engineers and other scientists 
does not guarantee that methods for finding eigenvalues have in themselves 
much mathematical interest. The structure of a matrix in terms of its eigen- 
values and eigenvectors is well understood and so it is rather surprising that 
for only a few of the current computational problems are there satisfactory com- 
puter programs. 

In the hope of illustrating the difficulties we have chosen to follow two exam- 
ples in some detail. We will make no attempt to survey the development of the 
many topics covered by the title of this essay. For example we shall omit the 
development of the sophisticated and highly satisfactory methods now employed 
for symmetric (or Hermitian) matrices. Indeed programs exist which not only 
give the eigenvalues (and eigenvectors too, if required) but derive from the 
calculation rigorous estimates of the possible error in each root. 


2. Eigenvalue calculations: the computer's speed makes them possible, the 
computer's inexact arithmetic makes them interesting. A frequent request is for those 
numbers \ which make the matrix A\?+BA+C singular. Here A, B, and C 
are conformable square matrices, usually all singular. There are many other 
forms which the eigenvalue problem assumes but we shall confine ourselves 
here to the fundamental, classical one of the location of the zeros of the char- 
acteristic polynomial, p(A) =det(A —AJ), associated with the Xn matrix A 
and the Xn identity matrix J. Note that we are being asked to find an algo- 
rithm which will work automatically on any digital matrix. Here is one reason 
for the difficulty in obtaining good programs. 

Whatever method we employ the arithmetic labor required to find the eigen- 
values increases sharply with z. Using pencil and paper and calculating each 
number to 5 significant decimals a man might take most of a day to resolve a 
5X5 real matrix. On a high speed digital computer all the eigenvalues of a 
100X100 real matrix can be found in a few minutes. Thus it is automatic 
computing devices which give us the hope of finding the eigenvalues of a wide 
variety of matrices. 

The price paid for the high speed of a digital computer is that the arithmetic 
operations are not performed exactly. It is this limitation of the tool we are 
obliged to use which has given the problem its mathematical interest. 

A computer is given a matrix and an algorithm. The algorithm is a sequence 
of instructions which tell the machine how to use the data. In our case the oper- 
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ations on the data should produce the eigenvalues. 

We must study an algorithm from two different points of view. Firstly we 
must understand the method in the context of exact arithmetic operations on 
the full set of real numbers. Here is the place to show for what class of matrices 
the method works in theory. Yet conventional analysis of the theoretical algo- 
rithm is but a preliminary to the newer, less orthodox, task of assessing the 
practical algorithm; i.e. the effect of inexact arithmetic operations on the finite, 
discrete set of digital numbers (the only ones which the machine can handle). 
Will the work of this hasty but imperfect servant be an acceptable imitation 
of the theoretical process? 

Interest in a large number of techniques has resulted from the variety of 
forms in which the practical problem is posed (e.g. find a few eigenvalues, all 
eigenvalues, no eigenvectors, all eigenvectors) and from the inadequacy of earlier 
methods. 


3. Error versus uncertainty. When asked to multiply together two digital 
numbers x and y the computer produces another digital number z which contains 
a small error relative to the true product xy. In a machine which uses 3 decimals 
for each number the product of 12.3 and .234 is given as 2.88 (or, in some 
machines, 2.87) instead of 2.8782, the sum of these numbers is given as 12.5 
instead of 12.534. 

It seems possible that the concatenation of very many of these small round- 
off errors in the course of a long computation could lead to large errors in the 
results. But this is not the only, nor even the main danger in computing. We 
must examine more closely the meaning of the term error. The error in a result 
is the difference between that result and the true solution. What is the true 
solution? 

In by far the majority of cases which occur in practice the matrix elements 
in the computer are not exact real (or complex) numbers. They may come 
from physical observation, from previous computation, or they may be genuine 
real numbers forced into the strait-jacket of machine representation. Thus 
1/3 and +/2 would appear in our 3 decimal machine as .333 and 1.41 respec- 
tively. Thus for each element we know only the first few digits of an infinite 
expansion. Our digital matrix stands for an infinite set of real matrices each of 
which has a set of eigenvalues with a valid claim to be called correct. In fact 
the eigenvalues of a digital matrix should be defined as the totality of these 
eigenvalue sets. Little progress has been made so far in describing these sets in 
practice. It has been maintained that the unrepresented digits of our matrix 
should be conventionally taken as zero in order to give us an exact matrix and 
a true set of eigenvalues. This seems a rather arbitrary decision. 

We see that the uncertainty in the data implies an uncertainty in the eigen- 
values and in general this lack of precision can vary greatly from one eigenvalue 
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to another. This uncertainty has nothing to do with any particular method for 
computing the eigenvalues. It is a property of the data. There are matrices with 
elements given to 8 significant decimals which determine some of their eigen- 
values to 8 and others to 2 significant decimals. 

Here is a limitation on the results to be obtained from any numerical eigen- 
value program. The uncertainty in an answer is seen to arise from two causes. 
Amplifying the inherent lack of precision attributable to the data is the uncer- 
tainty arising from the approximate execution of the algorithm. Only the latter 
depends on the method which is being used and an ideal technique would be 
one which gives rise to uncertainties which are no greater than those stemming 
from the data. When these sources are confounded then the imperfections of a 
particular matrix may be visited on the method. 

It is not easy to assess these uncertainties. Error analysis, as the subject is 
called, suffers the reputation of being both difficult and tedious. Recently, 
however, the situation has improved with the fruitful idea of “backward” analy- 
sis. We ask not for the error in our answer but to what problem is our result 
the exact solution. When this can be answered we are often in a position to say 
that the computer algorithm has actually solved a problem sufficiently close to 
the given one as to be entirely acceptable. The solutions of the two problems 
can only differ substantially if the given problem is sensitive to small changes 
in the data. 


4, A simple error analysis. One of the major difficulties in a practical analysis 
is that of description. An ounce of analysis follows a pound of preparation. 

In order to avoid inessential difficulties we have chosen a problem and an 
algorithm which are easy to follow theoretically. The analysis of the practical 
algorithm retains, however, many important features of full scale analyses. The 
result is surprising in the sense that a method which could with justice be 
called bad is shown to be quite satisfactory for the purpose in hand. Dividing 
by small numbers is not always fatal. Indeed careful analysis has resuscitated 
more than one technique which lay on the mound of forsaken methods. 

A common approach to the eigenvalue problem is to use some “safe” sim1- 
larity transformations to obtain a matrix of simpler form. Yet the simpler the 
form the less safe the methods seem to be. Frequently, then, a method uses some 
polynomial root finder and obtains the required trial values of the characteristic 
polynomial (and possibly some of its derivatives) by determinant evaluation. 
Our example is of determinant evaluation of Hessenberg matrices, i.e. matrices 
which are upper triangular together with nonzero elements immediately below 
the main diagonal. The matrix is 3X3 for ease of analysis; the conclusions do not 
depend on the order. 

In what follows Roman letters denote digital numbers and Greek letters 
denote real numbers. 
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THE PROBLEM. Calculate the determinant 6 of the matrix A. 


Q11 G12 138 
A = |@o1 Geo2 Qo3], 


0 Qo3 «33 


where a,; 1s a real digital number. 

Theoretical Algorithm. We use the method of elimination. Subtract times 
row 1 from row 2 so that the new element in position (2, 1) is zero. Subtract pe 
times the new row 2 from row 3 to eliminate the (3, 2) element. In matrix 
terminology we pre-multiply A by the matrix yp to obtain a triangular matrix 8, 


1 0 0 Bi Bie Bis 
—p, 1 0;A = |0 Box = Bas] - 
0 —p. 1 0 0 B33 
We assume that neither By nor B22. vanish. By direct calculation, 
Bi = ay, (j = 1, 2, 3) 
(T) M1 = e1/B 11, | 
Bog = Gog — Midry, (j = 2, 3) 


ho = 430/ B22, 33 = 233 — Moe, 6 = 6118 20833. 


Practical Algorithm. This depends on the particular computer being used. 
All we need to know is that our computer, when given x and y, produces the 
digital numbers (x-+y)(1+e.) and xy(1+en) instead of «x+y and xy which may 
not be digital numbers. Here e, and €, depend on x, y, and the computer. How- 
ever, | €a| <€, | €m| <e, where € is a small number depending only on the com- 
puter. Any subscripted e€ is to be taken as a rounding error bounded by e. When 
instructed to form xy-+z our computer first produces xy(1+e,) and then tries 
to add gz, finally obtaining the digital answer (xy(1-+e,) +2) (1 +e). 

When we try to implement the theoretical algorithm (T) on our computer 
we obtain 


bij = 1, (j = 1, 2, 3) 
My = Gex(1 + €21)/b11, 

(P) bes = [dey — mrdrj(1 + ex) ](1 + e2,), (j = 2, 3) 
Me = A32o(1 + 32) /Be2, (we assume bo. ¥ 0) 
b33 = [ass — meobo3(1 + €o3) |(1 + €33), 


d = (birba2(1 + €1)) b33(1 + €o). 


We have assumed that 01.0, be2+0 but one or both of them may be very small 
and thus one or both of m; and mz may be very large compared with the elements 
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of A. We shall be concerned with the consequences of this. 

Forward Analysis. We could pursue the type of analysis in which we express 
each quantity in (P) as a true value plus an error, e.g. De =Bee+n». Eventually 
we would obtain a complicated expression for ns =d—6. If we could obtain a 
satisfactorily small bound for |75| in terms of a’s and ¢ then we would be sure 
that the practical algorithm is useful. In practice 7; may be so complicated that 
a realistic estimate is hard to make. 

Suppose that a realistic error estimate seems very large. Is it the fault of the 
method or of the data? The determinants of some matrices A may be so sensi- 
tive that the best of methods, working to the given accuracy, would produce 
such an error. 

Backward Analysis. A more illuminating approach is to seek the matrix 
whose triangular decomposition we actually found with (P). We see that 


1 0 0) (611 bie Oa 


My 1 0/10 Doo bo3 = A + &, 
0 me. 1310 O dog 
0 0 0 
& = |€21@a1, €29022— (€12-+ €22-+ €12€22) 721019, €23@3— (€13-1 €23-+ €13€23) 01013 . 
0 €32032 €33033 — (cos-besst €23€33) Mabe 


We have observed that m: or mz (or both) may be very large. Thus A +& can 
be substantially different from A. We conclude that the practical algorithm 
does not produce a satisfactory triangular decomposition of A and hence 
d=det(A +&)(1+e4)(1+e:) must be suspect as an approximation to 6. Notice 
that even if each b,; is correct to working accuracy, i.e. 0,;; is the machine num- 
ber closest to 8;;, we will still have a poor decomposition of A when the m; are 
large. The fact that the 0,;; have very small relative errors is irrelevant. 

It follows that this is a bad method to use as part of a program to solve 
Ax=y since the result will actually satisfy (4 +&)x=y’, a very different equa- 
tion when the m; are large. 

In fact, however, d is quite satisfactory. However large & may be, dis a “good” 
approximation to 6 because it happens that A+ has the same determinant 
as another matrix A’ which is very close to A. This surprising conclusion would 
be hard to reach by analyzing det(A +8). Yet it becomes obvious if we write out 
the b;; in terms of the original matrix in the following way: 


bu = lax, mM, = [(1 + €21) do1| /d11, 
(P’) boo = [(4 + E29) G29] — my| (1 ++ €12) (1 + €22) G10, Mo = [(4 + €32)@30| /Doo, 
bss = [(4 + €33) 33] —_ me| (1 ++ €93) (1 + €33) (1 + €23) 3] 
++ meom| (1 + éo3) (1 + €33) (1 + €o3) (1 + €13) @13]. 
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Comparison with the theoretical algorithm (T) shows that by, dee, b33 are identi- 
cal to the diagonal elements which the exact algorithm (T) would produce from 
the matrix 


Q11 (1+ 12) (1+ €22) a12, (1-Fe13) (1+ €23) (1+ 23) (1+ 33) a1 
A' = (1-++- 91) a1 (1+ €22) dee (1-93) (1-23) (1+ €33) Ges . 
0 (1+ €s2) dso (1+-€33) G33 


We have not yet accounted for the rounding errors incurred in multiplying to- 
gether the 0,;. If we multiply the last column of A’ by (1+ :)(1-+ es) we obtain 
a matrix A” with det(A”’) =d. The greatest perturbation involves changing a3 
to ay3(1 + €13) (1 ++ €o3) (1 ++ €33) (1 + €33) (1 +e) (1 +€2). Normally e< 10-° so that this 
is a small perturbation. 

Note that the matrix (0;;) is not the upper triangular factor of A’ because 
our choice of aj, and a4, made 033 exact at the expense of 013 and beg. This is in 
accordance with our observation that the elements of & may be large. 

The success of this backward analysis depended crucially on the fact that 
a31=0. When a3:3+40 the elimination algorithm allows of no small perturbations 
of the a,; for which the 0;; would be exact because elements diy, and ais would 
appear in more than one equation in (P’). Thus, in general, aj, and aj, would 
have to take on at least two different values simultaneously to make (P’) exact. 
In this case the algorithm is good for nothing. 


5. Similarity transformations. As the limitations of known methods were 
revealed numerical analysts were driven to invent more sophisticated techniques. 
Most eigenvalue procedures fall into two categories; those which utilize only a 
finite number of similarity transformations and those whose theoretical algo- 
rithm demands an infinite number of them. The former approach was discussed 
in Section 4. 

The latter approach is to derive from the given matrix a sequence of similar- 
ity transformations which, in the limit, will yield a triangular matrix. In the 
computer each matrix is written over its predecessor and the diagonal elements 
will ultimately yield the eigenvalues. In general the sequence must be infinite 
because the similarity transformations we use will produce only rational func- 
tions of the matrix elements and the eigenvalues are not in general rational in 
these elements. This sort of consideration is irrelevant for the practical algo- 
rithm but is germane to the convergence proofs of the theoretical procedure. 

In order to illustrate the analysis of theoretical algorithms we will now de- 
scribe an ingenious method from the second class, the LR Transformation of 
Rutishauser. 


The LR Transformation. Most matrices can be factorized into the product 
of a left triangular matrix Z and a right triangular matrix R. One way to effect 
this is by Gaussian elimination, the familiar technique used in solving systems 
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of simultaneous linear equations A1x=. The multipliers are the elements to the 
left of the diagonal of the matrix Z, and they are chosen so that L7!41= Rk. 

The diagonal elements of L; are all unity. This transformation of A; is not 
a similarity, however, and therefore R; and A; do not have the same eigenvalues. 
When we complete the similarity transformation on A; we obtain Ly1A,l, 
= R,L, and we lose our triangular matrix R,; The remarkable idea of Rutis- 
hauser is that we should now repeat the same process on the new matrix 
RiI1(= Ae). This will give Lz14,.= R, and a new matrix R,Lo(=A3). If we con- 
tinue in this way we will produce a sequence {.A,} of matrices all similar to A). 
Under quite mild conditions on A; this sequence converges to a triangular ma- 
trix. The sequence is defined by 


(D) Ax = L,Rz, Anss = R,Lx, k= 1, 2, ce, 


where L, and R, are derived from A; by Gaussian elimination (assuming no 
breakdown). 

From the definition (D) there follow two basic formulas. Now Agy1= Le 4A,Ly 
and, using this formula on A,;, we obtain Ajyi= Lp Lj, Aprils, and, even- 
tually, 


(1) Ana = Ly +++ Ly Aiki +++ Ly = My AM, 


where M),=L, --- L, and is also left triangular with 1’s on the diagonal. If we 
define S; by S,=R, - -- Ri (note the order of the factors) and use (1) in the 
form M;,Az41=A1M;, we obtain 


(2) MS = MutAwSia = AtMa+Sia = AiMpoSp2 = +++ = At. 


So (2) shows that M;, and S; are the triangular factors obtained by using Gaus- 
sian elimination on A}. 

Now L,= M,,M;_, and therefore, if 14, converges as kR->, its limit M,, will 
have 1’s on the diagonal and thus be nonsingular. In this case then L,->M.,M,,' 
= J, the identity matrix. If L,-J then R,=L;*A; shows that A, must tend to 
right triangular form. Thus the proof depends on obtaining the triangular fac- 
torization of Af. 

We will sketch here an elementary and illuminating proof of convergence 
which was given recently by Wilkinson. 


THEOREM. Let 41=XDX™-! where D=diag {M,---, An}. For convenience 
write Y= xX}. If (i) | A1| > | A2| > ++: > | An| >0, (it) X and Y can be factorized 
into X =L,R,, Y=L,R,, then, as kR- ©, A; converges to right triangular form. 


Proof. The key is to express Aj, in a simple but ingenious way, as a product 
of a left and a right triangular matrix. 
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Ai=XDY=XDL,R, = X(DL,D )(DR,). 


Let 1,; be the (4, 7) element of L,, then the (i, 7) element of D*L,D~-* is 1,;;(\i/N;)* 
and, by (i), this tends to zero, as kR->, for 7>j. Also 1;;=1. Thus 


D*L,D~ = [-+ Fi, E;, — 0, 


where the nonzero elements of /;, are below the diagonal. Thus 


Ai = L,R,(I + E,)D R, = Li(I + R,E:R; )R,D R, = L,(I + F,)RzD R,, 


where F,—0. Now R,D*R, is right triangular. The triangular factors of J+ F, 
must both tend to J and hence the left triangular factor of Aj, namely M;, must 
converge to L,. This ensures, as desired, the convergence of A; to right triangu- 
lar form. 

The practical LR algorithm is not satisfactory when applied to general matri- 
ces for several reasons. The main defect is closely related to the limitations, de- 
scribed in Section 4, of Gaussian elimination. Very large numbers can occur in 
the ZL and R matrices given by A =ZR and such numbers wreck the practical 
algorithm. Moreover considerable calculation is required to obtain ZL, R, and 
RL. 

The appreciation of the numerical dangers involved in the LR method has 
stimulated research into alternative factorizations of a matrix which will also 
generate, by multiplication of the factors in reverse order, a sequence of matrices 
converging to triangular form. One such development, the QR transformation of 
Francis, uses the decomposition of a matrix into a unitary matrix multiplied 
by a triangular matrix. The practical QR algorithm is numerically “safe” and, 
with the aid of ingenious tricks, has overcome almost all the limitations of the 
basic LR transformation to become one of the most successful general eigenvalue 
algorithms at the present time. 
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ITERATIVE METHODS FOR SOLVING MATRIX EQUATIONS 
R. S. VARGA, Case Institute of Technology 


1. Introduction. Iterative methods are, in concept, well known to us all since 
it is likely that each of us has at one time or another used Newton’s method to 
find square roots of numbers. It is probably not as well known that iterative 
methods, utilizing the great speeds of modern computing machines, are exten- 
sively used today in practical computations for solving matrix equations which 
arise from finite difference approximations to elliptic partial differential equa- 
tions of reactor technology and petroleum technology. 

The object of this paper is to illustrate the use of finite difference techniques, 
and to illustrate the nature of iterative methods for solving the associated matrix 
equations. We shall do this by means of a very simple one-dimensional problem. 
It is hoped that this simple example will serve as an elementary introduction 
to the theory of such iterative methods which is covered in much more detail in 
[1, 2, 3, 5, 6]. 


2. A simple two-point boundary value problem. Consider the solution of the 
two-point boundary value problem: 


(1) —y2(x) + oy(x) = f(x), O<x< 1, yO = dy/dx?, 
where 
(2) y0)=a, yA) =8. 


We assume that a, 8, and o are given constants with o20, and f(x) is a given 
function such that y“?(x) exists in 0SxS1, and 


(3) ly@)| SM, OSe81. 


IA 


By means of Taylor’s Theorem, we now express —y®) in terms of a three-point 
central difference approximation plus an error: 


(4) —y(xi) = [2y(as) — (yee +h) + yes — b))|/l? + hPy® (a, + O:h)/12, 


where |6,;| <1, x;=7h, 1SiSN, and h=1/(N-+1). With y(x,) =y,, the differen- 
tial equation (1) can be written for the particular values x;, 17S, in matrix 
form, as 


(5) Ay=k-+ «(y), 
67 
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where A is an NXN real matrix, and y, k, and +(y) are vectors, all given ex- 
plicitly by 


2+ ch? —1 V4 fitoa/h? 
1; -i 2+ PW 
A=— S ; y= ” ; k= It ; 
h? — | . . 
—1 D+ gh? yy fy + B/P? 


(6) sey + 0) 


c= . 


Neglecting the vector «(y) in (5) gives us the matrix equation 
(7) Az =k, 


whose solution z is defined to be our discrete approximation to the solution 
y(x) of (1)—(2), i.e., z;, the jth component of z, is to approximate y;=y(jh). 

It is obvious that A is real and symmetric. Noting that all the diagonal 
entries of A are equal, we can express the matrix A as 


7 (2 + ch?) 


(8) A 72 


[7 — BI, 


where B is an NXWN real symmetric matrix given explicitly by 


0 1 0 
z-— 1 _|! 0 I 
(2 + ch?) QU 
0 1 0 


Because of the tridiagonal form of B, it is easy to verify that the vector x”, 
with k-th component x defined by « =sin(jkrh), 15k SN, is an eigenvector 


of B for each j, with the corresponding eigenvalue pu; given by 
(10) By = 2 cos (jrh)/(2 + ch?), 1sjsN. 


Then, it follows that the spectral radius p(B) =maxi<;<n | ws is less than unity, 
and thus, from (8), A is evidently positive definite. Moreover, since p(B) <1, 
we can express A~! by means of the convergent matrix infinite series 


(11) AtX=y72-—Byt=y{1+ B+ B2+---}, y = h/(2 4+ oh). 


Note that all entries of B are nonnegative from (9), so that all powers of B and 
hence A! have only nonnegative real entries. This last fact will be useful in 
proving in the next section that the solution z of (7) is “close” to the solution 
y(x) of (1)-(2), evaluated at the points x;=ih, 1SiSN. 
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3. Convergence of the discrete approximation. To measure the discrepancy 
between the components 2g; of the vector z of (7) and the numbers y;=y(th), we 
subtract (7) from (5) giving A(y—z) =<(y), or, since A is nonsingular, 


(12) y —z= A7'e(y). 


Now, from (3), each component of +(y) is bounded above by Mh?/12. Hence, 
since A~! has only nonnegative components, | y;—2;| S(Mh?/12)(A—8), for all 
1<571SN, where é is the vector with all components unity. Thus, if wis any vec- 
tor with Aw, we obtain the bound | yi 24 < Mh?w,/12. But it is easy to ver- 
ify that the choice w(x) =x(1—«x)/2 with w;=w(th) satisfies AwZé, so that 


(13) ly: — 2:| S Mn[én(1 — ih)]/24 S Mh2/96, 


and last inequality following since w(x) $1/8 for OSxS1. This means that z 
is close to y if the mesh spacing h is sufficiently small. 


4. The Jacobi iterative method. For h small, the result of the previous sec- 
tion shows that solving A4z=k will give us a reasonable approximation to the 
solution of the original differential equation (1)-(2). To solve Az=k for z, let 
us combine (7) with (8) to form 


(14) z= Bz+ g, 


where g=(h*k)/(2-+ch?). Familiarity with the method of successive substitu- 
tions suggests that we consider the following iterative method, called the Jacobi 
iterative method, 


(15) zimt1) = Bz(m) 4 g m = 0, 


where z is some initial estimate of the unique solution of (14). Writing 
zm) —7-+-2(™) to define the error e™ at each iteration, we see from (14) and (15) 
that et) = Be | from which we deduce that 


(16) e(™) = Bmg(0), m = 0. 


Since B is a real symmetric NX WN matrix, the eigenvectors {x}, of B can be 
normalized to form an orthonormal basis for the associated N dimensional 
vector space. Thus, there exist constants c; such that e = }°™_, cx, where 
Bx® = y;x™, and it follows from (16) that 


N 
(17) em = D7 (uj)mcx, mz 0. 
j=l 


Because all y; are less than unity in modulus, e™ evidently tends to the zero 
vector for any initial e, Equivalently, the Jacobi iterative method converges 
for any initial z®. What is more, from (10) each component of the error e™ 
with respect to the orthonormal basis (x) } ", is reduced per iteration by a fac- 
tor not exceeding in modulus 


(18) p(B) = 2 cos rh/(2 + ch?) = 1 — (7? + o)h?/2 + OCF), h io. 
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Having just shown that the iterative method of (15) is convergent, it is our 
sad duty to report that this iterative method can be extremely slowly convergent 
for small h. To illustrate this, let h=10-2 and o=1. Then, to reduce each com- 
ponent of 2 by 10 would require approximately m iterations, where [p(B) | 
~(.1, and m turns out to be about 4200. Even for fast computing machines, 
this would be a slow process, and obviously there is a need for faster iterative 
methods. 


5. The successive overrelaxation iterative method. To introduce just one 
such faster iterative method, we first express the matrix B of (9) as the sum 
L-+L?, where L is a strictly lower triangular matrix. Multiplying both sides of 
(14) by the real parameter w, and then adding z to both sides of the result yields, 
after rearrangement, 


(19) (I — wL)z = {(1 — w)I + wT hz 4+ og. 


Since L is strictly lower triangular, then (J—wZ) is nonsingular for any choice 
of w. Thus, we can multiply both sides of (19) on the left by (J—wL)—!, which 
gives 


(19’) z= (I — woL)3[(1 — w) I + wl? ]z + oT — wL)—'¢. 


Simply inserting iteration superscripts then serves to define the successive over- 
relaxation (SOR) iterative method: 


(20) zt) = (I — wL)-[(1 — w) I + oL7]z™ + off — ol) g, m2 0. 


At first glance, this iterative method of (20) looks rather formidable, and would 
appear to be implicit. From the definition of B in (9), however, this iterative 
method can also be written equivalently as 


(21) = 2D — ofa t ok ee — oe? — of — ne] + oh), 
1sisN. 


Starting with 7=1, 2.=a is fixed by the boundary condition (2), and we can 
solve for the new component 2\"*” in (21) in terms of the old components 2” 
and 2%”. Continuing from left to right, we see that this is an explicit iterative 
method. 

In analogy with the Jacobi iterative method, we similarly seek the eigen- 


values A of the matrix 
(22) &o = (I — woL)3{ (1 — w)I + wL*}. 


Thus, we seek the roots of det {A7—&.} =0. Since det(I—wL) =1, it follows 
that 


(23) 0 = det (I — wL) det (AJ — &,) = det [A+ — 1)I — wo(AL4+ L*)I. 
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Previously, we explicitly determined the eigenvectors x‘ and eigenvalues yu; 
of the matrix B of (9). In the same manner, one can verify that the vector w™, 
with kth component wi” defined by r*/? sin (jkrh), is an eigenvector of rL-+L™ 
for any 7, with corresponding eigenvalue 71/2u;. Consequently, with 7 =X there 


is a natural pairing from (23) of the eigenvalues A of £, with the eigenvalues pu 
of B through 


(24) (A + w — 1)? = Awp?, 

which is the fundamental result of Young [8]. The real significance of this ex- 
pression (24) is that it can be used to explicitly determine the real parameter w 
which minimizes the spectral radius of £,. Indeed, it is now well known [8] that 


(25) min p(£.) = p(L.,) = w — 1, where ow, = 2/(1 + a/1 — p?(B)). 


Using the result of (18), we see that 


(26) p(Lu) =1—- AVF o)h+O), bh L 0. 


Comparison of the exponents of / in the leading terms of (18) and (26) shows 
that an order of magnitude improvement in convergence rate has been made, 
simply by the adroit choice of the parameter w. To illustrate this numerically, 
again let h=10-2 and o=1. Then, the least positive integer m such that [p(&.,) |" 
<0.1 now turns out to be approximately 35, as compared with 4200. For the 
slight increase in arithmetic requirements per iteration in passing from (15) to 
(21), a great over-all improvement in computational efficiency has been achieved. 


6. Alternating direction implicit methods. After all is said and done, the 
solution of the discrete one-dimensional problem Az=k in (7) would not be de- 
termined by means of iterative methods, except, of course, in expository papers 
on the subject! Rather, straight-forward Gaussian elimination applied to the 
matrix problem Az=k is not only efficient, but it is very stable relative to the 
growth of rounding errors, thanks to the positive definite tridiagonal nature of A. 
The Gaussian elimination algorithm for solving this simple problem can be 
expressed as 


w=-—1/db;5 w=(-1/O+we), 2SiSN-1, 6=2+ 07’, 
(27) 4 g1 = Wky/b; gs = (Wk; + gi-1)/(O+ wei), 28185 N, 


Zn = £N3 2= 2-211, 1SisgN-—il. 


Our simple one-dimensional problem can be useful once more to us in quickly 
introducing a particular variant of the alternating direction implicit (ADI) 
methods, for the discussion above shows that discrete approximations to the 
one-dimensional problem —4u,,-+cu=f can be directly solved. Consider then 
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the second order elliptic partial differential equation 

(28) —Usa(%, Y) — Uyy(X, y) + 2ou(x, y) = f(x,y), O< 4, y <1, 
in the unit square R with Dirichlet boundary conditions 

(29) u(x, y) = g(v,y), (#, y) E OR, 

where g is specified on 0R, the boundary of R. Writing (28) as 

(30) [—tee + ot] + [—ty + ou] =f, 


each term in brackets represents a differential operator in one of the space 
variables. Thus, with 


(31) ee Yo) = [(2 + oh?) u(xo, yo) — (u(xo +h, Yo) + u(x» — h, yo)) |/h?, 
Vuul2o, Yo) = [(2 + oh?)u(20, yo) — (w(ao, yo + Ah) + u(x0, yo — h))|/2?, 


representing discrete approximations to these differential operators on a uniform 
mesh h=1/(N-+1), the discrete matrix problem corresponding to (28)—(29) is 


(32) Hu+Vu=k, 


where H and V are real N?XN? matrices. It is not difficult to see that, with 
suitable numbering of the mesh points of the square, H and V are direct sums 
of the particular matrix A of (6). An important application of the discussion 
above concerning Gaussian elimination is that matrix problems of the form 
Hx=s and Vx=t can be solved directly for x, which is to be a basic part of the 
iterative method to be described. Writing (32) as the pair of equations 


(33) (7H + rI)u = (I — Viu+k, (V+rlu = (7I — Hu+k, 


we insert iteration superscripts to define the Peaseman-Rachford alternating 
direction iterative method [4] 


(Hb tT) UU) = (rel — Vou +k, 


34) V t+ reDue) = el — Huet) + k, m = 0, 

where {7m} is any sequence of positive acceleration parameters. Note that carry- 
ing out a single complete iteration of (34) requires the direct solution of matrix 
equations on horizontal mesh lines, then on vertical mesh lines, hence the name 
alternating direcitons. 

For the particular problem (28)—(29), we shall now show that the iterative 
method (34) converges for any fixed positive acceleration parameter r>0. In 
analogy with section 4, we first exhibit explicitly the eigenvectors of the N? X NV? 
matrices H and V. Defining the column vector a» with N? components af” 
by 


(35) az; = sin(kwih) sin(Injh), 1<i,jSN,154,/8N, 
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where a’ refers to the component of a at the ith column and jth row of the 
uniform mesh on the unit square, we see from (31) that 


Ha) = [4 sin? (krh/2) + ch?]a%; 


(36) 
VatD = [4 sin? (lrh/2) + ch']a®> 15h 18N. 


For any fixed r>0, the error vectors e™ associated with (34) evidently satisfy, 
in analogy with (16), 


(37) el) = Tie™, m2 0, where T, = (V+trD-Wrl — A)(rI + A)“ (rl — V). 
Thus, from (36), we have that T,a@) =), a@%” where 


— ne 2 —_ in2 2 
Ma = [yr — (4 sin? (krh/2) + ch?)|[r — (4 sin? (lrh/2) + oh | LShIEN, 
[ry + (4 sin? (Rrh/2) + ch?)|[r + (4 sin? (lrh/2) + ch?)] 

and clearly, |Ax,2| <1 for any 15k, /=N since r>0. Because the a“ form, 
after normalization, an orthonormal basis for the associated N? dimensional 
vector space, it follows from |)x,:| <1 that e“ tends to the zero vector as m—> 
for any initial vector 2, which proves that the iterative method of (34) con- 
verges for any fixed r>0. If we now choose the parameter 7 to be 


e = {(4 sin? (wh/2) + oh?) (4 cos? (rh/2) + oh?)} 1/2, 
it turns out [6, p. 216] that the spectral radius p(T>) is exactly equal to that of 


the successive overrelaxation iterative method applied to (28)-(29), so that 
from (26), 


(38) p(Tr) = 1— UVa? +o) h+Oh’), hl. 


The really interesting results for such ADI methods are obtained by using 
a sequence of optimally selected positive parameters [7; 6, p. 223], since the use 
of such parameters can lead to a further order of magnitude improvement in 
convergence rates. Specifically, with such optimally selected parameters, we 
merely state that the average error reduction in norm per iteration turns out 
to be asymptotically 


(x? + o) 
In (1/h) 


which should be contrasted with (38). It must be mentioned, however, that the 
result of (39) depends heavily on the assumption that the matrices H and V 
have the common set of eigenvectors a”, which is equivalent to the assump- 
tion that H and V commute, i.e., HV = VH. For cases in which HV # VH, the 
results concerning convergence rates of ADI methods are much less complete. 

There is a rich and growing literature on the subject of iterative methods; 
our aim here was to introduce quickly some of these methods. More complete 
results, beyond the scope of this paper, can be found in [2, 3, 5, 6]. 


(39) 1 h | 0, 
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NUMERICAL SOLUTION OF PARTIAL DIFFERENTIAL EQUATIONS 
P, D. LAX, New York University 


No one will quarrel with the statement that computing is bound to revolu- 
tionize applied mathematics by providing new and powerful tools for getting 
numerical answers, the life and blood of the subject. The versatility of the 
new computers has already stimulated the systematic study of numerical meth- 
ods; this has attracted a number of pure mathematicians who, before, had been 
repelled by the ad hoc nature of the methods used by the hapless applied mathe- 
matician. 

This brief article is about the numerical solution of partial differential equa- 
tions. A very general (although by no means the only) method for solving these 
is to convert them into difference equations through the replacement of deriva- 
tives by difference quotients of some sort. The effectiveness of this method is 
attested to by the vast literature on it which has sprung up during the last 
15 years—a literature so extensive that it is hopeless to try to summarize it. 
Instead of trying to present some of the highlights of the new developments I 
shall try to convey its flavor. My aim is to convince a skeptical reader who may 
regard using finite differences as the last resort of a scoundrel that the theory of 
difference equations is a rather sophisticated affair, more sophisticated than the 
corresponding theory of partial differential equations. My argument will be 
based on two contentions: 

1) In order to prove that solutions of a sequence of difference equations 
converge one needs estimates for difference operators which are analogous to the 
estimates needed in the existence and uniqueness theory for solutions of differ- 
ential equations. 
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2) Estimates for difference operators are much harder to derive than the 
corresponding estimates for differential operators. 

These contentions will be illustrated on a very simple linear equation; the 
reader interested in the general theory should consult R. D. Richtmyer’s book 
(and the research papers listed at the end, most of which have been incor- 
porated into the second edition of his book). 

I regret that there is no room to describe difference approximations to non- 
linear equations; this part of the theory has many surprises and many unsolved 
problems. An intriguing approach to a certain class of such problems is dis- 
cussed by Frank Harlow in an article appearing in this issue. 


1. In problems involving partial differential equations we want to determine 
a function or set of functions u which satisfies a partial differential equation 


(1) Lu = f 


in some domain D and which satisfies certain conditions on a subset of D. These 
additional conditions, usually called boundary (or initial) values of u, together 
with the given function f constitute the so-called data of u. 

According to the modern theory of linear partial differential equations, the 
data determine a unique solution u if and only if u can be estimated in terms 
of its data, i.e. an inequality of the form 


(2) ||| < constant || Lal 


holds, and a similar inequality holds for the so-called adjoint problem. (For 
simplicity we have assumed that the boundary data of u are zero; the symbol 
|| || denotes some norm which measures magnitude.) For linear operators L it 
follows from (2) that 


|| 20 — || S constant || Les — Lu,]|. 


This clearly implies that u is uniquely determined by Lu=f; in fact it says sub- 
stantially more; it says that u is a continuous function of f in the sense of the 
norm employed. For problems of mathematical physics nothing short of this 
continuous dependence of solutions on the data will suffice since, as Hadamard 
pointed out, the data here come from observations which are never exact; thus 
observations (i.e. approximate data) must suffice to determine approximate 
solutions. For this reason an operator which satisfies inequality (2) is sometimes 
called stable. 

We turn now to difference approximations. The differential operator L is 
replaced by a difference operator, denoted by La, where A stands for the width 
of the mesh to be employed in the difference scheme. Denote by wu, the solution 
of 


(14) Laua = f. 


Since La approximates L, Lau=f, approximates Lu=f, that is 1 f- fal| is small 
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for small A. Therefore, if we knew that Ly, satisfies an inequality analogous to (2): 
(2a) l|o|| < constant || Z,o]| 


with a constant that does not depend on the mesh width A, then by applying (2a) 
to v=u—UuUa, we would obtain 


|| 20 — ul| S constant If — fall 


or, in other words, that u, is a good approximation of u for small A. 

The converse proposition also holds: if for each f with finite norm the solu- 
tion ua of (14) tends to the solution u of (1) then according to the principle of 
uniform boundedness (2,) holds with a constant independent of A. 

A difference scheme for which inequalities (2,) are satisfied uniformly is 
called stable; we can summarize the result obtained above by saying that a 
difference scheme is convergent for all data f if and only if it is stable. This bears 
out the first contention made in the introduction—that in order to prove the 
convergence of a difference scheme one has to derive the same kind of inequal- 
ities for the difference operators as those needed for the differential operator in 
order to prove the existence and uniqueness of solutions of the differential equa- 
tion. 

The second contention made in the introduction is that the inequalities for 
the difference operators are harder to prove than the corresponding inequality 
for the differential operator. We shall illustrate this for the operator 


(3) L= 01 ++ 0x 


acting on a scalar function u of two variables x and #; the coefficient a is a given 
function of x and ¢. The domain in question is some slab 0ST and the pre- 
scribed initial data are the values of u at f=0, 


(4) u(x, 0) = g(x). 

The differential equation 

(5) Iu = u,+ au, =f 

states that the directional derivative of uv in the direction 
ax 

6 —=a 

(6) , 


is equal to f. Given the initial values (4) and the function f, our task is to deter- 
mine uw uniquely. To find uw, we have to solve the ordinary differential equation 
(6) and then integrate f along the trajectories of (6). But even without perform- 
ing any integrations, we can give a priori estimates of u in terms of its data, 
f and g. For simplicity we take the case when f is zero; then the differential 
equation (5) asserts that u is constant along the trajectories of (6). Since any 
point in the upper half plane can be connected to some point of the initial line 
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by a trajectory, it follows that the range of values of u for 20 is the same as the 
range of values of wu at t=0. So 


(7) | U | max = | g | max: 


We shall also derive an a priori estimate for u in the ZL, norm. We multiply 
(5) by uw and integrate, getting 


(8) | Uu,dx + f auu,dx = 0. 


Now introduce the quantity £, sometimes called energy, as 
1 
E(t) = — | wax; 


then the first term in (8) can be written as E, In the second term we write 
uu, as 4(u?), and integrate by parts; assuming that u tends to zero as | «| be- 
comes large we can rewrite (8) as 


1 
(9) EE; - — J autds = 0. 


Denote by M the supremum of az: 


(10) dz SM. 


It follows from (9) that E,-MES0; multiplying this by e~”! we obtain 
(e-“tH),<S0. This means that e~“”‘£ is a nonincreasing function of t; so 
(11) E(t) S e“tE(0); 


this is called an energy inequality. 

We shall set up and study three different difference analogues of the differ- 
ential equation (5). In the first scheme we replace u; by a forward difference 
quotient and u, by a centered difference quotient: 


(12) u, & [u(x,t + At) — u(x, t)]/At, 
Uz & [u(x + Ax, t) — u(x — Ax, t)]/2Ax. 

We introduce the abbreviations u(RAx, tf) = u,, u(RAx, ¢+At) =v, and 
(13) a—— = }b. 


Using the approximations (12) in (5) where we assume that f=0, we obtain 
the difference equation 


b b 
(I) uN = > Up—1 + Up — > Uk+-1- 
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The second method is very much like the first one except that in the forward 
difference formula for u, we replace u(x, t) by the average quantity [u(x+Ax, 2) 
-+u(x—Ax, t)|/2. The resulting difference equation can be written as 


1+ 1-4 
(II) ty = —— tea + 


Ug+i1. 


The third method is a little more complicated; we start with the truncated 
Taylor series 


(At)? 
2 


(14) u(x,t -+ At) =u + Atu: + 


Uti. 


Differentiating (5) with respect to x and # gives 
Use = — AUzi — Ailbz, Uzi = — AUzz — Aztbz. 


By substituting the expression for u,,; into that for us, we deduce that for all 
solutions of (5) ui:=@?Us_¢— Guz, where @=a;,—aa,. Using this and (5) we can 
express the ¢ derivatives in (14) by x derivatives; we replace these by difference 
quotients, wu, as in (12) and u,, by 


ee 2Uy, + Un—1 
User — me 
(Ax)? 
The resulting difference equation is 


+b b? —b 


(IIT) VU; Us—1 +- (1 — b?) w;, +- 


Uk+1- 


All three difference equations can be written in the form 
(15) y = u(t + At) = Sau(s), 


where Sag is a spatial difference operator 


(16) Sau = y= > CjUp—j. 


If we assume for simplicity that the coefficients of the operator Sa, depend on x 
but not on ¢ then the solution of the initial value problem for (15) can be writ- 
ten as 


(17) ua(t) = S,u(0), n = t/At. 


According to estimates (7) and (11) the solutions u(t) of (5) at time ¢ depend 
boundedly on the initial values in the sense of the maximum norm and the 
LL, norm. We called a difference scheme stable in one of these norms if ua(Z) is 
uniformly bounded in its dependence on the initial data. In view of the oper- 
ator expression (17) for ua(¢) we can express this as follows: 
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The difference scheme (15) is stable if and only if the norms of the operators 
(18) Sa 


are uniformly bounded in the range nAi ST. 

We shall regard the solutions of the difference equation (15) as being de- 
fined on the discrete set of points x= kAx, with k an integer, and shall use the 
discrete maximum and Ll, norms 


(19) | ut |max = Sup | ux | , | 24||2 => | uy |. 


THEOREM: (A) The difference scheme (1) ts stable if and only if 


At 


(20) (Aa)? 


S const. 


1s satisfied. 


(B) The difference scheme (11) is stable with respect to both the maximum and 
Le norms tf 


(21) (« =) <1 


and 1s unstable if (a(At/Ax)) >1+6, 6>0. 
(C) The difference scheme (III) is stable or unstable in the Lz norm under the 
same conditions as (11). 


In order to evaluate the efficiency of a given numerical method we have to 
know the number of operations which have to be carried out. For a scheme of 
type (15), (16) the operations are the calculation of the coefficients c; and the 
indicated multiplications in (16); these have to be carried out NV times, N being 
the number of lattice points used in the calculation. N is proportional to 
(AxAt)—. 

Condition (20) forces us to choose a much smaller value for At than condition 
(21), and therefore the evaluation of the approximation (17) by method (I) 
needs many more iterations of the operator S, than by methods (II) or (III). 
This makes (1) quite impractical and in fact (I) is never used; of the other two, 
(III) is much more accurate than (II) and only moderately more cumbersome. 
Therefore (III) would be used in preference to (II) except when only a very 
crude answer is required. 

We turn now to part A of the theorem; we shall show using a method due to 
von Neumann that if condition (20) is violated then scheme (1) is unstable in 
the maximum norm by exhibiting a sequence of initial data ga such that | ga| max 
remains bounded but | S82 | max; Ain=1, tends to infinity. Clearly it pays to 
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choose ga as an element for which Sxga is easy to evaluate; such an element is 
an eigenvector of Sa. We consider now the special case when a is constant; then 
the operator S, commutes with translation and so its eigenvectors are exponen- 
tials. Taking ga(k) =e#* we have by (I) 


b b 
(Saga)(k) = > eft HD + eftt — — oft@eD = dga(f), 
where \=1—70 sin & Then 


Saga = "vas 


clearly | ga|max=1 and | Siga|max=|A|*. The largest value of |A|?=1-+0? sin? & 
occurs when £=7/2. For this value of & 


| N | = (1 + B22 e (bn) /2. 


Using the definition (13) of b and »=1/At we can write 


clearly if (20) is violated, 62” tends to infinity and so does | Shga| max This 
proves the negative portion of part A of the theorem; since this discredits scheme 
(1) we don’t bother to prove the positive side but go on to part (B). We shall use 
the following stability criterion: 

If there exists a constant M such that for all A 


(22) |Sal| S 1+ Mat 


then the scheme 1s stable. 
The validity of this criterion follows from the chain of inequalities 
Isai] < |lsall"S G+ Ma)" Se =e - 
We turn to scheme (IJ); here v; is a linear combination of uz1 and uyz44 


with weights (1-+0)/2; the sum of the weights is one and if condition (21) is 
satisfied the weights are nonnegative. So it follows that 


(23) Max || < Max | «|, 


which is inequality (22) in the maximum norm with M=1. 
Next we prove the stability of (II) in the Z, norm; multiplying (I1) by x 
we get 


i+) 1—b 
Up—10k 


2 
VU, = Uj410;. 
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Using the inequality 
(24) uv & 4(u? + 9?) 
twice on the right we obtain 


1+) 1 — b 
(una + %) + 


2 2 
1 ri (tz41 + x), 


2 
% & 


which is equivalent to 


1—bh 2 
Uk-+-1; 


1+ db 
2 


2 
Uy—1 + 


where b, stands for a(kAx)(At/Ax). Sum with respect to k; re-indexing on the 
right we get 


Basa — Dy 
(25) ~us x(1 eed Le 


Recalling the definition of M as sup az we see that (b;41—b,-1) $2 MAE; using 
this in (25) we get 


(26) oll? = oe S A+ Mad Dy = 1 + Maddie)’. 


This is inequality (22) in the ZL, norm. 

The estimates (23) and (26) derived here are clear-cut analogues of the 
estimates (7) and (11) for solutions of the differential equation. Similar estimates 
can be derived by the same arguments for all difference operators of the form 
(16) where the weights c; are nonnegative, add up to one and vary Lipschitz 
continuously with x. Friedrichs has observed that the Lez estimates can be de- 
rived also in the much more interesting case when u is a vector-valued function 
and the coefficients c; in (16) are matrices which are positive in the sense of 
quadratic forms. The only change necessary in the reasoning is to replace in- 
equality (24) by the Schwarz inequality u-cvS4(u-cu+v-cv). 

The necessity of condition (21) for convergence has been demonstrated by 
Courant, Friedrichs and Lewy in their classical paper in the following elegant 
fashion: The difference scheme (II) expresses the value of u at (x, ¢+Af) in 
terms of its values at (v+Avx, t). When we express wa(x, #) in terms of the initial 
values, therefore, we need the initial values only at points inside the interval 
(~— (Ax/At)it, «+(Ax/At)t). On the other hand the value u(x, ¢) of the exact 
solution equals the value of the initial function at that point y which can be 
connected to (x, #) by a trajectory of (6). If Ax/At<a—6 for arbitrarily small 
At then that point y will fall outside the above interval at least for some x and f. 
In this case the value of w(x, t), and therefore also its limit, does not depend on 
the value of the initial function at y and therefore cannot in general be equal 
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to u(x, t). This shows the divergence of scheme (II) and also of (III) if (21) is 
violated. 

Lastly we prove the stability of III in the Zz norm; we treat first the case 
when a is constant. We introduce the Fourier transform @ of {u,} as 


a(t) = > u,ere . 


For constant 0 the operator S, defined by III is a convolution; a brief calcula- 
tion shows that 5(€) = > ve is given by 


(27) o(é) = rE) a€é), 


where A(é) =1—b?+0? cos &—7ib sin & Another brief (~15 minute) calculation 
gives 


(28) | A(E) |? = 1 — (cosé — 1)2(6? — 54); 


this formula shows that if condition (21) is satisfied then | ACE) | <1; therefore 
it follows from (27) that then | a(&) | < |3(€) | and a fortiori 


(29) f | (6) |%dé S f | a(£) |2dé. 


According to the Parseval identity 


al? = | wel? = 5 [| ace Fae 
ale = al = = "| 99 fae 


From these and (29) it follows that ||v||?<||x||?, which proves the stability of 
scheme (III) when 0 is constant. 
For variable coefficients we prove stability as follows: squaring (III) gives 


b2 + b b2 — b 2 
vi = ( 9 Uy,—1 + (1 — b?) uy + , tsa) ° 


We add to the right side the quantity 


b2 — p4 
(30) ( ri ) (Up—-1 — 2uR + Un41)*. 


If condition (21) is satisfied (30) is positive, so we get an inequality which, after 
some algebraic manipulation, can be written in the form 
b2 —_— b3 


, iss + (O° — b) (Uns, — UnUr—1). 


2 
(31) n< tea + (1 — bay + 
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The right side is a quadratic form in uz_1, Ux, Ux41; the matrix of this quad- 
ratic form is 


b+ 32 b— 88 
0 
2 2 
b— B b? — b 
. 1 — 0? . 
2 2 
bob Bb? —B? 
0 2 2 


This matrix has the following properties which are crucial for deriving the Lg 
inequality: 

The sum of the elements along the diagonal equals one. 

The sum of the elements along a subdiagonal 1s zero. 

We sum (31) over all & and re-index the right-side, obtaining 


DY ve SD [bina + Bega + 21 — de) + Opa — Dp—aloen 
+ 2 [Bi — bi — Bit + bia] uns se. 


It follows from the properties of the matrix listed above that if b were inde- 
pendent of & then the right side of (32) would be just > u3. If b is variable then, 
denoting sup | a2| by MM, we have, just as before, the inequality | bisa — e| 
< M,Ai. Using this we deduce that the right side of (31) is less than 


(32) 


(1 + const. M,Ad) >, Uns 


this completes the proof of the stability of (III). 

The reader may justly ask how the quantity (30) was picked; we give away 
the trade secret by pointing out that the crucial property of the resulting quad- 
ratic form follows by Fourier transformation of the trigonometric identity (28). 
Identity (28) itself may be regarded as a special instance of the Fejér-Riesz 
representation for nonnegative trigonometric polynomials; all this is explained 
fully in [6]. 

What about the stability of scheme (III) in the maximum norm? Recently 
Thomeée has shown, by a subtle analysis, that (III) is unstable in the maximum 
norm. The instability is very mild and doesn’t interfere with the effectiveness of 
(III) except possibly for very wild initial data. 

We hope that the foregoing bears out our second contention. 
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NUMERICAL FLUID DYNAMICS 
F, H. HARLOW, University of California, Los Alamos 


1. Computer representation of fluid dynamics. It has been suggested that 
the numerical solution of a fluid dynamics problem is a good example of “experi- 
mental arithmetic.” We shall see that this is true in several respects, but first 
it is necessary to consider how the computer can represent a fluid, and to see 
how both the instantaneous representation and the calculation of changes in- 
volve approximations. 

For each instant in the running of a calculation, the computer must contain 
a complete account of everything required to describe the fluid configuration, 
together with all data necessary for calculating the changes which currently are 
occurring. Certainly the computer cannot remember the necessary information 
for every point within the fluid; infinite storage capability would be required. 
This, then, introduces the first approximation: The computer memory can have 
stored in it the values of the field variables (such as velocity, temperature, and 
density) at only a finite number of points. The greater the number, the more 
detailed will be the resolution and the more accurate the results. 

It is convenient to imagine each of these points within the fluid to be the 
center of a tiny cell. Then the value of each field variable at the center position 
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represents an average of that quantity over the volume of the cell. The cell con- 
cept is also useful for calculating the changes with time of the field variables. 
The changes are described by a set of coupled nonlinear partial differential 
equations, and the spatial derivatives in these must be represented for computa- 
tional purposes by finite difference approximations. As an example, the pressure 
gradient in the x direction, 0p/0x, is approximated by (pj41—p,;)/6x, where the 
index j labels cell number, and 6x is the length of a cell side. With this and sim- 
ilar prescriptions for the other space derivatives, it is possible to calculate the 
instantaneous rates of change of the dependent variables by simple algebraic 
substitution of values of the appropriate cell-wise quantities. 

To proceed with the calculation, another approximation is required: The 
advancement of time in the problem must proceed through a set of finite time 
increments. The configuration at the end of a time cycle is determined from that 
at the beginning in a fashion illustrated by the velocity: 


s(t + dt) = u;(t) + A;(t) de. 


dt is the time increment per cycle and A(t) is the acceleration calculated using 
finite-difference gradients of quantities available from the previous cycle, or 
from the initial conditions of the problem. The results resemble the frames of a 
motion picture; if the time cycles are close enough together, the output will 
appear nearly continuous. 


2. Some properties of fluid flows. It is convenient to classify fluid flows into 
the loosely defined categories, incompressible and compressible. More precisely, 
these terms actually refer to the speed of the fluid; in the first category the ma- 
terial speed is small compared with that of sound, while the second includes all 
faster processes. The properties of the two flow types are so different that they 
may be considered as separate subjects for investigation. We shall mention a 
few of the peculiar features of each which are closely related to the numerical 
techniques used for computer solutions. 

Under many circumstances, the changes in a compressible fluid take place 
by one of two processes, the compression and the rarefaction. Since, by defint- 
tion, the fluid speeds are at least comparable to that of sound, much can happen 
in one part of a fluid with no effect being felt elsewhere. Only through a rare- 
faction or compression wave will other regions receive communication of the 
disturbance. 

The extreme manifestation of a rarefying process is the production of a cav- 
ity. Thus, for example, if a piston is withdrawn from a cylinder of gas more 
rapidly than the “escape speed,” the gas is unable to follow. The front surface 
of the gas moves toward the piston at escape speed, while an ever widening 
rarefaction wave eats its way into the gas down the cylinder. For air under 
ordinary conditions, the escape speed is five times greater than the speed of a 
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sound signal, so that only under the most unusual circumstances would cavita- 
tion occur. 

The extreme manifestation of a compressing process is the production of a 
shock. If the piston of the previous example were pushed rapidly into the gas, 
the gas would be compressed. A continued acceleration of the piston would 
produce a succession of compressions, each catching up with the front of the 
first one. It is this “piling up” of compressions that forms the shock. 

Shocks are common phenomena, being produced by explosions, bullets, and 
various other rapidly moving sources of compression. Under ordinary circum- 
stances, the entire transition from undisturbed gas ahead of the shock to com- 
pletely compressed and heated gas behind takes place within a tiny fraction of a 
millimeter. This remarkable thinness is kept from being vanishingly small only 
by the molecular properties of the gas. For many theoretical purposes, the shock 
can be treated as a true discontinuity; in numerical calculations, however, spe- 
cial techniques are required. The most common uses an artificial viscosity, 
increasing the shock thickness to the width of several computational cells. 

While true viscous effects are often negligible in compressible flows, they 
usually are of considerable importance when the flow is incompressible. Viscos- 
ity is responsible for generating stress in regions of shear, meaning, for example, 
that whenever a wall moves in its own plane, the nearby fluid will be pulled 
along, too. Viscosity thus serves as a somewhat different type of mechanism for 
propagating disturbances away from a region of motion. 

There is another mechanism for the propagation of disturbances in incom- 
pressible fluids which may be called “action at a distance.” If, for example, the 
piston is moved slowly into a cylinder of water, motion commences “instan- 
taneously” at all points within the fluid because of the incompressibility. (Actu- 
ally, of course, motion at any point is initiated by the arrival of a compression 
wave. Since this travels at least with sound speed, the effect is essentially in- 
stantaneous when the piston speed is very small. In many cases, it is a very 
accurate approximation to consider the sound speed to be actually infinite.) 


3. Instability, real and computational. One property shared by both incom- 
pressible and compressible flows is the tendency to imstability. An example of 
common occurrence is the instability of a rising filament of smoke. The turbu- 
lent wake behind a boat or a bullet is another manifestation of fluid dynamic 
instability. Unfortunately, computational instability is a common fault that 
must be overcome in the development of computer methods for solving prob- 
lems in fluid dynamics. As knowledge gradually increases on how to cure the 
numerical instabilities, so also are meaningful calculations being applied to a 
wider and wider scope of interesting studies. 

Analysis can be brought to bear upon the question of computational in- 
stability, and many useful results have been derived as guidance for avoiding 
the difficulty. In most cases, the stability criterion is, in effect, a restriction on 
the size of 6f, the time increment per cycle: 6 must be so small that even the 
fastest signal does not travel more than a cell width in any one cycle. For com- 
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pressible flows, the fastest restrictive signal usually is the sound speed. For in- 
compressible flows, however, some way must be found to eliminate the sound 
signal restriction, since sound speeds are essentially infinite. It turns out that 
there are iterative techniques whereby the solution for each cycle can be made 
to converge sufficiently close to the desired result, even though sound signals 
have moved over many cells. For such incompressible flow calculations the 
crucial restriction then prohibits the propagation of shear disturbances (through 
viscous drag) by more than a cell per cycle. 

Such stability requirements are necessary for accurate computer solutions, 
but are by no means sufficient. Once a new technique can calculate without 
instability, there generally are many variations which must be tried before 
sufficient accuracy can be achieved. 


4. The analogy with experiments. Now it can be seen how the computer 
studies of fluid dynamics are experimental arithmetic in at least two respects. 
First, as described in the previous section, the process by which a new computing 
technique is developed requires a large amount of true experimentation. Numer- 
ous variations must be tried until the answers are sufficiently accurate for test 
examples with known solutions. 

It also can be seen that in many respects, the computer calculation resembles 
a laboratory experiment. Just as in the wind tunnel laboratory, the computer 
operator prepares his equipment (the code of instructions by which the step- 
wise solution proceeds) and sets up his initial and boundary conditions. He 
pushes the “start button” and the results come forth. With both the computer 
and the wind tunnel there are uncertainties; the wind tunnel technician has 
limits to the precision of his measurements, and these are closely analogous to the 
computer accuracy limitations imposed by the coarseness of the mesh of com- 
puting cells. Carrying the analogy even further, we may note the resemblance 
between a computational instability in which the calculation “blows up,” and 
a fan motor instability in which the laboratory equipment may Iiterally blow 
up. In both cases the outflow of useful results promptly ends. 


5. Some examples. The most picturesque applications of computers to fluid 
dynamics have been for the solution of problems in several space dimensions 
involving large distortions of the fluids. Three examples are presented here, illus- 
trating both compressible and incompressible flows. In every case, the figures 
have been obtained directly from the computer through the Stromberg-Carlson 
SC-4020 Microfilm Recorder, and have not been retouched in any way. 

In Fig. 1 there are three selected frames from the calculation of a hyper- 
velocity impact problem. (“Hypervelocity” implies a projectile speed much 
greater than that of sound.) The initial configuration shows a cylindrical projec- 
tile (the darker material) just at the instant of striking the target. 

Note that the fluid elements are represented by point particles. The actual 
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mesh of finite difference cells is not shown; sixty-four were present in each grid 
square. The computer technique is called the “Particle-in-Cell” method [1]. 

This hypervelocity impact calculation is a good example of a compressible 
fluid flow problem. The second frame of Fig. 1 demonstrates the basic elements, 
the compression and the rarefaction, quite well. Thus, there are two shocks, 
one traveling downward into the target ahead of the interface and the other 
traveling upwards into the projectile. Likewise there are two rarefactions. One 
is shown in the lateral expansion of the shocked projectile while the other is 
seen in the splash of target material. 

The last frame of Fig. 1 is at twice the time, after impact, of the middle 
frame. By this time, the shock has reached the top of the projectile and a rare- 
faction is eating its way back down again. Projectile material is being plastered 
against the sides during this stage of crater formation, and both projectile and 
target are contributing material to the splash. 


Fic, 2 


The second example is illustrated in Fig. 2, showing an incompressible flow 
calculation using the method of Fromm [2]. The appearance is familiar to all 
who have watched a rising filament of smoke. Here, the particles follow only 
the incoming material of the jet, the surrounding material of the same density is 
left unmarked. Likewise, not shown is the mesh of finite difference computa- 
tional cells, which is twenty-three cells wide by fifty-five high. Four of the 
numerous frames are illustrated, showing the progress of the instability from 
the earlier simple contortions to the stages in which a transition to turbulence 
is beginning to occur. 

The third example shows an application of Fromm’s method to calculate the 
incompressible flow of cold water past a heated obstruction in a channel. 
Again, hydrodynamic instability contributes the most interesting features to the 


90 COMPUTERS AND COMPUTING 


flow pattern. In Fig. 3, we have illustrated but one instant in the flow history, 
shown in four different ways. All of the different modes of illustration show one 
striking feature at a glance. Instead of a steady laminar flow, the pattern is 
formed of a sequence of vortices which are alternately shed from the back cor- 
ners of the obstruction. The top part shows contours of equal “vorticity,” a func- 
tion which measures the strength of rotation. Just below this is a plot of lines of 


equal temperature, and it is apparent that concentrations of vorticity and heat 
are Closely associated. Next below is the configuration of massless test particles 
which have been injected into the flow (like filaments of dye into water) at four 
places along the back edge of the obstruction. Again, there is a close correlation 
in spots of concentration with those of the heat and vorticity, showing that the 
latter two very nearly move with the fluid. Finally, at the bottom is a con- 
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figuration of streamlines. Even these indicate a correlation among centers of 
concentration. Experience has shown, however, that this last correlation will 
not always be as close as in the present example. 


6. Conclusion. The development of very large and fast electronic computers 
has opened new paths of theoretical investigation in almost every branch of 
science and technology, and the subject of fluid dynamics has proved to be par- 
ticularly rich in useful applications. Numerous examples, such as those illustrated 
in the present discussion, have been compared often with the results of experi- 
ments, showing excellent agreement. 

While analytical studies usually require idealizations for tractability, it 
should be emphasized that one of the most powerful properties of the computer 
approach is that many of these idealizations are not at all necessary. In many 
cases, it is almost as easy to include all the pertinent features as it is to ignore 
one or several of them. Thus, for example, in the viscous flow of a fluid, the coeffi- 
cient of viscosity may vary with temperature and density in a complicated 
fashion with negligible addition of computer solution difficulty. 

There are many uses of computer solutions in fluid dynamics problems. Such 
solutions give a detailed description of processes which otherwise would defy 
laboratory measurement or analytical solution. Thus they are useful for the 
design and interpretation of experiments, for the prediction of events, but most 
especially they are useful as sources of understanding from which analytical 
generalizations can be made. No wonder, then, that one of the principal applica- 
tions of computers today is to a host of fascinating and useful fluid dynamics 
studies. 
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States Atomic Energy Commission. 


References 


1. Francis H. Harlow, The Particle-in-Cell Method for Numerical Solution of Problems in 
Fluid Dynamics, Proc. Symposia Appl. Math., XV (1963) 269-288. 

2. Jacob E. Fromm, A Method for Computing Non-Steady, Incompressible Viscous Fluid 
Flows, Los Alamos Sci. Lab. Report No. LA-2910 (1963). 


COMPUTERS IN SOLID MECHANICS:—A CASE HISTORY 


H. B. KELLER anp E. L. REISS 
Courant Institute of Mathematical Sciences, New York University 


1. Introduction. The real power and significance of modern digital comput- 
ers in applied mathematics stems from the fact that with appropriate numerical 
methods they furnish a fairly universal method for obtaining approximate solu- 
tions to very general classes of problems. In particular computers have had a 
profound influence on recent work in elasticity theory and solid mechanics in 
general by “solving” some of the difficult differential equation problems which 
arise. Such problems are rarely, if ever, rigorously solved by numerical computa- 
tions but it is in the very nature of most theories in continuum mechanics that 
exact solutions are no more closely related to the physical phenomena in question 
than are good approximate solutions. 

Solid mechanics is concerned with the deformations and stresses in solid 
bodies which result from the application of external force and/or displacement 
fields. The solids here are not the rigid bodies of ordinary mechanics but “de- 
formable” bodies of various types. The most familiar are elastic bodies which re- 
turn to their original state when the external fields have been removed. How- 
ever many other kinds of solids have been defined (e.g. plastic, viscoelastic, 
elastic-plastic, etc.) to better describe various “real” materials. The theories 
proposed to describe the motion of these solids are usually in the form of non- 
linear partial differential equations (say of hyperbolic type for most elastic 
bodies) derived from the application of Newton’s laws or else from the applica- 
tion of variational principles. When equilibrium deformations are of interest 
the inertial terms and other time variations are eliminated and the resulting 
equations are usually of a different type (frequently elliptic for elastic bodies). 
If the deformations and stresses are “sufficiently small” then the equations can 
be simplified to get the linear theories which are best known and more fully 
developed. 

The vast majority of significant problems in solid mechanics cannot be 
solved explicitly. In fact present approximation procedures, including numeri- 
cal methods, are still inadequate for most of these problems. But as the speed 
and capacity of computers is increased and better numerical methods are de- 
veloped this situation is steadily improved. As a specific example we shall con- 
sider an important area of solid mechanics—the buckling of shells—in which 
numerical computations play a crucial role. 


2. Buckling of a spherical cap. A typical and technologically significant shell 
buckling problem is that of a thin, shallow, elastic spherical shell segment 
clamped around its edge and subject to uniform external pressure on its convex 
surface. (For example, slice off a polar cap of a ping-pong ball, clamp its edge 
and blow down on it.) Experimentally it is well known that as the pressure, say 
P, increases slowly from zero the cap deviates only slightly from the spherical 
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shape until some critical pressure, P=Ps, is reached. Then the cap suddenly 
jumps or snaps into a non-spherical shape with relatively large deformations; 
we call this the buckled state. The fundamental problem of cap buckling and 
in fact of all shell buckling is to explain the mechanism which initiates or “trig- 
gers” the jump and to obtain theoretical estimates of the buckling load, Pz. 

It is clear that buckling occurs only when the state of the cap is in some 
sense “unstable.” To be precise we say that an equilibrium state of the cap is 
stable at a given load if it depends continuously on the load. Then if D(P) is 
an appropriate norm of the deformation at load P the cap will not buckle if 
D(P) is a continuous function of P. Thus the buckling load must be at a point 
of discontinuity of D(P). It has been conjectured by von Karman and Tsien [7 | 
that the curve of D(P) versus P, for caps which buckle, is similar to that in 
Fig. 1. Clearly D(P) is not single valued for P; =P = Py and hence not continu- 
ous in this interval. Thus the buckling load must lie in this interval and we call 
P,and Py the lower and upper buckling loads, respectively (since the cap can- 
not buckle for P< Pz and it must have buckled when P>Py). We refer to the 
equilibrium states that correspond to points on branch OU as “unbuckled,” on 
LN as “buckled” and on UL as “unstable.” 

A further conjecture by Friedrichs [3] assumes that for some intermediate 
load, Py, the buckled states have more potential energy than the unbuckled 
states when P,SP<Py and conversely when Py<PSPv. If in addition a 
shell will not jump into a state of higher energy then the buckling load must lie 
in PwSP<Pv. Before any of the above concepts can be shown to be relevant 
the assumed form of D(P) and the existence of Py must be verified. 

Although the actual process of buckling is dynamic it is assumed that a static 
or equilibrium theory can explain the mechanism which initiates this process 
(because the initial unbuckled and final buckled states are essentially equilib- 
rium states). The differential equations which determine these states have been 
derived by several authors. If we assume rotational symmetry they can be written 
in a dimensionless form as: 


(1) a) La = play + Px?], b) Ly = plx? — a? ]. 


Here 
-(- d ) 
Le =x«x—-(—— «x: ], 
ax\ x dx 


P is the loading parameter, p is a geometric parameter, a(x) is the slope of the 
deformed midsurface and (x) is a stress function. From regularity and sym- 
metry at the center of the cap, x=0, and rigid clamping at the edge, x=1, it 
follows that the boundary conditions are: 


(2) a) o(0) = 7(0) = 0, b) a(1) = 1, y/(1) = vy(1). 


It is the solution of this rather harmless looking boundary value problem that 
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can be expected to shed much light on the nature of shell buckling. Analytical 
attempts to solve this problem have been essentially fruitless. 


3. Numerical cap snapping. One of the first attempts to solve the cap prob- 
lem numerically employed power series on the AEC UNIVAC at New York 
University [9]. It follows from (1) and (2) that only odd powers can be present 
and so 


a(x) = Dp anx 3, — -y(a) = Dl rave. 
n=1 


n=1 


Then, the coefficients can be determined recursively, in terms of P, p, a, and j1, 
by requiring like degree terms in (1) to vanish. It only remains to satisfy the 
conditions (2b) which can now be written as 


(3) F(a, 11) = Ton —j= 0, G(a1, 11) = > (2n —i-—- V)Yn = (), 


n=] n=l 


Thus the problem is reduced, aside from convergence questions, to solving the 
transcendental equations (3) for a, and y; (given any values of P and p). New- 
ton’s method was used for this purpose and it was terminated when, say | F | <e 
and |G| <e. Of course the infinite series also had to be terminated at a finite 
value of 2, say NN, such that 


Law| + [awa] + lew-2| <6, [aw] + lywal + law] <6. 


These are only necessary conditions for convergence but unfortunately in 
numerical computations we can almost never be assured of satisfying sufficient 
conditions for convergence of power series or of sequences of iterates. This is 
one of the reasons why computing is at times an art requiring great care and 
insight. 

Starting with small values of P, for a given p, there is no difficulty in finding 
accurate roots (a, 71) since the shell is nearly spherical (i.e. a=y=0). Then 
with p fixed P is increased in small increments, an initial estimate of each new 
root is obtained by extrapolation of previous roots, and in this way a sequence 
of roots of (3) is generated. The procedure is terminated for either of two rea- 
sons: a) lack of “convergence” of the Newton scheme after many (say 10) itera- 
tions; or b) lack of “convergence” of the power series after many terms (say 
N=100). The failure when it occurs is usually spectacular in that a small change 
in P completely destroys the convergence. In fact this is analogous to a lack of 
continuous dependence on P and so the pressure at which this first occurs was 
called the “initial buckling load.” This computational procedure is in a sense 
a numerical experiment. As in the physical experiments the buckling load is 
attained when for a small increment in load no neighboring solution can be 
found. Of course the series for a(x) and y(x) may not converge in 0SxS1 for 
all P and p. If this is the case the “initial buckling loads” may be spurious. An 
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obvious way to eliminate such effects would be to employ analytic continuation. 
foe based on this idea have been performed on an IBM 704 computer 
11}. 

A completely different and more fruitful approach to the numerical solution 
of the boundary value problem (1)—(2) is based on finite difference calculations 
[4]. For this purpose we place the J-+1 net points x;=jAx, 7=0, 1, ---, J with 
Ax=1/J on [0, 1]. On this net we approximate {a(x,), y(«,;)} by net functions 
{ &;, i} which are required to satisfy the finite difference equations 


(4) a) Lady = playy; + Px], b) Lay; = ple; — a], 15975 I-1. 


Here the difference operator L, is defined by 


se Mpaligs — Gf; Lif i — Ljafj-1 
Lif; = —— 4( —————_ ] —- | ————]- » 
Ax? x; + Ax/2 xj — Ax/2 
and so the equations (4) are approximations to the equations in (1). At the end- 


points 7=0 and j=J the net functions satisfy difference equivalents of the 
boundary conditions (2), say: 


1 + vAx/2 
(S) a) & = Yo = 0, b) a@7=0, Ys= =) 


Ysr—1- 


For Ax sufficiently small we expect that the solutions of these 2/-+2 nonlinear 
algebraic equations (4)—(5) will be close approximations to the exact solutions 
of (1)—-(2) evaluated on the net. 

The algebraic problem is solved by means of an accelerated iteration scheme 
which starts from some initial estimate {&;,o, ¥;.0}, of the solution for fixed 


(P, p). Then a sequence of iterates { jn Vin}, n=1, 2,---+ is defined by the 
recursions 
_ 2 _2 _* _ _ 2 
a) LaYintr = p [j — Fn), b) Ladjntr = p [Bj Vinti + Pay], 
(6) 


* 
C) Aj nga = WOj,n41 + (1 — w)&jn, 


and the boundary conditions (5) are also imposed. This system is easily solved, 
in the order a), b), c), by simply solving linear systems with tridiagonal coeffi- 
cient matrices. The parameter w is adjusted to speed convergence (see [4] for 
details). 

As in the power series case there is no difficulty in obtaining good initial 
estimates and rapid convergence for any p when P is small. Then, with p fixed, 
the numerical solution at load P is used as the initial iterate for the load P-+6P 
and the iterations generally converge (according to some numerical criterion) 
with perhaps some slight adjustment of the acceleration parameter w. In this 
manner solutions are obtained for a sequence of loads P f Py corresponding to 
points on the unbuckled branch OU in Fig. 1. 

However we finally reach a load say P’ such that at P’+6P the iterations 
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converge to a solution on the buckled branch, ZN. The difference between 
buckled and unbuckled solutions is quite obvious from the magnitude of the 
displacements and the sign changes in certain stresses. Thus the numerical 
solution automatically “jumps” from the unbuckled to the buckled branch and 
when this occurs we define Py to be in the interval P’<Py<P’+6P. After 
the numerical buckling we reduce P, use the buckled solution as an initial iterate 
and proceed as before to obtain a sequence of solution for loads P | Pz on the 
buckled branch LW. In this way P is finally reduced below Pz, which is defined 
in analogy with Py, and the numerical solution “jumps” back to a previously 
obtained solution on the unbuckled branch (i.e. the solution unbuckles just as 
do some actual shells when the pressure is reduced). Thus we obtain close esti- 
mates of both Py and Pz, and for loads in Px <P <Py two distinct sets of numer- 
ical solutions are determined which correspond to pairs of nonunique solutions 
of the boundary value problem (1)—(2). 


P 
N : 
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U 
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Py @----f---- - --- e-- = f--- 
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0 D(P) 
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These numerical experiments were much more successful than the power 
series tests and they were performed on a faster computer. In fact using an IBM 
704 the upper and lower buckling loads (and the intermediate load, Py) were 
obtained up to p=20 and then slow convergence made it impractical to con- 
tinue [4]. However with an IBM 7090 the same procedure was extended in [1] 
to above p= 140. Other iterative calculations for this problem have been carried 
out using difference equations obtained from integral equations [2, 10]. The 
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results in [1, 4, 10] seem to confirm the conjecture of von Karman and Tsien 
while those in [1, 4] also seem to verify Friedrichs’ conjecture regarding Py. 

Perhaps the most recent and by far the most complete numerical study [6] 
of the boundary value problem has employed a standard method for solving 
such problems—reduction to initial value problems. Thus we consider the initial 
value problem 


) WO toe +ve,  v@ =0 
a4) = ’ = NM; 
dg E 
dV(é) 1 
b) ——— = — U(é)Y() + Pé, V(0) = 28; 
dé £ 
(7) 
) FO et y@izy, r@ =0 
.) = - > = 0; 
dé E 
dZ(E) 1 
d) rs U*(t) + &, Z(O0) = 2s; 
and denote a solution by: U(P, s, t; £),---, Z(P, s, t; &). For a given P if (s, #) 


can be found such that at &=A>0: 
1+» 
(8) U(P, S, b; \) = A, Z(P, S, t; \) = ) Y(P, 5; t; A), 


then a solution of (1)-(2) with p=? is given by 


1 1 
a(x) = y U(P, s, t;*), v(x) = y Y(P, s, #3 Xx). 


It can be shown that a unique solution of (7) exists and is entire in P, s, t and 
analytic in & Then it follows that for any given (P, p) there are as many solu- 
tions of the boundary value problem (1)—(2) as there are distinct roots (s, £) of 
the system (8) with \=~+/p. Thus the problem has been reduced (rigorously) to 
solving some, in general, transcendental system. 

We do not describe here the iterative numerical methods used to solve (8) 
as they are rather complicated (see [6]). However, it should be observed that 
in order to evaluate the functions occurring in (8) it is necessary to solve the 
initial value problem (7). This is a standard numerical problem and it can be 
done with great accuracy (since the solution is analytic). However to find many 
roots over a large range of P and p the computations are extremely time con- 
suming. These computations were in fact run on an IBM 704, on a 7090 and 
finally on a 7094 where the bulk of the results were obtained. 

Similar initial value calculations were first used in [8] and verified the re- 
sults in [4]. However, the much more extensive calculations in [6] have re- 
vealed the existence of at least nine distinct equilibrium states for some values 
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of (P, p). The critical loads Pz; and Py are found to be determined as in Fig. 1 
only for special intervals of p values. Thus the conjecture of von Karman and 
Tsien is of limited validity. More general definitions of Pz; and Py are suggested 
by the calculations. In addition many other “critical pressures” were determined 
as values where the multiplicity of solutions changed. An examination of the 
properties of these solutions has suggested several possible mechanisms for the 
initiation of the buckling process. Detailed discussions of the results and some of 
their implications can be found in [5] and [6]. 

There is considerable scatter of the experimentally measured buckling loads 
but almost all of them lie between the computed Py and Py. Although experi- 
mental errors contribute to the spread of the data the recently computed 
multiplicity of solutions [6] suggests that such scatter is inherent to the problem. 
Thus the computations have provided new insight into the phenomena of shell 
buckling and indicate that it is far more complex than previously believed. 


The preparation of this paper was supported jointly by the A.E.C. under contract AT(30-1)- 
1480 and by the O.N.R. under contract NONR-285(42). 
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MATHEMATICAL PROGRAMMING 
R. E. GOMORY, Thomas J. Watson Research Center, IBM 


Mathematical programming is the name used for the study of a variety of 
maximization problems. In these problems, maxima can occur on the boundaries 
as well as in the interior of a region. In many cases the maximization is actually 
over a finite set of points. When this happens it is clear that: 1) the usual deriva- 
tive criteria for a maximum, as used in the calculus, do not apply; and 2) that 
the emphasis must be on algorithms for actually obtaining maxima rather than 
on existence, for existence is trivial in these finite cases. Both these observations 
do, in fact, apply to most of mathematical programming and the second is 
the reason why the subject is intimately bound up with the use of computers. 

In what follows we will discuss two of the most active areas of mathematical 
programming: first, linear programming, and secondly, and very sketchily, 
dynamic programming. 


x1 =0 Ga1X1-+ C22%2 = be 


Fic. 1 


A11%1 + Gi2%X2 = be 


x2=0 


Linear programming. The maximization problem here is to maximize a linear 
form subject to linear inequality constraints. The basic problem can be written 


j=N j=N 
(1) max » C;X}, > QijX; < b;, i= 1, my M, 
jal j=l 
Xj =0, j= 1, ’ N, 
or vectorially, 
max c:x, 
a,x S b;, i= 1,---,M+N. 


Here the last NV a; are negative unit row vectors and the last NV b; are 0. A geo- 
metrical way of looking at the problem is illustrated in Figure 1. Each inequality 
constraint confines the variables to a closed half space, the intersection of these 
half spaces gives a polyhedron of values satisfying the inequalities. This poly- 
hedron is called the feasible region. The maximization problem is to find that 
point of the feasible region which maximizes the “objective function” ) ¢;%;. 
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Maximization criterion. The usual condition for the free maximum of a func- 
tion at an interior point is that the gradient of the function should vanish. If 
there are also equality conditions to be satisfied, the condition for a maximum 
is, roughly, that the gradient should point in a direction that is normal to the 
equality surfaces. More precisely, the gradient should be a linear combination 
of the normals to these constraint surfaces—this is the usual Lagrangian condi- 
tion. When dealing with linear inequalities the condition is similar. The function 
will be maximal at # if the gradient at # points into a region forbidden by the 
inequalities. This means that it should be a nonnegative combination of the 
normals of those (and only those) inequality constraints that are satisfied as 
equalities at %. See Figure 2. Thus at #, the maximum point of (1), there will be 


an M+WN vector §=(j1,°°°, Ju+n) satisfying 
i=M+N 
(2a) c= DS ayy, 5; 20 and (2b) I, > OS Gy & = D; 
i=1 


and, if at a feasible point # there is such a 9, then # is maximal. 
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Duality. Further examination of the maximization condition leads to the 
notion of duality due to Gale, Kuhn and Tucker [1]. 
Using (2a) and forming the scalar product with # yields, using (2b) 


i=M+N i=<M+N 
(3) CL = > Vide kt = >» Dad, 
i=] t==] 


For any other M+N vector y satisfying (2a) 


M+N M+N 


CE= D) yar-% S DS yids. 


t=] t=1 
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Therefore # solves the minimization problem 


M+N 
(4) min b-y,¢ = >) ary, y; = 0. 

i=l 
Since @ysi,‘°‘°*, @m+n are negative unit N-vectors, (4) is equivalent to the 
problem 

i—M 
(5) minb-y, Diay2c, w20, 


i=1 


in which y is now an M-vector. 

(5) is a problem very much like (1). The rows of (1) are the columns of (4), 
max in (1) has been replaced by min in (5), and the inequality sign reversed 
in the first set of inequalities. Problem (5) is called the dual of (1). As (3) shows, 
the max value of (4) and the min of (5), its dual, are numerically equal. 

Clearly the dual of the dual is the original problem. 

Once we have a solution # to (1), we need only represent the gradient at # 
as a nonnegative combination of the normals of the faces on which it lies to 
obtain a § minimizing the dual problem. In most methods of solving (1), this 
nonnegative representation is usually obtained in the course of recognizing the 
optimality of #, so the solution to the dual is usually at hand once the original 
problem has been solved. 
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The theory of zero-sum two-person games provides an interesting illustra- 
tion of duality. The essential data for a zero sum two-person game is represented 
in Figure 3. The play of the game is as follows. One player, called the row player, 
chooses a row, say row t. The other player, called the column player, chooses 
a column, say column j, without knowing the choice of the row player. The row 
player then pays the column player an amount a,;. Of course, the row player 
tries to minimize this amount, the column player to maximize it. 

An allowable strategy for the row player is a probability vector 
P=(p1,--+, pu). At each play he then chooses the 7th row randomly and 
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with probability p;. Similarly, the column player has a strategy Q=(q1, - - + ,q@wy). 
The expected payment v, with strategies P and Q is 


i=M j=N 


(6) v= DY Di aypigy. 


t=1 j=l 


Let us suppose that the row player’s object is to choose P so that vy $@ no matter 
what his opponent’s strategy Q is, and, subject to this condition, to make @ as 
small as possible. 
To find the strategy P that does this we reason as follows: if the column 
player plays one column only, say the jth, then the expected payment is 
i=™ ».a,;. The best strategy against an opponent confined to single column 
strategies is the P that minimizes @ subject to 


j=M = 


(7) Do pay SO G=1,---,N and (8) di p= 1, p:20,i=1,---, mM. 


¢e=1 i=] 


One can easily verify that (7) implies v2@ even if a general Q is used by the 
opponent since the payment then is a weighted sum of numbers each S@. So (7) 
and (8) are actually the row player’s entire maximization problem. 

For simplicity of exposition we will assume here that the smallest possible 6, 
@min > 0, so (7) and (8) can be solved only for 62 @nin > 0. Introducing p; = (1/6) p:, 
(7) becomes 


imM i=M 1 
(7a) >, pfay <1, and (8) becomes (8a) >», of = 7” 
i=l i=l 
where p/ 2 0,7=1,---, M, andj=1,---, N. Thus the minimization prob- 


lem becomes maximize )/j=™ p! subject to (7a) which is a problem of the form of 
(1). 


Its dual is min }“j2¥ qj, subject to 


j=N 
(9) Dd fay = 1, i=1,---,M, 
j=l 
q; 20, j=1,---, N. When 1/8=>-42%q,’ and g;=6gq,' are introduced, (9) 
becomes 
max 6 
j=N 
Dy Vai 2B i=1,---,M, 
(10) g 20) f=1,---,N, 
j=N 
» qj = 1. 
j=1 


Now (10) is the column player’s problem, i.e., choose a Q such that the expected 
payment is at least 8, no matter what the row player’s strategy is. Thus, with 
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the aid of a change of variables, we see that the two players’ problems are 
dual to each other. 

Since the max of (8a) equals the min in (9), 1/@min=1/Bmax, SO Omin = Bmax = B. 

No matter what the column player does, the row player’s expected payment 
need never exceed 3, if he plays optimally. Similarly, no matter what the row 
player does, the column player’s expectation, if he plays optimally, is always 
=v. If both play optimally, the expected payment is exactly # which is called 
the value of the game. Also, because of duality, the strategy Q is usually im- 
mediately available, once P is known. 


Maximization method. It is geometrically clear, and easily proved, that the 
maximum in equation (1) will be obtained at one of the vertices of the feasible 
polyhedron. Thus we are dealing with a finite maximization problem. It is suffi- 
cient to search through the vertices of the polyhedron to find the point taking 
on the maximum value. The simplex method of G. B. Dantzig [2] the usual 
maximization method of linear programming, inspects only vertices. Instead of 
looking at all of them, however, it starts at one, moves on to a neighboring 
vertex that gives a larger value to the function being maximized, and so on until 
the maximum is reached. 

To simplify the discussion of the simplex method, we introduce new variables 
called “slacks.” Slacks represent the difference between the left-hand side of the 
inequalities of (1) and the right-hand side. When slacks are introduced these 
equations become 


j=N 


max » C5X; 
j=1 


(11) 
j=N 
>) aj; + 5; = db; += 1,°--,M, 
j=l 
x;20,7=1,---, N, s;20,7=1,---, M. If s; is nonnegative, the x’s satisfy 


the 7th inequality in (1); consequently the inequalities in (1) can be replaced 
by equation (11) and the condition that all variables appearing are nonnegative. 
Let us then denote the matrix of all coefficients appearing in the equations (11) 
by A, and the M+-N vector of all variables by y. (11) becomes 


maxc-:y, Ay = b, y 2 0. 


A vertex is a point where N of the inequalities of (1) are satisfied as equalities, 
This means that NV of the components of y are zero. To obtain the values of the 
remaining M variables (called basic variables), we simply strike out the columns 
corresponding to the zero value variables (the nonbasic ones) and solve the re- 
maining M equations in M unknowns. That is, if # is the /-vector of basic vari- 
ables, and B the square matrix formed from the corresponding columns, then 
4 = B-1b. Thus all components of y are determined, and so in particular x, the 
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location of the vertex is known. If all y;20, the point x satisfies (1) and so isa 
vertex of the feasible polyhedron; otherwise, it is merely an intersection of N 
hyperplanes outside the feasible polyhedron. 

In carrying out the simplex method we start with a feasible vertex. The 
next step is to examine neighboring vertices and find those that are: 1) on the 
polyhedron; 2) yield an improvement in the objective function. 

It is clear from the geometry, Figure 4, that neighboring vertices have N—1 
faces in common, hence their nonbasic sets of variables are the same except for 
one element. It follows that to go to a neighboring vertex, one variable must 
switch from the nonbasic to the basic set and one from basic to nonbasic. 


Fic, 4 


Specifying the variable to enter the basic set already determines the neigh- 
boring vertex. For let us suppose that the variable y,; is to be added to the basic 
set. Let us give y; the value @ and solve for the basic variables 7. Then 4(6) 
= B-!(b —6v;) when 9; is the column associated with y;. As @ increases from zero, 
the values of the components of 4; of # change, and there will be some last @ 
value at which they all are still nonnegative. Call this value @nin. With 6=@nin, 
one of the 4;, say ¥;,, is zero. Geometrically, as @ increased, the solution point of 
the equations moved from the original vertex along an edge created by displac- 
ing the hyperplane corresponding to the one equation which previously had a 
0 slack but now has a positive one. Finally another vertex is reached. Going 
beyond this point would violate the inequality represented by 4;,20. Then §;, 
is the variable removed from the basis. The new basis consists of y; and the 
remaining basic variables. With y; at the value Onin and the remaining ¥; com- 
ponents at their values in #(@min) the new basic variables provide a solution to 
the equations. Thus we have found the coordinates of a neighboring vertex on 
the polyhedron. 

To be able to repeat this process, we would need to find the B-! correspond- 
ing to the new basic set. To do this it is not necessary to start over again. 
Using the old B-1 as a starting point, the new inverse can be obtained by a single 
Gaussian elimination step. 
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Next we turn to the question of finding a neighboring vertex that will yield 
an improvement. As we went up the edge from the old to the new vertex, was 
the objective function increasing or decreasing? Denoting by c’ the row M- 
vector of costs corresponding to the basic variables ¥, the change in the objective 
function is given by 


c' (9(Omin) —_ 4(0)) = c' (B16 _ Omin?:) — B-0) = Omin(c’ B—) 9; = UminT * V7, 


using w for the M-vector —c’B7}. 

The question of increase or decrease is determined by the sign of the scalar 
product 7-v;. If this is positive, there is an increase, otherwise not. Note that 
the same 7 can be used in considering all possible v; that might be introduced. 

To carry out the simplex procedure, then, one starts with a vertex, and com- 
putes 7. Using 7, one tests for vertices that will yield an improvement by form- 
ing the scalar product with all possible columns v;. If one of these yields a 
positive result, it is introduced into the basis, and one of the basic variables be- 
comes nonbasic as described above. This process is iterated. Finally we reach a 
point where all the scalar products of the current 7 and the nonbasic vectors 
are zero or negative. This can easily be shown to be a maximum point. 

The effectiveness of the method depends on the number of vertices that must 
be inspected. Each vertex requires one Gaussian elimination. Two empirically 
observed facts are: (i) it helps to choose as the entering column the one for which 
wv; is maximal. (ii) If the rule (i) is followed, problems like (1) are usually solved 
in between 2/V/ and 3M vertex inspections. Although the entire practical success 
of linear programming rests on observation (ii), there is, at present, no theoreti- 
cal explanation. 


Integer solutions. The simplex method consists of a succession of matrix 
inversions, the successive matrices being so related that there are great econ- 
omies in passing from the inverse of one to the inverse of the next. One conse- 
quence of dealing with matrix inversions is that the calculation is not one where 
integral data will produce an integral answer. 

Many combinatorial problems are susceptible of a formulation like equation 
(1), but integral answers are usually needed. For an example, consider the 
assignment problem. In this problem N men are to be assigned to N jobs. If the 
ath man is assigned to the jth job, the cost of this assignment is taken to be ¢,;. 
The problem is to find that assignment which gives each man a job and each job 
aman, and minimizes the total cost. This can be formulated in terms of linear 


inequalities as follows: 
i=N j=N 


min > » CijX iz, 
t=] j=l 
(12) jJ=N i=N 
> mj 21,i=1,---, NM, D, %i7 $1, jg=i,---,M 
j=1 t=1 


¥ij20,7=1,---,N,j=1,---, N. If x:,;=1, man 7 is assigned joby, if x;,;=0 
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he is not assigned job 7. If the x;,; all turn out either 0 or 1, the inequalities in 
(12) will force a solution in which each man gets one assignment and each job 
one man. The difficulty lies in restricting the variables to be 0 or 1, and the 
simplex method outlined above might appear to be unable to provide an answer. 
A closer study of the coefficient matrix of (12) shows, however, that every square 
submatrix will have a determinant either +1, —1, or 0. Therefore, the matrix 
inversions involve division by +1 only and so will provide integral values for 
all the variables. In the particular case (12) it is easy to see the only possible 
integral values for the x;; are zero and one. 

A matrix all of whose sub-determinants are either +1, —1, or 0 is said to 
have the unimodular property. It is an interesting and important problem to 
try to discover classes of matrices having this property. A typical result which 
includes the matrix of (12) is 

If A ts the incidence matrix of the vertices versus the edges of an ordinary linear 
graph G, then for A to have the unimodular property tt 1s necessary and sufficient 
that G have no loops with an odd number of vertices [3]. 

Even if a matrix does not have the unimodular property one may still want 
to find the best integral solution. The problem of finding the integer x that 
maximizes in (1) is called the integer programming problem. The integral points 
satisfying (1) are, of course, all within the polyhedron of feasible x’s. They, 
together with the points that lie between them, form another polyhedron P’ 
included in the first. All the vertices of P’ are integral points. If one could pro- 
duce the inequalities that yield the faces of this P’, the integer problem could be 
solved as an ordinary linear programming problem over P’. This approach has 
been developed in [4] and [5] and methods of generating the faces of p’ do 
exist. Nothing like the computational effectiveness of the ordinary simplex 
method has been obtained so far, however, and much work remains to be 
done in this area. 


Nonlinear systems of inequalities. In the system (1) the linear objective 
function could be replaced by a nonlinear one. If the replacement is quadratic 
and positive definite an elegant adaptation of the simplex procedure, due to 
Wolfe, [6] is possible. For the general nonlinear objective function or when the 
inequalities involve nonlinearities, gradient methods are often used [7]. 


Large systems. Although the straightforward simplex method outlined above 
can be applied to problems of as many as a thousand inequalities and several 
thousand variables, many practical problems are even larger. 

Usually the very large problems involve matrices with special structures. 
For example, there is the problem of selecting the most profitable products to 
produce. One unit of the jth product requires an amount a,; of the 7th resource. 
Resources are such things as labor, raw materials, etc. If the amount of the zth 
resource available is b; and the profit on a unit of the jth product is c;, then the 
problem is precisely (1), x; being the amount of the jth product produced to 
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maximize profit without using up more resources than are available. If we now 
envisage two plants and the possibility of supplying customers from either one 
plant or the other, depending on costs of production and transportation costs, 
we obtain a matrix with the structure shown in Figure 5. If either N, the number 
of products, or R, the number of customers, is large, the size of the matrix is 
largely determined by the highly structured part. Special methods for large 
structured problems have been developed, under the name of decomposition 
methods, during the past several years [8], and this is one of the most fruitful 
fields of current research. The spirit of these methods can be illustrated on an- 
other structured problem that leads us into the area of dynamic programming. 

Imagine that identical (parent) rolls of material are to be cut up to make 
narrower rolls of the same diameter. We will consider all possible cutting pat- 
terns, the jth way of cutting a parent roll being described by the numbers a;,; 
of rolls of width w; which it produces. We try to cut up the rolls to satisfy cer- 
tain demands d, for rolls of width w;. The corresponding system of linear in- 
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equalities is 
(13) min Dui Vy Di AyjX; = di, “3 2 0, t= 1, my M, 


where 7 ranges over all possible cutting patterns and x; is the number of parent 
rolls cut up using the jth pattern. One difficulty is that the x; should be integers, 
but aside from this there is the fact that all the cutting patterns themselves are 
so numerous that this matrix could never really be written down, even for a 
problem in which M, the number of different widths to be produced is as small 
as 10 or 15. 

To carry out the calculations in spite of this, [9] we start with some fairly 
arbitrary square submatrix A, involving M patterns, and invert that. The next 
stage of the calculation is where the difficulty comes in. To follow out the sim- 
plex procedure we would next form the scalar product of + with all nonbasic 
columns v,; and select the one maximizing m-v; to enter the basic set. The diffi- 
culty is that there are too many columns to allow this. 

This problem of finding the next column can, however, in a structured prob- 
lem, be a solvable maximization problem itself. In our example (13) a column 


v; 1s any set of nonnegative integers v1, ---, Yu satisfying 
i= 
(14) > yw; SW. 


t=1 


Inequality (14) simply means that the width cut out of the roll should not total 
more than the width VW of the parent roll. Thus the problem max; 7-v; becomes 
max >_‘=“ ay; where the y; are nonnegative integers satisfying (13). Fortu- 
nately, this problem can be solved easily by one of the other important methods 
of mathematical programming, dynamic programming. 


Dynamic programming. 

Knapsack Problem: For the dynamic programming or recursive approach 
we introduce the function v,(x), which is defined to be the value of the solution 
to the problem 


i=s i=8 


(15) max >, wii; >, wy; S 4, 

t=] 1=1 
where the y; are nonnegative integers. Problem (15) is the same as (14) but now 
the total width is x and only 1, - - - , ys can be used. v,(x) satisfies the recursion 


(16) v,(%) = max { ve-1(x), T, +(x" — w,)} 


since v,(X) =v,-1(x) if w, was not used in the solution to (15) (i.e. y,=0) and 
equals 7, plus the best use of the remaining width x—~w, if it was used (i. e. 
y,21). Now »,(x) can be obtained trivially for all «<= W. Also v,(0) =0 for all s. 
Once provided with v;(x) and v2(0) we can compute ve(1), v2(2), - + + , ve(W) using 
(16). Then with v2(x) we compute v3(x), and so on. Finally we obtain vy(W) 
which is the maximum under the restriction (14) and solves the original problem. 
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The y; of the solution are easily obtained from (16) and form the column 
chosen for the next stage of the simplex method applied to the problem (13). 
A Gaussian elimination is then performed and the process can be iterated. In 
this manner the vast assemblage of possible columns or cutting patterns is 
never written down. Instead, the dynamic programming recursion is a device 
to create each column as it is needed. 

Dynamic programming has a large area of applications. The example above 
is an illustration of its use in a combinatorial problem. The combinatorial inter- 
pretation of the problem emerges if the w; are taken to be weights. Then we have 
just found the most valuable collection of objects that a man can carry in a 
knapsack if he is constrained by a weight limitation W and each object has a 
weight w,; and worth z;,. This is the origin of the name “knapsack problem.” 


Inventory theory. Dynamic programming can be used in what appears to be 
a totally different area, that of inventory theory. To see this, consider the prob- 
lem of a firm wishing to keep an inventory of some item. The firm can purchase 
a supply y at the beginning of each week. The supply is delivered at the end of 
the week. During the week customers buy, depleting the inventory. The proba- 
bility that the customers will want to buy an amount gz during the sth week is 
known and is denoted by ,(z). Let us suppose that after N weeks all items re- 
maining in inventory are disposed of at a price 7 per unit. The firm wishes to 
balance off storage costs, loss through being out of stock, etc. What amount 
should it buy to be most economical? 

If V,(x) is the maximal expected return to the firm for starting with a supply 
x and maintaining inventory for s weeks with the best possible buying decisions, 
then V,(x) satisfies the recursion 


V.(x) = max - cy + ae min (x, ) — $s(“% + max (0, x — 2)) 
(17) 
+ V,_1(max (0, « — z) + y)] p.(syash ; 


where c is the unit price of the items bought, s the unit storage cost, and p the 
sales price. Once V,_1(x) is known, the V,(x) values can be computed together 
with the y values that yield them. Since Vo(x) can be taken as the value ob- 
tained by selling the remaining stock when there are 0 weeks to go, Vo(x) is 
available, hence Vi(x), ---, Vw(x) can be calculated using (17). If the present 
inventory is x, then the y that maximizes (17) in computing Vy(x) is the amount 
to buy this week. 

The recursive approach of dynamic programming is often useful in situations 
where a sequence of decisions must be made about a system whose state can be 
described by a small number of variables, and where the effect of the decision 
is determined by the current state alone. In the inventory example the (single) 
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state variable was the inventory on hand, in the knapsack example it was the 
amount x of unfilled space remaining. 


Conclusions. A systematic discussion of dynamic programming is available 
in Bellman [10] and many applications are described in Bellman and Dreyfus 
[11]. Rather comprehensive treatments of linear programming and its applica- 
tions are to be found in Dantzig [12] and Charnes and Cooper [13]. 

This discussion has emphasized what is known, but only a small portion of 
the maximization problems that one would like to solve can be attacked by the 
methods of either linear or dynamic programming. There are a variety of special 
techniques that can be used [14, 15, 16], but there are still many important 
maximization problems for which no computationally reasonable method is now 
known. 
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SIMULATION OF HUMAN PROCESSING OF INFORMATION 
ALLEN NEWELL anp H. A. SIMON, Carnegie Institute of Technology 


Confront a high school student with the beginning letters of a sequence: 
ABMCDME.:.:-: 


and ask him to fill in the next letters. Most students will rather quickly reply 
with the letters FMGHM.:---. Next, give the _ starting sequence 
DEFGEFGHF --.-. This time there will be a longer pause before the reply. 
Some, but not all, the students will presently propose GHIGHIJ--- as the 
continuation. 

Occasionally, a mathematically talented student, when presented with such 
problems, will reply that any letter is a legitimate continuation of any starting 
sequence. When we encounter such a student, we will compliment him on his 
acumen, and then pose a new kind of problem to him. We will point out to 
him that zn fact, subjects presented with such sequences do not reply with “any” 
letter, but show a high degree of consensus as to what the “right” next letters 
are. Moreover, the sequences can clearly be ranked according to difficulty, on 
the basis of how much time subjects take to answer, and on the basis of how 
many find the “right” answer. Finally, subjects who score high on tests of gen- 
eral intelligence, and particularly on tests of mathematical aptitude, are more 
likely to give the “right” answers than subjects who score low on such tests. 

Hence, if the problem we have posed is ill-defined from a mathematical stand- 
point, it raises a perfectly well-defined problem for psychology: how do human 
beings perform tasks like this one? What processes do they carry out, how do 
they find an answer, how do they judge it correct, how do they produce the 
extrapolating letters? Psychology needs a theory to explain behavioral phe- 
nomena like these; it needs a formal language for stating the theory; and it needs 
techniques for testing the theory empirically. 


Information processing theories. One approach, developed over the past 
decade, toward the construction and testing of psychological theories of human 
cognitive behaviors—thinking, problem-solving, concept-finding—makes use of 
computer programming languages as the means for stating theories rigorously, 
and makes use of computers as the means for testing the theories, by comparing 
actual human behavior with the behavior predicted by the theory and simulated 
by the computer. Since the theory takes the form of a computer program, the 
theory must be wrong if a computer, operating under that program and given 
the same tasks as a human subject in the laboratory, does not emit the same 
behavioral responses. In particular, suppose we had such a theory (as, in fact, 
we do in [1]) that purported to explain how human subjects handle the letter 
sequence tasks. We would expect a computer, programmed to conform to the 
theory, to continue the sequence ABMCDME::-- with FMGHM::.-. 

Of course a computer program might predict particular behaviors without 
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being a correct theory—this is a danger that is unavoidable with any theory. 
Successful prediction is a necessary, but not a sufficient, condition that a theory 
be correct. Our usual inductive procedure for gradually strengthening our con- 
fidence in a theory is to confront it with an ever larger and more varied range of 
phenomena to predict. 

With a theory of the letter series performances, we would expect the com- 
puter program to experience more difficulty with hard (for humans) problems 
than with easy ones. We might have some human subjects perform the task in 
the laboratory, asking them to think aloud while they worked. We could then 
demand that the computer simulation predict not only their final answers, but 
also the stages they went through in their thinking, as revealed by the protocols 
—what they noticed, the sequence in which they noticed it, the blind alleys 
they went down, and so on. Finally, we might look about for other tasks more 
or less resembling the letter sequence task, and demand that the theory, with 
only such modification as is required to handle the new task instructions, pre- 
dict human behavior in these new situations as well. Thus, we might extrapolate 
from letter sequences to number sequences: 011235 813---+; or to so- 
called symbol analogy problems: DOOM MOOD GOLF . The performance 
of subjects on these tasks suggests strongly that humans use essentially the same 
processes for solving these problems as for extrapolating letter sequences. A 
theory to explain one of these performances cannot be regarded as satisfactory 
if it does not also explain the others. 

Psychological theories expressed as computer programs and tested by simu- 
lation are usually called information processing theories. For the most part, the 
theories say little or nothing about underlying microscopic, neurophysiological 
events. Their primitive components, called elementary information processes, 
symbols, and lists, are much grosser than individual neural events or neural 
structures. Just as chemistry, for many purposes, takes the atom as its ele- 
mentary unit, and certain simple assumptions about the combination of atoms 
in molecules, ignoring the detail of internal atomic structure; so information 
processing theories take units like “letter from familiar alphabet” and processes 
like “compare symbols for identity” as elements, ignoring the detail of how these 
structures and processes are realized by systems of neurons. There is no impli- 
cation that the explanation cannot, at least in principle, be reduced to the more 
microscopic level. Regardless of whether such a reduction is possible, it is more 
convenient to have a division of labor between psychologists and neurophysi- 
ologists (as between chemists and nuclear physicists), and to use aggregative 
theories at the information processing level as the bridge between them. The 
strategy aims at understanding the very complex in terms of the minutely 
simple by dividing and conquering—the elementary information processes being 
the point of division. 


Sequence extrapolation tasks. As an example of an information processing 
theory of human thinking, we shall describe briefly a computer program that 
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appears to account reasonably well for human behavior in the sequence extrapo- 
lation task. A number of versions of this program have been written in the pro- 
gramming language IPL-V (and one, recently, also in LISP). (These program- 
ming languages are examples of so-called list processing languages. We will 
have more to say about them later. See [2].) The program is organized as 
follows: 


FIND AND STORE THE PATTERN 
DISCOVER THE PERIODICITY 
FIND THE RELATIONS FOR EACH POSITION 
IN THE PERIOD 
EXTRAPOLATE, BY APPLYING THE STORED PATTERN 


The two main subroutines for finding and storing the pattern, one to dis- 
cover the periodicity of the sequence, the other to describe each position in the 
period, make use of a small set of common subprocesses for finding simple rela- 
tions between symbols. The only two relations that, in fact, have proved essen- 
tial are SAME (identity between two symbols) and NEXT (on a familiar 
alphabet). 

Let us see how this system would operate on the simple sequence ABM -- -. 
To discover the periodicity, the subroutine would search through the sequence, 
looking first for multiple occurrences, at regular intervals, of the same symbol. 
In this case, it would find that each third symbol is an M. (If there are no multi- 
ple occurrences, the subroutine searches for recurrent relations of NEXT and 
NEXT OF NEXT, and for subsequences of constant length. Thus, in 
DEFGEFGH -.-.- the subroutine might discover that the sequence divides into 
subsequences of length 4, in which each symbol is NEXT in the English alpha- 
bet to its predecessor.) 

After the first subroutine has determined the periodicity of the sequence, a 
second subroutine develops a pattern description for each position in the pe- 
riod, using again the relations of SAME and NEXT, and the notion of “cor- 
responding” positions in successive periods. Let x;; be the 7th symbol in the jth 
periodic repetition of the pattern, and let N stand for the relation next in some 
alphabet. Then, the description of ABM --- reads: 


Period: 3; Alphabet: Roman letters 
wig = N (2-1) 
xo = N(x1;) 
x3, = “M” 
Similarly, the sequence DEFGEFGH +--+ may be described: 
Period: 4; Alphabet: Roman letters 
x3, = N(x G13) for j = 2, 3, 4 
t15 = N(e1G-1)) 
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A slight extension of the vocabulary permits the description of numerical 
sequences also. Consider 133557--- 


Period: 2; Alphabet: Odd numbers 


Nig = Xo ~1) 


Xe; = N (x1) 


where N now means “next on the sequence of odd numbers.” 
What sequence is described by? 


Period: 1; Alphabet: Positive integers 
Me = X1 + Lie 


With appropriate initialization, this is simply Fibonacci’s sequence, 
011235813---, mentioned earlier. To discover such sequences, the rela- 
tions of SUM and PRODUCT must be added to SAME and NEXT, and proc- 
esses included for detecting the former relations by differencing and dividing. 
Thus, Fibonacci’s sequence is discovered by observing, through differencing of 
successive pairs of terms that DIFFERENCE [(Position), (Preceding Position) | 
= (Preceding Preceding Position). 

In explaining the human performance, the theory assumes that the human 
subjects have certain familiar alphabets stored in memory. Some children, but 
few adults, can extrapolate OTTFFSSE ---. It can only be done from the 
knowledge that the appropriate alphabet is One, J'wo, Three, Four, and so on. 
On the other hand, the alphabet for certain patterns can be inducted from the 
pattern itself. Consider the sequence: $&*$&*$&* - --. This can be described 
as a sequence of period 1 on the (circular) alphabet comprised of the three sym- 
bols $, &, and *. 

Finally, the symbol analogy problems can be handled by a slight extension 
of the same scheme. In DOOM MOOD, we notice that the symbols in the first 
subsequence, reading from the left, are the SAME as the corresponding symbols 
in the second subsequence, reading from the right. 

Once a pattern has been discovered, inductively, and described in terms 
similar to those sketched above, it is a simple matter to construct an EX- 
TRAPOLATE subroutine that will accept the pattern description and the 
initial conditions as input, and perform the extrapolation. 

This computer program, which almost borders on triviality, appears from 
the data we have gathered so far to simulate important aspects of the behavior 
of intelligent human beings solving a’class of pattern-finding problems. The 
program constitutes a theory to explain how humans perform the task—what 
processes they use, and how these processes are organized. Formally, the com- 
puter program is a system of difference equations that, starting from any given 
initial conditions, determines the behavior of the system through time. Although 
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these are difference equations of a rather strange kind, judged by classical stand- 
ards, thinking of them as such helps to clarify the sense in which a program can 
serve as a theory. 

The very simplicity of the program, of the processes it uses and the relation- 
finding abilities it postulates, is, of course, important. The ability of the program 
actually to solve pattern-finding problems demonstrates, at least, that no 
mechanisms, processes or capacities more complex than these need be postu- 
lated to account for this human capability. No undefined notions of “intuition,” 
“insight,” or “Gestalt” need be evoked. The sufficiency, though not, of course, 
the necessity, of the mechanisms incorporated in the program is demonstrated. 


Other problem solving tasks. The range of problem solving and other think- 
ing tasks for which information processing theories in the form of simulation 
programs have been constructed is considerable. These programs can be divided, 
roughly, into two categories: on the one hand, those, like the program for ex- 
trapolating sequences, designed explicitly as explanations of human perform- 
ance; on the other hand, those designed primarily with an “artificial intelligence” 
objective, which nevertheless cast some light on the human processes. We shall 
make a few comments on the latter programs—those aimed at an artificial 
intelligence goal—then return to those that are avowedly psychological in intent. 

Most existing theorem-proving programs, including the most powerful ones, 
were designed not to show how mathematicians discover proofs for theorems, 
but to discover proofs, by whatever means, as efficiently and powerfully as pos- 
sible. This approach, exemplified by the work of Wang, Robinson, Lehmer, and 
others, is discussed in several other papers in this issue. The Geometry-Theorem 
Proving Machine of Gelernter and Rochester, and Slagle’s Symbolic Automatic 
Integrator (SAINT) are additional examples. (For a good sample of artificial 
intelligence programs, see [3].) The interest of these programs for psychology, 
which is considerable, is in showing what kinds of mechanisms may be sufficient 
to give a program power to match, or exceed, human performance, in profes- 
sional-level tasks for which we have a wealth of human experience. There is no 
claim that these programs simulate, in detail, the processes used by humans; 
but they demonstrate what kinds of search heuristics provide problem-solving 
power in these well-known task environments. The Geometry program, for 
example, shows how search for a proof can be aided by using a diagram as a 
source of conjectures about properties of the geometrical figure under considera- 
tion. 

Most programs for playing chess, checkers, and other games should also be 
classified as investigations of artificial intelligence. Samuel, for example, in his 
very powerful checker-playing program, makes no pretense of simulating human 
play. His program almost certainly makes much more use of rapid numerical 
and nonnumerical calculation, and much less use of heuristics that would per- 
mit search to be highly selective, than do good human players. 
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The considerable number of programs that have now been written for proc- 
essing natural language tend to fall between the artificial intelligence and 
psychological simulation categories. Our ignorance of how humans interpret 
and produce linguistic utterances—how they extract meaning from, and en- 
capsulate meaning into such utterances—has been so profound that any pro- 
gram that performs any of these functions can hardly help but cast some light on 
the psychology of language. Many of the early language-handling programs, 
aimed at applications to translation, had a primarily artificial intelligence goal. 
Some more recent programs, designed to retrieve information and answer ques- 
tions, come closer, implicitly or explicitly, to providing psychological theories. 
Two question-answering programs are described in Part I, Section 5, of [3]. 

Daniel Bobrow has constructed (in [4]) a program to do algebra word prob- 
lems of the sort found in high-school algebra books. The program operates in 
two stages. In the first stage, it translates the sentences stating the problem into 
algebraic equations. In the second stage, it solves the resulting equations. The 
program indicates what kind of a sentence-parsing scheme is required for the 
translation process—and the evidence it provides is that a rather crude and in- 
complete scheme will do the trick. Thus, the program contributes a good deal to 
explaining how humans with a very sketchy knowledge of formal grammar can 
nevertheless interpret language. 

Bobrow’s scheme for translating word problems resembles rather closely 
some of the standard advice on “how to do word problems” that can be found in 
books on algebra and the teaching of algebra. We were interested in seeing 
whether this advice also describes the processes that persons use who are good 
at such problems. We are currently tape-recording the thinking-aloud protocols 
of subjects solving word problems, and comparing the protocols with the process 
described by the program. Although the work (by Mr. Jeffery Paige) is still in 
a very preliminary stage, it already suggests that the processes used by the best 
problem solvers may be different, in one fundamental respect, from the computer 
program. The good problem solvers tend no# to translate directly from the Eng- 
lish prose to the algebraic equations (except, perhaps, in problems that are very 
simple for them). Instead, they translate the language into some kind of internal 
representation of the physical or spatial situation described by the problem, and 
then translate this “physical” representation into the equations. Their procedure 
is reminiscent of the Geometry Theorem Prover’s use of diagrams. 

The program that has perhaps been furthest developed and tested as an 
explicit psychological theory of human problem solving is the General Problem 
Solver (GPS). Since it has been described in some detail elsewhere, we will con- 
sider it only briefly here. (A description at flow-diagram level of the main 
mechanisms of GPS can be found in Part II, Section 1 of [3].) GPS is “general” 
because it is not restricted to a single problem domain, but can go to work on 
any task that is posed to it in suitable form: discovering proofs for theorems in 
the sentential calculus, for example, or proving trigonometric identities. Its 
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basic mode of procedure is to compare the given situation (axioms, available 
theorems, etc.) with the desired situation (theorem to be proved, for example). 
The difference between these leads to the selection of an operator for transform- 
ing the given situation into a new one that, hopefully, will be closer to the de- 
sired one. In trying to prove a trigonometric identity, for example, GPS might 
detect that certain trigonometric functions occur in the left-hand expression 
that are absent from the right-hand expression. This would lead it to select a 
transformation that would eliminate one of the unwanted functions. 

There is no guarantee in GPS, or in most of the other simulation programs, 
that the program will solve the problem given it, even if it is solvable. This is as 
it should be, for purposes of psychological theory, for human beings confronted 
with mathematical problems do not always solve these problems (to understate 
the matter!) even if the problem domain is decidable. The aim in simulation is 
not to get a computer to do things people can’t do, but to construct a program 
that will have the same powers and weaknesses, use the same processes, and 
make the same mistakes as some class of human subjects. The aim of an artifi- 
cial intelligence program, of course, may be quite different. 


Information processing languages. It is not usually convenient to write 
simulation programs in machine language, nor are the algebraic languages like 
FORTRAN and ALGOL, so useful in numerical analysis, particularly suited to 
this purpose. A number of computer programming languages have been devised 
that are especially designed for the construction of complex, nonnumerical, in- 
formation processing programs. IPL-V, the current version of the earliest family 
of such languages, has been widely used for psychological simulation. LISP has 
been used extensively in artificial intelligence programs. (The division of labor 
here is probably an historical accident.) COMIT was designed especially to 
make the processing of natural language strings convenient. 

The information processing languages cannot be described in detail here 
(see [2]). The characteristic that most distinguishes them from typical algebraic 
languages is that they organize information in memory in /ists—well-ordered 
sets of symbols. For this reason, they are often called list-processing languages. 
In such languages, information is accessed normally by coursing down lists 
(using a NEXT operation) until the desired symbols are located. In addition to 
lists (whose members may themselves be lists), list-processing languages also 
make extensive use of descriptions. Descriptions are ordered triads: for example, 
(apple, color, red), which is interpreted “the apple has the color red.” 

If we refer back to the sequence extrapolation task, we can see how natural 
a list language is for handling that task. The “familiar alphabets” the subject is 
assumed to know are simply stored in memory as lists. The relation of NEXT 
between two symbols is then directly representable by the NEXT operation 
on lists in the information processing language. A statement like “x;= N(«1qG—-1)” 
can simply be stored as the description: (#i¢-1), NEXT, %1;). 

It is far from clear to what extent the adaptability of list processing lan- 
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guages to simulation is purely a matter of programming convenience, and to 
what extent it arises from the parallelism between the elementary processes and 
structures in those languages, on the one hand, and the elementary processes and 
modes of storage in the central nervous system, on the other. Whether the cen- 
tral nervous system stores information in ways that are more or less isomorphic 
to lists and descriptions, and possesses processes for operating on such struc- 
tures is an Open question whose answer must be sought at a more microscopic 
level of theory than we have considered. It is a question of the relation of in- 
formation processing theories to neurophysiology. 


The work reported here was supported in part by Research Grant MH-07722-01 from the 
National Institutes of Health. We are also indebted to Kenneth Kotovsky and Donald Williams 
who have collaborated in the analysis of the sequence extrapolation task. 
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THE PROCESSING OF FILES, DATA AND INFORMATION 
C. C. GOTLIEB, Institute of Computer Science, University of Toronto 


Information processing. Computers can be regarded as devices for operating 
on streams of input data to produce output streams. The input may be a series 
of numbers undergoing Fourier analysis, a list of statements written in source 
language and being compiled into assembly language, or the file of records de- 
scribing an inventory being updated by entering changes which have been made 
to stock. The term information processing is used for all of these transformations, 
or for any others carried out by programmed computers. Business data process- 
ing, or data processing, refers to transformations where the data originates in a 
business environment. Often the emphasis is on file processing, which is de- 
scribed in detail in the next section, but this is not the only type of business data 
processing. There has been good success in applying mathematics to some of the 
manufacturing and administrative operations of large business and when this 
happens the differences between business data processing and scientific or 
mathematical computing are by no means sharp. Almost all of the production 
scheduling for oil refineries is done on computers by numerical procedures 
which are now standard [1], but such data processing is generally considered 
to be part of mathematical programming or operations research. The widely- 
used techniques of Critical Path Scheduling and PERT [2], for monitoring on 
large construction projects involving many contractors and subcontractors, are 
really methods in data processing. This paper contains a survey of operations in 
business and file processing, with particular emphasis on problems and tech- 
niques which are mathematically interesting. 


Files. Most computers have been installed to do business data processing, 
and in most installations this comes down to some variation of file processing. 
In file processing the essential technique is that a master file, containing de- 
scriptive records about the items of interest, is maintained up-to-date as various 
transactions involving the items arise. The master file may be a payroll register, 
an inventory of goods, or of seats in an airline reservation system, an insurance 
policy file, a set of grades for university students, a history of vehicle registra- 
tions, etc. It may be recorded on punched cards, punched paper tape, magnetic 
tape, magnetic drums or disks, or other media. The activities against the file 
may be processed periodically, when a batch of certain size has accumulated, or 
as they occur. Figure 1 illustrates the inputs and outputs for a typical file proc- 
essing run when the transactions are batched. An essential feature is that the 
master file is arranged sequentially according to an identification number or 
key, and that previously the transactions must have been sorted according to 
this key. The updated-master-file will be the master file for the next run. In a 
separate computer run the contents of the transaction tape will be printed to 
prepare cheques, invoices, or other forms appropriate to the application. 

The importance of sorting in processing serially arranged files has encouraged 
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the development of efficient sorting methods, and the result has been the evolu- 
tion of fast, reliable, magnetic tape units, the production of vast and ingenious 
programs, and even fundamental contributions to the theory of combinations 
and permutations. In the first stage of a large sort a group of records is sorted 
internally, i.e. within the high speed memory of the computer. There are many 
ways of doing this, but most are variants of three basic methods: (1) where the 
items being sorted are placed in pockets according to the value of a digit in the 
key, (2) where the smallest (or largest) item is selected from the group, (3) 
where pairs of items are exchanged if necessary to form a sequenced pair, fol- 
lowing which pairs are merged to form ordered strings of length four, strings of 
length four are merged to form strings of length eight, and so on. In the first 
method the number of key comparisons (and hence the sorting time) is propor- 
tional to n log, K, where z is the number of records in the group, K the largest 
key, and p the number of pockets (equal to the radix of the number system in 
which the keys are represented). In the second method the sorting time is 
proportional to m?, and in the third to x log.. Thus theoretically the last 
method is best for large , but other considerations also enter, especially the size 
of the working storage required by the program. Later stages of the sort consist 
of merging sequenced groups to produce tapes, each containing a single string, 
and then merging the tapes to yield a sorted file. Sort programs usually take the 
form of generators, in which sorting routines for a particular application are as- 
sembled by the computer from basic blocks of coding embodied in the generator. 
Reference 3 contains good accounts of recent developments in sorting. 
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Fic. 1. File Processing 


The emergence of large, random-access files, and more particularly magnetic 
disk stores in which the access time for any record is a fraction of a second, is 
focussing attention on methods for storing, searching and retrieving information 
in files. There are challenging problems in formulating these methods in mathe- 
matical terms. For example, suppose it is desired to subject a set of keys to a 
simple transformation which will yield numbers (to be interpreted as addresses 
in a disk memory) distributed uniformly over an assigned range. Note that this 
reduction to randomness would be regarded as a loss of vital information in most 
contexts but here it can be shown to result in a more efficient use of the store 
and a reduction of the access time for a record. The transformation can be con- 
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structed by a procedure available from the theory of error-constructing codes, 
which in turn is based on the algebra of fields [4]. Suppose that the key K is 
represented by 2 symbols (a1, - - - , dz) each of which is represented by g bits, 
and that the transformed address, A, has m symbols (f1, -- -, pm). The key K 
and address A are interpreted as ~ and m dimensional vector spaces over the 
field of integers mod 2%. Let the weight w, for any key vector be defined as the 
number of nonzero symbols, and the distance, d, between two keys as the 
weight of «—y. For the addresses to be randomly distributed, it can be shown 
that the transformation should have the property that any two keys less than 
a given distance d from each other are to be mapped on different addresses. We 
also want d to be maximal for the given set of keys. In the references quoted the 
method of finding the maximal D is given and it is shown further that the trans- 
formation can be effected by dividing K, regarded as a polynomial, 


K(x) = >> ax 
i=l 


by the polynomial g(x) =(x—a) - - - (v—a@?-!), where a is a primitive element 
of the Galois Field (22). That is, we find the remainder R(t) defined by 


K(x) = O(x)g(x) + R(x) degree of R(x) << D—1 


and the digits of R(x) form the transformed address, with the property that the 
minimum distance between two keys with the same R is at least D. 

The most intensive research on files is taking place in the field of information 
retrieval where there is a whole family of problems on methods for abstracting 
and classifying documents, on methods for devising keys which will not only 
identify a record, but reveal the logical relation between important terms in it, 
and on methods for constructing and assessing search strategies. In one prom- 
ising approach [5] the important terms (or descriptors) are represented as the 
vertices of a graph and connections between the terms as edges of the graph. 
The basic problem can then be stated as: given two graphs, determine whether 
one contains a subgraph isomorphic to the other. When represented as Boolean 
matrices, graphs are easily manipulated by computers, and since we have a 
finite system an algorithm for solving the problem clearly exists. On the other 
hand, it is well known that combinational expressions very soon become intrac- 
tably large as the number of elements increases and it becomes necessary to 
restrict the basic problem in different ways if there is to be any hope of practical 
solutions. In spite of the necessity to work with restricted problems, it is easy 
to think of natural generalizations of the basic problem, for example where the 
vertices may be connected by edges of different types, or where the number of 
edges connecting a pair of vertices is irrelevant. 


Systems. Any data processing run on a computer is but one operation in 
a set of activities being prosecuted by the organization under study. The defini- 
tion and representation of these inter-related activities is called systems analysts. 
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A common way to present the results of system analysis is in the form of system 
flow charts in which boxes representing specific procedures are drawn to show 
the sequence of events. The procedure within one box may be specified further 
by a more detailed flow chart, and these charts may serve as flow diagrams for 
a computer program. Whereas in scientific data processing and mathematical 
computing flow diagrams can often be omitted, in business data processing they 
are almost always necessary because the processing is usually a sequence of ele- 
mentary calculations and steps, but with complicated decision rules for deter- 
mining which step should be done next. 

Instead of describing a complex set of decisions and alternative actions by 
a flow diagram a tabular method based on so-called decision tables can be used 
with considerable effect. A decision table is a concise way of making a set of 
statements of the form: 


If B is true then do S, else do Sz, 


where B is a boolean expression evaluated by carrying out logical operations on 
defined operands, and 5), S, are component statements, each indicating a num- 
ber of actions to be taken. In the usual form decision tables are divided into four 
quadrants: 1) the condition stub where the operands are listed, 2) the condition 
entry containing values of the operands (True, False, or X, irrelevant), 3) the 
action stub listing the types of actions, and 4) the action entries listing the values 
which specify the action types (see Fig. 2). Systematic ways of constructing 
decisions and efficient algorithms for implementing them by computer programs 
are still being developed [6]. The problems resemble, in some respects, those 
arising in switching theory and the logical design of circuits where sophisticated 
and formal design techniques have been evolved. 
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Fic. 2. A Decision Table. 


PERT (Program Evaluation and Review Technique) and CPA (Critical 
Path Analysis) are data processing techniques which were introduced during 
the development of large military projects where hundreds of contractors and 
sub-contractors must coordinate their activities. The techniques are finding 
successful application in other construction projects. The overall project is re- 
garded as a set of discrete activities giving rise to events. For each event there 
are predecessors, and successors, and for each activity there are minimum, 
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expected, and maximum durations, and in some versions of PERT, costs. A 
representation of the network which may contain thousands of activities is 
stored in the computer. 

There are routines to detect inconsistencies in the data (e.g. loops, or events 
without predecessors), trace the critical path (a chain of activities such that a 
delay anywhere along the chain causes a corresponding delay in the final event), 
calculate the float times for activities (the latest starting date which will not 
cause a delay, minus the earliest possible starting date) etc. Moreover, if reports 
on the progress of the work are fed to the computer periodically, then jobs 
which are not on schedule and which are affecting the critical path can be noticed 
immediately. It is obvious that PERT networks are graphs and in fact many of 
the subroutines which have been developed for PERT are manipulations of 
graphs represented as precedence matrices. In particular there are various meth- 
ods of sequencing events (topological ordering), detecting components which 
are disconnected, merging components, etc. The number of different PERT type 
programs, and the size of some of these programs, are very large indeed. 


Languages. There is no theory of data processing in the sense that there 
exists a unified collection of principles and theorems along with methods of 
applying these to obtain solutions to particular problems. There have been 
several attempts at rigorous definition of concepts and elementary operations so 
that procedures on data processing can be described concisely and unambigu- 
ously. 

Sometimes the very difficult task of specifying the overall operation of a 
business has been undertaken [7,8]. Essentially all the components of the busi- 
ness must be identified, the functions of each component stated explicitly, the 
flow of products and information described and so on, all expressed in a suitable 
terminology. No one of these languages for the overall description of a system 
has gained general acceptance. But more restricted languages, for describing 
algorithmic procedures of business in a form which is easily translated to a com- 
puter program, are used widely. 

COBOL (Common Business Oriented Language), the result of a cooperative 
effort of computer manufacturers, is being considered as a standard language [9]. 
Statements are written so as to resemble English, a typical example being: 


IF A EQUALS BAND X ISGREATERTHAN Y ADD CTOD. 


Particular care has been given to data definition, file description and input/out- 
put specification in COBOL. 

The most comprehensive programming language is that proposed by Iver- 
son [10]. This has a rigorously defined notation not only for ordinary computer 
instructions, but also for bit manipulation, microprogrammed instructions (de- 
scribing the operations carried out by the computer hardware), file operations, 
logical and matrix computations, etc. Included also is a notation for describing 
data structures represented by trees and lists. Iverson’s notation is precise and 
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powerful, but its acceptance has been slow because there are many strange forms 
in it, even for common matrix and arithmetic operations. As examples: 
If U is a matrix, with elements u,;, 


+//U = Da tis 


and j a(n) represents a vector with m components, of which the first kR—7 
and the last 7 are ones, and the rest are zeros. 

Simulation languages such as SIMSCRIPT [11] and GPS [12] have been 
developed especially to describe the elements and procedures which make up a 
system. They are useful in setting up models of a complex operation and in- 
vestigating the behaviour as system parameters are varied. In a sense they are 
alternatives to a theoretical analysis of a business environment, much as a 
Monte-Carlo calculation is an alternative to an analytical solution of a physical 
problem. Although the information gained from such models does not have 
the value of a general solution, it is useful when mathematical formulation of the 
problem is not possible, or when the solution of the governing equations is too 
difficult to obtain. 

In summary, some of the concepts of modern algebra, discrete mathematics 
and combinatorial theory have already found application in data processing 
problems. There is undoubtedly a rich harvest awaiting mathematicians who 
are willing to examine these problems and are able to formulate them in ways 
which will allow the powerful ideas of modern mathematics to be brought to 
bear on them. 
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A PERSPECTIVE VIEW OF DISCRETE AUTOMATA 
AND THEIR DESIGN 


C. C. ELGOT, IBM Watson Research Center 
and Courant Institute of Mathematical Sciences, New York University 


Abstract: Some relationships between the theory of Turing machines and the theory of finite 
automata are discussed. An attempt is made to indicate some relationships between these mathe- 
matical theories and the physical devices called “digital computers.” 


1. Introduction. In recent years a new branch of automata theory has been 
intensively developed which has been variously called “theory of finite auto- 
mata,” “theory of (finite memory) sequential machines,” “theory of sequential 
circuits” and by many other similar phrases. The relationships between the older 
theory of Turing machines and this younger theory have often been confounded 
by people not working in these fields. Indeed, it is not unusual to find the 
theories identified. This identification finds support in some claims, on the one 
hand, that finite automata are “good” mathematical models of digital computers 
and, on the other, that Turing machines are. The identification is sometimes 
jarred by the realization that almost every question of the type “is there an 
algorithm such that... ,” which deals with finite automata turns out to be 
algorithmically answerable while in the case of Turing machines, the questions 
turn out to be algorithmically unanswerable. 

This note displays some relationships between the theory of Turing machines 
and the theory of finite automata and attempts to indicate how they are related 
to the physical devices called “digital computers.” In order to facilitate the dis- 
cussion of these relationships a nonstandard terminology is employed for the 
Turing machine discussion. The concepts and terminology are largely drawn 
from [7]. The kinds of questions discussed are oriented toward automata design. 


2. Background. Algorithms have played a significant role in mathematics for 
a long period of time. An algorithm which antedates antiquity for finding the 
greatest common divisor of two positive integers is so fundamental it is still be- 
ing taught in the schools. Another familiar algorithm is that for finding the zth 
digit in the decimal expansion of «/n. Less familiar and more complicated is an 
algorithm, based upon an extension of Sturm’s theorem, for deciding whether a 
given sentence of elementary algebra (or elementary geometry) is true or not, 
(cf. [3]). 

Now suppose one seeks an algorithm—let’s say for discovering whether a 
given polynomial with integral coefficients has integral solutions (Hilbert’s 
10-th problem)—and fails. What does one conclude? Before this century such 
a failure was wont to be interpreted as reflecting a deficiency in one’s intel- 
lectual prowess or one’s assiduity. It was a striking achievement of the twentieth 
century which produced a mathematical explication of the intuitive notion 
“algorithm” and which showed that there exist problems (the word problems 
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for semi-groups or for groups, for example) which are algorithmically unsolvable, 
(cf. [13], [10], [8]). One such explication, which in a certain precise sense, is 
equivalent to a host of others, was given by A. M. Turing [2] in 1936 via a no- 
tion which he called a “machine.” A closely related formulation was inde- 
pendently obtained by E. L. Post [6] in the same year. Before discussing Turing 
machines, it is worth noting that the applications of the theory of algorithms 
(which may be taken as co-extensive with “theory of computability” or “theory 
of recursive functions”) is not restricted to showing certain problems to be un- 
solvable but has some positive facets as well. For example, a much deeper under- 
standing of Gédel’s profound results of 1931 [9] and its relationship to Tarski’s 
[4] is obtainable via this theory. 


3. Turing machines. In order to point to some similarities and some dis- 
similarities between universal Turing machines and general purpose digital com- 
puters, a certain amount of detail in the brief discussion given here is necessary. 
Intuitively one thinks of a Turing machine (cf. e.g. [10]) as a device which con- 
sists of a two-way infinite tape which is ruled off into squares (also called cells). 
At any instant of time, each square contains a symbol from a finite subset of the 
alphabet { So, Si,¢° 7 If the integers are used as names of the squares, then 
the fape content at any instant may be represented by a function k from the 
integers into the set $,= { So, Sic, S,}, say. At any instant of time a certain 
square ” will be distinguished and called the square under scan. 

In addition to its tape, a Turing machine possesses a fixed and finite part 
which will be called its control. The control is capable of assuming a finite num- 
ber of tniernal states. The internal states will be thought of as consisting of a 
finite number of znstruction locations, one of which is designated as the location 
of the current instruction, each instruction location containing an instruction 
code. The internal state of the control at a given instant is determined by the 
current instruction location. The instruction locations will be taken as elements 
of Q= { Q1; G2, 93, ° °° \ A state of a Turing machine will be defined as an ordered 
triple (k, n, g)=({k, n), q), with k a function as above and n an integer, qEQ; 
(k, n) is the tape state and g the current instruction location. 

Informally, the action of a Turing machine may be described as follows. The 
machine starts in a certain tape state and starts following the instruction at 
location g;. Pictorially imagine there is an arrow pointing to the scanned square. 
Then the tape state may be pictured as consisting of the two way infinite tape 
marked with symbols from §, together with an arrow pointing to one of the 
squares. The effect of an instruction is now described. 

Depending on the symbol scanned the instruction specifies the next instruc- 
tion location and one of the following acts (or outputs): (a) print S; on the 
scanned square (after first erasing what was there), where 1 may be any number 
between 0 and 7; (b) move the arrow one square to the right; (c) move the arrow 
one square to the left. 

Thus the machine starts by executing the instruction at location q,. The out- 
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put of the instruction brings about a change (in general) in tape state; the in- 
struction also specifies a new instruction location. Now the instruction at this 
new instruction location is executed and the process is iterated. 

To introduce a static element into this dynamic picture of the action of Tur- 
ing machines, a fourth alternative is usually added to (a), (b), (c) above. This 
fourth alternative is “HALT” or “STOP”. 

This means that the state of the machine undergoes no further change. It is, 
however, not necessary to employ such an explicit HALT. If at a particular in- 
stant of time a machine is in state (k, n, g) and if execution of the instruction at 
location g results in the same state, then the state after this is also the same and 
so is the state after this, etc. Thus, “no change of state” may be made to play 
the role of HALT. The reader who pursues this matter further will easily verify 
for himself that this difference from the more usual treatment results in no 
change of “computing power.” “Instruction” is now defined more mathemati- 
cally. 


4, Instructions. An instruction of a Turing machine will be understood to 
be a mapping from states (k, , g) into states (k’, n’, q’). The particular instruc- 
tions defined below correspond to Turing machines as treated in [10]. The 
mapping which takes (k, n, g) into (k’, n’, q’) for a machine with alphabet 8, 
may be described by a conjunction of r-+1 statements P;, 0SiSr. Each P; isa 
statement of one of the following three forms: For all k, n, q, k’, n’, q’, if R(n) =S; 
then 


(a) gq’ = gi, n’ = n, k'(n) = S and for all m ¥ n, k'(m) = k(m), 
(b) g=g¢,n' =n-+1 and k' = k, 
(c) g = gq, n' =n—1 and kh’ = bk. 


Here g‘€O and SCS&,. The possibility that g'=qg or S=S; (or both) is not ruled 
out. The three forms may be abbreviated as follows: 


(a) (S, @*), (b) (R, q'), (c) (L, q'). 


A particular Turing machine is determined by a finite function table of the 
adjoining kind. (See Table 1.) 

In the table each xj is a specific element of 8,U{R, L} and each d@ is a 
specific element of Q,= { q, nn dp}: Thus, the table describes a function 
from Q,XS8, into (S,U {R, L‘)XQ>. If one deletes from the table those rows 
which correspond to no change of state, one obtains a contracted table which 
contains the same information. Each row of the tables is a quadruple. The set 
of quadruples of a table is called a Turing machine in [10]. 

It should be noted, however, that Davis employs, in effect, a special “halt” 
instruction and does not identify “no change of state” with “halt” which, in 
effect, is done here. 
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TABLE 1 
Current Instruction Input or Symbol 
Location Scanned Output New Instr. Loc. 
1 1 
71 So Xo do 
1 1 
q1 Si M1 q1 
. . “1 “1 
71 Sr Xr dr 
2 2 
d2 So 1) Jo 
2 2 
Qa St x1 qi 
e °2 
qa Sy Xr qr 
Yp So 29 go 
Pp 
Ip St “1 q1 
Ip Sr Xp Gr 


The matrix consisting of the first (r-+1) rows and last 3 columns of the 
original table may be regarded as an instruction code which is located at instruc- 
tion location qi. The matrix consisting of the next (7y-+1) rows and last three 
columns is the instruction code located at qo, etc. 

It is worth noting that the machines of [6] are based upon simpler instruc- 
tions. A table describing such a machine would have the output column depend- 
ing only on the current instruction location and not on the symbol scanned. In- 
deed, the only instructions which take cognizance of the symbol scanned are 
ones which make no change in the tape state. In digital computer parlance these 
are “conditional transfer” instructions. 

Remark: \t is interesting to observe in passing that the outputs R, L may 
be interpreted alternatively as keeping the square scanned fixed and shifting 
the tape content one square relative to the tape. With this interpretation the 
square scanned may always be taken to be square 0. While this interpretation 
promotes simplicity (for example, in the notion tape state), the points we wish 
to make are more readily made with the interpretation adopted. 

Turing machines become very much more like digital computers if one per- 
mits a broader instruction set. To facilitate making the point clearly, let it now 
be supposed that the integer which designates the scanned square is the content 
of a “special” cell s and let the tape content now be given by a function k on 
LU {s}, where Z is the set of integers. (Now tape content and tape state are 
synonymous.) Then the output and new instruction location always depend on 
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k(k(s)). The content of only one cell is affected by an instruction and this cell is 
either s or k(s). (Actually in Turing’s original formulation, two cells would in 
general be affected, viz. s and k(s).) On the other hand the effect of a digital 
computer instruction may depend on k(x) and k(y) and affect cell z where x, ¥, 2 
may range through a large set of values. To put this matter succinctly: Turing 
machine instructions do employ instruction locations (or addresses) but do not 
employ “data” addresses; digital computer instructions typically employ both 
instruction and data addresses. (The set of addresses of digital computer instruc- 
tions are often ordered. There are some variants of the Turing machine notion 
in the literature which also employ ordered (instruction) addresses.) Yet other 
differences involve the use in digital computers of a variety of “memories” with 
different characteristics. A discussion of these various memories is outside the 
scope of this note. It may occur to the reader familiar with digital computers 
that instructions of (general purpose) computers have an important facility 
that has not yet been mentioned, viz. the ability to modify themselves. This is 
more appropriately taken up after discussing “universal” Turing machines. 


5. Computations. The direct transition function v (for this Turing machine 
notion) is a function of two variables one of which varies over particular Turing 
tables and the other over states. If T is a Turing table and o= (k, n, q) is a state 
and yr(c) =o’ then o’=T,(c), where “7,” denotes the instruction at location q. 
The transition function v* is a function of 3 variables; the first variable ranges 
over Turing tables, the second variable over the nonnegative integers N and the 
third over states. The function v* is defined inductively by the requirement 
that it satisfy 


v7(0, o) =o and vr(n +i,c)= yelve(n, q)). 


The function from N into the set of states obtained from v* by fixing T, a is 
called the (Turing machine) computation determined by T, o and is denoted by 
“compr(c).” A computation is successful if there exists an 2 such that v7(n+1, c) 
=vyr(n, o). If such an n exists, let 2) be the smallest such. Finally a function 7 
of two variables is introduced as follows: z7(c) is defined if and only if compr(c) 
is successful; if compr(c) is successful then i7(c) =y'7(no, a). It is readily verified 
that if zr(c) is defined, t7(o) =ir(iz(c)). Thus i7(o) may be described as the last 
state in the computation determined by T, o provided a last (or more accu- 
rately, stable) state exists. 


6. Functions computable by Turing machines. In order to compute functions 
on N via Turing machines it is necessary to have some means for representing 
the elements of N on the Turing machine tape. An r-tuple (11, me, -- +, m,) of 
nonnegative integers will be represented by any tape state (k, ~) such that 


k(n) = §; 
= §, 


Rn+1)=---=k(n +m), k(n +m + 1) = So, k(n + 1m + 2) 
k(n + m+ 3) = +++ = k(n + m + m+ 2), 
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for the next argument k assumes the value So, for the next m3-+1 arguments k 
assumes the value Si, etc., for all other arguments k assumes the value Sp. Thus 
an infinite number of tape states correspond to the same r-tuple. Had the alter- 
native of the Remark of Section 4 been adopted, however, the correspondence 
between tape states and r-tuples would be 1-1. 

A function f, say of two variables, defined on a subset of NX WN with values 
in WN is said to be computable by a Turing machine T if for all x, y, 7, 0, where 7 
is a tape state which represents (x, y) and a = (r, qi), (a) if (x, y) is in the domain 
of f, then z7(c) is defined and if zr(c) =a’ = (r’, q’), then 7’ is a representation of 
(x, y, f(x, y)), (b) if (x, y) is not in the domain of f, then z7(c) is not defined. 

In a similar way one defines what is meant by “T computes f” where f is 
a function of one, three, four, etc. variables. 

Now, the number of Turing machines is denumerably infinite since each 
Turing machine is describable by a finite table whose entries are chosen from a 
denumerably infinite set. Let p(0) =2, p(1) =3, p(2) =5, p(3) =7, p(4) = 11, -- - 
be an enumeration of the prime numbers. Given any positive integer 7, let d(n) 
be the function from N into N which takes 7 into the exponent of p(2) in the 
(unique) prime decomposition of x. The mapping d is a 1-1 mapping from posi- 
tive integers onto the functions from N into N of finite support, i.e. those func- 
tions which assume the value zero except for a finite number of arguments. By 
assigning numbers to the entries of the Turing tables and making use of the 
mapping d, one may assign numbers (cf. [10]) to Turing machines in a uniform 
way. Similarly, numbers may be assigned to tape states (k, 2) where & is a func- 
tion which assumes the value Sy except for a finite number of arguments. 

Turing proved, in effect, that there is a machine U which computes a func- 
tion f of two variables that satisfies the following property: (a) if t is a number 
of the Turing machine J and T computes the function g of a single variable, then 
fr=g, where f; is the function of one variable obtained by fixing the value of the 
first variable of f to be ¢t; (b) for any nEN, f, is computed by some Turing 
machine. 

Such a machine has been called universal. It is profitable to view universal 
Turing machines in the image of digital computers. To this end consider the 
nature of a plan to design (i.e., specify the table of) a universal machine U. 


7. Gross outline of plan. Starting with an initial state (k, 0, ¢1), where the 
tape state (k, 0) represents (t, x) and where ¢ is the number of a Turing machine 
T, the universal machine U determines the number of the tape state (ki, 0) 
where (k;, 0) represents the number x. By “decoding” ¢ which is “stored” on 
U’s tape, U determines what the instruction of T is, at location q. Then U 
determines and records on its tape the next instruction location of T and deter- 
mines the number of the next tape state of J and records that on its tape. Now 
U seeks on its tape the last instruction location recorded, decodes ¢ to find what 
the instruction is, etc. In order for U to determine whether or not 7’s computa- 
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tion is successful, U must test (and therefore have had recorded) two successive 
states in T’s computation. Even though the computation is successful, T’s last 
state may not represent an ordered pair whose first member is the given x. In 
this case, as well as the case that T’s computation is unsuccessful, the function 
f of a single variable computed by TJ is not defined for the argument x. 

In case f(x) is defined, U determines this and records f(x) on its tape in 
proper position. 


8. Digital computer control. There is an aspect of the design of digital com- 
puters which bears a close resemblance to the aspect of universal Turing ma- 
chine design discussed in the previous section. The number ¢ of a Turing machine 
T is analogous to what is called a program for a digital computer. A program 
may be regarded as a coded description of a machine. The code used has a 
special property, viz. each cell contains a code word for an instruction. The con- 
tents of several cells taken together constitute a description of a machine. In 
the design of a general purpose digital computer one must, as in the case of 
Turing machines, decode the machine description, determine and record the 
new instruction location (frequently in a special “cell” called the instruction 
counter), compute and record the output of the instruction, then return to the 
coded machine description to find the new instruction, etc. Because of the ad- 
dressing facility of the digital computer, the instruction code word at an in- 
struction location may be “immediately” found. In the case of the universal 
Turing machine, the instruction code word at a given location has to be com- 
puted. Unlike, too, the plan of section 7, the general purpose digital computer 
computes directly on the “tape content” of the described machine and not ona 
number which represents the tape state of the described machine. It may be 
noted that the salient property of a general purpose digital computer that it 
permits alteration of (computation on) the machine description, is shared by a 
universal Turing machine. 

If one attempts to simplify the design of a universal Turing machine by 
using as a coded description of a machine J a finite sequence of code words 
each of which is to occupy a single cell, one runs into the difficulty that this re- 
quires an infinite number of symbols S;, since there are an infinite number of 
instructions. Of course codings simpler than the one indicated exist, but more 
than one cell per instruction code is required. 

The matter of how instructions are to be “executed” has received little or 
no attention in the design of universal Turing machines. In the case of digital 
computers, however, the design of execution (arithmetic) units is of considerable 
importance. 


9. Sequential machine equivalence. Let T, T’ be two Turing (uncontracted) 
tables over the same alphabet 8, and let Qr, Qr be their respective sets of in- 
struction locations. The tables T, T’ will be said to be sequential machine equiv- 
alent, or equivalent in the sense of the theory of sequential machines, via the 
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binary relation R, RCQrXQr:, provided that (a) the set of all first components 
of R is Qr, (b) the set of all second components of R is Qr and letting fr (resp. 
gr) be the function (fr is the next instruction location function of T and gr is the 
output function of 7) which takes the first two elements of a row of T into the 
fourth (resp. third) element of the same row of 7’, (c) for any gq, g’ such that 
qRq (i.e. (g, ')ER) and for any SE8,, fr(g, S)Rfr (7, S) and gr(q, S) = gri(q’, S). 

The tables 7, 7’ are sequential machine equivalent if there exists such an R. 
The binary relation R induces a binary relation D on machine states as follows: 
(k, n, g)D<k, n, q’) if and only if k= k’, n=n’ and qRq’. It is readily verified that 


THEOREM. If T and T”’ are sequential machine equivalent via R and ¢Do' then 
yr(c)Dvz:(c'). Conversely, for any R satisfying (a) and (b), tf for any states a, a’, 
oDo' implies vp(a)Dvrr(a’), then T and T’ are sequential machine equivalent via R. 


This simple theorem is important for understanding how the theory of 
Turing machines is related to the theory of sequential machines. In the theory 
of Turing machines, one is frequently interested in whether JT’ and JT’ compute 
the same function (cf. Section 6), say, of one variable. If T and T” are sequential 
machine equivalent, then JT and 7” compute the same function but not con- 
versely. Indeed, there is an algorithm for deciding given any 7, 7’ whether they 
are sequential machine equivalent or not, but it is known (assuming one ac- 
cepts that “algorithm” has been satisfactorily explicated) no algorithm exists for 
deciding given any T, 7’ whether they compute the same function. 

It is worthwhile to pursue a consequence of the theorem. If the sequence 
So, 01, 2, ° °° is a computation of some Turing machine and o;=(k;, n,, q*), 
call the sequence (Ro, 20), (Ri, 1), (Re, 2), - - - the track of the computation and 
the sequence q®, g}, g?, -- - the trace of the computation. Then 


CoroLuary. If T and T”’ are sequential machine equivalent via R and oDo' 
then the track of compr(c) equals the track of compr:(o’). 


If sequential machine equivalence alone is being investigated it is not neces- 
sary to restrict oneself to Turing tables but one may include the broader class of 
sequential machine tables. These are tables like the Turing tables except that the 
restriction that the set of output symbols be a (particular) superset of the input 
symbols is removed. The set of output symbols is permitted to be any set what- 
ever. 

Thus a Turing table is a sequential machine table; the role of “R” and “L” 
is different, however, when a Turing table is “regarded as” a sequential machine 
table. See the definition of sequential machine computation given below. 

Given a sequential machine table T with input alphabet 8,, let S1, S?, S38, -- - 
be any (finite or infinite) sequence of input symbols and let q@Q;. Then two 
sequences q!, g?, g’, -- - and O}, O?, O08, - +--+ are induced by the requirements: 
fr(qi, S) =q**!, q'=q, gr(qi, S*) =O%. It is easy to check that if T and 7’ have 
the same input alphabet and are sequential machine equivalent via R and 
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qRq' then the output sequence induced by JT and qg equals the ouput sequence 
induced by J” and q’. 

The sequential machine notion also admits a description as a special kind of 
Turing machine. Again, given a sequential machine table 7 with input alphabet 
S,, let S1, S?, S3, +--+, S* be a finite sequence of input symbols and let g’€Qr. 
The direct transition function 7 (for this sequential machine notion) is a func- 
tion of two variables one of which varies over sequential machine tables and 
the other over states o= (k, n, g). Let k(x) €8,U { 6}, where BES, and suppose 
Tr(a) =0'=(k', n', g'); Tr is so defined that (1) if k(n)=8 then o’=c, (2) if 
k(n) €&,, then k'(n) = gr(q, k(n)), k’ =k elsewhere, gq’ =fr(q, k(n)) and n’=n-+1. 
We may now define r* from 7 as v* was defined from v. The function from N into 
the set of states obtained from 7* by fixing T, o is called the (sequential machine) 
computation determined by T, o. If c= (k, 1, ¢@) and k(j)=S%, 1S7 Sn, and 
k(n+1)=8, and if rp(n, o)=(k', n’, g') then rr(n+1, o)=7z(n, o), F’(j) 
=O), 1<7Sn, n’'=n-+1, ¢’ =¢"t! and the trace of the (sequential machine) 
computation is g}, g?, g?,---, grt}, grt}, grt! - - + (cf. previous paragraph). 


10. Brief mention. If T is an arbitrary sequential machine table and q isa 
particular instruction location, then by the behavior of the initialized table Tq is 
meant the mapping which takes an arbitrary input sequence into its induced 
output sequence. Given a binary relation R between input and output sequences, 
an initialized table T, is said to satisfy R if its behavior b fulfills the requirement: 
for any input sequence u, uRb(u). Given a formal language in which R and 
IT, are expressible, questions of the following kind have been treated: 

(a) is there an algorithm for deciding, given 7, and R, whether T, satisfies 
R? 

(b) is there an algorithm for deciding, given R, whether there exists a T, 
which satisfies Re 

(c) find an algorithm which produces, given R, a (resp. all, an optimal) T, 
when one exists. 

These problems have been construed as problems in the design of sequential 
machines. For a survey of results of this character (with the exception of the 
optimality alternative of (c)) see [1]. “Optimal sequential machine table” has 
been taken to mean “minimum number of instruction locations.” This problem 
however has been treated only for the special case in which R is obtainable from 
a sequential machine table which may be “incomplete,” cf. [12]. In this case 
the existence of at least one 7, satisfying the given R is always assured. 

In the case of sequential machine tables with two output symbols, say 0, 1, 
the behavior 7, is characterized by the set of input sequences u of length 
n,n >O, whose induced output sequence has 1 in position z. Call the class of all 
such sets 3. The class 3 has been characterized in an entirely different way, and 
regular (in the sense of Kleene [14]) expressions have been used to represent 
elements of 3. The problem of finding “good” algorithms for passing from regu- 
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lar expressions to initialized tables which are “equivalent” has also been treated 
in the literature. 

Sequential machines and sequential circuits are intimately related but the 
latter are outside the scope of this short note. The circuits are more detailed 
structures and there are many additional design problems characteristic of 
them. Some of these problems originate in the design of arithmetic units for 
executing instructions. The extensive bibliography of [5] mentions much of the 
pertinent literature. A recent interesting paper is [15]. At a still more detailed 
level, the design of combinational circuits which forms a part of the design of 
sequential circuits, has been treated in a vast literature. The problems most 
frequently treated are optimality ones with some attention to algorithm com- 
plexity. 
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LOGIC AND COMPUTERS 
HAO WANG, Harvard University 


1. Historical and philosophical background. Familiar connections between 
mathematical logic and automatic computers are the possibility of representing 
basic building blocks of computers by (sequential) Boolean functions and the 
close resemblance between programming languages and symbolisms of logic. 
As a result, both for the construction and for the use of computers, a certain 
degree of acquaintance with logic becomes indispensable. As early as 1656, 
Leibniz dreamed of a universal scientific language in his first published work; 
and many people today are actively seeking for a universal language for com- 
puters. Gottlob Frege wished to reduce arithmetic to logic from 1879 on, and 
in an oblique way the performance of arithmetic operations in computers by 
means of electronic circuits which are essentially logical functions may be said 
to accomplish the task in a particularly down-to-earth manner. 

A more basic link between logic and computers is perhaps the common inter- 
est in algorithms. Although Charles Babbage conceived of and started to build 
in the 1830’s the Analytical Engine which possessed most of the basic character- 
istics of modern computers, it was only in the 1940’s that automatic computers 
began to appear through the efforts of Howard Aiken, John von Neumann, and 
others. The logicians had, on the other hand, made not only a highly successful 
abstract study of algorithms but even clarified the relation between machines 
and algorithms, largely through A. M. Turing’s theory of idealized machines, 
all in the 1930's. 

Traditionally the study of algorithms falls outside the domain of logic. The 
deepest source of the affinity of logic and computers is the preoccupation of 
logicians with formalization. The long evolution of attempts to formalize mathe- 
matical proofs, from Euclid to Principia, finally led to mechanizability as the 
ultimate criterion of complete success. This desire to make arguments formally 
precise and exact is concerned more with the product rather than with the 
theory of formalization. Only in the 1920’s, D. Hilbert, P. Bernays and others 
began to study metamathematics: the theory of proofs, the theory of formal 
systems. The distinction may be illustrated by the method of “discarding 9’s” 
for checking multiplications. It is a metamathematical result on the usual tech- 
nique of multiplying particular integers that a number is divisible by 9 if the 
sum of its digits is. This example also brings out the fact that the distinction be- 
tween mathematics and metamathematics is not sharp. For we can easily state 
and prove the above result as a simple theorem in number theory by the easy 
relation 10”=1 (mod 9). 

It was the concern with a theory of proofs which at first led J. Herbrand to 
an abstract definition of calculation processes, as a particularly simple type of 
proofs. Although Turing was said to have had formulated his theory of machines 
before he was familiar with much of the achievements in logic, he certainly did 
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his homework quickly and soon put his work in the main stream. The surpris- 
ingly simple solutions to the question of giving a general definition of algorithms 
were undoubtedly an important cause of the rapid developments in the area of 
abstract studies of calculations. 


2. Between engineering and mathematics. Logic was a bastard of mathe- 
matics and philosophy; while actual computers first came into being as a great 
feat of engineering. This divergence in their ancestry presents serious sociologi- 
cal and scientific difficulties for those who are interested in the vaguely defined 
region referred to as “logic and computers.” This is not the place to digress into 
sociology. 

The trouble on the scientific side is that most ambitious people find dreary 
piecemeal engineering and idle intellectual gymnastics equally repulsive. And 
it seems as though there is little else to offer at the present stage, except it be 
irresponsible speculations. The origin of the problem goes further back. Every 
branch of applied mathematics embodies an intrinsic dilemma: each piece of 
work is either not sufficiently applied or not sufficiently mathematical. We have 
to present a patient defense in each case. 

As Turing machines and actual computers were studied more or less inde- 
pendently of one another, there slowly developed a desire to bring about a 
marriage of theory and practice. This has proved to be an exceedingly difficult 
task. True, there are a number of basic results in very general terms. Turing 
machines are equivalent to actual computers if we disregard speed and the ques- 
tion of a potentially infinite supply of tape. In fact, there are alternative formu- 
lations of Turing machines which are more similar to actual computers, e.g., a 
representation of Turing machines by programs with a small number of basic 
instructions. Hence, since there are problems (e.g., the halting problem) which 
are unsolvable on Turing machines, the corresponding problems are unsolvable 
on actual computers. Another example is the result that in theory erasing is dis- 
pensable on Turing machines. Hence, magnetic tapes (in contrast with, say, 
paper tapes) are in theory not necessary for building computers. 

Along with Turing machines, a simpler model of computers under the name 
“finite automata” has been extensively investigated and sometimes compared, 
in an expansive and speculative mood, to the human brain. This elegant model 
has also given rise to a number of amusing mathematical results. 

In both cases, however, decisive steps remain to be taken before more sig- 
nificant applications can be made, probably with more realistic and less neat 
models. One basic difficulty is the transition from theoretical possibility to prac- 
tical feasibility. For example, even though finite automata are closer to actual 
computers in being finite, the large size needed to represent an actual computer 
makes it seem likely that Turing machines will be a more useful model than 
finite automata even for practical purposes. 

It must be emphasized that the mathematical theory of machines is a young 
discipline and, as such, it is doing very well so far. Moreover, it has the impor- 
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tant advantages that little equipment beyond native wits is required for its pur- 
suit and that it promises great things to come. But great things are rare. What 
is needed at present is not quantity but rather pursuers of good quality. 

On the more theoretical level, the study of impractical algorithms and ab- 
stract machines, not as isolated idealizations, but in relation to other parts of 
logic and mathematics, has led to many significant mathematical results. More- 
over, these results, although not often their proofs, can usually be stated in 
quite simple terms. In terms both of their intrinsic intellectual merit and of 
their potential applications, they would seem to have as wide an appeal as, say, 
molecular biology. 


3. Unsolvable problems. While engineering is primarily the study of how to 
make things, mathematics is more often concerned with showing that under 
certain general conditions, certain things can or cannot be done. There is a spe- 
cial appeal to show that certain things cannot be done, because such results in- 
volve, in a negative way, all the available resources of a given method. For 
example, in bisecting an angle, we use only a small part of the resources of ruler 
and compass; while in proving the impossibility of trisecting an arbitrary angle, 
we have to possess a clear conception of all the possible constructions which we 
can make with ruler and compass. It is in this area of demonstrating unsolvabil- 
ity that the abstract study of idealized machines has produced results of the 
greatest mathematical interest. In particular, the interplay of logic and the 
theory of computers is striking. 

It is familiar to logicians that all mathematical theories can be formulated 
in the framework of elementary logic. Hence, if we could decide whether in 
general a statement is a theorem of logic, we would also be able to decide whether 
a statement is provable in any given mathematical theory. This situation ex- 
plains why the Hilbert School regarded the Entscheidungsproblem, i.e., the 
problem of deciding whether a statement in logic is a theorem, as the main 
problem of logic. 

From 1920 on, Post tackled this problem by formulating a more general one 
that deals with derivability in arbitrary production systems, of which the sys- 
tem of elementary logic is a special case. This turned out to yield a general con- 
cept of formal systems, and indirectly, one of calculation processes. Moreover, 
the abstract formulation renders possible experimentations on apparently sim- 
ple cases, with a view to discovering some common pattern useful for the 
handling of the general case. 

Unfortunately, as a means to get positive results, this attractive approach is, 
on the whole, quite powerless. One of the very first examples which Post studied 
in 1920-21, and reported publicly in 1943, remains unsettled today. Consider 
all (finite) strings made out of 0’s and 1’s and use two very simple rules: if a 
string begins with 0, delete the three symbols at the beginning and add 00 at 
the end; if it begins with 1, delete the three initial symbols and append 1101 
at the end; (stop if a string contains less than three symbols). The problem is 
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simply: do we have a general method of deciding, for any two strings, whether 
the second can be obtained from the first by the above two rules? 

On the other hand, Post’s approach can be employed to establish negative 
results, once the step is taken to identify solvability with that by a production 
system or some other equivalent method, say by a Turing machine. In fact, in 
1936 Turing proposed and argued for such an identification, and applied results 
on Turing machines to prove the unsolvability of the Entscheidungsproblem. 
Quite recently, this result has been sharply refined to a certain degree of finality, 
with the help of a picturesque auxiliary tool of “dominoes.” This type of work 
exemplifies the rich possibilities of applying the theory of machines to establish 
basic results about logic. 

Applications in other branches of mathematics include P. S. Novikov’s proof 
(1955) that the word problem for groups is unsolvable, a result which has been 
applied by A. A. Markov to prove (1958) that the 4-dimensional homeomorphy 
problem is unsolvable. The 3-dimensional homeomorphy problem remains open. 
Impressive partial results have been obtained on Hilbert’s tenth problem: 
whether there is a general method of deciding the question of solvability in inte- 
gers of every polynomial equation with integer coefficients. To establish the 
unsolvability of this problem would be considered a major mathematical result. 

The (formally) simplest example of an unsolvable problem is probably the 
following word problem formulated by G. S. Tsentin and D. Scott in 1955. Con- 
sider strings (words) made out of the five symbols, a, b, c, d, e and the following 
seven rules for mutual substitution: acca, adda, bc<>cb, bd<db, adacabac, 
eca<>ae, edb<>be. It is an unsolvable problem to decide whether any two words 
are equivalent by these rules. 


4, Formalization. From the rich domain of mathematical logic, we have 
selected two aspects as specially relevant to computers, viz. the theory and the 
practice of formalization. The unsolvability results belong to the theory side, 
while formalizing individual mathematical proofs or “deriving mathematics 
from logic” belongs to the practice side. In this latter aspect the interplay of 
logic and computers is significant on a more concrete level: developments of logic 
combined with the great power of actual computers give rise to the hope of 
mechanizing mathematical arguments, not just in principle, but in practice as 
well. 

As in engineering, there is little likelihood of general results in this positive 
enterprise. But, unlike an engineer, we are not concerned with actually making 
things and we do get exact results in each individual case. 

The interest in mechanization implies a reorientation of formal logic with a 
view toward greater efficiency. In particular, this means that the need for econ- 
omy of axioms and primitive concepts is to be supplemented with an exact 
formulation of a large body of concepts and rules, which make up the average 
mathematician’s stock of trade. 

This can best be illustrated by an example from elementary number theory. 
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Suppose we wish to prove: 
(I) x > 1 (Ey)[Py A (y| «)], 


i.e., every integer greater than 1 has a prime divisor. 

We assume given an organized stock of information SF with properties of 
+,:°, < listed first, and then properties of P and | , Which may involve the more 
basic concepts +, -, <. The list SF is organized so that not too much searching 
is necessary to look up required properties. 

The basic strategy is to assume the theorem false and try to derive a contra- 
diction from the least counterexample, which embodies a mechanically con- 
venient form of the principle of mathematical induction. The imagined least 
counterexample provides an “ambiguous constant” which possesses not only 
general properties true of all integers but also unusual properties arising from 
the assumption that it is a counterexample. In simple cases such as (I), after 
we draw on SF and use simple truth-functional deductions, we quickly get an 
ambiguous constant with contradictory properties. It should be emphasized 
that the proof below is merely a sketch of an illustration. More elaborate 
strategies of roughly the same type are necessary in order to prove more complex 
theorems. 

To prove (1), we first assume it false and let m be the least counterexample: 


(1) m> i 
(2) Pb—bim 
(3) 1<a<m— Py. A (ya| a). 


The only ambiguous constant thus far is m. Substitute m for a and b above 
in order to get further properties of m. 


(4) Pa—>mitm 
(5) 1<m<m-— Pym /\ (ym|m). 


Look up SF and try to derive simple consequences from (1), (4), (5) with 
the help of SF. Find mm in SF and delete the trivially true (5). Find m| m in 
SF and infer from (4): 


(6) ~Pm. 


Now (4) may be deleted since it is a direct consequence of (6). We have now 
(1), (2), (3), (6). Look up SF and get the defining property of P as applied to m: 


~Pm @ (Ex)[1 <a <m/ («| m)]. 
By (6), we get: 
(7) 1< 4%m<m™m 
(8) Lm | Mm. 
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Since %m is a new ambiguous constant, it is desirable to substitute it for the 
free variables in the general statements obtained so far, viz. (2) and (3) only. 


(9) Pim —> Xm fm 
(10) 1 < am < m—> Pysq \ (am | tm) 


Derive truth-functional consequences (first without appealing to SF) from 


(1), (2), (3), (6)—(10). 


(11) ~Px%m, by (8) and (9). 
(12) Py ans by (7) and (10). 
(13) Vem | Xm, by (7) and (10). 
Now appeal to the list SF and use: (a| b) A (b| c)—>(a| c). 
(14) Yz,|m, by (8) and (13). 
Substitute the ambiguous constant y,,, for the free variables in (2) and (3): 
(15) P Yon —> Yom { MH. 
(16) 1 < Yx_, << m—> Pye A (Yuz,,| Yen) 
By (14) and (15), we get: 
(17) ~Py,;,,, contradicting (12). 


Obviously we have not listed all the blind alleys and the method has to be 
specified much more exactly before a machine program can be written. But, it 
is thought, the above outline makes it plausible that a fairly natural program 
can be written on existing machines to prove theorems like (1) and, for example, 
also 2x? -y? (x, y range over positive integers). 
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Digital computers have turned out to be useful in many more ways than 
their originators imagined. Machines which were developed primarily for solv- 
ing long and complicated mathematical problems involving millions of separate 
calculations and which will diligently perform the tedious calculations of nuclear 
physics and meteorology will also do the bookkeeping and inventory chores of 
the business world and the tedious statistical analyses of social science. Even 
problems that seem essentially nonnumerical can be restructured to take ad- 
vantage of the computers’ untiring ability for manipulating digits. 

Because computers spend much of their time calculating complicated mathe- 
matical formulas, it is commonly thought that computers are “giant brains” 
which can be mastered only by mathematical wizards. In fact, computers can 
be instructed by anyone who understands the series of operations that he wants 
performed. Digital computers are designed to perform only a specific number 
and type of operations. A computer is directed to perform each operation by an 
instruction. The instruction defines the basic operation to be performed and 
identifies the data, device or mechanism needed to carry out the operation. The 
entire series of instructions required to complete a given procedure is known as 
a program. 

For example, the computer may have the operation of multiplication built 
into its circuits in much the same way that the ability to add is built into a sim- 
ple desk calculator, but there must be some means of directing the computer to 
perform multiplication just as the desk calculator is directed by depressing keys. 
There must also be a way to instruct the computer where it can find the factors 
to multiply. 

Further, the comparatively simple operation of multiplication implies other 
activity that must precede and follow the calculation. The multiplicand and 
multiplier may have been read into the computer by an input device, and stored 
in its storage unit—storage is somewhat like an electronic filing cabinet com- 
pletely indexed and almost instantaneously accessible to the computer. Once 
the calculation is performed, the product must be returned to storage at a speci- 
fied location, from which it may be written out by an output device or used 
again in another operation. 

Any calculation, therefore, could involve reading, locating operands in stor- 
age, returning the result to storage, making logical decisions, and writing out 
the completed result. Even the simplest portion of a procedure involves a 
number of planned steps that must be spelled out to a computer if the procedure 
is to be accomplished. 

An entire procedure is composed of these individual steps grouped in a se- 
quence that directs the computer to produce a desired result. Thus, a complex 
problem must first be reduced to a series of basic machine operations before it 
can be solved. Each of these operations is coded as an instruction in a form that 
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can be interpreted by a computer and is placed in the main storage unit as a 
stored program. A mathematician can specify a sequence of operations to the 
computer to solve a partial differential equation, an educational psychologist 
who never heard of a differential equation can study, with the aid of a com- 
puter, the psychological concomitants of creativity, a medical doctor can analyze 
phonocardiograms on the same computer and a lawyer can instruct the com- 
puter to retrive information on cases of interest. A computer by itself can do 
nothing, but with suitable instructions it can solve equations, process data, 
and in general, augment human reasoning. 

As we indicated above, a sequence of instructions suitable for solving a 
particular problem is called a program, and the process of devising such a se- 
quence is called programming. 

Programming a digital computer can be an exacting task, because the ma- 
chine is such a relentless follower of instructions. At the present time, computers 
are machines without intelligence, in any sense of the word. But the programs 
which are written for the computer may cause the machine to exhibit behavior 
strikingly similar to intelligent behavior. While they obey highly intricate sets 
of commands, they do not possess human judgment. A computer does exactly 
what it is instructed to do, showing no common sense. Thus every possible con- 
tingency that might arise in the course of the calculation must be foreseen and 
provided for. Programming requires careful attention to details. The computer’s 
hardware repertoire is so elementary in terms of steps required in solving a prob- 
lem that a problem must be dissected into very small pieces in order to be 
programmed. The point is that an enormous amount of planning goes into even 
the simplest work done by a computer. 

In most general purpose computers, information appears as combinations of 
bits or binary digits representing “0” or “1”. These bits are organized as char- 
acters or words. A “character” typically consists of 6 or 8 bits. Six bit char- 
acters would provide enough combinations to represent 64 different characters— 
the alphabet, the decimal digits and several special characters. A word is usually 
made up of 5, 6, or 8 characters. Words may represent instructions, collections 
of characters to be used as data or numbers expressed in binary form to be used 
as data. The decision as to whether a word is to be interpreted as an instruction 
word or data word occurs when the program is being executed in the machine. 
Thus, a computer can treat the instructions stored in the memory as data and 
can modify these. This allows a program to be modified as it is running and is 
an important and powerful characteristic of present day computers. 

An instruction word is subdivided to represent the elements of the instruc- 
tion. These elements are an operation, an address and, usually, modifiers of 
either or both. Some machines have two or three addresses per instruction, some 
have two instructions per word, and some have instructions of variable length. 
The type of programming which uses the basic machine instructions is referred 
to as machine language programming. For example, if we wanted to compute 
a-b-++c=d we could write the machine equivalent of these steps: 
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1) Load register with a; 3) Add ¢; 
2) Multiply by 3d; 4) Store as d. 


Deep in the innards of the machine each instruction would be a string of 
zeros and ones, and each variable would be represented by its specific location 
in storage. Clearly it is impractical for humans to deal with such strings of zeros 
and ones. Instead one uses standard mnemonic operations and symbolic ad- 
dresses which are translated into true machine words and loaded into memory 
ready for execution. The translation is done by a program already in the com- 
puter. This type of program, now the minimum essential “software” for any 
computer, is called an assembly program. It is a set of instructions to the com- 
puter of how to operate upon symbolic input to produce machine instructions. 
In assembly language, our example might be written as: 


LDQ A 
FMP B 
FAD C 
STO D 


It is this assembly language programming that has come to be called machine 
language rather than the primitive binary or octal coding. The assembler is one 
of the simplest examples of a class of amazingly elaborate programs, called 
processors, which are used to construct other programs. 

Many of the difficulties and inconveniences of writing programs directly 
in machine coding can be eliminated or simplified by more advanced systems of 
program writing. These programming systems consist of two parts: a language 
and a processor. The language is similar to the programmer’s language and can 
be translated into machine language by the processor. The required procedure is 
first written in the programming language; this is called the source program. 
Then the source program is translated automatically into machine language, 
the object program, by the processor, called a compiler. 

When such a programming system is used, the computer actually operates 
as a translator or program assembly device. Statements in the programming 
language are translated into machine coded instructions. Storage areas are 
automatically assigned, constants or other reference factors are included and 
pre-written library routines (subroutines) for checking, input-output, etc. are 
assembled into a completed object program. This object program is then actually 
used by the computer to run the problem. In addition to translation and assem- 
bly, a processor performs the additional function of compiling the object pro- 
gram in the most efficient manner it can. 

The purpose of the programming language is to state a procedure in a way 
that is convenient for the programmer but that transfers much of the clerical 
work of program writing to the computer. This language (sometimes called 
artificial to distinguish it from the natural languages), like any other, has estab- 
lished rules of grammar, punctuation, and expression. The terms of expression 
must be precise in the way that they describe any procedure to the computer. 
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These statements must convey to the computer exactly what it is to do, even 
though the aim of the language is to allow the programmer to state a procedure 
in a language nearly like his own. The programming language must then com- 
promise between the easiest way for the programmer to write the design and 
organization of the computer system, and the requirements of the procedures to 
be expressed. The language of the programming system may be either problem- 
oriented or machine-oriented. If it is problem- or procedure-oriented, the lan- 
guage is independent of the computer and more closely approximates the every- 
day language of the user and can be translated into several different machine 
languages using appropriate processors. The term “computing language” most 
often refers to a problem-oriented one. 

The compiler is usually incorporated in an automatic monitor system. The 
monitor carries out the routine tasks of loading programs in the machine, keeps 
track of machine time used, and normally provides the programmer with useful 
output such as a complete map of storage allocations for the subroutines used 
and with useful diagnostic output for various types of program failure. 

In the early days of “automatic programming,” as programming using a 
compiler is known, the most important criterion on which a compiler was judged 
was the efficiency of the object code. “After all, you only compile once, but you 
run the object program many times... ” was the cry to justify a philosophy of 
compiler design that permitted the compiler to take as long as necessary to 
produce good object code. For some types of programs the coding produced is 
very good. Of course, there are some for which it is not so good. Experience led 
to a gradual change of philosophy with respect to compilers. During the code 
checking stage, known as debugging, compiling is done over and over. One of 
the major reasons for using a problem-oriented language is to make it easy to 
modify programs frequently on the basis of experience gained in running the 
problems. In many cases the total compiler time used by a job is much greater 
than the total time used running the code. Many of the newer compilers have 
emphasized compiling time rather than efficiency. Some have gone too far in 
that direction. 

In most computing centers today our tiny example of a-b-++c=d would al- 
most certainly be written in FORTRAN or ALGOL. FORTRAN is one of the 
oldest and by far the most successful of computer languages. This language re- 
quires a processor which is considerably more complex than a machine language 
assembler. The initial system released in 1957 was probably the most complex 
programming system ever produced up to that time and comprised some 25,000 
lines of machine language code. Developed originally by IBM for scientific 
computation, FORTRAN processors now exist for most major makes and 
models. The statement of our problem would be written in FORTRAN as 


D=A*Bt+C 


that is, source programs in this system are written in a language which closely 
resembles the ordinary language of mathematics. The language is intended to 
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allow expression of problems of numerical computation, particularly problems 
containing large sets of formulas and many variables. Because FORTRAN is 
intended primarily for problems which have a numeric meaning, the language is 
less satisfactory for the data-processing type of problem like commercial-type 
jobs, information-retrieval systems and general nonnumeric problems. Many 
logical operations not directly expressible in the FORTRAN language can be 
obtained, however, by making use of provisions for incorporating subroutines 
written in assembly language. 

An important step in artificial language development centered around the 
idea that it is desirable to be able to exchange computer programs between 
different computer labs or at least between programmers on a universal level. 
In 1958, after much work, a committee representing an active European com- 
puter organization, GAMM, and a United States computer organization, ACM, 
published a report (updated two years later) on an algebraic language called 
ALGOL. The language was designed to be a vehicle for expressing the processes 
of scientific and engineering calculations of numerical analysis. Equal stress was 
placed on man-to-man and man-to-machine communication. It attempts to 
specify a language which included those features of algebraic languages on 
which it was reasonable to expect a wide range of agreement, and to obtain a 
language that is technically sound. In this respect, ALGOL set an important 
precedent in language definition by presenting a rigorous definition of its syn- 
tax. ALGOL compilers have also been written for many different computers. 
It is very popular among university and mathematically oriented computer 
people especially in Western Europe. For some time in the United States, it will 
remain second to FORTRAN, with FORTRAN becoming more and more like 
ALGOL. 

The largest user of data-processing equipment is the United States Govern- 
ment. Prodded in part by a recognition of the tremendous programming invest- 
ment and in part by the suggestion that a common language would result only 
if an active sponsor supported it, the Defense Department brought together 
representatives of the major manufacturers and users of data-processing equip- 
ment to discuss the problems associated with the lack of standard programming 
languages in the data processing area. This was the start of the conference on 
Data Systems Languages that went on to produce COBOL, the common busi- 
ness-oriented language. COBOL is a subset of normal English suitable for ex- 
pressing the solution to business data processing problems. The language is 
now implemented in various forms on every commercial computer. 

In addition to popular languages like FORTRAN and ALGOL, we have 
some languages used perhaps by only one computing group such as FLOCO, 
IVY, MADCAP and COLASL; languages intended for student problems, a 
sophisticated one like MAD, others like BALGOL, CORC, PUFFT and various 
versions of university implemented ALGOL compilers; business languages in ad- 
dition to COBOL like FACT, COMTRAN and UNICODE; assembly (machine) 
languages for every computer such as FAP, TAC, USE, COMPASS; languages 
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to simplify problem solving in “artificial intelligence,” such as the so-called list 
processing languages IPL V, LISP 1.5, SLIP and a more recent one NU SPEAK; 
string manipulation languages to simplify the manipulation of symbols rather 
than numeric data like COMIT, SHADOW and SNOBOL; languages for 
command and control problems like JOVIAL and NELIAC; languages to sim- 
plify doing symbolic algebra by computer such as ALPAK and FORMAC; 
a proposed new programming language tentatively titled NPL; and many, 
many, more. A veritable tower of BABEL! 

In spite of the work involved, efforts to improve the communication with 
computers have led to the development of these numerous artificial computer 
languages. Some, such as FORTRAN, have found widespread productive use 
and others are valuable research tools. 

In the last few years some attempt at standardization has been made. At 
the present, the American Standards Association (ASA) which is the authority 
for industrial standardization in the United States has assumed this responsibil- 
ity in the area of computers and information processing. One of the subcommit- 
tees has its scope of responsibility, “Standardization of common programming 
languages of broad utility through standard methods of specification, with pro- 
vision for revision, expansion and improvement, and for definition and approval 
of test problems.” In addition it acknowledges the need for work in the periph- 
eral areas of language theory, language specifications, and processor specifica- 
tions, as well as programming languages’ glossary and participation in inter- 
national standardization. 

The following bibliography is intended to be a very short list of publications 
that may help to document the text. Each reference contains many additional 
references of interest. A great deal of reference material is contained in manuals 
published by computer manufacturers. Although these manuals are not listed 
here, they exist for every commercially available programming language and 
system. 


The work presented in this paper is supported by the AEC Computing and Applied Mathe- 
matics Center, Courant Inst. of Mathematical Sciences, New York University, under Contract 
AT(30-1)-1480 with the U.S. Atomic Energy Commission. 
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COMPUTATIONAL LINGUISTICS 
A. G. OETTINGER, Harvard University 


Computers for languages and languages for computers are two points of con- 
tact of a modern synthesis of mathematics and linguistics with the computer 
sciences. The roots of mathematical linguistics reach back at least as far as 
Leibniz and the subject has attracted the attention of other mathematicians 
such as Grassmann. Its modern vogue is the product of a confluence of once 
unrelated developments in several fields. In logic, there was notably the work 
of Post, [1], Lukasiewicz, [2], and Turing [3]. There was the blossoming of 
information theory, following the publication of Shannon’s The Mathematical 
Theory of Communication [4|. Formal linguistics in the style of Chomsky emerged 
[5, 6]. Finally, 20 years ago, Aiken brought forth (see [7]) the first practical 
realization of large scale automatically sequenced digital calculators, capable, 
it was soon realized, of manipulating not only numerals in accordance with the 
laws of arithmetic, but also any symbol system based on a discrete alphabet 
and obeying combination laws of the greatest generality. 

Much of the concern of mathematical linguistics has been—and remains— 
with languages such as English or Russian which have, so to speak, a life of 
their own. These are conveniently called natural languages. Mathematical lin- 
guistics is also concerned with specialized technical jargons, mathematical or 
chemical notations, the formal symbol systems of logic, or the various systems 
for instructing computers which, as products of more self-conscious and de- 
liberate human creation, are called artificial languages. The distinction between 
natural and artificial languages should be viewed as a rhetorical convenience 
rather than an absolute dichotomy. 

The scope of mathematical linguistics includes the application of statis- 
tical techniques to the central linguistic problems of describing the structure of 
languages and their development, problems which are the domains of conven- 
tional historical and descriptive linguistics. Surveys and bibliographies concen- 
trated on these areas have been published by Guiraud [8], Plath [9], and 
Oettinger [10]. 

Recent work has been influenced far more, however, by algebra and, gener- 
ally, by discrete mathematics or logic rather than by statistics or analysis. An 
excellent over-view of this aspect of mathematical linguistics, as directed to the 
study of natural languages, is to be found in a collection of 20 papers presented 
at the Symposium on the Structure of Language and Its Mathematical Aspects, 
sponsored in 1960 by the American Mathematical Society, which was published 
under the editorship of Jakobson [11]. 

Computational linguistics, as the subset of mathematical linguistics of great- 
est concern here has come to be labeled, deals with the application of computers 
to linguistic problems and with the application of linguistics to computer prob- 
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lems. Its scope also overlaps with the general problems of information retrieval, 
currently including such matters of primarily industrial or military concern as 
command and control. 

Automatic language translation, whose possibility was suggested by Warren 
Weaver [12] as early as 1949, but whose realization remains in the future in 
spite of repeated enthusiastic but not factual claims to the contrary, is one of the 
more notorious branches of computational linguistics. A critical survey of the 
state of the art of automatic translation may be found in Oettinger [13]. 

The scope of computational linguistics also includes such matters as auto- 
matic fact retrieval systems, question answering systems, the production of com- 
puter generated abstracts, indexes and catalogs, and the analysis of information 
content of literature by statistical, syntactic and logical methods. A survey of 
European efforts in this realm has recently been given by Salton [14], and one 
of the best sources of information on current work, primarily in the United 
States but also abroad, is given in the series Current Research and Development in 
Scientific Documentation published semi-annually by the National Science 
Foundation’s Office of Science Information Service [15]. 

Contemporary interest in what is vaguely described as man-machine inter- 
action, which may be characterized as a vision of machines serving as direct 
human appendages rather than as more remote and less accessible tools, has 
further spurred interest in natural languages, since communication with ma- 
chines in the course of interaction is, according to the current view, to be con- 
ducted best in something approximating the vernacular. Studies in the syntax 
of natural languages, already begun for purposes of automatic language trans- 
lation, have been further spurred by this interest, especially concerning English 
syntax. The proceedings of the 1963 Fall Joint Computer Conference include a 
survey and some details on this topic [16, 17, 18]. 

Syntax is also a major concern of the designers of languages for computers, 
whose need to interpret and translate statements expressed in a source notation 
congenial to people or convenient for describing a class of problems has led them 
to independent studies of syntactic structures. Although the literature in this 
area [19, 20] is still almost wholly disjoint from that on natural languages, 
there is, in fact, a strong underlying kinship owing to the similarity of the 
mathematical techniques used in describing syntactic structures of either kind. 

It is in the realm of syntactic studies that the most important, elegant and 
extensive original contributions or novel adaptations of known mathematical or 
logical results have been made to date. The mathematical tools employed are 
almost exclusively discrete and in the spirit of algebra, set theory, the theory of 
groups and of semi-groups, and the theory of computable functions. For exam- 
ple, Davis’ Computability and Unsolvability [21] provides a better foundation 
for work in this area than a standard calculus text. Bar-Hillel [22], Chomsky 
[23], Evey [24], Greibach [25], Hartmanis [26], Rabin [27], and Schutzen- 
berger [28] are among those who have contributed to developing this field. 
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Much of the theoretical interest of their results lies in their discovery of a 
hierarchy of abstract languages of graded complexity of structure, and graded 
difficulty of mutual translatability or structural analysis. Significant advances 
have been made in correlating these language families and their structures with 
a hierarchy of abstract machines, ranging from finite-state automata through 
push-down store automata to unrestricted Turing machines. 

In addition, this correlation has done much to explain problems encountered 
in the practical handling of both natural languages and computer languages 
and, therefore, it stands also as a very interesting chapter of applied mathe- 
matics by providing an excellent example of the value of discrete mathematical 
techniques in the process of solving significant engineering problems in language 
data processing. 
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COMPUTER SYSTEMS 
C. H. WEISERT, Applied Physics Laboratory, Johns Hopkins University 


Background. It is assumed that the reader is acquainted with the general 
concept of a stored-program sequential processor (von Neumann machine) hav- 
ing a repertoire of znstructions. A routine is a sequence of instructions and rou- 
tines which causes a processor to perform some purposeful action. “Program” 
is almost a synonym for “routine,” but is sometimes used in the sense of the 
complete array of routines invoked for an application. If routine a belongs to 
routine ~, then a@ is called a subroutine of B and B is said to call (or use) a. The 
act of creating a routine is called coding. 

The purpose of a computer system is to serve as a tool to produce “answers” 
or to perform some other useful action. In a general-purpose system this is 
most often accomplished by effecting the execution of routines supplied in some 
manner by the users; such routines are called object programs. 

Three very important points purposely obscured above are insufficiently 
germane to the aims of this article to justify the detail required for precise 
statement. First, an instruction or a routine is by no means the same thing as 
the act of performing or executing the instruction or routine, but ambiguities 
pervade current terminology. Secondly, this definition of “subroutine” depends 
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upon a vague use of “belong to”; where a distinction is required “n-th level sub- 
routine” or “to call directly” will be used in the hope that the intended inter- 
pretation is obvious. Thirdly, the statement of an algorithm in some program- 
ming language is not the same thing as a routine, and in some cases (interpretive 
processors) no direct mapping is performed; however, the two will be regarded 
as equivalent. 

Throughout this article the word “user” denotes anyone who communicates 
with the system without regard to whether he is a problem originator or an inter- 
mediary such as a professional programmer. 


Computer systems. A general-purpose computer system consists of the fol- 
lowing: 

1. Hardware—an array of processors and devices for storage or communica- 
tion. 

2. Conventions—a set of standard procedures for using the various parts of 
the system. 

3. Software—a collection of routines concerned with the system itself rather 
than with applications. 

4. Library—a collection of applications-oriented routines to be used as build- 
ing blocks in the construction of object programs. 

Whether a routine is called a “library routine” or an “object program” de- 
pends only upon whether it is permanently known to the system; object pro- 
grams having general usefulness usually find their way into the library. Sim- 
ilarly the distinction between “software” and “library,” like that between 
“pure” and “applied” mathematics depends on one’s point of view and does not 
justify much attention. 

The ordering of items in the above list is not a chronology of system specifi- 
cation; the most successful systems are those for which design was carried on 
with a high degree of integration. It should also be emphasized that item 2 refers 
both to conventions observed by routines and to those observed by human be- 
ings involved in system operation. 


Problem solving. To solve a problem with a computer system usually re- 
quires, in roughly chronological order, the following steps: 

1. Statement of the problem. 

2. Analysis of the problem, derivation of algorithms, and general design of 
the program. 

3. Detailed design and coding of routines. 

4. Testing and correcting of routines (“checkout” or “debugging”). 

5. Execution of the resulting object program. 

Until a few years ago disproportionate attention was given to step 3, leading 
to great interest in programming languages and to some neglect of the role of 
the whole system in the problem-solving process. As recently as 1962 Mealy [1] 
found it necessary to warn that 
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“ ,.. the current emphasis on programming languages, as opposed to other 
aspects of the programmer’s approach to the machine, is misplaced. The actual 
amount of time the programmer spends coding is small as compared to the time 
he spends in problem analysis, checkout, and setting up runs. An advance in 
the art such as the introduction of recursive procedures must be reckoned as 
small when compared with advances in symbolic modification and checkout 
methods or in our understanding of input-output systems. It is entirely pos- 
sible that, in our current enthusiasm for so-called common languages, we may 
be settling for a common level of mediocrity rather than a genuine advance. ... ” 

The user may become aware of the system as early as step 2; for example, 
operations involving large matrices would be done quite differently depending 
on whether the operands would fit all at once in the main high-speed memory, 
would be stored on a serial-access device such as a magnetic tape, or would be 
stored on a direct-access device such as a magnetic drum. An understanding of 
the more subtle characteristics of whatever programming language processors 
are available in the system is needed if the user is to take account of peculiarities 
and restrictions imposed by the languages or their processors on inter-routine 
communication and data structures. An appreciation of the organizational 
facilities of the assembly system |3, 4], insofar as they can be exploited in the 
languages to be used, can greatly influence the fundamental structure of the 
object program. 

By the time the user gets to step 4 he must come face-to-face with the sys- 
tem. In all too many problems, perhaps in a majority of the non-trivial ones, 
debugging has been the step most consuming of elapsed calendar time. Re- 
sponsibility for this unfortunate situation is shared by users who have not really 
learned to use the system and system designers who have embedded “easy to 
learn” languages in minimal systems that present formidable obstacles to de- 
bugging and to system access. The growing awareness during the last few years 
of the importance of such aspects of computer systems as man-machine com- 
munication, debugging, input-output, and file maintenance illustrates that the 
lesson has been well learned by system designers. The moral for the prospective 
computer user is that learning a programming language, however powerful and 
elegant, is but a part of learning how to use a computer system as an effective 
problem solving tool. 


Functions of computer systems. Early computer systems as well as a few of 
today’s smaller systems have relied heavily on the manual performance of many 
essential functions by operational personnel as well as by the very users for 
whom the system was supposed to be a time-saving tool. As the cost of hard- 
ware has increased and as the problems to be solved have become more complex, 
so have the penalties for human error and human delay become higher. Simi- 
larly, early systems presented “bare” hardware to the users; each object program 
(and each major software component) had to cope with unpleasant, low level 
hardware peculiarities irrelevant to the problem to be solved. This led to a cha- 
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otic proliferation of contradictory conventions. The necessary automation of 
system management functions and coordination of special hardware constitute 
major factors in the development of hardware, software, and even program- 
ming languages. 


System 


System External 
Management Communication 
Hardware System Programming Control Editing, 
Coordination Organization Language Languages Display, 
Processors Conversion 
Inter-Processor Assembly Compil 
Synchronization System ompners Input 
Input- Inter-Processor I 
; Output Communication nterpreters Output 
Unusual Inter-Routine 
Conditions Communication 


Handling 


Supervisory 


Control 
Facility 
Allocation 
Task 
Scheduling 
Task 
Dispatching 


Bey 
Bookkeeping 
Debugging 
Fic. 1 


Figure 1 shows a general outline of system functions. Of course, the relative 
importance of each function depends upon the size of the system, especially 
upon the cost of the hardware. At the current “state of the art” every function 
on the chart, for a large scale system, is implemented in software or in coding 
conventions with minimum requirements for manual intervention. Note that 
the somewhat arbitrary hierarchy shown is one of function rather than of con- 
trol—t.e., the chart says nothing about the existence of specific subroutines or 
who is a subroutine of whom. 


Tasks and jobs. A task can be thought of as a pair (.S, a), where S is a set of 
ordered collections of data (files) and a@ is a routine that operates on the mem- 
bers of S. Clearly, what one regards as a task depends upon what one regards as 
a file, to some extent a matter of taste; tasks are meant to be the units of work 
assigned to the system. The files operated on may be read (input) or writien 
(output) by a. If ais a programming language processor then one or more of its 
files is itself a routine in some form. 

A job is an array of related tasks. For example, a typical job might consist 
of these tasks: 

1. Use compiler @ to translate algorithm fi, giving routine B/. 

2. Do the same for Bz. 
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3. Use global assembler [5] to create an object program consisting of /, 
Bz, previously compiled 6; , and library routines y1, ° °°, Yn- 

4. Effect the execution of the object program. 

5. Display (convert to external form and print) the answers, if any. 


Access to the system. Of central importance to the user’s approach to pro- 
gram organization, coding, and debugging are the modes of communication be- 
tween him and the system. These modes can be classified as follows: 

1. Direct access—users make appointments to take over exclusive control of 
the hardware. 

2. Remote access—users submit jobs to the system, which selects tasks to be 
performed and eventually sends results back to the submitters. 

3. On-line access—users communicate with the system in “real time,” with- 
out exercising complete control over it. 


In practice a combination of methods is used; for example, before keeping his 
appointment with the hardware, the direct access user might submit his routines 
in hand-written form for conversion to a form readable by the hardware, such 
as punched cards. 

Direct access is, of course, characteristic of the smaller systems mentioned 
earlier, in which software for system management is almost non-existent. Al- 
though these systems provide to the user the ability to stop at any point to 
interact in any way he pleases, they require him to understand the hardware in 
greater detail than is reasonable, considering current programming languages 
and user populations. In addition, they are economically feasible only for slow 
hardware where delays for individual set-up and human decision are not of dura- 
tion comparable with that of the tasks to be done. 

The user’s tactics in communicating with a system by remote access are 
very different. He does not make decisions during or between tasks, but plans 
his whole job in advance. He does not tell the system what to do by pushing 
buttons and mounting tapes or by writing notes to an operator, but rather by 
means of a formal control language. He is more mindful of programming conven- 
tions so as not to interfere with other jobs. These courtesies on his part are not un- 
rewarded by well-conceived systems. The user can devote his full attention to 
the problem to be solved, remaining ignorant of hardware details if he so chooses, 
but can exercise control where required. He is by no means required to provide 
for every possible occurrence before submitting his job; the control language, 
the language processors, and the various debugging aids all can provide “normal 
case” actions in the absence of detailed instructions (the actions which a major- 
ity of users would choose). A system is non-muliiprogrammed if, once a task has 
been started, it is completed before any other task is started. A classic example 
of this kind of system is the SHARE 709 system [1, 6-10]. 

According to a considerable body of opinion on-line access overcomes most 
of the shortcomings of other methods [11]. It depends, for the same economic 
reasons stated above, on a multiprogramming task scheduler, and on suitable 
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hardware terminals. Given a single routine to be implemented, remote access 
systems present a turn-around time problem—.e., it may require several hours 
to discover one error; this problem is of less importance to those users who work 
on several routines concurrently. The main feature of on-line access is the ability 
of the user to interact with the system dynamically during coding and checkout. 
A great deal of attention is being given to the development of easy-to-use, 
flexible terminals—not everyone is a skilled typist. Also, it is not apparent that 
those programming languages that are suitable for one mode of access are suita- 
able for others; languages have been created, in fact, specifically for the on-line 
user [12], revealing new classes of problems to be solved with computer systems. 

The typical, large scale system of the next few years will certainly provide 
both remote and on-line access, hopefully to the same features. 


Files. The need to effect the transmission of data between the main high- 
speed memory of a processor and such external media as punched cards and 
magnetic tapes arises in the following situations: 

1. A file is too big to fit in the main memory. 

2. A file is originated by or is to be sent to some external entity such as 
another computer system or a human being. 

3. A file is to be retained for later use. 

To a large extent (1) can be programmed implicitly; i.e., the user pretends 
that the main memory is infinite and the system allocates secondary storage, 
keeps track of where information is, and initiates transmissions automatically. 
Although this relieves the user of a large burden, it has seldom worked well in 
practice, because techniques used to analyze what the object program is doing 
are, so far, insufficiently developed to provide strategies having efficiency com- 
parable to that of custom-tailored input-output. This problem is also en- 
countered by the system itself; many language processors have finite capacities. 
It is extremely annoying to the user to work for many hours developing an 
elegant algorithm only to have it rejected by the system as too taxing—a sur- 
prisingly frequent occurrence, especially with many of today’s list processors 
and macro-assemblers. Recent research promises a significant improvement 
here in the near future. 

Most programming languages provide explicit facilities for tnput-output 
operations—i.e., the writing, reading, and positioning of files. Few, if any, pro- 
vide the means to achieve the necessary initializing and bookkeeping actions 
that must be done before a routine can begin to perform input-output opera- 
tions. This is quite proper; such functions belong in the system management 
area, and the user would communicate, where necessary, through the control 
language or through some interface to the control language. 

The availability of inexpensive, large scale storage devices, such as disk files, 
makes possible and necessary the automation of many awkward, error-prone 
system functions having to do with file maintenance. Especially in large sys- 
tems, where files are stored on a wealth of media, both detachable (cards, tape, 
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smaller disk units) and not (large disks, drums, cores), the job of keeping track 
of what is where, what belongs to whom, who may read what, and who may de- 
stroy what is so complicated as to preclude manual performance. Routines them- 
selves ordinarily constitute a large part of the files in a system. The user wants 
to be able to retrieve and modify his routines without having to rummage 
through huge filing cabinets of punched cards; this is especially true of the on- 
line user whose routines are not likely ever to have existed in a hard-copy, 
machine-readable form. 


Conclusion. Current research in the theory and the technology of hardware 
and of software promises to continue the trend toward ever increasing power, 
flexibility, and ease of use in computer systems. Ease of use, however, is not to 
be confused with ease of learning; as Iverson observes in the preface to his ex- 
cellent book [13], the “... power of an adequate programming language amply 
repays the considerable effort required for its mastery.” Of course, it would be 
unrealistic to expect a user to commit every detail of a computer system to 
memory; this is true of any other branch of applied mathematics. If he is to 
make effective use of the potential power of a computer system, however, the 
user must understand many of its basic concepts and know its organization well 
enough to know how to find answers to specific questions as they arise. 
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A POLYGON PROBLEM 


E. R. BERLEKAMP, E. N. GILBERT, anp F. W. SINDEN, 
Bell Telephone Labs., Murray Hill, N. J. 


Let Py be a closed polygon. Let P; be the polygon obtained by joining the 
midpoints of Po’s sides in order (see Figure 1). We write 


Py = TP. 


Let P2=7P:, P3=TP2, etc. We will call P:1, Po, P3, +--+ the descendants of Po. 
We consider the question: for what polygons Pp» does there exist a convex 
descendant P,? 
It is easy to show that all descendants of convex polygons are convex. Hence, 
the existence of one convex descendant implies the existence of infinitely many. 
For polygons with fewer than five sides the results are immediate: 
2-gons: all descendants have coincident vertices. 
3-gons: all descendants are similar to the parent P», which is necessarily convex. 
4-gons: all descendants are parallelograms, hence convex, though the parent Po 
may be nonconvex. 
(To see the last result observe that the sides of P; are parallel to the diagonals 
of P.) 


Fic. 1 Fic, 2 


Polygons with five or more sides are more complicated, but in many exam- 
ples we found that repeated application of T led quickly to convex polygons. 
This did not seem surprising, for intuitively T is a smoothing operator. We began 
with the conjecture that every polygon ultimately has convex descendants. 

Figure 2 shows this conjecture to be false. The regular pentagram begets only 
its own kind. 

This example, though, may seem unfair since the pentagram intersects itself. 
Figure 3 shows a non-selfintersecting polygon without convex descendants. 

This polygon, in fact, is less innocent than it looks. Not only are its de- 
cendants nonconvex but infinitely many of them are self-intersecting. (To see 
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this, note that the relation 


Xe—-X, 14+V5 


X3 — Xo 2 


between vertex projections X1, X2, X3 holds for all descendants as well as for 
the polygon itself. P; is self-intersecting whenever P;_1 is not.) 


X1 Xe As 
Fic. 3. (X2—X1)/(X3—X2) = (1+-V75)/2 


In spite of these examples, the conjecture that all polygons have convex 
descendants is not entirely empty. It turns out that almost all polygons have 
convex descendants. 

This problem originated with G. R. MacLane, to whom we are indebted for 
some helpful suggestions. We have recently heard of an independent solution 
by A. M. Gleason. 


Planar polygons. To analyze planar polygons it is convenient to use complex 
numbers. Let the N-tuple z=(z, -- +, gy) represent the vertices of a closed 
polygon in order. We will refer to the polygon simply as z. The first descendant 
of zis a polygon w with vertices 


Wi = 3(z1 +m), +++, Wy = 2(2n + 21). 
This may be written w=7z, where 

1 1 QO <-->. Q 
0 1 1 0 

1 

T=— 

2 
0 rs | 1 
1 -+-6 0 1 


The eigenvalues and eigenvectors of 7, i.e., the solutions of Zu=du, are of par- 
ticular interest, for if u is an eigenvector then the polygon represented by uw is 
merely rotated and uniformly diminished by T. Specifically it is rotated about 
the origin through the angle arg \ and diminished by the factor ||. 
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The eigenvalues and eigenvectors can be written down explicitly. The eigen- 
values are 
Ae = 3(1 + e*@rlN)) | k=0,1,---,N—1; 
(see Figure 4) and the corresponding eigenvectors are 


Uy, = (etlbQr/N) gi2k(2r/N) . . . | giNk(2m/N)) 


Imag. 


real axis 


Fic, 5. Eigenpolygons 


The normalization u,-u,* = N seems a little more convenient in the present con- 
text than the usual u,-u,*=1. Note that the components of the eigenvectors are 
all roots of unity. Thus the polygons represented by the eigenvectors (eigen- 
polygons) are all inscribed in the unit circle. The kth one is obtained by joining 
in order the points on the unit circle with arguments 


kid, k2¢, ---, RN¢, o = 2n/N. 


The eigenpolygons for N=5, 6 are shown in Figure 5. It is evident geometrically 
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that these polygons are only rotated and diminished by the transformation T. 

We will call any polygon that is similar to the kth eigen-N-gon a regular 
N-gon of order k. Thus, we include among regular polygons self-intersecting, 
multiply-traversed and degenerate polygons. 

We observe that regular N-gons have the following properties: (1) The regu- 
lar N-gons of order 0 are totally degenerate, i.e., all vertices coincide. (2) The 
regular N-gons of orders 1 and N—1 are the regular convex N-gons, counter- 
clockwise and clockwise, respectively. We will regard all self-intersecting, 
multiply-traversed and degenerate polygons as nonconvex. (3) The regular 
N-gons of orders k and N—R are the same except for the sense in which they 
are traversed. (4) The regular N-gon of order k is multiply-traversed if and only 
if k and WN are not relatively prime. 

The crucial fact is that an arbitrary N-gon can be written as a sum of 
regular N-gons. This is the meaning of the following eigenvector expansion, 
whose validity follows readily (see [1]) from the fact that the eigenvalues are 
distinct. 


N-1 
(1) Z= >) au, (a, complex) 
ke=0 
or explicitly: 
N-1 
2; = > a,e%s (24 /N) | 
k=0 


The coefficients are given by the formula 


1 2X 
Gy =— > g je tik (Qa /N) | 


j=1 


This formula can be given a geometric interpretation as follows. Consider 
the transformation w= Wz, where 


w; = 2; et OnIN) | 


The effect of W is to rotate the jth vertex about the origin through the angle 
—j(27r/N). The vertex zy makes a complete revolution, returning to its starting 
position, while the other vertices turn through a fraction 7/N of a revolution 
proportional to their indices. This diminishes the angle between successive 
vertices by the constant amount 27/N. We will say that W winds polygon z 
about the origin. Winding carries the kth eigenpolygon into the (k—1)-st mod N. 
In particular it carries the convex eigenpolygon ww into the degenerate eigenpoly- 
gon Up=(1, 1, ---, 1) and it carries uo into the convex eigenpolygon uy_1. Ap- 
plied to an arbitrary polygon, winding simply permutes cyclically the coefficients 
of the component eigenpolygons: 


a1 —> Ao, G2 7 G1, °° * 5 Gg? Gn-1.- 
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The centroid of a polygon z is >)z,;/N. All of the eigenpolygons except wo 
have centroid O. Hence, the centroid of an arbitrary polygon is the centroid of 
its zeroth component, namely do. It follows that the centroid of the polygon 
obtained by winding z is a}. 

The coefficients a;, then, can be given this geometric interpretation: 

The coefficient a; 1s the centroid of the polygon obtained by winding 2 k times. 

We return now to the midpoint-joining transformation 7. Consider a polygon 
z in decomposed form: 


N-1 
k=0 


Since Ju, =A;,Uz, the first descendant of Z is 


N-1 
Zy= TZ = >> ar; 


k=0 


and the mth descendant is 
N-1 
Zn = TZ = D> ayAgUy. 


k=0 


As ” increases, the components with the largest eigenvalues in absolute value 
become relatively dominant. As can be seen from Figure 4, the eigenvalues are 
ordered as follows: 


1=Ao> [ral = [Ava| > [rel = [awe] >--- 


Since Ay=1, the centroids (zeroth coefficients) of z, remain fixed. The other 
components die out. Thus all vertices of z, converge to the centroid. Relatively, 
though, the convex components (k=1, N—1) die out least rapidly. 

The normalized polygons 


1 
Zi = Dal (Zn — Golo) 


have centroids O and convex components of constant magnitude. As increases 
all nonconvex components go to zero. 
The sum of the two convex components of z is the polygon with vertices 


Wj = a,e1 (2r/N) + anye* N-Di(2r/N) , 


This polygon is the affine image of a regular convex N-gon. Its vertices all lie 
on the ellipse 


w(t) = aye** + an_ye—** 


at the points w;=w(t,), t;=j(2r/N). The ellipse w(t) circumscribes not only the 
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sum w of the two convex components of z, but also the sums w, of the two con- 
vex components of z’s normalized descendants z,’. As ” increases, Z, approaches 
w,. If the circumscribing ellipse w(t) is nondegenerate, then for sufficiently 
large n Z, is convex. If, on the other hand, w(t) is degenerate, then all z, are 
self-intersecting or degenerate, hence by our definition nonconvex. A necessary 
and sufficient condition for z to have convex descendants, therefore, is that w(t) 
be nondegenerate. 

The semimajor axis of w(t) has length |a:| +|aw-1| and the semiminor axis 
has length | |a1|— anal]. The ellipse degenerates if and only if |a:| = lana, 
i.e., if and only if the two convex components of z are of equal magnitude. 

We can now state the answer to the question posed at the beginning of the 
paper as follows: 


Represent the vertices of polygon Py» by the complex numbers 2, -- - , gy. 
Let a), -- +, @y be the complex numbers given by: 
1 N 
ya =— > gee ae IN) | 
j=l 


P» has a convex descendant P, if and only if 
(2) | a1 | | aw—1| . 


Stated geometrically the condition is this: Py has a convex descendant if and 
only if the centroids of the polygons P; and P_, obtained by winding Pp posi- 
tively and negatively about the origin, lie at different distances from the origin. 


Comments on planar polygons. 

1. In many cases the descendants of a polygon display a curious alternation. 
The descendants of a rectangle, for example, are alternately rhombuses and 
rectangles. In the general case, the even descendants Pe, Ps, Pe, - - - , if normal- 
ized in size, approach a fixed polygon P and the odd descendants approach an- 
other fixed polygon P’. P and P’ are affine images of regular polygons and are 
inscribed in the same ellipse. 

2. Without essentially complicating the problem the transformation 7, 
which had the formula w; = 4(z;+2,41) can be replaced by the more general trans- 
formation 7’ with the formula 


Wi = Ags + Argjiir t+ +++ + An—i2ppw-1 


where Ao, Ai, °°: are any constants and where the WN subscripts on the 2; 
are to be computed modulo N. The eigenvectors are the same u; as before but 
the eigenvalues are now 


he = >> A,etrhen/N, 
z 


If [di] or |Aw-1| exceeds all of [Xs], ---, |Aw-2| then, for almost all polygons 
P, all but a finite number of descendants of P are convex. Two examples of this 
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kind are: 

(i) wt = at; + Bej41 (a>0,8 >0,a+6= 1) 
and 

(ii) wi = 3(aj 1 41 + Bi42). 


The midpoints of the sides are replaced by points which subdivide the sides in 
ratio a/8 in (i) and by the centroids of successive vertex triples in (ii). 

3. There exist orphan polygons which have no ancestors. Any quadrilateral 
that is not a parallelogram is such a one. Orphan polygons are those even-sided 
polygons containing a nonzero component of order N/2. The vanishing eigen- 
value Aw ;2=0 wipes out this component in the first generation. Thus no polygon 
containing the V/2 component can be the descendant of another polygon. 

Similar remarks apply to the more general transformation 7” of the preced- 
ing paragraph. If 7’ has no zero eigenvalue (as in example (i) if a¥#8+4) then 
all polygons have unique ancestors. In this case the family tree may be traced 
backwards as well as forwards. It is interesting to note that almost all convex 
polygons have remote ancestors which are not convex. 


Nonplanar polygons. The nonplanar case, surprisingly, is hardly more com- 
plicated than the planar case. To make the generalization it is convenient to 
write the eigenpolygon decomposition in a new form. Combining the kth and 
(N—k)th terms in (1) we obtain a sum of [N/2|+1 terms each representing an 
affine image of a regular polygon; here [N/2]| means the integer part of N/2. 
For d-dimensional space this sum generalizes as follows. If X is a closed N-gon 
in d-space then X can be written 


[NV /2] 
X= >) Wi, 


k=0 


where again each component polygon W, is an affine image of a regular polygon. 
This differs from the planar case only in that the Wi, need not all lie in the same 
plane. 

This may be derived explicitly as follows. Let 


[N/2) 
x(t) = >> uz cos At + vz sin ke, 


k=0 


where the symbols x, u, v stand for vectors with d real components. It is always 
possible [2] to choose u, and v; so that x(t) assumes given values at N given 
points tf, ---, ¢v, in particular so that 
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where x; are the vertices of the given polygon X. Then X can be written as 


[N /2] 
X= >> Wi, 


k=0 


where W,, is the polygon with vertices 
20 _ 29 
Wij = Uz cos kj — + Vi sin By . 


Polygon W,, lies in the plane determined by wu, and v;, and is inscribed in the 
ellipse 


w(?) = Uy, cos ft + Vi sin f. 


W;, may be regarded as the sum of a clockwise and a counterclockwise regular 
N-gon of order k as was done in the first section. Alternatively W;, may be re- 
garded as the projection onto a plane of a regular N-gon of order k. In general, 
a d-dimensional polygon may be regarded as the projection onto d-space of a 
(d+1)-dimensional polygon all of whose components are regular. 

The midpoint-joining transformation J may be analyzed in terms of the 
decomposition in the same way as before. The only new element is the dimen- 
sion of the descendants. (A polygon has the dimension of the smallest space it 
can be imbedded in.) The following example shows that T can reduce the di- 
mension: Let X be a 3-dimensional polygon with vertices alternately in the 
planes z=1 and z= —1. The first descendant of X lies in the x, y-plane. This, 
however, is as far as the dimension reduction can go. Further application of T 
leaves the dimension unchanged. In general the situation is this: 

All descendants X1, X2,--+ +: of a d-dimensional polygon Xo have the same 
dimension. X, may be of dimension one less than Xo, but this can occur only if 
Xo is an orphan, i.e., only if Xo contains a nonzero component of order N/2. 

Proof. Suppose X, has dimension d and X,4: has dimension d’<d. Let Xn 
and Xn4i be the projections of X, and X,41 onto a line orthogonal to the d’- 
space containing X41. All vertices of Xn41 lie in a single point ». Since p must 
be the midpoint of all sides of X,, the vertices of X, must lie alternately in two 
points f1, p2 equidistant from ». X,, then, is a regular N-gon of order N/2. If 
X, has the decomposition 


[N/2] 
Xn = >» W; 
k=0 
then X, has the decomposition 
[N/2]} 
Xn = ke 
k=0 


But in the latter decomposition only Wy;2 can be nonzero. If Wy 2 is nonzero 
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then so is Wy;2. In this case X, is an orphan, hence n=0. This completes the 
proof. 

In conclusion, we may say that almost all nonplanar polygons lack planar 
descendants. If the first descendant is nonplanar then so are all the rest. 

On the other hand, all nonplanar polygons have descendants which differ 
arbitrarily little (relative to their size) from planar polygons. And almost all 
nonplanar polygons have descendants which differ arbitrarily little (relative to 
their size) from planar convex polygons. 


The first author is now at the University of California, Berkeley. 
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ENUMERATION OF CYCLIC PAIRED-COMPARISON DESIGNS 


H. A. DAVID, Virginia Polytechnic Institute (Now at Dept. of Biostatistics, 
University of North Carolina at Chapel Hill) 


1. Introduction. Suppose that n “objects” 0, 1, 2,---,2-—1, are to be com- 
pared in pairs. Examples of this situation are given by chess tournaments of 2 
players, field experiments involving 2 treatments applied in blocks of two plots, 
and ” pure lines of plants to be evaluated on the basis of their crosses. In each 
of these cases it will often be impracticable to make all possible $2(—1) pair- 
ings. Cyclic designs provide a convenient and flexible way for reducing the num- 
ber of comparisons without serious imbalance. They consist of suitable com- 
binations of cyclic sets, a typical set { x } containing 2 pairs as follows: 


fel =O,% 1a ti---te+t---n—-—lxtn—1, 


where x is a positive integer less than 4m and x+¢ has to be reduced modulo n 
when necessary. If 2 is odd there are m =4(n—1) such sets; if m is even there are 
4n—1 sets of n pairs and one set of 42 pairs, viz. 


{an} = 0, dn t,ant+i---gn—1,n-—1. 


Cyclic paired-comparison designs are a useful cross-section of partially 
balanced incomplete block designs of block-size two with up to 3” associate 
classes. They were introduced by Kempthorne [6] and further studied by Zoell- 
ner and Kempthorne [7], David [4], and Curnow [2]. Here we are concerned 
rather with the systematic enumeration, and thereby construction, of distinct 
(i.e. nonisomorphic) designs involving 2 objects each of which is to be compared 
r times (r=1, 2, +--+, n—2; for nm odd 7 must be even). Among such designs of 
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size (n, r) the one which is “best” for some particular purpose may then be 
selected. 


2. n prime. When n is prime (>2) the sets {x} (x=1, 2,---, m) can be 
shown to be equivalent (see [4]) in the sense that any set can be changed into 
any other by suitable renumbering of the objects. For example, the renumbering 
(or permutation) R(7, 2) in which the number of each of 7 objects is multiplied 
by 2 (mod 7) transforms 


{i}: O1 12 23 34 45 56 60 


to 
02 24 46 61 13 35 50 


which is set {2}. Applying R(7, 2) again, we obtain 
04 41 15 52 26 63 30 
which might be designated {4} in the first instance but is equivalent to {3}. 


In general, the permutations R(n, 1), R(n, 2), -- +, R(n, m) form a group which 
is isomorphic with the multiplicative group G of the integers 
G: 1,2,---°,m 


when products of these are reduced not only modulo z but also for equivalences 
E of the type t=—1. 
{1} 
ign} {e} 


Fic. 1 


The group G may also be expressed as 
G: 1,g,87,°°°, gn-/2, (mod n; £), 


where g is a primitive root mod(n; £) of n; i.e., g is an integer such that 
g¥=41 mod (n; E) for y=1, 2,---, m—1 but g™=1 (mod n; E). We may now 
imagine the sets {x} to be arranged around a circle in the order shown in 
Figure 1. Each application of the permutation R(m, g) then produces a single 
clockwise turn. 
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A design of size (n, 7) is obtained by selecting s=4r of the m points along 
the circumference. Let us represent a set chosen by a white bead and a set 
omitted by a black bead. If the circle is regarded as a necklace (which may not 
be turned over) distinct designs will correspond to distinct arrangements of 
white and black beads along a necklace. The number of cyclic paired-comparison 
designs of size (7, 7) which remain distinct under renumbering is thus equal to 
the number of arrangements remaining distinct under rotation of s white and 
s’=m-—s black beads on a necklace. Finding the latter number is a special case 
of an old problem commonly attributed to Jablonski [5], where the beads may 
have more than two colors (see e.g., F. N. David and Barton [3]). If (x) is 
Euler’s function, the number of positive integers less than and prime relative 
to the integer x, the required number of distinct designs of size (n, 7) is 


1 (m/d)! 
(1) N(s, 8’) = — 2, o(@) ———_ 

m (s/d)'(s'/d)! 
the summation being over all positive integers d which are divisors of both s 
and s’. 


3. Necklaces. Before proceeding to the more complicated case when 1 is 
not prime we shall examine equation (1) more closely (cf. [5]). If s and s’ are 
relative primes N(s, s’) reduces to 


since each possible arrangement gives rise to m—1 others on rotation of the 
necklace. The sum in (1) augments (’) when s and s’ have a common divisor 
(>1) to take account of those arrangements which due to symmetry can be 
reproduced in fewer than m turns. We may speak of the period 7 of an arrange- 
ment and will now find an expression for the number of arrangements with 
r=m/d. 

If d equals g(s, s’), the greatest common divisor (g.c.d.) of s and s’, arrange- 
ments with r=m/d must consist of d like parts, each with s/d white and s’/d 
black beads. Their number is accordingly 


@ ia) 


If d is a divisor of s, s’ smaller than g(s, s’), however, then (2) has to be adjusted 
to allow for arrangements with higher symmetry, i.e., corresponding to a larger 
value of d. The resulting expression is seen to be 


Tuy E(Me) tt E(a) 


where > , extends over all divisors d’ of g(s, s’) which are multiples of d and 
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for each term in ).; there are contributions to ) 2 corresponding to all those d’ 
which are multiples of any d’ occurring in that term; and so on, by inclusion 
and exclusion. 

Example. m=12, s=6. Possible values of d are 6, 3, 2, 1. Correspondingly, 
the numbers of distinct arrangements are 


0)» 10-Ql+ HO-Q- 
(9 -(3)+(2)*()(0)* Gh 


As a check the total number is N(6, 6) =80. 

For mS15 Table 1 gives the number JN,(s, s’) of distinct arrangements by 
periods. Clearly N,(1, m—1)=1. All results for values of s> [3m] follow im- 
mediately by complementation: N,(s, s’)=N,(s’, s). The totals N(s, s’) have 
also been tabulated by Barton and F. N. David [1] in a different context. 


and 


TABLE 1 


Number JN,,(s, s’) of distinct arrangements with period 7 of s white and s’=m-—s black beads 
on a necklace. 


m Ss Tr: N; r:N; r:N; t:N; Total Ns, s’) 
4 2 4: 1 2:1 2 
§ 2 5: 2 2 
6 2 6: 2 3:1 3 

3 6: 3 2:1 4 
7 2 7: 3 3 
3 7: 5 5 
8 2 8: 3 4:1 4 
3 8: 7 7 
4 8: 8 4:1 2:1 10 
9 2 9: 4 4 
3 9: 9 3:1 10 
4 9: 14 14 
10 10: 4 5:1 § 


Gn om G ho 
-— 
© 
NO 
© 
b> OR 
hm KO 
NO 
NO 
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m Ss r:N; t:N; t:N; t:Ng Total Ms, s’) 
11 2 11: 5 § 
3 11: 15 15 
4 11: 30 30 
§ 11: 42 42 
12 2 12: § 6:1 6 
3 12: 18 4:1 19 
4 12: 40 6:2 3:1 43 
§ 12: 66 66 
6 12: 75 6:3 4:1 2:1 80 
13 2 13: 6 6 
3 13: 22 22 
4 13: 55 55 
§ 13: 99 99 
6 133142 142 
14 2 14: 6 7:1 7 
3 14: 26 26 
4 14: 70 7:3 73 
§ 14:143 143 
6 14:212 7:5 217 
7 14:245 2:1 246 
15 2 15: 7 7 
3 15: 30 5:1 31 
4 15: 91 91 
§ 15:200 3:1 201 
6 153333 5:2 335 
7 153429 429 


4. n composite. Corresponding to each of the $¢(m) positive integers less 
than [37] and prime to z there is a connected set. By “connected” we mean, as 
usual, that the objects cannot be divided into subsets with no comparison 
made between objects in different subsets. These connected sets are equivalent 
as before. Thus the number of designs of size (n, 7) made up entirely of connected 
sets is 

N(s, 3¢(") — 5),  § S 30(n). 


If 2 has divisors di(=1), de, ds, - - - , then the integers 1, 2,---, [32] can 
be arranged in bundles I, II, III, --- having respectively di, de, ds,--- as 
greatest divisors. Corresponding to these bundles there are m=3d(n), me 
=i¢(n/d2), m3=4¢(n/d3),--- sets consisting of di, de, d3,--- connected 


pieces; if 2 is even, the set {an} consists of 4m rather than z pairs. A design 
built up from a selection of such sets will be connected as long as the g.c.d. of 
the d’s for the sets included is unity. To enumerate all designs of size (n, r) we 
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must therefore consider all ways of dividing s into s1, Se, 53, -° + parts, 5; of 
type I etc., the parts being distinguishable. Any unconnected designs can be 
removed at sight. The necessary procedure is best illustrated by an example. 

Example. To enumerate all distinct connected designs of size (15, 6). There 
are three bundles 


1247 | 36 | 5 


with m,=4, m,.=2, m3=1. A total selection of s=3 can be achieved, with obvi- 
ous positional notation, in the following ways: 


300, 210, 120, 201, 021, 111. 


The first of these, corresponding to selecting 3 from the first bundle and none 
from the other two, gives one design. A little care is required with some of the 
others. Thus 210 can come about in the following four distinguishable ways con- 
veniently represented by the analogy of two necklaces. Note that although there 
are N(2, 2) =2 ways of arranging two white and two black beads and M(1, 1) =1 
way of arranging one white and one black bead, the total number of distinct 
combined arrangements is not just N(2, 2) N(1, 1). The reason why two com- 
bined arrangements can be distinguished on the left of Fig. 2 is, of course, that 
the periods of the two necklaces have a common divisor 2. On the right we have 
™1=2, T2=2, which results again in the multiplier 2. Proceeding in like manner 
we find that the total number of distinct designs is 


1+4+1+2+4+14+2 = 11. 


O O 
O © 


Fre. 2 


If {i, j, k} denotes the design consisting of sets {i}, {j}, {#}, the eleven de- 
signs may be taken respectively as 


{1, 2,4}; {1, 2, 3}, {1, 2, 6}, {1, 4, 3}, {1, 4, of; {1, 3, 6}; 
{1, 2, 5}, {1, 4, 5}; {3, 6, 5}; {1, 3, 5}, {2, 3, 5}. 
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The general approach to enumeration is now clear. If there are k bundles we 
consider first a particular choice of the s; (¢=1,2,--+,k; OSsiSm,, Dis;=s). 
This gives 


k 

II Msi, sf) (sf = ms — 53) 

i=1 
different combinations of k necklaces without taking into account their relative 
orientations. Of these there will be 


k 

Il N,,(si, si) 

i=1 
combinations for each of which the period of the arrangement on the zth necklace 
is T; («=1, 2, ---+, R). Such a combination of k necklaces will first return to its 
original position after /(<) turns, where /J(*) is the lowest common multiple of 
the 7;. Correspondingly there are 


(3) Dz = [| r:/l() 


distinct arrangements. 
To sum up: A general expression for the number of cyclic paired-comparison 
designs of size (n, 7) is 


k 
(4) D1 2 De II Ness 52), 
s 4% i=1 

where 085;S5m,, > s:=S=4r, >om;=4(n—1), N,,(si, sf) is the number of dis- 
tinct arrangements with period 7; of s; white and s/ black beads on a necklace, 
D,, is defined by (3), >>, is the sum over all +; compatible with a given set of the 
Si, >.s is the sum over all permissible sets of the s;, and may at choice include 
or exclude sets leading to disconnected designs. 

When n(=2m-+1) is a prime up to 31 Table 1 gives the number of distinct 
designs of size (n, r) as N(s, s’) with s=4dr, s'=4(n—1-—r). For n composite 
formula (4) may be computed with the help of the values of N, given in the 
Table. In fact, the present approach essentially constructs the designs in the 
course of enumeration. For 7315 the actual (connected) designs are given in 
[4] and the list can now easily be extended. 


Work supported by U.S. Army Research Office (Durham), Grant no. DA-ORD-29. 
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NEW RESULTS IN EXTENDED ANALYTIC GEOMETRY 
R. S. UNDERWOOD, Texas Technological College 


1. Introduction. The MONTHLY has published four papers by R. S. Under- 
wood [1, 2, 3, 4| and one by D. C. B. Marsh [7] on, or leading up to, the subject 
called “extended analytic geometry.” The first three exploratory papers by 
Underwood missed the simplified approach finally found, and the paper by 
Marsh dealt with algebraic criteria rather than plotting techniques. Conse- 
quently, most of the basic theorems having to do with “rapid sketching” of 
loci have not appeared in the MonrTHLy. Part of what follows has appeared in 
a monograph [5], and part is completely new. To conserve space, proofs which 
may be found in the references are omitted. 


2. Résumé. The major application of the subject to date is a technique for 
solving simultaneous algebraic equations, including complete disposal of linear- 
quadratic pairs in 2 variables. The key to the method is a scheme for mapping 
equations on the XY plane—often rapidly, given the theorems below—by 
associating a specific point (X, Y) with each set of the variables involved. One 
locus of an equation is the totality of points designated by the equation and 
a chosen plotting rule. As will be shown in this paper the pictures obtained are 
in effect three-dimensional; and the indication of depth suggests in turn alter- 
nate views also obtainable. 

To illustrate and give immediate point to the idea, consider the equations 


(1) (2% — 2)? + (By + 2u)? = 25, 


and 
(2) —-—-+-—+~—=1. 


Do these have common real solutions? How would one find out without spending 
an embarrassing amount of time? The answers are respectively “No” and “By 
sketching the loci in a matter of seconds, given a little practice in the method.” 
The locus of (1) is obviously the circle X?-+- Y?=25 by the indicated L.P.R. 
(linear plotting rule): 


(3) X = 2x — 42, VY = 3y + 2u, 
and that of (2), using (3) and Theorem 1 below, is the ellipse 
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(4) —4—=1 


plus the points inside. Even without the sketch it is clear that the circle lies 
outside the ellipse, and hence that no common solutions exist. 

The circle (1) and filled ellipse (2), as graphed by (3), illustrate the degen- 
erate and normal types of loci, respectively. In the first the G. C. (generalized 
coordinates) of the point (X, Y) as obtained from (3), namely (x, y, 2x—X, 
(Y—3y)/2), satisfy (1) with x and y arbitrary. In the second, x and y are re- 
stricted to the values allowed when the G. C. are substituted in (2). In other 
words, some but not all of the sets of 4-coordinates of a point (X, Y) on a normal 
locus satisfy the equation, whereas al] sets work on a degenerate locus. 

The foregoing definitions show implicitly that when at least one of a pair 
of loci is degenerate, the corresponding equations are consistent if and only if 
the loci overlap. When both loci are normal, nonoverlapping is still decisive, 
showing inconsistency; but overlapping leaves the matter in doubt, as when we 
see two clouds apparently merged. If they actually do not touch, this would be 
apparent with a proper change of viewing position. An analogous result is ob- 
tained mathematically by altering the plotting rule, as may be demonstrated 
precisely in the case of three variables. When > 3 the stereoscopic impression 
still directs plotting-rule (or viewpoint) operations usefully (Sections 6, 7, and 
8). In accord with this pragmatic approach, a degenerate locus may be con- 
sidered a cylindrical surface turned edgewise to the viewer which always pene- 
trates (has solutions in common with) any “cloud” (normal locus) in the line of 
sight. 

The general method of graphing a quadratic equation is explained in Sec- 
tion 7 of [4]. The method involves the solution of 7—2 linear equations in n —2 
unknowns, and is obviously a last resort, though dependable. If shortcuts were 
not available, such importance and usefulness as the subject may have would be 
drastically reduced; but fortunately this is not the case. 


3. Short-cuts for equations lacking cross-product terms. The following re- 
sult appears as Theorem 5.1 in [5], and the proof may be found there. 


THEOREM 1. The locus of the equation 


2 
a OF m n 
(5) >) — = 1 by the L.P.R. (6) X= > Aw, Y= > Am, 
1 4; 1 m+1 


1s the ellipse 
(7) 4+ —=1 


plus the points inside, in which M= >. a?A? and N= >.",, a3A?. Furthermore, 


250 NEW RESULTS IN EXTENDED ANALYTIC GEOMETRY [March 


the sole n-coordinates which satisfy (5) and locate a point (X, Y) on (7) are as 
follows: 


%;= a;A;X/M (i=1,2,+--,m), 
2; = a;A;V/N G@=m+i1,---, 7%). 


THEOREM 2. The locus by L.P.R. (6) of equation (5) with 1 replaced by —1 is 
imaginary (or blank) on the XY plane. 


(8) 


Note that the vacuous locus is a silhouette, if we define the latter as a locus 
which leaves an uncovered area on the X Y plane. 


THEOREM 3. The locus by L.P.R. (6) of the equation 


2 
nr Xx; 
(9) —_—= 1, 
1 Oy 
in which some but not all of the a; are negative, will, 1f it 1s a silhouette, be bounded 
by the curve (7), in which M and N are as in Theorem 1 except that ai is replaced 
by a; Furthermore, given the silhouette, the sole n-coordinates which satisfy (9) and 
locate a point (X, Y) on (7) are those in (8) with aj replaced by a;,. 


Since one or both of M and N in (7) may be negative or zero, (7) may be 
imaginary or nonexistent, in which case the locus will cover the plane. If (7) 
is a real ellipse or hyperbola, this serves as the test curve. The substitution in 
the original equation of the G.C. of two points on opposite sides of the test 
curve, when this is necessary, will show whether or not the locus is a silhouette. 
Often this “two-points method” is not necessary, as shown in Section 4. 


THEOREM 4. The locus of the equation 


m x; n 

(10) = Amt A 
1 4a; m+1 

by the semi-arburary L.P.R. 

(11) XxX = >» A Xs, Y = > AX, 
1 m+1 


in which the constants A; (t>m) are fixed by (10), ts the parabola 


2 


(12) a V+A 
= 


plus the points inside, in which M 1s as in Theorem 1. Furthermore, the first m of 
the n-coordinates of a point (X, Y) on (12) which satisfy (10) must be as in the first 
line of (8), but the remaining n-coordinates are restricted only by the second equation 
an (11). 
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THEOREM 5. The locus by (11) of the equation 


(13) 


in which the constants A; (a>m) are fixed by (13) and A, 1s chosen large enough so 
that M=a?A?— 90” a? A?>0, is the parabola (12) plus the points outside. 


Of course if the left side of (13) contains one negative instead of one positive 
term, Theorem 5 still holds after signs and notation are changed. Marsh has 
proved that no L.P.R. will yield a silhouette if the left side of (13) is changed 
to contain at least two positive and at least two negative terms. 

Note that the “filled parabola” of Theorem 4 and the “surrounded parabola” 
of Theorem 5 are respectively the silhouettes of elliptic and hyperbolic parab- 
oloids in 3-space. 

Finally, the nonhomogeneous cases in which squares may be completed and 
the xf terms in (5), (9), (10) and (13) are replaced by (x;—);)?, may be reduced 
to the cases already treated by use of the “translation” «;—b;=x/. This com- 
pletes the disposal, without resort to calculus or long algebra, of the loci of 
quadratic equations lacking cross-product terms. 


4, Dependable silhouettes. Silhouettes always appear under the conditions 
cited in Theorems 1, 2, 4, and 5. Theorem 3 is less definite, since the test curves 
there obtained may be spurious, or false boundaries of loci which really cover the 
plane. However, in this case the L.P.R. indicated below will yield silhouettes 
dependably, and the “two-points method” discussed below Theorem 3 is not 
necessary. 

Consider equation (9), in which m positive terms are assumed to precede the 
n—m negative ones, with m>0 and n>m. The equation then has index m and 
rank m. Four cases are involved, as shown. It is assumed that 223. 

Case 1: m=1. The L.P.R. is X=x, Y= 503 A,x,, and the silhouette is that 
of a hyperboloid of two sheets. (It is proved in [5] that no other type of sil- 
houette can be obtained in this case.) 

Case 2: m=n—1. The L.P.R. is X = a} A.x;, Y=x,, and the silhouette 
is that of a hyperboloid of one sheet, seen from the side. 

Case 3: m=2. The L.P.R. is X=Aimit > Aw, V=Aort don, Ams in 
which 3Sk<Sn and A; and A; are chosen large enough to make both M=a,Aj 
— >7) a;A? and N=a,A3— > °3,, a,A? positive. The silhouette is that of a hyper- 
boloid of one sheet seen from the end (otherwise described as an “empty but 
surrounded” ellipse). 

Case 4: m>2 and n—m>2. No L.P.R. will yield a silhouette, as shown by 
Marsh. (Note that on the whole this enhances rather than impairs the useful- 
ness of the method in solving simultaneous equations. In this case the equation 
is consistent with any other equation in the m variables, quadratic or not, which 
has a degenerate, nonvacuous locus.) 
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When u=3, Cases 2 and 3 both apply, and indeed both views of a hyper- 
boloid of one sheet can be obtained from the same equation. 


5. Classification by silhouettes. The remark under Case 1, Section 4, sug- 
gests that classification of equations by silhouettes may be feasible, as it defi- 
nitely is when n= 3. Figure 88c [6] shows that each silhouette in this case reveals 
unambiguously the corresponding quadric surface, if we list all imaginary loci 
under one heading. When 2>3 this classification would be limited, however, 
by the nonappearance of silhouettes in some cases. Other aspects of the in- 
vestigation are more useful. 


6. New features of loci when > 3. Superficially, loci of quadratic equations 
when n=3 and m>3 are the same. That is, when they are nonvacuous sil- 
houettes they are either conic sections (including straight lines and points) or 
areas bounded by them. However, at least two new features appear when n> 3. 

The first feature is the “cliff effect.” Consider the equation 

(c+z)? y? 
(14) . + 3 + ; 


whose graph by L.P.R. 
(15) X=x+4, Y=yt+u 
is the filled ellipse 


(16) —+—-= 


But here the G. C. of a point (X, Y) on the bounding curve (16) has an “un- 
assigned and free” small letter, namely x in (x, 3Y/5, X —x, 2Y/5) so that the 
boundary suggests a cylindrical surface just as degenerate loci do. In effect, we 
are looking at the end view of a filled elliptic cylinder—never met when n=3. 
The side view might be expected, and sure enough it appears inside the lines 
(X + Y)?=12 when conjured by the L.P.R. 


(17) X=x+y, Y=e2+u. 


Solid figures suggested by the “cliff effect” are those bounded in various 
ways by elliptic, parabolic, and hyperbolic cylinders, and by parallel and cross- 
ing planes, all turned edgewise to the observer. 

The two views of (14), as well as a wealth of other examples suggest the 
following 

Conjecture. If a silhouette provides a “depth view,” either as a degenerate 
locus or one with a “cliff effect,” and if this view permits an alternate silhouette, 
then an L.P.R. exists which yields that alternate. 

Since it has been shown [4] that different L.P.R. present in effect merely 
different viewing positions for the quadric surfaces of 3-space, the conjecture 
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is correct when ~=3. No counter-example has been found when n> 3, but the 
proof would probably be tedious. 

The second new feature is the appearance of two loci for the same equation 
which are intuitionally contradictory when we conceive depth in the picture as 
previously explained. For example, the locus of the equation 


(18) (@+2?+(ytu?—at=1 


by the respective L.P.R. X=x+2, Y=y+u and X=x+y+u, Y=z, present 
end views of an “empty but surrounded” right circular cylinder (X?+ Y?=1) 
and a hyperbolic cylinder (2X Y=1) filled in the center. Two different solid 
figures are obtained, or at least visualized, from the same equation. Note, how- 
ever, that this does not invalidate the conjecture. 


7. Manipulating the view-point. It is well known that if P(xo, yo, 20) is a 
regular point on a quadric surface Q, (or f=0) one form of the equation of the 
tangent plane to Q at P is 


af 8 F 7 
(19) “| ~ ms) + =| 0 ~ 9) + AC ~ x) = 0, 


in which the coefficients are the values of the partial derivatives at P. Extending 
this in the obvious manner to “quadric surfaces” (the quotes meaning 2> 3) 
and “turning the tangent planes on edge” by choosing L.P.R. which make them 
lines, we get interesting and useful results. For example: 

(a) If the tangent plane has exactly one point of contact, this must appear 
in the silhouette; in fact, if the silhouette shows two points of contact then two 
distinct sets of variables satisfy both equations, contradicting the premise in (a). 

(b) If a silhouetted tangent plane and its corresponding surface show exactly 
one point of contact, the plane may touch the surface in a single point or in “a 
line seen endwise.” In the latter case an infinite set of m-coordinates of the point 
will satisfy both equations. 

(c) The generalization of the “plane-to-point” formula can be shown to 
have geometric significance by “turning the plane on edge.” Calling 
(ax+by+cz+du) /+/(a?+0?-+c?+d?) the “distance” from the “plane” ax+)y 
+cz+du=0 to the “point” (x, y, z, u), as a sample of the natural algebraic ex- 
tension, we find that when a “plane” is silhouetted as a line and a “point” P 
is always k times as far from a “point” Q off the “plane” as it is from the “plane,” 
the silhouetted locus of P is, as might be expected, that of an ellipsoid, parab- 
oloid, or hyperboloid of two sheets according as k<1, R=1, or k>1. Also, 
when k=1 and Q ison the “plane,” the locus is a straight line. These results hold 
in all cases examined, but the detailed proof is not complete. 


8. Identifying equations which yield degenerate loci. In [7], Marsh obtained 
algebraic criteria for equations yielding degenerate loci by proper choice of the 
L.P.R. An alternate “intuitional” method identifies such equations and often 
turns up Diophantine sidelights in the process. Let us start with 
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THEOREM 6. If two sets of real numbers satisfy a quadratic equation f =0 and 
yield nonparallel tangent “planes” F=C, and G=C», Ci and C2 being constants, 
the L.P.R. X=F and Y=G gies a degenerate locus for the equation in case such 
a locus exists. 


In less precise but more illuminating language, we “stand both planes on 
edge and thus get an end view of the cylindrical surface which makes the de- 
generate locus.” If this had been suggested previously by “standing one plane 
on edge” and getting a silhouette with straight line boundaries, we could not at 
that point deduce that a degenerate locus must exist. The locus, as in (14), 
might be merely bounded by a cylindrical surface. 

Proof. Assume that the locus of f=0 is degenerate when a proper L.P.R. is 
selected, —say X= )*a,x;+a, Y= >.%b,x;-+0. Then we may write 


(20) f= AX?+ BXY+CY2?+ DX+EVY+F=0. 


Let one of the sets of real numbers mentioned in the theorem, namely, 
(C1, °° +, Cn) be the m-coordinates of a tangent point P. Then, using the exten- 
sion of (19) as the equation of the “tangent plane at P” by definition, we get as 
that equation 
of of 
(21) = (41-1) foes t+ | a) =6 
P 


0x1 OXn P 


in which 
0 Of OX of dY 
@ U-G are 
OX;1P oxX Ox; oY Ox,;/ Pp 
= (2AXi + BYi + D)a; + (BXi + 2CVi + EB)bi. 


Here X; and Y; are the values of X and Y at P. 
Hence the equation of the “tangent plane,” from (21) and (22), is 


(2AX,+ BYi+ D) >> a(x; — c:) 
1 


(23) 
+ (BX, + 2C Yi + E) >» b (x5 _ Ci) = 0, 
1 
Or 
(24) Ay ats + He DD bts = Hy 
1 1 


in which Ay, He, and Hj are constants, or 


(25) A,X + HeY = Hj + Hia + Heb = A. 


1965] NEW RESULTS IN EXTENDED ANALYTIC GEOMETRY 255 


Similarly, at the second point mentioned in the theorem, we get, for the 
“tangent plane” not parallel to the first one, 


(26) KiX + KeY = Kz. 
Then an L.P.R. which yields a degenerate locus is 
(27) X’ = MX + AY, VY’ = KiX + KeY. 
For since the “planes” are nonparallel 
A, 
K, K. #0, 


and X and Y are expressible in terms of X’ and Y’. Thus (20) by L.P.R. (27) 

yields an equation in X’ and Y’ with none of the small letters appearing ex- 

plicitly. Note that X’ and Y’ are found by getting the tangent planes (25) and 

(26) determined by the granted points, and then by “turning both on edge” via 

(27). Advance knowledge of the values of X and Y in terms of the small letters 

(which in itself would show the locus of (20) as degenerate) is not necessary. 
Applying the theorem to the equation 


(28) An? + Sy? + 22? + u? + 4xy + 4u2 + Oyz + 4yu + 22u = 25, 


and using the “points” (0, 0, 0, 5) and (0, +/5, 0, 0), we get X’=2y-+2-+u and 
VY’ =2x+5y+3z+2u, whence the G.C. of (X’, Y’) are (x, y, Y’—2X’—2x—y, 
3X’ — Y’+2x—~/), and the left side of (28) collapses to 5X’2—4X’ Y’+ Y"2. Since 
we had started out sneakily with the left side of (28) in the form (2x+y-+2)? 
+(2y+z+4u)2, we have learned that this is identical with 


5(2y + 2+ u)? — 4(2y + 2 + u)(2x% + Sy + 32 + 2u) + (2x + Sy + 32 + 2u)?. 


Interesting identities of this nature are spawned by the method, and the alge- 
braic work is much shorter if we start with an equation in the form for which 
the degenerate locus is obvious. Doing that with (28) and using the “points” 
(1, 1, 0, 2) and (1, 0, 2, 1) we find that another version of the left side of (28) is 
(25X'2—4A8X' Y’+25 Y"2) /49, in which 


X’=6e+1iy+72+ 44 and Y’ = 8% + 10y+ 72 + 3u. 


Of course, it may be impossible to find two “points” as in the theorem. This 
would occur in 3-space when the locus of the quadratic is imaginary, a straight 
line, a point, or two coincident planes. Corresponding cases when 2>3 would 
be exposed at once in the first three cases by the normal plotting technique. In 
the case of two coincident “planes” whose equation is f?=0, or two intersecting 
“planes” (FG=0), the “tangent plane” equation reveals one factor at once, 
showing incidentally one sure method of factoring a reducible quadratic in n 
variables. 
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A CHARACTERIZATION OF THE GEOMETRIC DISTRIBUTION 
T. S. FERGUSON, University of California, Los Angeles 


1, Introduction. Certain distributions may be characterized by conditions 
asserting the independence of suitable statistics. The most renowned of these char- 
acterization theorems is that first proved by Kac [5] which states: if random 
variables X and Y are independent, then X+-Y and X—Y are independent tf, 
and only tf, both X and Y have normal distributions with a common variance. 

A similar characterization of the gamma distribution has been proved by 
Hogg [4] and Lukacs [6]. It is the purpose of this paper to investigate the ex- 
tent to which the geometric distribution may be characterized by analogous 
assumptions of independence. 

The starting point for this investigation was the observation in [1] that if 
X and Y are independent random variables each following the same geometric 
law with probability mass function 


(1) f(k) = (1 — p)p* k=0,1,2,---, 
where 0<<1, then the random variables min(X, Y) and X — ¥Y are stochasti- 
cally independent. It was also observed, however, that if X and Y are inde- 
pendent random variables having the same exponential distribution with den- 
sity 

f(z) = rere) if 2>0 


2 
2) = 0 if 2< 8, 


where A>0, then again the random variables min(X, Y) and X—Y are sto- 
chastically independent. Thus, the independence of min(X, Y) and X— Y for 
independent X and Y will not by itself characterize either the geometric or ex- 
ponential distributions, so that a complete analogue of the result of Kac cannot 
be valid. Therefore, in order to obtain a characterization of either the geometric 
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or the exponential distribution, it is necessary to restrict the distributions in 
some way. In [2], the following result was obtained: if X and Y are independent 
random variables with absolutely continuous distributions, then min(X, Y) and 
X — Y are independent tf, and only tf, both X and Y have exponential distributions 
of the form (2) with a common value of 6 (but possibly different values of d). 

For a formulation of the problem which contains the normal, the gamma, the 
exponential, the geometric, and other distributions in a single statement, see 
[1] or [2]. In this paper the distributions of X and Y are restricted to be dis- 
crete. 

The term geomeiric disiribution signifies in this paper the distribution of any 
random variable X for which there is a real number 0 and a positive real number 
c such that the random variable (X —@)/c has the distribution of formula (1). 
The parameters @ and ¢ are respectively location and scale parameters of the 
distribution of X. The parameter p will be referred to as the geometric param- 
eter. A random variable X is said to be degenerate at xo if P(X =x») =1. In the 
next section, it is shown that if X and Y are independent, nondegenerate, dis- 
crete random variables, then min(X, Y) and X — Y are independent if, and only 
if, X and Y both have geometric distributions with common location and scale 
parameters, but with possibly different geometric parameters. 

With such a theorem, the study of the independence of min(X, Y) and X—Y 
for independent, discrete X and Y is easily completed with the aid of the follow- 
ing simple theorem which takes care of the degenerate cases. 


THEOREM 1. If X 1s degenerate at Xo, then min(X, Y) and X—Y are inde- 
pendent if, and only if, either (i) Y is degenerate or (ii) P(Y 2x») =1. 


Proof. The “if” part of the theorem is immediate, since degenerate random 
variables are independent of any random variables, and since both (i) and (ii) 
imply that min(X, Y) is degenerate. To prove the “only if” part, suppose that 
Y is nondegenerate and that P(Y 2x.) <1. Then, there exists a number m<xo 
such that 0<P(Y<m) <1. Using the independence of min(%, Y) and x)— Y, 
we have 


P(Y <m) = P(min (xo, Y) < _m) = P(min (ao, Y) < m| x20 - Y > xo — m) 
= P(Y <m|Y <m) =1. 
This contradiction completes the proof. 


The analogous theorem where Y is degenerate is also valid, since if min(X, Y) 
is independent of X — Y, it is automatically independent of Y—X. 


2. The characterization theorem. We first present two lemmas. The first 
lemma may be found as a special case of a lemma of Ghurye [3, Lemma 1] 
proved by means of Fourier transforms. For the sake of completeness and sim- 
plicity we give a proof of Lemma 1 involving only elementary notions. 


Lemma 1. If X and Y are independent, and 1f X and X — Y are independent, 
then X 1s degenerate. 
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Proof. Suppose that X is not degenerate. Then, there exist four points 
1 <x_<x3<xq4 such that P{xSXSx.}>0 and P{xsSXSx,}>0. For any 
other variable Y and all numbers y 


(3) PIY-XsSy,m5X Sm} 5S Pi[Y Sytm,m 5X S x} 
and 
(4) P{\Y—-XSy,%5X Su} = PLY Syt+s, 435 X S m4}. 


Inequality (3) and the independence assumptions imply 


(5) P{Y-Xsy}sP{Ysytx,} 
for all y. Similarly, from inequality (4), 
(6) P{VYS y+} SP{Y—-Xsy} 


for all y, which in conjunction with (5) implies that Y has no mass anywhere. 
This contradiction completes the proof. 


LemMA 2. Let X and Y be independent nondegenerate random variables and 
suppose that U=min(X, Y) and V=X—Y are independent. If P(X =x) >0 and 
P(Y>x)>0, then P(Y=x)>0. Similarly, if P(Y=y)>0 and P(X>~-y)>0, then 
P(X =y)>0. 


Proof. Suppose P(Y=«x) =0. Then if P(X =x)>0 and P(Y>x)>0, 
(7) PVsS0=PV sS0|\U=2)=P(XS Y|X=2,Y 2x) = 1. 


Thus, P(X SY) =1, so that U is equal to X with probability 1. Since now X is 
independent of X—Y, Lemma 1 will provide a contradiction, proving that 
P(Y=x)>0. The last statement follows by symmetry since if U is independent 
of V it is also independent of — V. 

A number x is said to be a possible value of a discrete random variable X, 
if P(X =x)>0. Using this terminology, the conclusions of Lemma 2 may be 
stated for discrete variables as: Every possible value of X less than some possible 
value of Y 1s a possible value of Y, and every possible value of Y less than some 
possible value of X 1s a possible value of X. 


THEOREM 2. Let X and Y be independent, nondegenerate, discrete random vart- 
ables. Then, U=min(X, Y) and V=X—Y are independent if, and only if, both 
X and Y have geometric distributions with the same location and scale parameters. 


Proof. First, suppose that U and V are independent; then for all w and all 


v0, 
P(U = 4)P(V = 0) = P(min (X, Y) = 4, X — Y = 2) 


= P(X =u+)P(Y = yw). 


(8) 


Lemma 2 implies that P(V=0)0, so that by putting v=0 in equation (8) we 
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may solve for P(U=u). Substituting this value into equation (8) gives for all 
u and all v=0 


(9) P(X =u)P(Y = u)P(V = 2) = P(X = ut P(Y = 4)P(V = 0). 


Lemma 2 and nondegeneracy imply that there are at least two distinct num- 
bers, %» <1, which are possible values simultaneously for X and Y. Two equa- 
tions may be obtained by letting “ assume the values x» and x; in (9), from 
which P(V=v) may be eliminated, yielding for all v>0, 


(10) P(X =a1+2) = | P(X = x + 2). 
P(X = %0) 
This implies, by induction, that 
P X = 1 n 
(11) P(X = n(%1 — %) + x0) = se | P(X = x). 


Since the total mass of the distribution of X must be finite, P(X =x) > P(X =). 
But since x» and x; were arbitrary numbers which were possible values of both 
X and Y, we see that there can be at most a finite number of possible values of 
X which are less than x1. We now suppose that xo is the smallest of the possible 
values of X and that x; is the next smallest. Then equation (10) inductively 
implies that the only possible values of X are n(x1;—%xo9)+%0, n=0, 1, 2, °°: 
and equation (11) implies that X has a geometric distribution on these values. 
By symmetry, Y also has a geometric distribution, and Lemma 2 implies that 
Y must have the same set of possible values, and hence the same location and 
scale parameters. 

Now, suppose that X and Y have geometric distributions with the same 
location and scale parameters, and geometric parameters p; and pe respectively. 
A change of location and scale will not affect the independence or noninde- 
pendence of U and V, so we may choose the variables to be defined on the non- 
negative integers as in equation (1). Then, for all u and all v20, 


P{U =u, V =0} = P{X=u+o0} PLY =u} = (1— p(t — da)di de, 
while for all u and v<0, 

P{U =4,V =v} = P{X =u} P{Y =u—»} =(1—- p(t — poddipa 
Thus P { U=u, V=0} obviously factors into a product of a function of u, say 
P{ U =u} = (1 — pips) (pipo)*, and a function of v, say P{ V =} 
= (1—pi)(1—p2)(1—pip2)1b; for v20, and 

P{V =v} =(1—p)(1 — p) (1 — pips) Pa for v<0, 
proving the independence of U and V. 
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THE LAMBDA NUMBER OF A MATRIX: THE SUM 
OF ITS n? COFACTORS 


MARJORIE R. BICKNELL, San Jose State College (Now a teacher at Adrian Wilcox 
High School, Santa Clara, Calif.) 


This paper contains a brief exposition of the effects of adding a given number 
to each element of a matrix and of properties of the sum of the cofactors of a 
matrix. A novel method of evaluating a determinant, a quick computational 
check for the elements of the matrix inverse, and a new proof of a well-known 
property of the binomial coefficients are presented. 


1, The lambda number. The lambda number \(A) of an 2Xn matrix A is 
defined as the change in the value of the determinant of A when the number 
one is added to each element of A. Three methods of evaluating \(A) and general 
properties of the lambda number are given below. 


TuHEorEM 1. The lambda number of the nXn matrix A=|a.;| ts given by 
(A) =det L, where L= |c,;| is the matrix of order n—1 given by 


Cig = ig TD Vipss+1 — Gig¢1 — Gipiy- 
Further, uf A* 1s the matrix formed from A by adding x to each element of A, then 
(1) det A* = det A + xA(A). 
CoroLuaRY 1.1. For any scalar k, \(RA) =k*—"X(A). 
COROLLARY 1.2. For the matrices of Theorem 1, \(A*) =X(A). 


THEOREM 2. The lambda number of the nXn matrix A 1s given by d(A) 
= >°7., det A,, where A; is the matrix formed from A by replacing the i-th row 
(column) by a row (column) of 1’s. 
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COROLLARY 2.1. (A) equals the sum of the cofactors of the n® elements of A. 


THEOREM 3. Let B= [b,.| be the matrix of order n+-1 formed by bordering the 
nXn matrix A =|a.;| above and to the left, so that bu=0, bu=ba=1, and diss jis 
= Ai; for 1,j=1,2,--+,n. Then det B= —X(A). 


CoROLLARY 3.1. If A’ ts the transpose of A, then \(A’)=X(A). 


CoROLLARY 3.2. If C is the matrix formed from A by exchanging the r-th and 
s-th rows (columns) of A, then \(C) = —X(A). 


CorROLuarY 3.3. If there 1s a constant difference between corresponding elements 
of any two rows (or columns) of A, then \(A) =0. 


Theorems 1 and 2 are proved by expanding the determinant of the matrix 
A* of Theorem 1. Theorem 3 is obtained by expanding det B by its first row 
(or column) and applying Theorem 2. Theorems 1, 2, and 3 have been given by 
Stancliff [1] and by Muir [2], [3], [4]; for proofs of the main theorems above, 
the reader is directed to Muir [2]. Corollary 3.3, given by Trigg [5], is interest- 
ing, since when A(A) =0, any number x can be added to each element of A with- 
out changing the value of det A. Theorem 1 is illustrated in the example follow- 
ing. 

At this point, it is worthwhile to notice that Equation (1) affords an alterna- 
tive method of evaluating a determinant, for if \(A) is known, any number may 
be subtracted out of A to form A*. If several zeroes can be introduced or if the 
size of the elements can be reduced appreciably by adding some x, the method 
suggested by Equation (1) is practical. For an example, consider 


1000 998 554 
M=j| 990 988 554 
675 553 554 


Here, if x= —554, det 14*=0, since each element in its third column will be 
zero. By Theorem 1, 


1000 + 988 — 990 — 998 998 + 554 — 988 — 554 


\(M) = 
wt) | 990 + 553 — 988 — 675 988 + 554 — 553 — 554 
| 0 10 | 
= = 1200. 
—120 435 


Hence, det M= (1200) (554). 
The next theorem, conceived by Stancliff, provides a computational check 
upon the elements of a matrix inverse. 


THEOREM 4. If the nXn matrix A=|a,;| is nonsingular, then \(A) equals 
det A tumes the sum of the elements of A=}. 
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Proof. Since the element in the 7th row and jth column of A! is given by 
A;;/det A, where A;; is the cofactor of a,;;, Theorem 4 is a consequence of 
Corollary 2.1. 


2. The ultimate lambda number. The ultimate lambda number is obtained 
by repeatedly applying Theorem 1. If A is an Xn matrix, let \(4) =det Li, 
where L; is the matrix of order n—1 defined in Theorem 1. Then, find A(Z) 
=det Le and A(L2) =det Ls by reapplying Theorem 1, continuing the process 
until the matrix L,-1 of order 1 is obtained. We define det Z,_; as the ultimate 
lambda number of A, denoted by U(A). 

Two forms of the ultimate lambda number of the identity matrix provide a 
new proof of a well-known property of the binomial coefficients. First, we intro- 
duce the following lemma: 


Lemma. If A= |a,;| is an n Xn symmetric matrix, and if \(A) =det L where 
L=[c,;| is constructed as in Theorem 1, then L ts also a symmetric matrix. 


Proof. By hypothesis, A =A’ so that a,;=a,;for allz and j. By substitution 
in Theorem 1, Cig = je + Og4s, cpa Oj41,0—- 5,244 = Cys for all 2 and j so that L=L’. 


THEOREM 6. The ultimate lambda number of the 1dentity matrix I of order n 
4s given by the binomial coefficient 
( — ‘) 
n-1/ 


Proof. The proof is by mathematical induction. To apply the definition of 
ultimate lambda number, let L,=[c,;] be the matrix formed from I after k 
steps. We show that 


(6) cy) 

C3 = — tT) ; 

’ k+i-j 
where we note that det L,-1=cy for k=n—1. Since, by the lemma, the LZ, are 
symmetric, without loss of generality we assume that 727. Also, define (5) =0 
whenever p>m or p<0. We observe that Equation (6) holds when k=0, or for 


I itself. Assume that Equation (6) holds for Z, and consider L.41= [ci]. Then, 
apply the recursion formula for the binomial coefficients, 


Cn) Gd Ca a) 


and Theorem 1. By the inductive hypothesis, 


= 0902) +(e) Cacia) Cacti 
" sti-j sti-j sti-j—-1 stit1—j 


2s+1 2s+1 2s+2 
mm (—1)tts = (—1)tt ; 
(“1) ia) + Gavan) (“) (atu) 
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Then, Equation (6) holds for all k 20, so that the theorem follows. 
THEOREM 7. The ultimate lambda number of the n Xn diagonal matrix A = [a,;| 
ts given by 


ee? (" ~ 1) en 


Proof. The proof by induction is a generalization of the proof of Theorem 6, 
applying only Theorem 1 and the recursion formula for the binomial coeffi- 
cients. Here, we let L,=[c.;| be the matrix formed from A after k steps and 


show that 
k-+g B B 
Per >a a | GN 
maj \— 1) \m -—j 


Since the proof follows exactly the pattern of the proof of Theorem 6, we omit 


the details. 
2n — 2 mn {n — 1\? 
(ri) E04): 
n—t1 m=1 — 1 
Proof. Let a;,;=1in Theorem 7 and equate the expressions for U(J) as given 
by Theorems 6 and 7. 


THEOREM 8. 


3. The lambda number of A”. In this section we study a type of matrix 
which contains the lambda number of one of its powers as an element. Also, a 
relationship between the lambda number and the characteristic equation of a 
matrix is derived. 


THEOREM 9. Let A = [a,;| be any nonsingular n Xn matrix such that every ele- 
ment in the r-th row and every element in the p-th column equals 1. Then, \(A~*) 
equals det A~* times the element appearing in the r-th row and p-th column of 
A*+*2 for all integers k. 


Proof. Let k be any integer. Let A*= [b,j], A*t!=[c.], and A**?= [d,,]. 
Since A*ti= 4 A*, 


n n 
Cry = » rp pj = > bn; 
p=1 p=1 


by definition of matrix multiplication and since a,,=1 for all p. Similarly, since 
Abt? = Arty, 


n n n n 
dry = » CreUsp = » Crs, = » > Dor. 
s=1 


a=] ol r=] 


That is, the element in the rth row and pth column of A**t? equals the sum of 
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the elements of A*. The theorem follows by Theorem 4. 


CorOLLARY 9.1. Let A be the matrix of Theorem 9, where A* = [b,;]. If det A 
= +1, then the cofactor B,» equals (—1)*t? times \(A*t?), 


Proof. By» equals (—1)*t? or (—1)**"+? times the element in the rth row and 
pth column of A~* as det A =1 or —1. In either case, the corollary follows from 
substitution in Theorem 9. 


THEOREM 10. Let A be any nonsingular nXn matrix. If c; 1s the coefficient of 
x* in the characteristic equation of A, then, for all integers k, 
n—1 
\(A-*) = DS — (det A*™)dA(A™*4), 
i=0 
Proof. By the Hamilton-Cayley Theorem, A satisfies its own characteristic 
equation. Thus, 
n—1 
At = >) — ¢ Atte, 
s=0 
Since the corresponding elements of the A* must have the same recursive prop- 
erty as do the matrices A*, so must the sums of the elements of the A*. We ob- 
tain the theorem by applying Theorem 4 and dividing by det A’*. 
In conclusion, two interesting extensions of Theorem 10 follow. 


CoroLuary 10.1. If det A =1, then MA‘) = Dott —cX(Ar-* 4), 


COROLLARY 10.2. The ultimate lambda numbers of the A* are related by the 
recursion formula U(A*) = >o%t —c;U(At*). 


Proof. The proof is based upon showing that, if \(A*) =det Lz, where Ly is 


formed as in Theorem 1, then the L; satisfy the same recursion formula as do 
the A*. 


The lambda number arose in the unpublished notes of the late Fenton S. Stancliff, a pro- 
fessional musician who had a lifelong creative interest in mathematics. Mr. Stancliff's notes pro- 
vided the background material and the inspiration for further study of the topic. I wish to thank 
Dr. Verner E. Hoggatt for his help and encouragement. 
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IDEALS IN ORDERED GROUPS 


JAN F. ANDRUS, University of Florida (Now with General Electric Co., Huntsville, Alabama) 
and ALTON T. BUTSON, University of Miami 


1. Introduction. Consider the mathematical system P satisfying the postu- 
lates: 


(i) P is a group under the operation +; 

(ii) P is a partially ordered set under the relation =; 

(iv) For any ideal J of P, x+J+y is an ideal or a dual ideal when x and y 
are any elements of P. 

(We defer the definition of an ideal until later in the paper.) 

Axiom (iv) here replaces the familiar axiom: 

(iii) If a and b are any elements of P such that a=b, then xt+a+tyzx+b+y 


for any patr of elements x and y in P. 


This paper shows that with a minor qualification, postulate (iv) may be 
phrased in terms of the more fundamental and easily visualized concept ex- 
pressed in the following postulate: 

(v)’ For each component C of P and each pair of elements x and y in P, either 
at ts true thatxtaty2x+b++y for all elements a and bin C such that a 2b or 1t 1s 
true that x+a+ySx+b-+y for all pairs of elements a and b in C such that aZb. 

A component C of P is defined to be a minimal set of elements in P such that 
no element of C is related by 2 to any element not in C. The component is the 
fundamental concept to which we have referred. It is our intention to prove the 
two following assertions: 


ASSERTION 1. Disregarding a class of trivial systems to be characterized in 
the proof of the assertions, postulate (iv) is equivalent to the axiom: 

(v) For any ideal or dual ideal J of P, x+J+y ts either an ideal or a dual 
ideal. 


ASSERTION 2. Postulates (v) and (v)’ are equivalent. 


In an earlier paper [1] the authors analyzed the systems defined by (i), (ii) 
and (v)’. Therefore, the two assertions relieve us of the task of analyzing sys- 
tems defined by (i), (ii) and (iv). For examples and other related information, 
refer to [1]. 


2. Preliminary definitions. We say that two elements of P are connected if 
and only if they are contained in the same component of P. 

The symbol F* represents the set of all elements of P equal to or greater 
than all elements of the subset F of P, and F* stands for the set of those ele- 
ments equal to or less than all elements of F. The symbols f* and f+, where f 
is an element of P, are defined as if f represents the set composed of f alone. 

A subset J of P is defined to be an ideal (closely following Frink in [2]) if 


265 


266 IDEALS IN ORDERED GROUPS [March 


for every finite nonvoid subset F of J, F* is nonvoid and (F*)+ CJ. A dual ideal 
is defined by interchanging the symbols * and +. 

The length of a set S is the largest integer » for which there exist »-+1 ele- 
ments %1, %2,° °°, Xn41 of S such that x >%2> °- ++ >Xn41. 


3. Proof of the assertions. The proof that postulates (i), (ii) and (v)’ to- 
gether imply (v) is long but straightforward. Consequently, we do not present 
it here except to say that the proof employs the equalities 


a+ F*t = (4 + F)** = (if x preserves order) 
a+ F*t = (x + F)** = (if x reverses order) 


which may be derived from (i), (ii) and (v)’. 
Assume now that P is an algebraic system satisfying (i), (ii) and (iv). 


THEOREM 1. One and only one of the following statements 1s true of P: (1) P 
has infinite length and no minimal elements, (2) P has length one and no tsolated 
elements, (3) P ts totally unordered. 


Proof. 1{ ais a minimal element of P, the set consisting of a alone is an ideal. 
Hence any translation «+a of a is an ideal or a dual ideal. It can be translated 
into any element of P, in particular into an element which is neither maximal 
nor minimal if such exists. A set composed of an element such as this, however, 
can be neither an ideal nor a dual ideal because it contains neither (x-++a)+ nor 
(<-+-a)*. Thus the existence of minimal elements is incompatible with that of 
chains of length greater than one. 


LemMaA 1. If ais connected to b, then x+a-+y 1s connected to x-+b+y. 


Employing Lemma 1, which follows from (iv) and the transitivity of the 
order relation, one can obtain 


THEOREM 2. The component Cy containing the zero element 0 1s a normal sub- 
group of P whose cosets are the components of P. 


In accordance with Theorem 1, the investigation will be divided into a study 
of systems of length one and systems of infinite length. 


LremMA 2. If P 1s of length one and a>b, then x-+-a and x+b are not both 
maximal. 


Proof. Assume that a>b and x+a and x+b are maximal. According to the 
definition of an ideal (dual ideal) J, every nonvoid subset F of J must have 
an upper (lower) bound. Clearly x-++-a and x+b have no upper bound. Since 
x-+at is either an ideal or a dual ideal containing «+a and x-+), there exists 
an element x-+cC€j{x+a, x+b}+. Since —x+(x—a)* is either an ideal or a 
dual ideal, either {a, cht @ or {a, c} * 4 @, where @ is the null set. Likewise, 
the fact that —x+(x-+b)+ is an ideal or a dual ideal implies that either {b, c}+ 
~O or 1b, c} * 4 @, which is impossible unless c>b or c <a. 
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It can be shown that the figures of Fig. 1 are incompatible. Likewise, the 
configuration shown in Fig. 2 is impossible. It is possible to show that either of 
the cases, c>b or c<a, gives rise to an impossible situation like that of Fig. 1 
or Fig. 2. This contradicts the initial assumption and proves Lemma 2. 


é g xth 
é g rte xf 
ath w+g i h atg 
Fic. 1 Fic. 2 (x-+e and x+f assumed to be maximal) 


LemMaA 3. If P ts of length one and a=b implies x+-a-+y and x+b-+y are 
comparable, then P satisfies postulate (v). 


Proof. Let c and c’ be maximal elements of a component C of P. There exists 


a sequence C=, X%2,- °°, Xn=c' of distinct elements of C such that x; is com- 
parable to x41. Furthermore, x; is maximal if and only if 2 is odd. In particular, 
n is odd. The sequence x+c=x+%1, x+%, +--+, x+x,=x-+c’ is another se- 


quence of distinct elements such that x-++x; is comparable to x+%iy1. If x+c is 
maximal (minimal), then x-++x,; is maximal if and only if ¢ is odd (even). Since n 
is odd, x +c’ =x-+x, is maximal if and only if x-+c is maximal. Thus x preserves 
or reverses order (when added to the left of comparable elements) in C according 
to whether or not x-++c’ is maximal. The remainder of the proof is obvious. 


THEOREM 3. If P does not satisfy Postulate (v), then P 1s (1) a partially ordered 
set of length one in which (2) the components are the cosets of Cy and (3) every com- 
ponent 1s a principal ideal (1.e. every component can be expressed as at for some 
aCP) containing more than two distinct elements. Conversely, any group P satisfy- 
ing (1)-(3), for some normal subgroup Co, satisfies axioms (i), (ii) and (iv) but 
not (v). 


Proof. The converse statement will be proven first. Assume that P satisfies 
(1)-(3) for some normal subgroup C) and let J be an ideal of P. It is contained 
in some component C. It is simple to show that J=C. Since x +-J+y=x+C+y 
is a coset of Cy and hence a principal ideal, x + J-+-y is an ideal. This proves that 
P satisfies (iv). It is not difficult to construct a dual ideal J for which x+-J is 
neither an ideal nor a dual ideal. 

Now let P satisfy axioms (i), (ii) and (iv) but not (v), and assume it is of 
length one. By the contrapositive statement of Lemma 3, there are elements 
a, b and x such that a>b but x+a and x+0 are not comparable. By Lemma 2 
and the fact that {x+a, x-+b} is contained in x-+at, there is an element x-+c 
properly over x-+a and x+0. By the use of Lemma 2, it is possible to show 
that c<a. 
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The set x-++a* is an ideal, because if it were a dual ideal, it would contain two 
minimal elements, x-+a@ and x+b. It cannot contain a maximal element distinct 
from x-++c or a minimal element not under x-¢c. It follows that x-+at=(x-+c)t. 
Employing the latter equality and Lemma 2, it can be shown that any element 
é, such that e>c, is equal to a. From this it follows that if f>d, for some fEP 
and any d€ P such that d<a, then f=a. Therefore, the particular component 
C, containing a is the set at. It can be shown from this that any component C 
of P is a principal ideal. 

The proof of Theorem 3 (and Assertion 1) would be complete if it were 
known that all systems satisfying axioms (i), (ii) and (iv) which are of infinite 
length must satisfy postulate (v). This result will be obtained in the remainder 
of the paper. The proof of Assertion 2 is a by-product. 

Since x +aC€x-+5t implies aSb, we have 


LemMa 4. If a>b and x+bt ts an ideal, then x+akx+b. If a>b and x+bt 
1s a dual zdeal, then x+aZ2zx-+b. 


Lemna 5. If x-+bd* ts an ideal and b is not maximal, then x-+-bt+ = (x+0))t. 


Proof. lf —x+(«+5)+ were a dual ideal, we would have b* C—x+(x+b)t 
bt which is possible only if b is maximal. Thus —x-+(x-+))t is an ideal. Since 
bE —x+(x+b)t, b+ C—x+(x+))t and «+bt C(x+5)t. 

The proof of the following Lemma is based upon Lemma 5, the contraposi- 


tive of Lemma 4, and the fact that every finite subset of a dual ideal has a lower 
bound. 


Lemna 6. If ats not maximal, a>b, —x+(x-+a)t is a dual ideal, and x+bt 
1s an tdeal, then x+a>x-+b. 


LEMMA 7. If ais not maximal, a>b, and P 1s of infinite length, then x+a and 
x+b are comparable. 


Proof. We assume that —x+(x«-+a)+t is a dual ideal and —x+(x«+))t is an 
ideal, for otherwise the lemma is obvious. We may also assume that x+0 is 
maximal, because otherwise Lemmas 5 and 6 imply x+a>x-+b. 

Now if x++d+ is an ideal, according to Lemma 6, x-+a and x-+)d are com- 
parable. Assume, therefore, that x-+bt is a dual ideal. There is an element d<b 
since P is of infinite length. Since —x+(x«+5))t is an ideal containing b and d, 
x+dE(x+b)t and x+d<x+b. Now a>d, where a and x+d are not maximal. 
It follows from Lemmas 5 and 6 that x-++-a and x+d are comparable. If «+a 
<x+d, then x+a<x-+0. Therefore, assume that xt+a>x-+d. Since d€Ot, 
x+dex+bt. Thus (x+d)* Cx+bt C(x+b)+. This implies x+a€(x+b)*, com- 
pleting the proof. 

Suppose that a is maximal and that P is of infinite length. There exists a 
chain a>e>f>g and elements t, b and c in P such that t+a=f, t+b=e and 
t-+-c=g. The chain may be written as a>i+b>it+a>t-+c. Since t+b>t-+a, it 
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follows from Lemma 7 that a and b are comparable. Moreover, a>b, because 
a is maximal. 

By Lemma 4, —t+(t+a)* is a dual ideal. Now c@ —t+(¢+a)*. Thus 
c*¥C—t+(é+a)t and t+c*C(t+a)t. If b€c*, then ¢+bC€(¢+a)t, which is 
impossible since t+b>t-+a. Hence b€c*. However, by Lemma 7, b and ¢ are 
comparable. Thus )<c. The elements a and c are also comparable because 
t+a>t-+c and t+a is not maximal. Since a is maximal, a>c. From Lemma 4 
and the relations t-+-a>f-+c and a>c, it follows that —t+(t+c)* is an ideal. 
Lemma 5 implies —t+(¢-+c)+t=c*. Since b€ct, t+b€(t+c)t+ and t+)b<t-+c, 
a contradiction. We have proven the two following theorems: 


THEOREM 4. A system satisfying axioms (i), (11) and (iv) and having infinite 
length has no maximal or minimal elements. 


THEOREM 5. Comparability 1s preserved under addition in a system satisfying 
(i), (ii) and (iv) and having infinite length. 


Theorems 5 and 6 and Lemmas 4 and 5 may be used to prove the following 
lemma. 


LemMMA 8. If a>b in P, where P ts of infinite length, then x-+-at 1s an ideal tf 
and only of x+a>x+b, x+at is a dual ideal 1f and only 1f xt+-a<x+b, x+bt 
1s an tdeal uf and only of x+-a>x+), and x+bt 1s a dual zdeal tf and only of x+a 
<x+b. 


An immediate consequence of Lemma 8 is 


Lemma 9. Let a and b be comparable elements of P, where P has infinite 
length. Then x-+at* ts an ideal tf and only af x+b* ts an tdeal, and x+a* is a dual 
ideal tf and only tf x-+-bt is a dual ideal. 


The first paragraph of Section 3 and application of finite induction to 
Lemmas 8 and 9 complete the proof of Assertion 1 and the proof of Assertion 
2 for the case in which P is of infinite length. It remains to be shown that if P 
is of length one and satisfies (i), (ii), and (v), then it must also satisfy (v)’. 
This relatively simple proof is left to the reader. 
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SOLUTION OF THE INITIAL VALUE PROBLEM FOR 
THE RICCATI EQUATION 


W. C. HOFFMAN, Boeing Scientific Res. Laboratories, Seattle, Washington 
As is well known the general Riccati differential equation 
(1) Y' + p(é)¥? + 9) VY) + r(é) = 0 


is reduced by the transformations 


= exp| — i) “ait | y(%), a= J “(e) exp| — | “ade” | dé! 


to the canonical form 


(2) y + y+ R(x) = 0, 


where 
R(x) = ~ exp [2 fae | 


Cioranescu [1| has shown that the following linear system is equivalent to 


(1): 


uo = Au— mn, 


v = pu+ (A + gr, 


where Y=u/v and A is an arbitrary function. The corresponding linear system 
for the canonical form (2) is 


ll 


u’ = A(x)u — R*(x)v 
v = u(x) + A(x)». 


In matrix form (3) reads as follows 


© EI ell] = © go 


where the definitions of u and % are clear from (4). The eigenvalues and eigen- 
functions of 9{ are, respectively, 


(3) 


+1R 
(5) A\1,2 = A+t1R 1.2 = (1 — Rear 1 |, 


The initial value problem associated with (4’) is solved by the matrizant 
solution [2] 


(6) u(x) = 2 {2} uy, 


ed 
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where 
(7) Uo = u(%o) 


and the matrizant Q;, {2} is given by the series (uniformly and absolutely con- 
vergent in an interval for real x or a “star” region for complex x) 


z 


x z zy 

(8) Q {%} = r+f YN (21)da +f He) f WU(ae)daedar1-+---. 
zw ET) BT) 7) 

We shall adopt here the transformation of this solution due to Keller and Keller 

[2|. This results in a more rapidly convergent solution and one which lends it- 

self more readily to physical interpretation. This form of the solution rests 

upon the identities [2] (valid for non-singular analytic matrices ((x)) 


x x d 
0 fA} = BE) 2 {P-OXOB@ - HO Toes, 
(10) 0 {D} = exp f "D(E)dé for Da diagonal matrix; 
x 7 x £—-1 E 
(11) 2{B+C} = 02 {Ba ‘ 2 {BIC o fa} 


If we now choose § so that it diagonalizes the matrix 2% (which is possible 
since the linear divisors of 2{ are simple), i.e. 


(12) B= (1— R)- " | 


then it follows from (6), (9), (10), and (11) that 


ue) = Beeesp] f cord 


(13) 

£ zx d x 

04 exp] — f eae |e — exp| J e@a |! pou 
where 
A+iR 0 
ua) e= poate = | ° 1 irl 
and 
1+ R ,; 
dB 1dmRi1-R 

(15) gia = — | 


dx 2 dx ; 1+ R2] 
| 1 TR 
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Now introduce the matrices 


A = %+ diag 3 —| 


(16) 
idink1i+® 
A+iR —- 0 
2 dx 1-— R? 
7 1 dinR 1+ R2\|’ 
0 A-—-iR-— us 
2 dx 1-— R? 
dink 
ays ays 1 ax 
17) m= B23 aij [p=] = -> 
(17) ? ax ag}? ax 2idlnkR 
dx 


Then (13) becomes 


ule) = Be) exp] face | 


(18) 


, a \- exp | J Aan ME) exp | J Aan | B—1(4¢9) to. 


Since A is a diagonal matrix, the matrix formula exp(,,6,,;) = (exp(A,)6,,;) yields 


nfs [lvoe] oof [Ta F8 28] 
fevfefin 


0 exp ‘ F1 J Ratt 
xo 
whence 


bao[ [se] marneol f [A$ EEE 
(19) iR exp| i "Ras | —iR exp| —i { _ Ras | 
| eof: J “Ral | exp E J Ral 


We now form the argument of the matrizant in (18). Since 


3 
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(8) [fs | 1 dinR {fla 1 dinR lan 
ex =—— ex —_-— ——_— 
"Lda 2 dt \Ja 2 dy 1-R 1)" 
t 
0 exp| —i J Ral | 
x9 
t 
exp E f Ral | 0 
Xo t 


? 


we have 
(20 _ — f adn |e | fam] 2 ME ny 
) exp] . n | WE) exp . n 2 a £), 
where ¥t(é) is the matrix 
3 
0 exp| 2 f Rat | 
(21) Ne) = " i 


g 
exp E i) Rat | 0 
od) 
The matrizant itself then has the expansion 
¢ f * 1 dinR 
Q) {re | — f Ad | ME) exp| f Aan |} = [+ — N(a1)dxy 
ro Zo Zo 2 dx, 


70 
4 f= 1 ok Re ) f= dink Nos) datadary 
x0 2 ax " XQ 2 dx» ° ; , 


(22) 


Now introduce the notation 


2 pry ta atl e+! { dinkR 
ters fo fof exp| 2 (ay fo zat | > a aes, 
(23) zo ET) E71) j=l xo 


(a = 0, 1, 2,++*). 
The matrizant (22) can then be written as 


& {eof — fst |ame om] fae 210° alls of 


79 


or 


(24) G(x, x) = ie se F | + Po" Xe F at 


with Rp = f, 
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£ zi a | n n 1 dilnR 
Qs) t= fo foe f exp| 24 3 (-1) f ae | TT = — = dy, 
a) Zo Zo j=1 Xo 


(1 = 1,2,---). 


Note: X,-1=% for n=1. 
Returning now to formula (18) for u(x), we see from (12), (19) and (24) that 


(x) = si; — | ff [4 1 dinRit a ash ar ) 
Uu cee —- 
"Fl — R@) OPV, 2 dé 1— to 

~ pa | aa | 

° . * + . * Uo, 

k (—iRoer/ Ro)* Ror (tRons1/ Ro)* Monat 
where we have used the notation R= R(x), Ro=R(%o), 0(%o, x) = J5, Rdé, and 
1Re*? va | 


e78 (e%8)* 


(26) 


(27) Oli, x) = | 


Performing the final matrix multiplication, and, in the elements of the product 
of © and the infinite sum in (26), combining complex exponentials according to 
the appropriate trigonometric formulas, one obtains 


[eal 4-2 a rel 


eo R/R —Rsi 
(28) >> { Sor en / Ro) cos box sin al 
ka 1 sin doz COS Pox 
(R/Ro) COS dox41 Rsin Pok+1 Uo 
- [tans] | , 
1 sin @ozti — COS $2441 Vo 


where ¢y =6(xo, x) -+arg Rn. Now perform the final postmultiplication into uy 
to obtain 


1 — R®(a) 72/2 i 1 dinR +e) 
—{_ oS" a og 
a) Pesce exp{ x4 [4 2 dé 1-R ‘ 


(29) 
uo 
R R, [| Mor, | COS oo, — | Moz +t | COs Gaz+1] 
0 
= —_ voR | Ror, | sin Por +- | Hors | sin dor+-1| 
- = [| Hox | sin do, — | Rox | sin bor+1| 
0 


+ vol | Rox | cos ¢ + | Rozi1| Cos dati 


By definition y=u/v. Forming the quotient of the first row by the second in 
(29), and subsequently dividing numerator and denominator by vo, yields the 
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following expression for the solution of the initial value problem for the Riccati 
equation: 


>} * [| Ror, | COS do, — | Rozsa | cos doris 
k=0 R(x0) 


— [| Re 


sin go + | Mexy1| sin baal} 


(30) y(x) = Ra) — 


>| = [| Nox | sin da — | Moxa | sin bo41] 
k=0 R(x0) 


+ [| Rox. | COS dor + | ors | COs su 
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AN EXTENSION OF THE FIBONACCI NUMBERS 
JOSEPH ARKIN, Spring Valley, N.Y. 


1. Introduction. A table of Fibonacci extensions 


0 1 2 3 4 5 6 
0 0 0 0 0 0 0 0 
1 1 1 2 3 5 8 13 
2 1 2 5 10 20 38 7! 
3 1 3 9 22 Si 111 233 
k 1 k 


may be constructed as follows: 

(1.1) To get the kth element in the mth column add the kth element in the 
(n—1)-st column and the kth element in the (7 —2)-nd column together with 
the (k—1)-st element in the mth column. 
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We write the kth element in the mth column as C™, so that a restatement of 
(1.1) reads 
(k) (k) G1) 


(1.2) ona al one a one oat om 
where C= 1, CH=k, 0=COH=CO=COH=CMHH= --- , n=2,3,---, and k= 1, 


2, 3, . In particular we have 


(1.3) Cy = Cra+ Coa + Cy”, 


where C,=C™ is the nth Fibonacci number. 
In this paper we establish the following four relations: 


L nC. = (+n — 1)Co1 + (2k +n — 2)Cr-2, 
where C® =1, CH —k, n=2, 3,---, and k=2, 3,--- 
(k) 
nC n—-1)(2kh+-n—2) (n—2)(2k+n—3 
Wu. =~ (bon —1) 4 CODER T A 2) (n= Dek Fn 8) 
Ch-1 (k+n"—2)+ (k-+n— 3)+ 
(n — 3)(2k +n —4) 2(2k-+1) 2k 
At = VERT 0 — 4) fn Ae 
(hen-A + c++ EDF & 
where n=2, 3,---, k=2,3,---, C™=1, and CW=k. 
III. SRC 4 = (4k + Qn — 2002, + 0”, 


where CY =1 1, CP=k, n=1, 2,3,°°° ’ and k=1, 2,3,°°° 


IV. yom = Ae (n = 1,2,3,---). 


2. Proof of I, II, III. We use (1.2) to get 


we. Lk) on (k) on a (k~-1) 1 
SP = Ow t+ Sole + DO 
ne=2 Na=Q n=2 n=2 


(2.1) 
= 2 Cen + x ay Pe 4 Cle, 


n=] n=0 n=2 
for k=1, 2, ---+. Then 
(kon (k) (k) (k) n (k) 2m (kh) 0 (bl) on 
>, Cn # —Co —Cy x= Tour —Coxtx DC, «x +>C, «2 
n=Q n=0 n=0 n=0 


(k—1) G-) 


—'Co —- C; x; 


and therefore 
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(1 yx x) TO n = C,” _ ce 4 “(Cy _ CY Cc; ”) 4 aor n 
n=0 n=( 
Now 
1-O=1 ifk=1 
co” _ ce ~1) =} , 
1—~1=0 ifk22 
and 
_ 1—-1-—0O0=0 ifk=1 
Cr -— cy) — CY? = - | | \ = 0, 
k-1-—(k-—1)=0 ifk 22 
for k=1, 2,3,--+,and 0”, C?=0. Therefore 
Crs” = (L-a2 = “(S XC ors) (k = 2,3, +++), 
n=0 
and ory CPx = (1—x—«x?)—1. From this we have, at once, 
(2.2) (Q—-2—-2)* = NPs (k= 1,2,3,---). 


n=0 
Differentiation of (2.2) leads to 
k(2x% + 1) ( > ots") = »)} nC, %, 
n=0 n=1 
and by comparing coefficients we conclude that 


(2.3) RCo + 2003”) = nc” 


Combining (2.3) with (1.2), we get 


(R= 1,2,3,+++,n=2,3,---). 


(2.4) nC, = (kR+n—1)Co1+ (2k +n — 2)Cws 


for k=2,3,--+,n=2,3,-°:+-,C®=1, and CY =k; this completes the proof for I. 
When we divide (2.4) by ce. we have 


(k) 


nC, (2k + n — 2)(n — 1) 
CO, =~ @ta-) +O ce (n = 2,3,-++3;k =2,3,---), 
c®, 


which in turn, along with C® =1 and C® =k, implies II. 
The identity 5=4(1—x—«x?)+(2x+1)? may be written as 
5 4 (2% + 1)? 


5) 5 Ss Fh = 12,3, +++); 
2-9) (1 — « — x?) G@-2-a—' G—2—a9 ( 
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differentiation leads to 


5k AR i n 
. . + e+ (XE ncls’), 


(1 — x — x2)et1 7 (1 — « — x?) n=l 


By comparing coefficients we conclude that 


(2.6) 5kCe 4 = (4k + Qn — 2002, + 0”. 
where C™=1, CM =k, n=1, 2, 3,--+-, and k=1, 2, 3,-- +, which proves III. 
We observe that equations (IT) and (II]) immediately give an expression for 
SkCa1 
Cc, 
in the form of a continued fraction, for 7=2, 3,-+-,and kR=2,3,---. 


REMARK. Limnos. Cn/Cn1=(1++/5)/2 (see [1] with i=1); in (2.6), there- 
fore, when k=1 and we divide by C,_-1, we have 
(2) 
Ch- 2 2 Cn 1 5 6 6§ 5 
5( tim +) = tim (= 4 \=24 bvS St ve 
nN Cr—1 2 2 


n= 0 NCy-1 n—> © 


3. Proof of IV. By (1.2) we have C®=C®,+C®,+C®-», so that 


mw) Oe) nn?) 2 (1) 
(3.1) Dy Cu = Dy Curt Dy Cava + Dy Ca (n = 2,3,--++). 
v=] 


v=] v=] vp=2 


We see that )0%7? C®,_, = >07., C&-), and write (3.1) as 


2.) — A) — A) 
(3.2) Dy Ca» = ( » cs) + D2 Crv2- 
v=1 v=l1 v=1 

We let 

= (0) 
(3.3) Un = ». Cr»; 

v=] 
then upa= >o") CO, and uUa.2= >? C®,_2, so that (3.2) becomes 
(3.4) Un = QZUn—1 + Un—2. 
Replacing n by n+2 in (3.4), we have 
(3.5) Unt2 = 2Unt1 + Uny 


where w= Cy=1, u.=C®=C,=2, and n=1, 2, 3,---. 
We solve (3.5) for u, by continued fractions (see [2] 10.13.13 with a=b=2 
and c=1), and get 


1965] MATHEMATICAL NOTES 279 


_ Ot van = = v2" 


3 .6 Un n—V) 
(3.6) 2/2 


for n=1, 2, 3, +--+, which proves IV. 
REMARK. In (3.6), when n=4q+3 is a prime, 27 —1 is a prime if and only if 
2u,=0 (mod 2n—1), (see [3]). 


The author is grateful to Professor F. A. Ficken and to the referee for their valuable sugges- 
tions. 
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A CHARACTERISTIC PROPERTY OF THE MOBIUS FUNCTION 
T. M. AposTot, California Institute of Technology 


In a recent issue of the Mathematical Gazette [5| Satyanarayana has shown 
that the Mébius yp function is characterized by its inversion property. More 
precisely, he has proved 


THEOREM 1. If f, g, h are three arithmetical functions satisfying 
n 
(1) = DIO, f= DelMe(=), Hy #0, 
d\n |n 


for all n, then h=u. 
As usual, the Mébius function p is defined as follows: 
f i ifn = 1, 
(2) p(n) = 0 if a?! for some a > 1, 
(—1)* ifm = pipe--- pe, (the ; distinct primes). 


The purpose of this note is to show that this theorem can be deduced as an 
immediate consequence of the simplest properties of the Dirichlet convolution. 
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Moreover, the use of the Dirichlet convolution seems to place this theorem in a 
natural setting. 

If a and @ are arithmetical functions (complex-valued functions defined on 
the positive integers) their Dirichlet convolution a@ * 8 is another arithmetical 
function defined by the equation 


nN 
(a+A)(0) = X alas (=) (n = 1, 2, 3, ++ *). 


It is well known that the set of all arithmetical functions @ with a(1) 40 forms 
an abelian group with respect to #, the identity element being the function I 
defined by the equation 


1 1 ifw=1 
ro] 
n 0 ifa> tl. 
(See, for example, [1], [2], [3], or [4].) The inverse of a will be denoted by a7}. 
The hypotheses (1) of Theorem 1 may now be written as follows: 


(3) g =f*J, 
(4) f= grh, 
(5) f(1) € 0, 


where J is the arithmetical function such that J(m)=1 for all n. Since g(1) 
=f(1), (5) implies g(1) 40 so g has an inverse. From (4) we obtain 


(6) h= fxg 
and from (3) we find g-!=f—! * J—!, so (6) becomes 
h= fx (for*JI) = (ff )*It =F 7. 


Therefore, to complete the proof of Theorem 1 we must show that J—!=un, or 
equivalently, that 


(7) Jep=il. 


But this follows easily from the definition in (2). In fact, for n=1 we have 
(J * w)(1) =y(1) =1=1(1); for n>1 we write n=pPp? --- p%, n'=pipe--- Pe; 
and we obtain 


& 


+ wn) = Tala) = Zw = o(°) eo =(1—1)*=0=I(n). 


n r=0 


This completes the proof of Theorem 1. 
In the same way we can prove the following more general theorem: 


THEOREM A. Let f, g, h, k be four arithmetical functions with f(1) 40, k(1) €0. 
Then the two equations 
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g(n) = x se(=), i(n) = x eon ( “) 


hold for all n, af and only tf, h=k7“. 


Satyanarayana has also characterized the Mobius function by means of the 
following theorem. 


THEOREM 2. Let F, G be complex-valued functions defined on the positive real 
axis, (0, +0), with F(x) =G(x) =0 for 0<x<1, F(1) 40. Assume that for all real 
x21 we have 


(8) G(x) = oF (= ) 


NSF 


and let h be an arithmetical function such that 


(9) F(x) = D Haye (= =) 


naz 


for all x21. Then h=up. 

This theorem can be proved by a method similar to that used above for 
Theorem 1. Let @ denote the set of all arithmetical functions and let § denote 
the set of all complex-valued functions F defined on the positive real axis (0, + ©) 
with F(x) =0 for 0<x<1. If aE @ and if FEF we define ao F to be that ele- 
ment in & defined for all real x >0 by the equation 


(10) (20 F)(x) = 2 a(n) (= =). 


This operation includes Dirichlet convolution as a special case. In fact, if 
F(x) =0 for nonintegral values of x then (ao F)(n) =(a* F)(n) for integral x. 
The operation o is, in general, neither commutative nor associative. However, 
as a substitute for the associative law we have the following: 


LEMMA 1. If a and B are in @ and if FES, we have ao (Bo F)=(a* B) Oo F. 


Proof. For any real x>0 we have 


{ao (80F)}(x) = Di a(n) dS Atm (= -.) = 2, a(n)B(m)F (=) 


= E(E«e(Z))"G) = Eerawr(Z) 
= {(a*8) 0 F}(x). 


This proves Lemma 1. 
To prove Theorem 2 we shall also make use of 
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Lema 2. Let I(n) = [1/n] for n=1, 2, 3, +++. Then for every F in & we have 
(11) IloF=F. 
Moreover, tf 
(12) aoF = F 


for some ain @ and some Fin & with F(1) 40, then a=I. 


Proof. Equation (11) follows at once from the definition (10). To prove the 
second statement, assume (12) holds with F(1)40. This means that 


(13) Ye a(n)F (=) = F(x) 
nes n 
for all real x>0. When x=1 this gives us a(1)F(1) = F(1). Since F(1) 40 this 
implies a(1) =1=J(1). Assume now that a(n) =I(n) for all n<m. Taking x=m 
in (13) we find a(m) =I(m), so the lemma is proved by induction. 
Theorem 2 is now an easy consequence of Lemmas 1 and 2. The hypotheses 
of Theorem 2 may be written as follows: F(1) +0, 


(14) G=JofF, 
where J(n) =1 for all 2, and 
(15) F=hoG. 


Substituting (14) in (15) and using Lemma 1 we obtain 
F=ho(JoF) = (h*J)oF. 


Therefore, by Lemma 2 we have h*# J=I, or h=J“'=un. 
In the same way we can prove the following more general theorem: 


THEOREM B. Let F, G be functions in § with F(1) 40, and let a and B be arith- 
metical functions with a(1)40. Then the two equations 


G(x) = Di a(n)F (=), F(x) = 21 B(n)G (=) 


NSe NS2x 
hold for all x21 af, and only tf, B=aeM!. 
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FENCHEL’S THEOREM AS A CONSEQUENCE OF SCHUR’S 
ALFRED AEPPLI, University of Minnesota 


In this note a proof of Fenchel’s theorem [2] on the total curvature of a 
closed curve is given, using a theorem of A. Schur [1]. Various other proofs can 
be found in [2], [3], [5], [7], [8] and elsewhere (cf. also [4], [6]). 

A curve CCR", n 22, is a finite, connected, oriented (or directed), piecewise 
smooth curve in euclidean a-space, i.e., C is twice continuously differentiable 
except at a finite number of points 1, fe, - - - , bv©C, where there are corners 
with angles aj, a2, - °°, @y between the “arriving” tangent and the “leaving” 
tangent (0 Sa; 7). The tangents in a corner are supposed to exist, and like- 
wise the tangent in an initial or in an end point of C (initial and end points have 
finite coordinates in R*). 

If Cis given by X=X(s) then the curvature is defined by k= | x | (where it 
exists), the dot indicating differentiation with respect to the “natural” curve 
parameter s (curve length parameter). We formulate according to [1]: 


(1) THEOREM oF A. Scuour. Let C be a curve in the plane R* with initial point 
aand end point b such that C together with the interval ab (on the straight line through 
a and b uf axXb) forms a closed convex curve in R®. Denote by pi, po, - +--+ , bn the 
corners of C with the angles a1, d2,° +, an. Let C’ be a curve in R®, n=2, with 
initial point a’ and end point b’, of the same length as C and related with C by the 
same natural parameter s in such a way that (i) C’ 1s smooth wherever C 1s, (ii) K(s) 
=K'(s) for the curvatures x and Kk’ of C and C’ (whenever both x and «’ are defined), 


and (ill) a,2Zaz for the angles ai, 2,°°*+, an of C and the corresponding angles 
af, af,-++ ah of C’. Conclusion: (a) |ab| <|a’b'| where |ab| denotes the dis- 
tance between a and b; (b) |ab| =|a’b’| af and only if C&ZC’, this congruence being 


given by the parameter s (4.e. X(s)<X'(s) ts a congruence). 
From (I)(a) we obtain an immediate consequence: 
CoROLLARY. Under the hypotheses of (1), aX¥b implies a’ AD’. 
[2| contains the following theorem: 


(11) THEOREM OF W. FENCHEL. (a) For a closed curve TCR", n22, with the 


curvature K and with the angles Bi, Bo, - > -, Bn at the corners qi, G2, °° * , Qn, the 
inequality 
N 
(1) [xds+ > be & 2 
Tr k= 1 


holds. (b) Equality in (1) holds if and only tf T 1s a plane convex curve. 
Proof of (11)(a). Assume that (1) is not true: 


N 
(2) f kds + 2) By < 2m. 
r 


k=1 
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We construct a plane curve C (unique up to a congruence): ¥=X(s) repre- 
sents CC R?, determined by | ¥(s) | =x(s), starting at some regular point a’CT 
(i.e. a’ is not a corner), and C possesses angles a, =6;, at the corners #1, po, - + - , 


by, ° °°, Pw corresponding to qi, G2, ° °°, Qk, ° °°, gn On IT. Let a be the initial 
point of C, 0 its end point. We assert that 
(3) a b. 


If a=b then (2) implies that C is a closed convex curve in R? with a corner at a, 
and if we put C’=T, C’ related to C by the same parameter s, then x’(s) =K(s), 
ay =B,=az, and a’ =)’ corresponds to a=b. Thus (i), (ii), (iii) in (1) are fulfilled, 
and (I)(b) yields C2C’=I, the congruence being given by the parameter s. 
But such a congruence is impossible since C has a corner at a whereas C’ does 
not have a corner at a’. This proves (3). 

We distinguish two cases to finish the proof of (I1)(a): 

Case 1. C together with the interval ab forms a closed convex curve in R?. 
Take C’=T, related with C by s. (i), (ii), (iii) hold, and (I) can be applied. 
(I)(a) (or the Corollary) implies a=), contradicting (3) and disproving (2) in 
this case. 


Case 2. C together with the interval ad is a closed curve which is not convex. 
Then there is a first point xEC (“first” with respect to the orientation of C 
induced by the linear order of the parameter s; s=0 at a, s=L>0 at b) where 
the oriented tangent is parallel to Jg, or else there is a corner x©C where the 
angle between its arriving and leaving tangent contains the direction 3g. We 
denote by Cuz, Ca the arcs on C between a and x, x and 0 respectively. We 
translate C,, by the vector §g onto an arc C,j (with =a). The new curve 
C = Cia Caz forms now together with the interval «# a closed convex curve, and 
C is related with C’=T like C and C’ in (1) (there is a well defined point x’€C’ 
corresponding to both x and #). (1)(a) (or the Corollary) applied to this situa- 
tion yields x =#; hence a=), contradicting (3) and disproving (2) in Case 2. 

Proof of (11)(b). If equality holds in (1), then the same construction as in 
the proof of (II)(a), Case 1 and Case 2, leads to a plane curve C which is closed 
(a=b) and convex (one applies (I)(a)); then (I)(b) implies immediately C2C’ 
=T’. Conversely, there is equality in (1) for a plane convex curve I’. This com- 
pletes the proof of (II). 
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ON THE ASYMPTOTIC BEHAVIOR OF LINEAR DIFFERENTIAL EQUATIONS 
J. W. BEBERNES AND N. X. Vina, University of Colorado 


In this note we shall prove a theorem concerning the behavior of solutions 
of the linear system 


(1) x! = [F(t) + G)]« 


as ft, where F(t) and G(t) are n Xn matrix functions on [0, ©) and x is an 
n-dimensional vector. 

This theorem generalizes to systems Trench’s result [2] for second-order 
linear differential equations. 

Let X(t) be a fundamental matrix solution of 


(2) x’ = F(t), 


that is, a matrix of which the column vectors are linearly independent solutions 


of (2). 


THEorEM. If G(é) is continuous on [0, ~) and if 
(3) { || X-1(s) G(s) X(s)|| ds < 0, 
0 


then every solution y(t) of (1) can be expressed as 

(4) yw) = Xe), 
where c(t) 1s an n-vector function which 1s a solution of 
(S) c= X1O)GO)XOe, 


is bounded on [0, ~ ), and lim c(#) as t>© exists. 
Furthermore, given any n-vector & there is a unique c(t) such that lim c(t) =& 
as [> o, 


The specific matrix norm used in the proof is the sum of the absolute values 
of the elements. 


Proof. Let y(é) be any solution of (1), then because X(#) is nonsingular, there 
exists a vector c(t) such that 


(6) y(t) = X(@c). 


286 MATHEMATICAL NOTES [March 


Differentiating both sides of (6) we get y’=X’c4+Xc’. By (1), Fyt+Gy 
= X'c+Xc', so c’ = X-'!GXc, and thus c(£) is a solution of (5). 
Hence, 


(7) c(t) = c(0) + [ x70x-c)as 
and ||c(¢)|| <|[c(o)|| +5] XEX|| -|[c(s)|[ds. By Bellman’s lemma [1, p. 35], 


(8) local s llcCl-esp| fl} x--extlas|. 


By (3) and (8), it follows that c(¢) is bounded on [0, ~) by 


M = |lo)l-exp| f “ix-exIlas |, 


From (3), given any e>0O there exists 7'20 such that, for any 4, tg with 
Ish <h, 


t 
i) ‘\|xGXl|ds < «/M. 
ty 


Hence || (te) —c(t)|| <eand, by the Cauchy criterion, lim c(¢) as i © exists. 

Let ®(¢) be a fundamental matrix solution of (5). The column vectors c,(t) 
of &(¢) tend to constant vectors ¢;,7=1,2,---,n,ast—© and, hence, P(t) 8, 
as t—>0, where ®) is a nonsingular constant matrix. We can prove that ®p is 
nonsingular by recalling that (&*)—!, where * denotes the conjugate transpose, 
is a fundamental matrix solution of 


(9) 2 = — (XGX)*z, 


the adjoint of (5). Thus, (3) and (9) imply that —1 is bounded and lim ®~!(¢) 
as to exists. Let ®;=lim;.,, ®7'(¢), then 


\|S:bo — Z|| < ||G.bo — 6,6()|| + ||G.8 — 67) 8(0)| 
S ||&1||-|0 — &@]| + |]: — &7O] ell. 


If ||b)>—S()|| <e/2-||@,|| for t>7, and ||@,—-1(4)|| <e/2Mn, for t>T>2 then 
||P1-Byo—I|| <e for t>max [Ti, T2]. Since ¢ is arbitrary, 6:-6)=J. Therefore, 
®,) is nonsingular. 

Thus, given any n-vector & there is a unique c(t) given by 


c(t) = B(t)+@y -é 


such that lim c(t) =£ as ti. The proof of the uniqueness of c(t) is straight- 
forward. 
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Coro.uary 1 (Trench’s Theorem [2, p. 12]). Given the second order scalar 
differential equation 


(10) u’’ = (a(t) + b(t))u, 


where b(t) is continuous on [0, ©), let 2:(t) and 22(t) be linearly independent solu- 
tions of u'’ =a(t)u, and assume 


i) | b| yds < &, 
0 


where y(t) =max[zi(t), 2(4)| on [0, ©), then, if A and B are arbitrary constants, 
there 1s a solution u(t) of (10) which can be written in the form 


u(t) = a(t)e, + B(e)ze 
with lim a(t)=A and lim B(t)=B ast. 


Proof. Simply write (10) in its equivalent vector form and observe that 


t t 
f || X7GX||ds < 4| det X(0) ff | b| yds 
0 0 


for all ¢>0. The conclusion follows from the theorem. 
Several other well-known theorems follow almost directly from the theorem. 
For example, 


CorROLLARY 2 (Generalized Dini-Hukuhara Theorem [1, p. 47]). If all solu- 
tions of (2) are bounded, if 


(11) Re] ft Fas z2d>— 


for all t>0, and if ff ||G(s)||ds < ©, then all solutions of (1) are bounded on [0,~). 
Proof. (11) implies X-! is bounded on [0, ©), and thus 


[ xrex|las s x [alas 
0 0 


The result follows from the theorem. 
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ON CERTAIN RINGS OF POLYNOMIALS 
SHERWOOD EBEy, Mercer University, Macon, Georgia 


The purpose of this note is to use the geometry of the projective plane to 
obtain a description of certain rings of polynomials. Let K be an algebraically 
closed field, ¢ an indeterminate over K and f(é), g(#) two polynomials in K [#]. 
We propose to examine the ring K[f(é), g(¢)] when f and g satisfy certain condi- 
tions. First we assume that f and g satisfy this condition A: If ¢) and t are dis- 
tinct elements of K, then f(to)=f(4) implies g(to) ¥g(h). 

For any é) in K let P(t) be the point (f(to), g(to)) in the affine plane A?. Let 
C denote the irreducible algebraic curve which is the locus of P(£). Condition 
A guarantees that fot; implies P(t.) ¥P(h). The following proposition de- 
scribes the curve C. 


PROPOSITION 1. If the degree of f 1s n and the degree of g1s m with n<m, then 
C 1s a curve of order m. 


Proof. Embed C in the projective plane S? with projective coordinates 
(X, Y, Z). The line at infinity (Z=0) meets C only at the point (0, 1, 0). 

If L:aX+bY+cZ=0 meets C at (0, 1, 0), 3=0. Then the points of inter- 
section of Z and C in the affine plane correspond to the solutions of the equation 
af(t) +c=0. Since degree of f is 2, line LZ meets C in Sn distinct points in the 
affine plane. Hence C meets Lin S$(n-+1) distinct points in S%. (Note: 2+1 Sm.) 

Consider any line M:aX +bY+cZ=0 with 40. The only points of inter- 
section of M and C are in the affine plane and correspond to solutions of the 
equation 


F(t) = af(t) + bg() + ¢ = 0. 


This is a polynomial equation in t of degree m. It is possible to choose (a, B, c) 
so that F(t) =0 has no multiple roots and thus F(t) =0 will have m distinct roots. 

Hence there exist lines in S? meeting C in exactly m distinct points and this 
number is maximal. Thus the order of the curve C is m and the irreducible 
polynomial h(x, y) in K[x, y] that defines C is of degree m. 

At this point we will add condition B: The degrees of f and g are relatively 
prime. Then the following proposition gives further information about the ir- 
reducible polynomial h. 


PROPOSITION 2. If f and g satisfy conditions A and B then 
h(x, y) = y* — r(x, 9), 


where r(x, y) 1s a polynomial of degree less than n in y. 


Proof. Define the weight of a monomial x*y# as the integer in-+jm. Let 
hw(x, y) be the part of h(x, y) consisting of nonzero terms of weight w where w is 
maximal. 
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If h(x, y) consisted of a single monomial, then 
h(f(é), g)) = ct” + terms of lower degree in ¢, c #0. 


Since A(f(t), g(t)) =0, hy(x, y) must have at least two nonzero terms. But since 
(n, m)=1, h»(x, y) must be of the following form: 


with a)+0, a,40. Since h(x, y) is of degree m, h,(x, y) must be agx™-+ ayy” with 
@o, 2; nonzero. We may assume a,=1. 

Since the maximum weight for h is mn, it follows that y” is the only term of 
h of degree n in y. Therefore 


h(x, y) = y* — r(x, 9), 
where r(x, y) is as required. 

The description of the ring K[f(#), g()] when f and g satisfy conditions A 
and B is now easily obtained. Proposition 2 implies g*(¢) =r(f(), g()), where r 
is of degree less than m in y. The proof of the following proposition is immedi- 
ate. 


PROPOSITION 3. Any element h(t) in the ring K[f(é), g(t) | ts expressible in the 
form 


(1) ht) = hf) + aGO)e® + ++ + + aG®)s77@; 
where the h; are polynomials in K |X]. 


Since any two monomials x‘y/ and x*y! with both j and / less than ” cannot 
have the same weight, the /,(X) in expression (1) are uniquely determined. 
Thus we have proved the following propositions: 


PROPOSITION 4. The set of power products {fi(t)gi(t) I where 0Sjsn—1andi 
is arbitrary, forms a basis of the K-vector space K|f(t), g(é)]. 


Proposition 5. In K[f(t), g(t) | the minimal degree of any nonconstant poly- 
nomial is n. 


A NOTE ON THE HAUSDORFF SEPARATION PROPERTY IN 
FIRST COUNTABLE SPACES 


ARNOLD J. INSEL, University of California, Berkeley 


It is a well-known fact that every compact subset of a Hausdorff space is 
closed. In this note we prove the converse for the case in which the space satis- 
fies the first axiom of countability. We are also provided with an example by the 
referee, to whom the author is deeply grateful, of a 71 space for which every com- 
pact subset is closed but which is not Hausdorff (and hence does not satisfy 
the first axiom of countability). We establish the following theorem. 
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THEOREM. Let X be any topological space which satisfies the first axiom of 
couniability. If every compact subset of X 1s closed, then X is Hausdorff. 


To expedite the proof of this theorem we first establish the following lemma. 


LEMMA. Let X be a topological space and let { sat be a sequence in X which con- 
verges toa point p. Let S= {Sat n 1s a positive integer } , 1.€., the range of the sequence. 
Then SU{p} is compact. 


Proof. Let U be an open cover of SU{p}. Choose a member U)>€U for 
which pC U». Since {sn} converges to p there exists a positive integer m such 
that for n2m, s,€ U». For each 1Si<m choose a member U;C% such that 
s;€ U;. Then the collection { Uo, Ui, °°, Um-1} is a finite subcover of WU. 


Proof of the theorem. We suppose that every compact subset of X is closed. 
Since X satisfies the first axiom of countability, to establish that X is Hausdorff 
it is sufficient to show that no sequence in X converges to more than one point. 
Let {Sa} be a sequence in X which converges to the points » and g. We show 
that p=q. We divide the proof into three cases. 

Case 1. {s,} is frequently in the set {p}. 

Then {sn} has a subsequence {tn} such that ¢,= for all n. Since {p} is 
finite it is compact and hence by hypothesis closed. Since {Sa} converges to q, 
{tn} converges to g. We conclude that gE { pb}, and therefore p=q. 

Case 2. {s,} is frequently in {gq}. 

The proof is similar to that of case 1. 

Case 3. {s,} is neither frequently in {p} nor frequently in {q}. 

Then there exists a positive integer m such that for n2m, sn €& 12, q}. Let 
{tn} be the subsequence of {s,} defined by tn=Smin for all x. Then {t,} con- 
verges to p and g. Let T be the range of {tn}. Then by the definition of {ta}, 
bE&T and g&T. Consider the sett W=TU ie By the lemma W is compact. 
Hence by hypothesis W is closed. Since {tn is a sequence in the closed set W 
converging to g we conclude that ge W. Since g&T, q=>. This establishes the 
third case and hence the theorem. 

The following counter-example, due to the referee, consists of a 7; space X 
which does not satisfy the first axiom of countability, and such that every com- 
pact subset of X is closed although X is not Hausdorff. 

Example. Let X be any uncountable set. Consider the topology on X for 
which the closed sets consist of the countable subsets of X and of X itself. It 
it easily seen that no two distinct elements in X can be separated by open sets, 
and hence X is not Hausdorff. We next observe that the only compact subsets 
of X are the finite sets. For let K be any infinite subset of X. Then there exists 
a sequence {pn} of distinct elements in K. For each positive integer x define 
U,=X—{p;:j2n}. Then the collection { U,: mis a positive integer} is an open 
cover of K which has no finite subcover. Since every finite subset of X is counta- 
ble, and hence closed, every compact subset of X is closed. By the theorem it 
necessarily follows that X does not satisfy the first axiom of countability. 
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AN ARITHMETIC CONGRUENCE 
D. E. Dayxin, Reading University, England 


Let & be a fixed positive integer. Given an arithmetic function g(m) and 
integers a, B we put 


(1) G(n) = >> g(d) for n2=1 


de=n 
and 


H(a,B,n= >» g(d){ ae — ge} for n2l. 


de=n 
(d,R)=1 


The object of this note is to prove Theorem 1 below. For the case R=1, B=0 
of the theorem, sufficiency was established by L. Gegenbauer (cf. [2], p. 86) 
and necessity by L. Carlitz ([{1], p. 271). 


THEOREM 1. We have 
(2) H(a, 8,”) =0 (mod »R) for n21, a = B (mod R) 
af and only if 
(3) G(n) = 0 (mod n) for n 2 1, (n, R) = 1. 
Proof. Let the function K(a, m) be defined by the relations 
(4) a®*= >) K(a,e) for n2 1. 


de=n 
Then we have the well-known result 


(5) K(a,n) = >> p(det =0(modn) for n= 1, 

de=n 
where p(z) is the Mobius function. Given an integer h 21 we factorise it in the 
form h=mr, where (m, R)=1 and every prime factor of r divides R, and then 
using (1) and (4) we get 
(6) H(a, B,h) = Yi g(d){(ar)e — (6) 


de=m 


p> G(b){ K(at, c) — K(6*, c)}. 


(7) 


Now suppose that (3) holds. Then by Gegenbauer’s result it follows from (6) 
that H(a, B, h) =0 (mod m). If p is a prime divisor of R and p', p*are the highest 
powers of p in r, R respectively, then since w=8 (mod p‘) we have a?’ =6?" 
(mod p*t‘), Therefore (a”)*¢=(6")* (mod rR) for each positive integer e, and 
H(a, 8, h)=0 (mod rR) by virtue of (6). Since hR=mrR and (m, rR)=1 we 
have thus shown that (2) holds. 
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Next we assume that (2) holds and prove by induction on z that (3) holds. 
Trivially (3) holds for 7=1. Suppose that (m, R) =1 and (3) holds for 1s” <m, 
(x, R) =1. Then we consider equation (7) with h=m, r=1, and by our induction 
hypothesis G(b) =0 (mod 0) for each b<m in the sum (7). Moreover (5) shows 
that K(a’, c)—K(6", c)=0 (mod c) for each ¢ in (7), and so G(m) | K(a’, 1) 
— K(6’, 1)} =0 (mod m). We puta=R and B=0 in this last congruence to ob- 
tain G(m) =0 (mod m), and the theorem follows by induction. 


The author would like to thank P. J. McCarthy for suggestions which generalised an earlier 
version of this note. 
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GERSHGORIN’S THEOREM AND THE ZEROS OF POLYNOMIALS 
Howarp E. Betz, Harpur College 


1, Introduction. In a recent paper [7], H. S. Wilf makes use of the Perron- 
Frobenius theorem to obtain certain known root-location theorems for poly- 
nomial equations. As we shall show, these results, and other classical theorems 
as well, can be conveniently established by using the following easily-proved 
theorem of Gershgorin [3, 5]. 


THEOREM 0. Let A =[a,;| be an nXn complex matrix, and let R; be the sum 
of the modult of the off-diagonal elements tn the 1-th row. Then each eigenvalue of 
A ltes in the unton of the circles 


(1) |z-—ay| SR, i=1,2,---+,m. 
The analogous result holds 1f columns of A are considered. 
In most of our applications we shall use the larger circles 
lz| S lou| +R, i=1,2,---,m 


2. The Ballieu-Cauchy Theorem. We begin by proving a theorem which 
generalizes a classical result of Cauchy. 


THEOREM 1 (BALiiEu [1]). Let Ai, Ao, - ++, An—1 be arbitrary positive num- 
bers, Ay=0, and A,=1. Then all the zeros of 
(2) F(Z) = ana™ + An-1871 +--+ + a 
satisfy the inequality 
(3) ja] smaxf Ae 4 [eel a=0,1,---.n-—1. 
Ais | an] Asya 


We start with the matrix 
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-0 ~—4/dn 


0---0 —a1/a, 
(4) C=]: ala ’ 


0 0---1 —On—1/ Qn 


the companion matrix of f; and taking 


(5) P = diag(A1, A2,-+-, An), 
we form the matrix 
0 O --:; 0 —00/GnA1 
A1/Ag O -::- 0 —01/anA2 
(6) PCP = 0 Ao/As-:: 0 — d2/dnAs3 
0 ve An-1/An —An—-1/dnAn 


Since the eigenvalues of (6) are the zeros of f, a direct application of Theorem 0 
yields the conclusion of Theorem 1. 


We note that if A;=A,= -- + =A,-1=1 the bound (3) is the classical one 
of Cauchy, 
a An 
[=| < max | os re ee “| 
n Qn Qn 
if A;= |a./an|, 4=1,---,n-—1, then (3) becomes 
a a On— 
[| max 4|-— i a7 
ay ao an 


a bound due to Kojima [4, p. 107]. 


3. Theorems of Cauchy, Walsh and Fujiwara. In this section we discuss 
three well-known theorems, which have similar proofs. 


THEOREM 2 (Caucny). The moduli of the zeros of (2) do not exceed the positive 


zero of g(z)=|dn|2"—|daal2e™2— --- —laol. 
THEOREM 3 (Fujyrwara [2]). Jf Xu, Ax, > ++, An are positive numbers with 
MrtAet + + - +A, =1, then the zeros of (2) satisfy 
1 ayy [3/4 
| z| Ss max|— . 
an, 


THEOREM 4 (WatsH [6]). The zeros of (2) all lie in the circle 


Qn—1 aQn—1 An—2 1/2 an—~3 1/3 4 4 1/n 


< 


+ 


(7) z+ 


2an 2dn On On 
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If in (5) we take A;=p""?, 7=1, 2, --+-,n-—1, the matrix (6) takes the form 
0 0 vee 0 —do/anp" 
p 0 Lae 0 —41/anp" 
op 
0 —,—2/ Onp 
0 0 ce p — An-1/ On 


To prove Theorem 2 we apply Theorem 0 to the columns and choose p to 
be equal to the sum of the moduli of the elements in the last column. 
To prove Theorem 3, we take 


1/j 


Lan} . 
) J 


j 


H 


p = max 1,2,:°:,4%, 


and note that 
| @o/anp"*| + | a1/anp™?| +--+ + | Gu-s/an| S Art det +++ + Ande =p. 


To prove Theorem 4, we let 


1fj 


? 


On—j 


p = max 


2,3,+++,M, 


me. 
l 


an 


and note that the circles (1) are in this case all contained in the circle (7). 


4, A theorem on lower bounds. Clearly, similar methods will yield lower 
bounds for the moduli of the zeros of f. We conclude our discussion by proving 
as an example a theorem of Landau and Markovitch [4, p. 99]. 


THEOREM 5. Fora given positive number t, let M = max | a,| t¢, a=1,2,---,n. 
Then all the zeros of (2) satisfy 


Qo |t 
| 2 | > felt . 
| ao | + M 
Beginning with the inverse K of (4) and the matrix R=diag(1, t,---,—), 
we form the matrix 
—a1/a 1/t 0 --- 0 
— det / ao 0 1/t ose Q 
RKR-} = ° ) 
—An—1t"-*/a9 0 0 --- I/t 


—_— Ant™1/ a9 '@) '@) eee '@) 
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the eigenvalues of which are the reciprocals of the zeros of f. By Theorem 0, 
these eigenvalues satisfy 


[s| < max } ) 


ol tlelth g | ao| + M 
| aol é ~ | ao| t 


and the conclusion of Theorem 5 follows immediately. 
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CORRECTIONS FOR “A NOTE ON THE RELATION BETWEEN PERIODIC AND 
ORTHOGONAL FUNDAMENTAL SOLUTIONS OF LINEAR SYSTEMS, II” 


F. S. VAN VLECK, University of Kansas 


J. J. Schaffer has kindly pointed out to the writer that there are two errors 
in the paper: A Note on the Relation between Periodic and Orthogonal Funda- 
mental Solutions of Linear Systems, II (this MonTHLy, 71 (1964) 774-776). 
The first error is that Theorem 2, as stated, is false. The theorem is true if, in 
addition to the given hypotheses, it is assumed that A(#) is periodic of period 
ao. So Theorem 2 should read as follows: 


THEOREM 2. If n is odd, A(t) ts periodic of period a, and X(t) 1s orthogonal for 
all time t, then there 1s a periodic solution of x’ = A(t)x of period a. 


The second mistake occurs in connection with the statement of Theorem 3, 
where we say “Hence the characteristic roots of R are simple... ,” and again, 
on page 776, where we say “Now aS is a real skew-symmetric matrix, so its roots 
are simple... .” What is meant is that the elementary divisors are linear or, 
equivalently, that the matrices in question have simple structure in the termi- 
nology of Gantmacher (Matrix Theory, vol. 1, Chelsea, New York, p. 72). 


CLASSROOM NOTES 


EDITED BY GERTRUDE EHRLICH, University of Maryland 


This department welcomes brief expository articles on topics closely related to classroom 
experience in courses that are normally available to undergraduate students, from the fresh- 
man year through early graduate work. Items of interest to teachers, such as pedagogical tactics, 
course improvement, new proofs and counterexamples, and fresh viewpoints in general, are in- 
vited. All material should be sent to Gertrude Ehrlich, Mathematics Depariment, University of 
Maryland, College Park, Maryland 20740. 


THE TANGENT OF A HALF-ANGLE 


STEPHEN M. ROBINSON, Stanford University 


In standard texts on trigonometry (e.g., [1], [2]) the formula for the tangent 
of a half-angle is given as 


6 1 — cosé 
(1) tan— = + ———) 0A ft, 
2 1 + cos 6 


with the sign to be chosen according to the value of 0. This expression is incon- 
venient to compute, as it involves both a root extraction and a choice of sign. 
A very much simpler formula has been known for a long time, namely: 


i] 
(2) tan ~~ = (1 — cos @)/sin 6, 040A. 


This expression is more convenient to use than is (1), both for practical com- 
putation and for analytical uses (e.g., integration). It therefore appears strange 
that (1) should continue to be taught to students. 


(1-++cos 6) 
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The proof of (2) is immediate: we simply note that 
cos 2y = cos*y — sin? yp 
sin 2) = 2siny cosy, 
so that ({—cos 2y)/sin 2y =2 sin? y/2 sin » cos Y=tan y, which is equivalent 


to (2). 
A simple geometrical illustration of (2) and its equivalent form, 


7] 
(3) tan 7 sin 6/(1 + cos 6), 


is given in Figure 1. It does seem that, as (2) and (3) are geometrically obvious 
and are relatively easy to use, they ought to be presented in place of (1), instead 
of being exiled (if given at all!) to remote exercise sections. 
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A COMPLEMENT TO CAUCHY’S THEOREM 


R. Bojanic, Ohio State University 


The following problem is considered here: given a sequence { an} of real 
numbers, what are the necessary and sufficient conditions for the existence of 
a sequence {b,} such that 


(1) Qn S bn, m= 1,2,--- and > b, converges? 
We shall prove here the following theorem: 


A sequence {an} has the property (1) tf and only af for any e>0 there 1s a num- 
ber N such that 


n=zN>> uy <e 


y=an 


IV 


(2) m 


In a first course in analysis students quite often believe that (2) is a neces- 
sary and sufficient condition for the convergence of the series ) a,. Actually, 
it turns out that the condition (2) implies the convergence of the series > an, 
but in the extended real number system. More precisely, the condition (2) 
implies that 


>) a = A, (-wx»S A<+ 0). 


p=] 


Thus the main difficulty in the proof of our theorem lies in the case A = — o! 
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As in the proof of Cauchy’s theorem, the necessity of the condition (2) for 
the validity of (1) is obvious. Thus it remains only to show that (2) is sufficient. 
Let 


Dp Pp 
An = sup >,a, and S, = sup >, a. 
D2n y=n DER y=] 
From (2) it follows that 
(3) lim sup A, S 0. 


Rw 6 


Since {.S,} is a nonincreasing sequence we have either 


(4) lim S, = A, (—-0o< A<+ 0), 
or 
(5) lim S, = — ©, 


Assume first that (4) is true. Then from 


?p p n—-1 n—1 
(6) A, = sup >, a,=sup ),a — Do a,=S,— doa, 
D2n yoen p2n px) peel ro | 
it follows that 4,=25S,—S,-1 and so 
(7) lim inf A, 2 0. 


n— 2 


From (3) and (7) it follows that lim,... 4, =0, which by (6) and (4) implies that 


iv] 


>, a = lim >) a,= A, (-27<A<-+ 0), 


| NO yoo] 


and (1) follows obviously by choosing b,=d,, m=1,2,-°-. 


Next, suppose that (5) is true. Then from >0%.,4,SS,, n=1, 2,--- and 
(5) it follows that 
(8) >, a, = lim >> a, = — ©, 
psn] RO ssl 


If a,>0 for finitely many 7 only and if a,, is the last positive term, (1) fol- 
lows immediately by choosing b,=a,, n=1,---, mand bd,=0,n>m. Thus we 
can assume that a, >0 for infinitely many 2. We shall show in this case that the 
sequence {b,} can be chosen such that 


Qn Sbn, n=1,2,--+ and db, =0. 


n=] 


Let a,, be the first positive term in the sequence {dn}. 
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If m>1, let b,=0 for 1Sn<n,. We have then a,b, and >0”., b,=0 for 
{sn<n. 

Next, or if m,=1, let a,, be the first negative term with m2>m, such that 
(9) Any tess + an, < 0; 


such a negative term clearly exists by (8). Let a,, be the first positive term in 
the sequence {a,} with 13>. Let 


An ; msn < Ne 
On = 4 (Gn + - + Gn.—1) 3 n= Ne 
0) ; No <Nn< N3. 


We have clearly a,=6, for 11S <me; by (9) we have 
ane <> (Gn, + - 8 + Any—1) = Bne 


and a, 30=b, for n2<n<ns3; and it is easy to see that 


> b= > 420 for msn<nm, >, b,=0 for mSn<n3. 


ye=ny p=any prany 


This defines D,, for 21. 5n<ng and we have 


Qn Sb, and >, b, 20 for msn < nz. 


v=n1 


Next, continue this procedure beginning with v3 instead of m, find ms and nz, 
define b, for n3Sn<_n; and so on, until the sequence {b,} is completely defined. 
From the construction of the sequence { b,, } it follows that a, =b,,n=1,2,°-: 
and we have only to prove that the series >°b, converges and that its sum is 0. 
Given e>0, we can, by (3), choose tem—1 such that 


(10) N = Nom1=> An < 
Take any 2 2 Mom—1 and choose k such that tem—1 SNer—-1 SN < Mer41. Then we have 
n k—-1 /ngit+i1—1 n n 
bo-E(En)e a fs 
pur] l=1 \ve=nei—-1 y=NQk—] P=Noh—] 


since each of the sums on the right hand side, with the exception of the last one, 
is zero by the definition of {b,}. If m1" <1 we have by (10) 


n % 
Os > b, = >» Oy S Ang < 6; 
VEN? hk] ve=nok—1 
if No, Sn <Nox41 we have 


>» b=0<e 


Vem 9 fom 
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Thus 22 tm1=>| >02.1 b,| <e, ie. 


co 


> b, = lim >) 4, = 0 


yoo] BO pan 


and our theorem is completely proved. 


AN N-TH ORDER SECOND MEAN VALUE THEOREM 
DonaLp H. TRAHAN, University of Pittsburgh 


Although generalized mean value theorems have been studied, this subject 
has received surprisingly little attention. Yet this is a topic which should be 
readily available to the undergraduate. M. P. Drazin [1] gives an elegant proof 
of a Mean Value Theorem which is more general than the Corollary given in 
this paper. However, the determinant type proof given here should be of general 
interest and perhaps easier to adapt to the classroom. 

In contrast to the usual statement of the theorem, the Second Mean Value 
Theorem is given here without any assumption about non-vanishing terms. 
Also, it seems interesting to prove the Mean Value Theorem as a corollary of 
the Second Mean Value Theorem. (One may prove the Mean Value Theorem 
using determinants, and the proof is similar to the proof of the Theorem below.) 


DEFINITION. The symbol n!! represents 1!2!--- nl. 


THEOREM. If f, g are functions which are continuous on [a, a+nh], h>0, the 
n-th derivatives of f and g exist on (a, a+nh), and ¢,=(—1)*G), then there exists 
EC (a, a+nh) such that 


f(E)[cog(a) + ++ ++ eng(a + nh)] = g™()[cof(a) + +++ + enf(a + nh)). 
Proof. Consider the function 
Po @ ee nt g(*) f(x) 
i i g(a) f(@) 
d(x) =| 1 ath--- (ath giath) fliath 
1 atnh---(atnh) glatnh) f(atnh) 
then #(x) vanishes at a, ath, ---,a-+nh. Therefore by repeated application 
of Rolle’s Theorem there exists a point £E(a, a+nh) such that ¢™(&) =0. 
That is, 
0 0 oe 0 g()(£) fM(E) 
Lo @ +++ ae} g(a) f(a) 
1 ath--- (ath) gath) f(ath) | =0. 
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The minor of f™(&) can be calculated by expanding down its last column, for 
the subsequent minors of g(a+kh), OS kSn, are Vandermonde determinants. 
The minor of f™(€) is 


[AnD 12(q — 1)! [eog(a) + + + + + eng(a + nh)). 
Since the minor of g™(£€) is similar, it follows that 
f(E)[cog(a) +--+ + cng(a + nh)] — g(é)[cof(a) +--+ + caf(a + nh)] = 0. 


Coro.uary. If f is a continuous function on |a, a+nh], h>0, the n-th deriva- 
tive of f exists on (a, a+nh), and c,=(—1)*), then there exists EE(a, a+nh) 
such that hnf™ (€) =cof(a+nh)+ +--+ +enf(a). 


Proof. In the theorem let n!g(x) =x”, then 
1 
cog(a) + +--+ eng(a + nh) = a” [coa*® +eer(a t+ hj? +---+en(at+ nh)*|. 


The Corollary follows from the last equation and the equations below: 


Cot tit Cs Freee on = 

Cr+ 2g ter FN = 

Crt 27g bee eb We = 

Cyt 2% 1c, +--+ + Ie, = 0 

Cyt 2%. +e--+ ne, = (—1)"m! 
These equations are known. In fact, one can either solve the equations directly 
or use the evaluation of D®(1—x)* at x=1, OSkSn—1, and D™(1—x)™. For 
a direct solution (for the moment treating the c,’s as unknowns) let A be the 


determinant of the coefficients. After expanding on the first column, factor out 
n!:a Vandermonde determinant remains, so that m!!=A. Similarly, coA=n!! and 


CrA = (—1)*n! =| Pentre k ~ 0. 


Acknowledgment. 1 would like to thank the referee for his suggestions. 
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AN EXAMPLE IN THE PROBLEM OF MOMENTS 


S. W. DHARMADHIKARI, University of California, Berkeley 
(Now at the Indian Statistical Institute, Calcutta) 


1. Let {u,.} be the sequence of moments of a distribution function F. A 
sufficient condition that F be the only distribution function with {in} as its 
moment-sequence is that the series Denix" /n! have a positive radius of con- 
vergence. (See [1], page 110.) We show here by an example that this condition 
is not necessary. 


2. Let the random variables X and Y be independently distributed accord- 
ing to the negative exponential distribution. Let Z = X log (1+ Y). Then the mth 
moment yp, of Z is Mn=n!v,, where 


(1) Vn = ioe + x) |e-=dx. 


It will be shown below that, for 21, 


(2) e log(1 +2) <n” < Clog(1 +n), 
where C is a finite constant. Thus 
l/n n _ 
(“) =m" >@ log(l +n) %, 
n! 


which shows that the series }\y,x"/n! does not converge for any nonzero x. 
Now (n!)!/"~e-1!n. Therefore, from (2), 


I/n —_ L/n —_ 
tn Le ton” <Ce nlog(1 +n). 


It follows that 


“ ~—-1/2n 


Lon — 
n=] 


Carleman’s condition ({2], page 19) now shows that the sequence { itn } deter- 
mines the distribution uniquely. 


3. Proof of (2). We assume throughout that 21. To simplify writing, put 
Otn(x) = [log(1+x) ]". We have, from (1), 


(3) Vn = J "ante e-*de + f ” an(a)e-ede. 


Neglecting the first term of (3), we get 


Yn > i) an(x)e-*dx > an (2) J eda = an(n)e-, 
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which immediately implies the first inequality in (2). 
If OSx<n then a,(x) <a,(n), whence 


(4) f " an(e)e-*dn < a,(n) J "edn < an(n). 


Let \, denote the second term in (3). Integration by parts gives 


On—i(x)e*dx 


An = €"an(n) + J re 


< an(n) + | On—1(%)e-*dax = an(m) + An-1- 
n—1 

Since Ay = 1, it follows that 

An <1+ D5 ax(h). 

k=] 

Since the a;(k) increase with k and since 2a,(z) >1, we must have 
(5) An < (n + 2)an(n). 
Combining (4) and (5), we see that 

Yn < (n+ 3)an(n), 
which implies the second inequality in (2) as soon as it is noted that (1 +3)1/"—1. 


References 


1. M. G. Kendall and A. Stuart, The advanced theory of statistics, vol. I, Stechert-Hafner, 


New York, 1958. 
2. J. A. Shohat and J. D. Tamarkin, The problem of moments, Amer. Math. Soc., 1943. 


DISTRIBUTIONS OF PRODUCT AND QUOTIENT OF CAUCHY VARIABLES 


PauL R. Riper, Aerospace Res. Labs., Wright-Patterson Air Force Base 
1. Introduction, The Cauchy distribution, 


1 

(1) f(x) (1 rm 12) ’ — on Gr a, 
has several peculiar properties. The distribution of arithmetic means of samples 
from it is identical with the distribution itself. The reciprocal of a Cauchy vari- 
able has the same distribution as the variable itself. The distribution of har- 
monic means is, consequently, the same as the original distribution. 

This note derives the distributions of product and quotient of two inde- 
pendent Cauchy variables. 
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2. Distribution of product. The probability element of the joint distribution 
of two independent variables, x and y, from the Cauchy distribution is 
dxdy 
w(1 + x?)(1 + y?) 


In order to find the distribution of the product u=xy we substitute y=x~1u, 
dy=x— du in (2), obtaining 


(2) 


| «| dadu 
w?(1 + x?) (u? + x?) 
which separates into partial fractions as follows: 
1 | «| | «| 
——___——~ — ——— | dxdu. 
w(uw?—1)L1i+ «2 w?+ 4? 


We now integrate with respect to x between the limits — © and o. (It is con- 
venient to integrate between 0 and © and double the result.) For the distribu- 
tion of the product u, we find 


log u? 
a? (u? — 1) 
As a check we note [1, p. 192, formula (6)] that [°.f(u)du=1. 


3. Distribution of quotient. The distribution of the quotient of two inde- 
pendent Cauchy variables can be found by the same process. It turns out to be 
identical with the distribution of the product, which of course must be the case, 
since, as already stated, the distribution of the reciprocal of a Cauchy variable is 
identical with the distribution of the variable itself. . 

It may be noted that (3) is also the distribution of the product or quotient of 
the means (arithmetic or harmonic) of two independent samples from the dis- 
tribution (1). 


(3) f(u) = 


4, Nature of frequency curve. The function f(u) becomes infinite as u ap- 
proaches zero. Its value is indeterminate for u= +1, but by |’Hé6pital’s rule it 


can be shown that f(u) approaches 1/7? as u approaches +1. 
To investigate the appearance of the frequency curve further we find the 


derivative 
2uU u>—1 
r(u? — mI u? 
To show that this derivative is nonnegative we consider first the case u>0. 
If we set u~2= V the expression in brackets in (4) can be written 1+log V— V. 


Considering the ratio (itlog V)/V, we find by usual methods that its maxi- 
mum value is 1, given by V=1. Thus, 


(4) fu) = ~ Jog “|. 
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(1+ log V)/V $1, or 1+logVSV. 


In terms of u? we have 1—log u?<1/u?, which shows that the bracketed expres 
sion in (4) is (for ~>0) always negative or zero. It can be zero for u=1. But 
l’Hépital’s rule shows that f’(u) approaches —1/7? as u approaches 1. Conse- 
quently f’(u) is always negative and, as u increases from 0 to », f(u) decreases 
from o to 0. 

A similar argument shows that for u<0, f’(u) is always positive and, as u 
increases from — © to 0, f(u) increases from 0 to o. 

Combining results, we see that the frequency curve resembles the graph of 


y=1/x?. 
All moments of the distribution are infinite. 


Thanks of the author are hereby expressed to Dr. Robert S. DeZur of the Martin Company, 
Denver Division, for valuable suggestions during the preparation of this note. 


Reference 


1. D. Bierens de Haan, Nouvelles Tables d’Intégrales Définies, Stechert Hafner, New York, 
1929. 


ANOTHER PROOF OF THE INFINITE PRIMES THEOREM 


M. WuNDERLICH, University of Colorado 
(Now at the State University of New York at Buffalo) 


Let F, be the zth Fibonacci number. It is a well-known and easily proved 
result [1] that 


(1) F (n,n) = (Fn, F,), 


where (m, ”) as usual denotes the greatest common divisor. This property yields 
another proof of the infinite prime theorem. 


THEOREM. There are infinitely many primes. 
Proof. Suppose #1, f2,° °°, px are all the prime numbers. Then consider 
(2) Fy, Poy + + + Foy: 


From (1), the numbers in (2) are pairwise relatively prime, and since there are 
only k primes, each of the numbers in (2) has only one prime factor. But this 
contradicts the fact that 


Fig = 4181 = 113-37. 


Reference 
1. N. N. Vorob’ev, Fibonacci Numbers, Blaisdell, New York, 1961, p. 30. 


PROBLEMS AND SOLUTIONS 
EDITED By E. P. STARKE, Bloomfield College 


COLLABORATING EpiTors: J. BARLAZ, Rutgers—The State University; A. E. LrvINGSTon, 
University of Alberta; L. Cartitz, Duke University; H. S. M. Coxeter, University of 
Toronto; H. Eves, University of Maine; and A. WILANSKy, Lehigh University. 


All problems (both elementary and advanced) proposed for inclusion in this Department 

should be sent to E. P. Starke, Bloomfield College, Bloomfield, N. J. 07003. Proposers of prob- 

lems are urged to enclose any solutions or information that will assist the editors. Ordinarily, 

problems in well-known textbooks and resulis in generally accessible sources are not appropri- 

ate for this Department. No solutions (other than proposers’) should be seni to Professor Starke. 
ELEMENTARY PROBLEMS 


Solutions of Elementary Problems should be sent to A. E. Livingston, Dept. of Math. Uni- 
versity of Alberta, Edmonton, Alberta, Canada. To facilitate their consideration, solutions for 
Elementary Problems in this issue should be submitted on separate, signed sheets and should 
be mailed before July 31, 1965. 


E 1766. Proposed by Stanton Philipp, Long Beach, California 


For positive integers m and x define N,,(x) to be the number of positive 
integers d such that (1) d divides x and (2) x<d?Sn?. Prove that as n>, 
2 
n-? >-™_, N,(x) approaches 3. 


E 1767. Proposed by H. W. Gould, West Virginia University 


_ If pis the Mébius function and ¢ is Euler’s totient function, show that 
Diain #()(d) =0, if and only if 1 is even. 


E 1768. Proposed by Jean M. Quoniam, Saint-Etienne, France 

In the triangle A BC let D, E, F be the points of contact of the sides with the 
incircle of radius 7. Let H be the orthocenter of the triangle DEF, s the area of 
DEF, and I its incenter. Prove that 


>, cos A = 3/2 — TH?/2r?, >> sin A = 2s/r?. 


E 1769. Proposed by I. J. Schoenberg, University of Pennsylvania 

Let F,(x) be the cyclotomic polynomial, i.e. the monic polynomial whose 
zeros are the primitive ath roots of unity. Show that all coefficients of F,,(x) are 
nonnegative if and only if ” is a power of a prime. 


E 1770. Proposed by G. P. Graham and T. A. Porsching, Carnegie Institute 
of Technology 

Let C be a planar simple closed curve enclosing a region R which is starlike 
in point P. Then a necessary and sufficient condition that C be radially sym- 
metric in P is that every line through P divides R into subregions of equal area. 
Also, every line dividing R into two equal areas passes through P. 
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E 1771. Proposed by Andy Vince, Stanford University 


Given a set of positive integers (a1, de, °° -, Gn), it is always possible to 
choose a subset of these integers such that the sum of its elements is divisible 
by n. 


E 1772. Proposed by Henry Cox, David Taylor Model Basin, Washington, 
Dz. C. 


Let A and B be arbitrary matrices of dimensions m Xn and n Xm respec- 
tively. Does the existence of [Im-++-AB]—! imply the existence of [J,+BA |-, 
where Im and J, are the identity matrices of dimension m and n respectively? 
If so, determine the latter in terms of the former. If not give a counterexample. 


E 1773. Proposed by Michael Lieber, AVCO Corporation and Harvard Uni- 
versity 


Let T be a triangle whose sides are consecutive integers and whose area is 
an integer. Prove that one of the altitudes divides the triangle into two Pythag- 
orean right triangles. Furthermore, this altitude divides the base into segments 
whose lengths differ by 4. (The 1-2-3 “triangle” and the 3-4-5 right triangle 
are the only degenerate cases.) 


E 1774. Proposed by Wayne E. Smith, University of California, Los Angeles 

Let 0<a<b. Prove that log(ax+1)/log(bx-+1) is a monotonic increasing 
function for all x>0. 

E 1775. Proposed by George Purdy, Uniersity of Reading, England 

Under what conditions do real m,---, xX, satisfy the equation 7+ --- 


x= (4+ + + + +4_)2/n for n21? 


SOLUTIONS OF ELEMENTARY PROBLEMS 
E 1648 [1964, 919]. Correction 


In the description of ring 8 the matrix 


0 0 0 0 0 0 
x 0 0 should read x 0 O}- 
y 0 0 y x O 


I receive you loud and clear 


E 1681 [1964, 429]. Proposed by Azriel Rosenfeld, The Budd Company, 
Silver Spring, Maryland 


Find the unique solution to the cryptarithm 
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rHIS 
ISA 
GREAT 
IIM &E 
WAS TER 


Solution by Stanton Philipp, Seal Beach, California. A solution is 


5 6 2 8 
280 
97405 
5234 
108547 


That this is the only solution may be demonstrated as follows: It is clear that 
T,1I,G,and W are not 0 and then that W=1 and G=8 or 9. But A must be 0 
or 1, and A #1 since W=1. We may therefore write 


St+tT+H=R-+ 10a 
atI+S+M= £H-+ 108 
BtH+£+ 2 = T + 10y 

ytR+2T =S-+ 106 

6+ G = 10 


where 0Sa 2, 0X8 S82, 05783, and 1562. It follows that 
3T + ES 10(a + 8) — 


a central fact in our argument. 

1. a=0{S, T, E} ={2, 3, 4} =R=9>G=835 =253T+E=20—-y217; 
but {S, T, E}={2, 3, 4}37+ES15. Thus, a#0. a=2S+T+E222 
=3{5S, T, E}={6, 7, 9} =G=858=253T+E=40—y237; but {S, T, E} 
= 16,7, 9}33T+ES34. Thus, a#2. Hence a=1 and then 60. 

2. B=2>I+S+M221>{I, S, M}={5, 7, 9} or {6, 7, 8} or {6, 7, 9}. 
Since { I, S, M}\={5, 7, 9} or {6, 7, Ol—>E=2 or 3=7T=9, we must have 
{7, S, M\={6,7, 8}. But then E=2 and G=9, y=3 and T=5, and H+27=31, 
an impossibility. Consequently, B=1. 

3. Since B+H+E+21212, y40. y=3SH+E42123251=9, {H, E} 
= 16, 7}, and G=8=>T7=2>3+4+R222, an impossibility. Thus, y=1 or 2. 

4. 6=2>G=8>5>T=9, E=2, and y=1i=I+S+M=t11, contrary to 
{ I, S; M} C {3, 4, 5, 6, 7}. Hence, 6=1 and G=8. 
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5. y=2=T=5 and E=3 (S+7T+E=R+10 and 2+R4+27T=S+1033T 
+E£=18!)=H+20=215H=9 and [=63S+M=6>{S, M} ={2, 4}>R=0 
(S=2=>2+R+10=2+10!) or R=2 (S=452+R+10=4+10!), an impossibil- 
ity. Therefore, y= 1. 

We now have 


S+T+H=R+ 10 
I+S+M=E+9 
H+H+22=T+9 

R+2T=S+4+9 


The first and fourth of these equations give 37 +H=19 and, hence, (7, £) 
=(5, 4) or (4, 7). But (T, E)=(4, 7) leads to H+2/=6, which is impossible. 
It is then a simple matter to deduce that H=6, J=2, S=8, R=7, and M=3. 


Also solved by A. N. Aheart, Shair Ahmad, Joseph Arkin, Thelma Balbes, Merrill Barnebey, 
Philip Bellman, Jeanette Bickley, Z. E. Birnbaum and U. J. Schild (jointly), R. L. Breisch, Maxey 
Brooke, S. I. Brown, H. W. Buck, R. A. Carlson, Allan Chuck and Peter Goldstein (jointly), 
W. C. Daugherity, Barbara H. Desind, C. L. Dotton, David Eliezer and Kenneth Eliezer (jointly), 
P. G. Engstrom, David Finkel, Stephen Gehrett, Murray Geller, Anton Glaser, R. M. Grassl, 
S. H. Greene, Arthur Greenspoon, D. M. Hancasky, M. C. Henry, R. R. Herbert and L. J. 
Schneider (jointly), Stephen Hoffman, Steve Imbeau, R. A. Jacobson, J. E. Jeans, Jr., Milton 
Johnson, Roman Kaluzniacki, J. V. Kamer, Edgar Karst, J. D. E. Konhauser, Mary Ann Konsin, 
R. R. Korfhage, L. C. Larson, Murray Lieb, Carl Lindh, D. K. McCarley, D, C. B. Marsh, J. L. 
Matucha, Franklin Mohr, Gregory Moore, Sam Newman, Wahin Ng, Wayne Pfeiffer, J. B. 
Phillips, W. E. Philpott, Donald Quiring, S. G. Roth, Mark Samuel, P. A. Scheinok, J. F. Schreck- 
engost, W. R. Scott, Delores A. Shaw, Patricia Shaw, J. R. Silva, D. R. Simpson, F. M. Stein, 
Terry Stephenson, W. B. Stovall, Jr., Jillian Strang, Don Stuber, J. F. Sullivan, Elias Toubassi and 
John Lee Lebbert (jointly), Simon Vatriquant, Hazel S. Wilson, and Stephen Wilson. (Thirty-nine 
of these solutions did not consider the uniqueness question.) 


A Hilbert Inequality 


E 1682 [1964, 429]. Proposed by V. R. Rao Uppuluri, Oak Ridge National 
Laboratory 


Show that 
n 2 n n 
( > a/i) <> ¥ aiaj/(i +5 — 1). 
i= fl jal 


I. Solution by J. Wiliams, Institute of Science and Technology, University of 
Michigan. The Schwarz inequality yields the more general result: if a1, d2, + + -,@n 
are complex numbers, then 

2 1 
< f 
0 


f ( Yaa) de 
= Dd ad;)/i +7 — 1) 


nN n 
i=l jel 


nr a; 2 


2 


i=1 7 


2 
ax 


n 
> at} 


t=], 
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with equality if and only if 5.7, a,x‘-!=constant (ie., if and only if a2.=as 


= +++ =d,=0). 
II. Solution by P. A. Scheinok, Hahneman Medical College and Hospital of 
Philadelphia. For complex ai, de, °° - , Gn, we have 
n n n 2 n n 
Dd ad /G+ 7-1) -|Via/i) = DD b8/G4+5 -1) 
i=1 j=l t=1 i=l j=l 


with b;=(¢—1)a,/7. With B= (bib. - - - b,), this becomes BH BY’, where H is the 
n by n Hilbert matrix 1 [tj —1)|]. But the Hilbert matrix is known to be 
positive-definite, so that BH B?=0 with equality if and only if b:=b,= -- - 
=b,=0. We therefore obtain the inequality of the problem with equality if and 
only if dg=a3= --- =a,=0. 


Editor's comment: Since 


nm ft 1 n n 1 n 
DD bb/E+5-1 =f (DL Vedas) de= f [| L dars 
0 0 


t=1 joo] t=] j=l foul 


2 
dx = 0 


with equality if and only if bi=de= +--+ =b,=0, knowledge of the positive-definiteness of H is 
not required. 


II. Solution by William J. Hariman, National Bureau of Standards. Writing 


n 2 n n 
fla) = «(Yi oat/i) ~ YY a/e +5 - 0), 

i=1 i=1 j=l 
we see that f(0+)=0 and f’(x)=—[}50%, @—1)a,x*1/i|?S0 for x>0 with 
equality if and only if az=a3;= --- =a,=0. Thus, f(1) $f(0+) with equality 
if and only if d2=a3;= -- + =a,=0. 

Also solved by S. H. Greene, J. H. Holton, R. F. Jackson, E. S. Langford, J. Lehner, D.C. B. 

Marsh, Henry Ricardo, M.S. R. K. Sastry, and the proposer. 


There were two solutions to this problem under the additional assumption that each a;20, 
and 27 purported solutions in which the submitters inferred from ab that ac Sbe. 


Sum of Ratios of Sines 


E 1683 [1964, 429]. Proposed by Eugéne Ehrhart, Strasbourg, France 
Let a=7/7. Show that 


6 6 
>> sin na/sin 5na = 4, >> sin 5na/sin na = 2, 


I. Solution by N. J. Fine, Pennsylvania State University. Let k be a positive 
integer, 0<p<2k, 0<q<2k, p odd, (g, 2k) =1. We shall consider the sum 


Se(P, ) = ¥ sin (np/h)/sin (ngr/E). 


Ne] 
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Let w=exp (m1/k). It is easy to see that 


kt 0 (jx 0 (mod B), 
Ly -{, (j = 0 (mod 8). 


n=0 


Since (q, 2k) =1, there is a positive integer m and an integer 7, OSrq-—1, 
such that p-+2kr=mg. Because p and g are both odd, m=2y,-+1. Also (2u+1)q¢ 
=mgq=p+2kr <2k+2k(q—1) =2kq, so that 2u+1<2k, and w<k. Now 


k-1 qypn — ay—pn k-1 qy(pt2kr)n _. qa (pt2kr)n k~-1 ay(2Qutl)an —_ ayy (2ut+1)an 


Sep, q) = “— wi — ws = al wir — yn ~ nal wan — qi 
k—-1 op k—-1 op M k—-1 
= 2) 2d wim = — (Qu+1)+ 2) Di wim = — m+ DE DT wri, 
n=1 j=—p n=) j=—p j=—n n=0 


The only value of j7 between —y and pw for which jg=0 (mod k) is 7=0, since 
(q, k)=1 and —k<—psSjsu<k. Hence S;,(p, g)=k—m. 

For the special case of this problem, we have S7(1, 5) =4 since 1+14-1=3:-5, 
and S7(5, 1) =2 since 5+14-0=5-1. 

II. Solution by Stephen Hoffman, Trinity College, Hartford, Connecticut, For 
(k, v) =1, let 


k~1 


T,(u, v) = > sin (nuvr/k)/sin (nvr/k). 


n=l 


Since sin (ux)/sin x=1+2).%., cos 2jx for u=2w+1 an odd positive integér, 
we have 


kl 
T,(u,v) = >, sin (nua) /sin na 
n=1 


w k-~-l 


k—-1+2> 5 >) cos 2jna 


j=l n=1 


k—-1—w+ >> sin (2k — 1)ja/sin ja, 


j=1 


where a=vm/k. Now (2k—1)ja+ja=2kja, so that sin (2k -1)ja= —sin ja, and 
T;,(u, v) =k—-1—2w=k—u. For the first sum given, sin n7/7=sin 1572/7 and 
we have a=527/7, u=3, v=5, and k=7, so that the sum in question has the 
value T;(3, 5) =4. For the second sum, a=7/7, u=5, v=1, and k=7, and we 
get T7(5, 1) =2. 

Editor’s comment: With S; and T; as in the solutions above, it is clear that S;(0, g) = 7T;(0, v) =0, 


both S, and 7; have period 2% in their first argument as well as in their second, and each is defined 
when and only when the second argument is prime to k. It is also apparent that 


Ti,(u, v) = Sz (uv, 0). 
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In view of these observations, we may first of all rephrase Hoffman’s result above as follows: 
If u is odd, then T;,(u, v) =k —u*, where u* is the least positive residue of u modulo 2k. Next, the change 
of summing index n—k —n shows that T;(u, v) =0 if u is even and v is odd, and it is easy to see that 
if (g, k) =1 and (q, 2k) >1, then (¢+k, 2k) =1. Since also 


Siu(p + k, q + k) = SP, q); 
we may now combine Fine’s and Hoffman’s results to obtain the 


THEOREM. Let k be a positive integer greater than 1 and q an inieger for which (q, k)=1, and 
define 


k-1 
Selb, 1) = 2, sin (npx/k)/sin (sqr/k), 


for each integer p. (i) If p is even and (q, 2k) =1 or if p ts odd and (gq, 2k)>1, then Si(p, gq) =0. 
(ii) If p ts odd and (q, 2k) =1, then Si(p, q) =k — (pq')*, where r' is any inverse of r modulo 2k (and u* 
as the least positive residue of u modulo 2k). (iii) If p is even and (gq, 2k) >1, then 


Sip, -) =k — [P+ Eq +8)'}. 


Also solved by J. C. Abad, A. N. Aheart, Jim Campbell, D. I. A. Cohen, Huseyn Demir, M.S. 
Demos, G. C. Dodds, Michael Goldberg, K. K. Gorowara, S. H. Greene, J. H. Halton, Eldon Han- 
sen, Ned Harrell, R. F. Jackson, R. A. Jacobson, A. J. Keeping, Lew Kowarski, Kenneth Kramer 
and Steven Minsker (jointly), W. R. McEwen, D.C. B. Marsh, Stanton Philipp, Donald Quiring, 
J. M. Quoniam, Simeon Reich, M.S. R. K. Sastry, U. J. Schild, P. A. Scheinok, Elias Toubassi, 
Simon Vatriquant, and the proposer. 


Hansen found the formula 


k-1 
% sin] nm + 1) («+)]/ sin («4 - 
n=0 k k 


where (p, k) =1 and m=0, 1, 2,- +--+ ,2—1, as Exercise 18, p. 272, in T. J. Bromwich, Introduction 
to the Theory of Infinite Series, 2nd rev. ed., Macmillan (1949). Taking the limit as x-»0-+ leads to 
Hoffman’s result 7;,(2m+1, p) =k—2m—1. 


Characteristic Values of ll c<,|| = || aszax5|| 


E 1685 [1964, 430]. Proposed by F. D. Parker, State University of New York 
at Buffalo 


A square matrix M of order 1 has the properties that a;;=1 and a,,0a,;=4a;; 
for all 2, 7, &. What are the characteristic values of M? 


I. Solution by John A. Burslem, St. Louis University. In the determinant for 
the characteristic polynomial C(x), subtract the (j-+1)-st column from a4, j41/ai; 
times the jth (j=1, 2,°---,m—1) and add aj,:::/a;; times the 7th row of the 
result to the new (-+1)-st row to get C(x) =a), det (0,;), where b;;= —@1,;41%/a14; 
(@=1,2,-++°,n—1), dnn=n—x, and all other b,; are 0 except those in the mth 
column. Thus, C(x) =(—1)"—"!(n—x)x"—!, so that 0 is an (n—1)-fold character- 
istic value and z a simple one. 


II. Solution by Roman Kalugniacki, University of Santa Clara, California. 


The 2th row is the first row multiplied by the reciprocal of its zth element. Since 
1=a;;=4,,;a;;for all 1 and j, a;;40. Hence the rank of M is one, and the values 
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of all minors of order greater than one are zero. In the characteristic polynomial 
f() of M, the coefficient c, of X” is (—1)” times the sum of the principal minors of 
order n—r. Now ¢,=(—1)", Cn_1 is the trace and equals u; for r<n—1, c,=0. 
Hence f(A) =(—1)"[A"—\"—'| has 0 and x as zeros (0 of multiplicity 2 —1). 


III. Solution by Theodore R. Smith, La Sierra, Caltfornia. Let the first row 
of M be r=(1, aie, diz, - - * , Gin). The properties of M then imply row j to be 
of the form (1/ai;)r. With this as the matrix M, substitution shows that 
(1, 1/di2, 1/ai3, - - + , 1/din) is an eigenvector with eigenvalue n. Likewise, the 
n—1 vectors 


Ve = Aine — A1z€n, (k = 1, 2,3,---,n2-— 1), 


where e; is an element of the standard basis for E,, are seen to be linearly inde- 
pendent eigenvectors with eigenvalue 0. 


IV. Solution by Gary B. Klatt and Aaron Strauss, University of Wisconsin. 
Let a;; (¢=1, 2, - -- ,) be arbitrary and suppose that @;,0,; =@,40;; for all 2, 7, R. 
Then M?= (trace M) M, and it follows that the characteristic roots of M satisfy 
the equation x?—x trace M4/=0. Thus, the characteristic roots are 0 and trace 
M. Since the sum of the characteristic roots must be trace M, 0 is of multiplicity 
n—1 if trace M0 (which is certainly the case for the problem proposed). 


Also solved by R. D. Ahrend, S. Baron, Randy Barron, Joel Brawley, Jr., Leonard Carlitz, 
David Carlson, Charles Chouteau, D. I. A. Cohen, D. E. Crabtree, C. G. Cullan, Frank Dapkus, 
Emmeline G. de Pillis, N. J. Fine, J. A. Fuchs, Seymour Geisser, R. W. Gilmer, Jr., S. H. Greene, 
Eldon Hansen, J. R. Hatcher, J. C. Hickman, Lee Hill, R. H. Hines, Yasuhiko Ikebe, R. F. Jack- 
son, J. P. Jordan, A. J. Keeping, P. G. Kirmser, G. B. Klatt and Aaron Strauss (second joint solu- 
tion), C. D. LaBudde, E. S. Langford, G. M. Leibowitz, C. R. MacCluer, D. C. B. Marsh, J. J. 
Moore, M. G. Murdeshwar, Stanton Philipp, T. J. Rao, V. K. Rohatgi, P. A. Scheinok, U. J. 
Schild, R. E. Showalter, Robert Singleton, Simon Vatriquant, J. E. Wilkins, Jr., J. Williams, and 
the proposer. 


ADVANCED PROBLEMS 


All solutions of Advanced Problems should be sent to J. Barlaz, Rutgers—The State Univer- 
sity, New Brunswick, N. J. 08903. Solutions of Advanced Problems in this issue should be 
submitted on separate, signed sheets and should be mailed before September 30, 1965. 


5270. Proposed by Michael Fried, Bell Aerosystems, Wheatfield, N. Y. 


Consider decimal expansions of the form x= .xox%%_ -- +, where OSx;S9, 
and suppose that there exists some ordered pair of positive integers (j, k) such 


that Xj1m=Xjr4ye, L=O0, 1, 2,---. Call the set of such expansions J. Is 
S=[0, 1]—J countable? 


5271. Proposed by A. J. Goldman, National Bureau of Standards 


A groupoid is a nonempty set closed under a binary operation written multi- 
plicatively. The direct product G=G:iXG2 of two groupoids consists of the 
Cartesian product of their sets together with component-wise multiplication. 
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Suppose G admits such a factorization in which G, has the property that, if 
x, yEG, then xy=~¥, while G. has a two-sided identity. Let L(G) consist of the 
left identities of G. Prove that GiSL(G) and that Go2&Ge for some eC L(G). 


5272. Proposed by S. M. Robinson, Union College 


A topological space X is called a door space if for each subset A CX, either A 
or X —A is open. We shall call a space X a semi-door space if for each subset 
ACX, there is an open set O with the property that either OCA Ccl[O] or 
OCX—ACcl[O]. Find an example of a semi-door space which is not a door 
space. Also, prove or disprove the following statement: If X is both a Hausdorff 
space and a semi-door space, then X is a door space. 


5273. Proposed by T. J. Head, Iowa State University 


Show that for a commutative integral domain R to have the property that 
each of its finitely generated torsionfree modules is free it is necessary and suff- 
cient that each finitely generated ideal of R be principal. 


5274. Proposed by J. J. Malone, Jr., University of Houston 

Let (G, +) bea finite group of order g such that if (NV, +) is a proper normal 
subgroup of (G, +) of order m there exists no subgroup (K, +) of (G, +) of 
order k such that K(/\N= {o} and kn=g. An example of such a group is the 
cyclic group of order 4. What is the characterization of such groups? In particu- 
lar, if (G, +) is not cyclic, is (G, +) simple? 


5275. Proposed by Hewitt Kenyon, George Washington University 


Using the terminology of Problem 5148 [1964, 1054], suppose that f and g 
are functions mapping the set X onto the sets Y and Z, respectively; suppose 
that H is an ultrafilter eventually in X and let F and G be the ultrafilters con- 
sisting of maps of f and g, respectively, of subsets of X belonging to H. If F is 
equivalent to G, is it necessarily true that H is eventually in {¢| f(t) =g2(4) }? 


5276. Proposed by Leonard Carlitz, Duke University 


The following formula is a consequence of known results when a is a power 
of a prime and ¢ is not a divisor of a‘—1 for 0<i<k: 


2 u(c)a? = 2 o(¢) (k > 1). 


(See L. E. Dickson, Linear Groups, p. 20.) Prove that the result holds for all 
a>1, k>1. 
5277. Proposed by Kwangil Koh, University of North Carolina 


It is known that in a Noetherian ring, every irreducible ideal is primary (see, 
e.g., N. H. McCoy, Rings and Ideals, Carus Monograph No. 8, p. 200). Let R 
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be a ring (not necessarily commutative) which satisfies the ascending chain con- 
dition on right ideals. Prove that if S is a two-sided ideal in R such that it is 
irreducible, in the sense that if J;,7=1, 2, isa pair of right ideals such that J; )S 
then Ji(\J2_S, then each divisor of zero in the ring R/S is nilpotent (where 
means “contains strictly”). 


5278. Proposed by Eric Nix, Norwich, Vermont 


Given a convex metric space S, does S as a topological space necessarily 
also admit a bounded convex metric? 


5279. Proposed by S. M. Robinson, Union College 

Let X bea completely regular space, X* its one-point compactification, and 
C[X] its ring of continuous real-valued functions. For each compact subset F 
of X, consider the ideal 07 = {fEC[X]: f is constantly zero in the neighborhood 
of F}. Show that X* is metrizable if and only if there exists a sequence 
{foim=1,2,--- } contained in C[X], such that each ideal Or is generated by 
a subset of { fat and each function f, belongs to no free ideal of C|X |. (An ideal 
I in C[X] is free if there exists no point «GX with the property that f(x) =0 for 
all fET.) 


SOLUTIONS OF ADVANCED PROBLEMS 


Idempotent Element 
3133 [1925, 261; 1962, 237]. Proposed by A. A. Bennett 
(Rephrased.) Prove that every finite semigroup contains an idempotent ele- 


ment. 


Il. Solution by Wiliam E. Coppage, Dayton Campus of Miami University 
and Ohio State University. The result is obvious for semigroups of order 1, so we 
let S be a semigroup of order n>1 and proceed by induction on n. Let xCS. 
The semigroup 


A = {xt|k = 2,3,---} 
either does not contain x and hence, by the inductive hypothesis, contains an 


idempotent element, or else x =x" for some R22. If R=2, then x is idempotent. 
If k>2, then 


and x'-1 is idempotent. 
Five Circles Inclined at Same Angle 


5142 [1963, 1013]. Proposed by J. G. Mauldon, Oxford University 


Do there exist five coplanar oriented circles, not necessarily real, mutually 
inclined at the same angle? 
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Solution by the proposer. Yes. The angles must be arc cos(—4). Let O be the 
midpoint of a side of a square inscribed in a circle S. Let T be a spiral similarity 
with center O, ratio e?** and angle a, where ~w=27/5. Then the five circles 7S 
(m=0, 1, 2, 3, 4) have the required property. 


The problem may be generalized to elliptic and hyperbolic space. See J. G. Mauldon, Sets of 
equally inclined spheres, Canad. J. Math., 14 (1962). 


Hermitian-like Decompositions of Square Matrices 
5179 [1964, 217]. Proposed by David Carlson, Oregon State University 


It is well known that, for any square matrix A with complex elements, there 
is a unique decomposition 4 =B+C, where B=(A+A*)/2 is Hermitian (and 
has all roots along the real axis) and C=(A —A*)/2 is skew-Hermitian (and has 
all roots along the imaginary axis). Given any two distinct lines through the 
origin in the complex plane, prove an analogous result for a unique decomposi- 
tion of A into two “Hermitian-like” matrices, each with roots along one of the 
two lines. 


Solution by Hwa S. Hahn, Pennsylvania State University. We use the fact 
that if G,---, ¢, are the characteristic roots of an ~Xn matrix A, then 
UCi,*°**, UC, are the characteristic roots of uA. For det(wA — ucl) 
=u" det(A —cl). 

Take two nonzero complex numbers uw and v lying on two given lines sepa- 
rately. For any square matrix A now it is sufficient to find matrices B which is 
Hermitian and C which is skew-Hermitian satisfying 


(1) A = uB — w0. 


Then it is easily seen that uB has all its characteristic roots on the line where u 
lies and —7vC has all its characteristic roots on the line where v lies. Since B* = B 
and —C*=C, we have from (1) 


(2) A* = aB + iC. 


From (1) and (2) we obtain B=(#A —vA*)/(utj—@v) and C=(4A —uA*)/ 
(ui—dv) where ui—d@v~0 because u 40 and v0 lie on two distinct lines 
through the origin. 

Therefore we have a desired decomposition which is clearly unique for fixed 
u and v 


dA —vA* | iA —4uA* 
= 4 ——_ — v ————_ : 


ud — iv ud — iv 
Notice that a particular case when u=1 and v=z in this formula is the case 
stated in the problem. 


Also solved by D. Z. Djokovié (Yugoslavia), A. S. Householder, C. Donald La Budde, J. G: 
Mauldon (England), M. G. Murdeshwar, R. F. Rinehart, and the proposer. 
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Abel Limit of Nearly Periodic Sequences 
5180 [1964, 217]. Proposed by A. E. Livingston, University of Alberta 
Find lim,.1-9 (1 — x) ar a,x" if each set { dun, QkuN+1,; °° * Avs} is a 
permutation of the set do, a,c, ays} for k=1, 2,---, where N is a 
fixed positive integer. 


Solution by J. Boersma, Mathematical Institute, Groningen, Netherlands. We 
consider the polynomials 


N-1 N-1 


P(x) = Di ajci, = P*(x) = DY afta, 
=0 j=0 
where the set of coefficients {aj, af, - - + , ay_,} will be a permutation of the set 
of coefficients { do, a,°°°, ay-1}. Because P(1) = P*(1), corresponding to each 


«>0, a number 6>0 may be found, such that 
| P(x) — P*(x) | <« for 1-—68<*8S1. 


Because the number of permutations is finite, 6 can be chosen in such a way 
that the inequality holds for every permutation-polynomial P*(x). Now we have 


° 0 1— <x 
(1 — x) D1 ana” = (1 — x) P(x) Di 2 + R(x) = Fy PO) + RQ), 
n=0 k=0 — %X% 
with 
bad l1—-x 
| R(x) | < «(1 — x) Do awtY = « <, 1-8<x<1. 
k=0 1 — x 


Hence we have 


ve) 4 1 N-1 
lim (1—2) Doanx* = lim P(x) = — DS a. 
z—1-0 n=0 z—i-0 1 — 4% N j=0 

Also solved by Robert Breusch, H. E. Chrestenson, M. J. Cohen, Robert Cohen, D. Z. 
Djokovié (Yugoslavia), J. E. H. Elliott, N. J. Fine, R. L. Forbes, Ralph Greenberg, H. S. Hahn, 
E.S. Langford, Lee Lorch, J. G. Mauldon (England), M. D. Mavinkurve (India), D. E. Myers, 
Stanton Philipp, Dennis C. Russell (England), Richard Sinkhorn, N. R. Wagner, L. J. Wallen, 
W. C. Waterhouse, J. E. Wetzel, Oswald Wyler, and the proposer. 

Several solvers noted that the given sequence was (C, 1) summable because of its periodic 
nature and that the Abel limit is an immediate consequence. We observe, in addition, that (C, 1) 
summability follows from the Abel limit proved above by noting the boundedness of the sequence 
and applying a well-known Tauberian theorem. 


Derivatives of Functions Discontinuous on the Rationals 
5181 [1964, 325]. Proposed by E. J. Burr, University of New England, Aus- 
tralia 


Let f(x) =0 for x irrational, f(0) =e >0, and f(m/n) =e, >0 for m, n coprime 
integers with »>0. Find, or disprove the existence of, sequences {¢,} with 
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lim €, =0 such that (a) f’(x) exists nowhere, (b) f’(x) exists for some x, (c) f’(x) 
exists for all irrational x. 


Solution by M. D. Mavinkurve, Siddharth College, Bombay, India. For every 
sequence {e,} of the stated kind, the function f will be continuous at irrational 
points and discontinuous at rational points. f’ can therefore exist only at irra- 
tional points and, where it exists, can have only the value zero. 

(a) If we take e,=1/n, the derivative will not exist at any point. For if & 
be any irrational, |E-—m/n| <1/n?/5 eventually by Hurwitz’s theorem, and 
|f(E) —f(m/n)| /|E-—m/n| >nv5s. 

(b) If we take e,=1/n‘, the derivative exists at all quadratic irrationalities 
&. For then | E—m/n| >1/n? eventually and If —f(m/n) | /| E—m/n| <1/n—-0. 

(c) No sequence {e,} of the stated kind can ensure the existence of f’ at all 
irrational points. For by a theorem due to M. K. Fort, the points of continuity 
of a real function (on any interval) which itself is discontinuous on a dense sub- 
set, form a set of the first category, and the set of irrationals is not of the first 
category. For if it were, together with the countable set of rational numbers, the 
complete real line would be of the first category. 


Also solved by Eugene Allgower, J. O. Herzog, G. A. Heuer, Solomon Marcus (Rumania), 
J. G. Mauldon (England), I. J. Schoenberg, W. C. Waterhouse, and the proposer. 

The substance of this problem has occurred in a variety of papers. The earliest reference 
(furnished by Waterhouse) is to W. D. A. Westfall, a Class of Functions Having a Peculiar Dts- 
continuity, Bull. A.M.S., 15 (1909). Other references containing solutions to this problem in- 
clude: 

M. K. Fort, Jr., A theorem concerning functions discontinuous on a dense set, this MONTHLY, 
58 (1951). 

I, J. Schoenberg, The integrability of certain functions and related summability methods, this 
MOonrTHLY, 66 (1959). 

S. Marcus, Sur les propriétés différentielles des fonctions dont les points de continuité forment un 
ensemble frontiére partout dense, Ann. Sc., Ecole Norm. Sup. 79 (1962), 

G. A. Heuer, Functions continuous at irrationals and discontinuous at rationals, (abstract), this 
MontTaty, 71 (1964) 349. 


Integer Solutions of a Pair of Diophantine Equations 


5184 [1964, 326]. Proposed by A. Oppenheim, University of Malaya, Kuala 
Lumpur. 


Find the complete solution in rational integers of 


xe + yi +. 28 + p82 = 2 
ety +et+t =2. 


Solution by Jack Diamond, Queens College, Flushing, N. Y. lf x, y,2,tisa 
solution in rational integers, then two (or all four) of the numbers are odd. Sup- 
pose that x and y are odd, whence x«+y=2w is even, giving y=2w—x, and 
f{=2—2w—z. Substituting for y and # in the cubic equation gives a quadratic 
equation in 2 if w+1 and gives x?—2x+1=0 if w=1. In order for 2 to be an 
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integer it is necessary that w|(x—w)?+-w—1]/(w—1) =v?, where v is a rational 
integer if w+1; and necessary that x=1 if w=1. 
In either case, letting u=x—w: 


(1) wu? — (w — 1)v? + w(w — 1) = 0, (u, v, w rational integers), 
(2) ex=wtuy=w-4uz=1-—-wt+sit=1—w-—r. 


Conversely, if u, v, and w are any three integers satisfying (1) and x, y, 2, 
and ¢ are defined as in (2), then the given equations are satisfied. For each 
w (=0, +1, +2,---) (1) becomes a Pell equation which can be solved by 
standard methods. 


Also solved by Joseph Arkin, W. J. Blundon, H. Flanders and D. Hertzig, R. Venkatachalam 
Iyer (India), John B. Kelly, Stanton Philipp, E. Rosenthall, and the proposer. 

Editorial Note. A Pell equation from which solutions can be obtained is found more easily as 
follows. Eliminate ¢ from the given two equations: 


(x + yy + 2)(2 +x) = 2x +y +2 — 1). 
Put a=y+2—1, b=x+2—1, ¢=x+y—1: 
(be ~aP —(2-1)?®?=1-c. 


Now, for arbitrary c, this is a Pell equation in variables bc —a and b, with infinitely many solutions 
for every c( +0). Solutions may be obtained by familiar procedures, using continued fractions or 
otherwise. 

Solutions may also be obtained based on L. J. Mordell, On the integer solutions of the equation 
x2 +2221 2eye=n, Jour. London Math. Soc., 28 (1953) 500-510. 


Filling a Plot with Flowers 
5186 [1964, 326]. Proposed by J. D. Nulton, University of California, Berkeley 


A horticulturist wishes to grow a flower garden on a plot of ground which 
is large enough for only 2 flowers. Each of his flower bulbs, however, has a 
probability +1 of not growing into a flower. How many times (expected value) 
must he replant his garden before he reaches his goal of 2 flowers? Naturally he 
replants only those which failed to grow from the last planting. 


I. Solution by A. J. Bosch, Technical University, Eindhoven, Netherlands. Let 
P(x) be the probability that one must replant x times (equivalent to «+1 plant- 
ings), and let Q(x) be the probability that one must replant more than x times. 
Then we must calculate: w=Ex= > 9 xP(x). From P(x)=Q(x—1)—Q(x) we 
have 


w= Dd) «P(x) = D7 Q(z). 
z=0 z=0 
To find Q(x) we place the bulbs on a row 1, 2, -- -, m and at each replanting 
we replace all the bulbs, marking those places where a flower occurred. The 


probability that after x replacements of the garden every place has had at least 
one flower is clearly (1 — p*+1)". Hence 
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O(«) =1- (1 — prtt)n =j—- >(") (— pet)? = >(") (—1) 1p @tbDs 


or 


00 n n ) n n a 

a= Dow = D(*)-ye Y porwr = D(") (pF. 
r=0 4 z=0 i=1 \ 1 1— p* 

II. Solution by S. H. Greene, The Franklin Institute. After the first planting 
the horticulturist can expect (1— )n of the flowers to grow and pz to fail. Of 
the pn he expects to replant he can expect (1—p)pm to grow and 2x to fail, so 
that after the second planting he can expect (1—)n+(1—>p)pn flowers. Of the 
p?n he expects to replant he can expect (1—p)p2” to grow and pn to fail, so 
that after the third planting he can expect (1—p)n+(1—p)pn+(1—p) pn 
flowers. In general, after the jth planting he can expect (1—p)n+(1—p)pn 
+ ---+-+(1—p)pi-' flowers and p/n failures, so that the number of his ex- 
pected successes, E,(p, 2) after 7 plantings is 


4i=1 


1 


x1 j 
Ej(p, 0) = (1— p)n Sp = (1 — pn —— 


v=0 1—p 


= (1 — p/n. 


When £,(p, 1) is greater than 2 — 4, we assume that the total number, 1, of 
flowers can be expected to be growing. Hence 


Ex(p,n) = (1 — p)n >n— 34> pin <3, 
jlog p< —logn—log2, 47> (log + log 2)/log pl. 
Thus the expected number, j, of replantings is | (log 7 +log 2)/log p~?]. 


Also solved by R. H. Anderson, F. P. Callahan, R. E. Greenwood, G. A. Heuer, E. S. Lang- 
ford, G. C. Pomraning, J. E. Potter, R. C. Read, H. E. Reinhardt, H. M. Rosenblatt, Y. P. 
Sabharwal (India), L. A. Shepp, Robert Singleton, W. F. Trench, J. Wessels (Netherlands), and 
the proposer. 


Editorial Note. The expected number of replantings is obviously one less than the 
expected number of plantings, for which several solvers obtained the equivalent formula 
4G (-1D*(1—-p)-. Shepp proves that this expectancy is asymptotic to logi/yn and, con- 
sequently, to solution II. 


Tangents to Conics in Involution 


5187 [1964, 326]. Proposed by D. H. Denniston, University of Canterbury, 
New Zealand 


A, B, C, D, E, F are general points of a plane. AB’, AC’, AD’ are the tan- 
gents at A to the conics ACDEF, ABDEF, ABCEF. Prove that AB, AB’; AC, 
AC’; AD, AD’ are in involution. 


Solution by G. Laman, Technological University, Eindhoven, Netherlands. Take 
trilinear coordinates with A(1, 0,0), E(0, 1,0), F(0, 0, 1), B(d1, be, bs), C(c1, Ce, Cs), 
D(a, do, ds). 

Every conic through A, E and F has equation: Axex3+xs%1 +yx1x%2=0, and 
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its tangent at A: vx.tyx,=0. For ACDEF we have Neéoc3t+ csc: tvcico=0 and 
Adeods + udsdy +vdyd> = 0, so that 


H(6163d2d3 — CoC3did3) + v(CiCoded3 — Coc3did2) = O. 
Hence the pair (AB, AB’) has the equation 
B* (x2, %3) = (b3%2 — beta) { (CyC3d2d3 — C26301d3)X_ — (C4Cod2d3 — C2¢3d1d2) x5} = 0. 
By cyclic permutation of the letters b, c, d we obtain the equations of 


(AC, AC’): C¥(x%2, x3) =0 and (AD, AD’): D*(x2, x3) =0. Straightforward cal- 
culation shows that 


b,B* + c1C* + d,D* = 0, 
which settles the problem. 


Also solved by J. Basile (Belgium), D. Pedoe, O. P. Lossers (Netherlands), S. R. Mandan 
(India), J. M. Quoniam (France), Harold Simpson (England), and the proposer. 


Separation Axioms between J) and 7, 


5188 [1964, 326]. Proposed by J. R. Baugh, S. P. Franklin and T. G. Mc- 
Laughlin, University of California, Los Angeles 


Place the following axioms on a topological space X in the hierarchy of sepa- 
ration axioms and determine what implications exist between them: 


A. Every point of X is the intersection of an open set and a closed set. 
B. The Boolean algebra generated by the topology of X is 2*. 

C. Every point of X is either open or closed. 

D. X is a door space, i.e. every set is either open or closed. 


Solution by W. C. Waterhouse, Harvard University. The implications are 
D 
u 
Ii B 
{ 
D= C= A>T». 


Clearly D=>C=>A, D=B, T;=C. Call a set locally closed if it is the inter- 
section of an open set and a closed set; the intersection of finitely many locally 
closed sets is locally closed, so every set in the Boolean algebra generated by the 
topology is a finite union of locally closed sets; thus B=>A. 

Let », g be two distinct points of X. If {p} =GUC (G open, C closed) then 
either G is a neighborhood of p not containing g or X —C is a neighborhood of q 
not containing p; thus A>>T». 

To see that no other implications hold, it suffices to check that neither 4 
nor any 7; implies B (let X =the reals), that A does not imply C (let X = a, b, c} 
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with open sets @, fa} ; {a, b}, X),and that Ty does notimply A (let X = SU {p}, 
where S is an infinite set, with closed sets X and the finite subsets of 5S). 


Also solved by Helen F. Cullen, Bruce David and Gerald Heuer, W. M. Lambert, Jr., M. D. 
Mavinkurve (India), S. M. Robinson, A. M. Vaidya, and the proposers. 

Vaidya notes that some of these axioms have been considered by Aull and Thron, Separation 
axioms between Ty and T;, Indagationes Mathematicae 24 (1962). 


Prime Powers in a Binomial Coefficient 
5189 [1964, 327]. Proposed by L. Carlitz, Duke University 


Leta = b = c (mod p’t!), where is a prime and 0 Sc < p’t!. Then, if 
m =min(p*—1, c) show that the following quotients are integral (mod p): 


ala—1)---(a—m+1) b(6— 1)---(6—-mt 1) 
b(b—1)---(b—-m+1) ala—1)---(a—mt1) 


Solution by the proposer. It will evidently suffice to show that the binomial 
coefficients (%), (2) are divisible by exactly the same power of p. Put 


a= at apt-:-:++ ap (0 S a; < p), 
b= bo + bip +--+ + dept (055; < p), 


so that a;=b; (j=0, 1,---,7) and c=aptaip+ --- +4,p". 
We recall that if m=m-+mp+ --- +n.p' (0Sn;<p), then n!=Tp”, where 


(T, p) =1 and 
[els] +g) 


S(n) = mot m+-++ + 1. 
If (7) is divisible by exactly p*, we have therefore 
a—S(a) m—S(m) a-m—-S(a-—m) S(m) — S(a)+S(a—-—m) 
- p-t p-l p-t p-t 
Similarly if (%) is divisible by exactly 7 we have 
y= S(m) ~ S(c) + S(¢ — m) . 


p—-1 
so that 
S(a) —S(a—m) S(c) —-S(c—m) 
Y QS rere nem eaten nneneranaretmennmemnmanenenreneaatennaantcs ° 
p—-1 p—-1 
Now if we put 
m= mot mpt- >> + mip t (0S m; < ), 


c—m=m +mipt---+miLip +m) p (0S mj < p), 
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then a—~m=(a—c)+(¢—m) =m +m pt +--+ +m! p't+ayyiptti+ ++ + +azp*, 
so that 
S(a) — S(a — m) = (do + ait +++ +a) — (mg +--+ +m! + ay t ++ + a) 
= (aot+-+++a,) —(mé +---+m/) 
= S(c) — S(c — m). 


It follows that y—a=0. 
In exactly the same way, if (2) is divisible by exactly p8, we get B=y. 
Therefore «=, so that (7) and (?) are divisible by exactly the same power of >. 
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CoLLABORATING Epitors: K. O. May, University of California, Berkeley, and 
E. P. VANCE, Oberlin College 


Materials intended for review should be sent directly as follows: Books: R. A. Rosen- 
baum, Wesleyan University, Middletown, Conn. 06457. Programmed Materials: K. O, 
May, University of California, Berkeley, Calif. 94704. Films: E. P. Vance, Oberlin College, 
Oberlin, Ohio 44074 


Linear Programming and Extensions. By G. B. Dantzig. Princeton University 
Press, Princeton, N. J., 1963. 625 pp. $11.50. 


It is easy to predict that this book will remain for years a basic work on the 
subject of Linear Programming. The fact that the author is one of the foremost 
contributors to the theory is not the only reason warranting this conclusion. 
The book presents a picture of the present state of development of the subject 
so accurate that the experienced reader has little difficulty in identifying those 
parts of the theory which have achieved a near to final state of development 
(Simplex Method and Duality Theorem in E”, for example) and those in which 
a large amount of research, development, and refinement is still to come (De- 
composition Principle, Non-Linear Programming, etc.). The book is carefully 
written at an intermediate level of mathematical elaboration. As a result there 
is a wide range of possible uses as a text for students of different interests 
(economists, engineers, planners, and even mathematicians), the more so since 
it contains a large number of examples and practical illustrations taken from 
varied fields, together with many exercises of different degrees of difficulty. In 
fact the two last chapters of the book are only examples in themselves (Nutri- 
tion Problems in Chapter 27, and Allocation of Aircraft under Uncertainty in 
Chapter 28). The first twelve chapters (275 pages) contain a historical introduc- 
tion and the basic theory of the Simplex Method and Duality, Variants of the 
Simplex Algorithm, and the interpretation of the Primal Dual Relationship in 
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Variational Methods for Boundary Value Problems for Systems of Elliptic Equa- 
tions. By M. A. Lavrent’ev. Noordhoff, Groningen, The Netherlands, 1963. 
155 pp. Dfl. 16.25. 


The purpose of this monograph is to present a unified approach to the study 
of elliptic systems consisting of two equations, two dependent and two inde- 
pendent variables. This approach is based upon first conceiving the solution of a 
problem as a minimum in some set-up, then taking a minimizing sequence be- 
longing to a compact set and concluding, finally, that a convergent subsequence 
converges to a minimum because otherwise the limit could be modified to yield 
a smaller value. The modification is performed with the aid of comparison argu- 
ments based upon the maximum principle. One of the interesting theorems 
proved is an extension of Riemann’s conformal mapping theorem to nonlinear 
elliptic systems. The book is somewhat loosely written; the proofs are often 
sketchy or even partly omitted, although the theorems are stated precisely. 
A fair knowledge of conformal mappings and elliptic equations seems essential 
to the understanding of the book. 

A. FRIEDMAN, Northwestern University 


NEWS AND NOTICES 
EpITeED By Raout HaILpern, SUNY at Buffalo 


Readers are invited to contribute to the general interest of this department by sending 
news items to Raoul Hailpern, Mathematical Association of America, SUNY at Buffalo 
(University of Buffalo), Buffalo, New York 14214. Items must be submitted at least two months 
before publication can take place. 


PERSONAL ITEMS 


Professor Rufus Oldenburger, Director of the Automatic Control Center, School of 
Mechanical Engineering, Purdue University, has received the $500 Excellence in Docu- 
mentation Award of the Instrument Society of America for his prize paper on optimal 
control. 

Dean E. L. Canfield, Drake University, represented the Association at the inaugura- 
tion of Howard R. Bowen as President of the University of Iowa on December 5, 1964. 

Professor A. B. Cunningham, West Virginia University, represented the Association 
at the inauguration of Gordon E. Hermanson as President of Davis and Elkins College 
on October 21, 1964. 

Professor J. H. Curtiss, University of Miami, represented the Association at the 
inauguration of Kenneth P. Williams as President of Florida Atlantic University on 
November 12, 1964. 

Professor H. J. Ettlinger, University of Texas, represented the Association at the 
inauguration of J. H. McCracklin as President of Southwest Texas State College on 
November 20, 1964. 
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Professor J. J. L. Hinrichsen, Iowa State University, represented the Association at 
the inauguration of John W. Bachman as President of Wartburg College on November 
11, 1964. 

Professor James C. Smith, San Fernando Valley State College, represented the 
Association at the Special Convocation commemorating the Golden Jubilee of Jesuit 
Higher Education in the City of Los Angeles held at Loyola University on October 22, 
1964. 

Professor G. C. Webber, University of Delaware, represented the Association at the 
dedication of the Delaware State College Science Center on October 10, 1964. 

University of Alabama: Visiting Professor R. L. Plunkett, University of Alabama, 
Huntsville, has been appointed Professor; Professor R. M. Fiterre, Athens College, and 
Dr. R. L. Causey, Lockheed Missiles Systems Division, Palo Alto, California, have been 
appointed Associate Professors. 

Florida State University: Professor O. G. Harrold, University of Tennessee, has been 
appointed Professor and Chairman of the Mathematics Department; Associate Professor 
C. W. McArthur has been promoted to Professor. 

City College (City University of New York): Professor Bernard Vinograde, Iowa State 
University, has been appointed Visiting Professor; Mr. Michael Sentlowitz, E. Errett 
Smith, New York, New York, has been appointed Lecturer; Dr. Sandra O. Jaffe has 
been promoted to Assistant Professor. 

Rice University: Professor M. L. Curtis, Florida State University, and Associate 
Professor Eldon Dyer, University of Chicago, have been appointed Professors; Dr. 
E. H. Connell, Brandeis University, has been appointed Associate Professor; Dr. L. C. 
Glaser, University of Wisconsin, has been appointed Assistant Professor. 

Brooklyn College: Assistant Professor D. M. Bloom, University of Massachusetts, 
has been appointed Assistant Professor; Assistant Professor Meyer Jordan has been 
promoted to Associate Professor. 

St. Louis University: Assistant Professors E. G. Eigel, Jr., and R. W. Freese have 
been promoted to Associate Professors; Rev. J. F. Daly, S.J., has been promoted from 
Assistant Professor to Associate Professor. 

Colorado State University: Dr. D. P. Squier, California Research Corporation, La 
Habra, California, has been appointed Associate Professor; Dr. A. P. Baartz, University 
of Oregon, and Dr. P. W. Mielke, Jr., University of Minnesota, have been appointed 
Assistant Professors; Assistant Professor Kenzo Seo has been promoted to Associate 
Professor; Mr. M. L. Kovacic has been promoted to Assistant Professor. 

University of Kentucky: Drs J. B. Fugate, State University of Iowa, Lynn Kurtz, 
University of Utah, and Donald Prullage, Purdue University, have been appointed 
Assistant Professors. 

Ohio Staite University: Dr. Hans Zassenhaus, Visiting Professor at Ohio State Uni- 
versity, has been appointed Research Professor; Assistant Professor Herbert Walum, 
Harvey Mudd College, and Dr. W. J. Davis, Case Institute of Technology, have been 
appointed Assistant Professors; Associate Professor R. C. Fisher has been promoted to 
Professor. 

University of Massachusetts: Professor W. L. Strother, University of Florida, has been 
appointed Head of the Mathematics Department; Assistant Professor R. A. Melter, 
University of Rhode Island, and Dr. Douglas Crabtree, University of North Carolina, 
have been appointed Assistant Professors; Assistant Professor W. S. Martindale, Smith 
College, has been appointed Associate Professor. 

Dr. George Adomian, Hughes Aircraft Company, Culver City, California, has been 
appointed Professor of Engineering Research at Pennsylvania State University. 

Dr. Craig Comstock, Harvard University, has been appointed Assistant Professor at 
Pennsylvania State University. 
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Dean J. B. Davis, Amarillo College, has been appointed Dean Emeritus and Professor 
of Mathematics. 

Dr. P. O. Frederickson, University of Nebraska, has been appointed Assistant Pro- 
fessor at Case Institute of Technology. 

Mr. C. R. McAllister, Booz, Allen Applied Research, Inc., Los Angeles, California, 
has been promoted to Research Director in the Western Operations Office. 

Assistant Professor J. R. McCarthy, College of the Holy Cross, is on leave during 
1964-65 for special studies in statistics at the Catholic University of America. 

Professor C. E. Miller, University of Saskatchewan, has been appointed Head of the 
Department of Mathematics. 

Professor J. M. Perry, Clarkson College of Technology, is on leave during 1964-65 
as a Visiting Member of the Institute for Fluid Dynamics and Applied Mathematics at 
the University of Maryland. 

Associate Professor F. B. Taylor, Manhattan College, has been appointed Head of 
the Department of Mathematics. 


Professor Emeritus B. A. Bernstein, University of California at Berkeley, died on 
September 25, 1964. He was a charter member of the Association. 

Dr. D. F. Gunder, Loveland, Colorado, died on October 21, 1964. He was a member of 
the Association for 30 years. 

Professor Emeritus R. G. Putnam, New York University, died on July 14, 1964. He 
was a member of the Association for 40 years. 


MATHEMATICAL ASSOCIATION OF AMERICA 


Oficial Reporis and Communications 


OCTOBER MEETING OF THE INDIANA SECTION 


The Indiana Section met on Saturday, October 31, 1964, at Ball State Teachers 
College, Muncie. 125 persons attended of whom 60 were members of the Association. 
Chairman R. E. Dowdsof Butler University presided. The morning was devoted to short 
papers and the afternoon to a business meeting and an invited hour address entitled 
“Experimental Methods in Number Theory” by Professor Hans Zassenhaus of the Ohio 
State University. 

Papers presented at the morning session were: 


1. Two applications of stochastic processes to actuarial science, by John A. Beekman, Ball 
State Teachers College. 

Collective risk theory is discussed in terms of stochastic processes. The double Laplace trans- 
forms for the two major distribution functions are expressed as iterated integrals involving the 
characteristic function of the claim distribution. In non-insurance terms, the distribution func- 
tions are for the maximum of sums of random numbers of independent, identically distributed 
random variables, and for the probability that the random sums stay below a line. In insurance 
terms, the first distribution is for total claims, and the second is for the probability of ruin, for 
specified claim distribution, initial reserve, premiums and security loadings. 


2. Free topological groups, by Robert L. Cooley, Wabash College. 
The free topological groups FM(X) and FG(X) of Markov and Graev, respectively, are de- 
fined and shown to be different for a given completely regular space X, Results include the follow- 
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BEST POSSIBLE INEQUALITIES FOR THE PROBABILITY 
OF A LOGICAL FUNCTION OF EVENTS 


THEODORE HAILPERIN, Sandia Corporation and Lehigh University 


1. Introduction. If E denotes the event “A, or A, or:+-or An”, where 
Ai,:+:+,A, are m events with respective probabilities ai, -- + , @, and if P(£) 
denotes the probability of EZ, then the following inequality holds: 

(1.1) max [a1,-°-, d| S P(E) S min [1,a.+ ---+a,|. 
Similarly, if F denotes the event “A; and A, and --- and A,,” then 
(1.2) max [0,ai+---+a, —(—1)] S P(F) S min [a,---, al. 


These inequalities, which are frequently used and go back at least to Boole 
({1], Chapter XIX, [2]), were shown by Fréchet [3]| to be the best possible 
obtainable if nothing is known about the events Ai, +--+, A, except that their 
probabilities are a1, - + + , @,, respectively. Fréchet’s proof that these inequalities 
are the best possible consists in showing, for example in the case of the upper 
bound in (1.1), that P(E) Smin [1, ai+ ---+ +a,| and, further, that for any 
n numbers lying between 0 and 1 there are specific events fi, ---, EH, (in some 
probability space) having probabilities a), - + - , a, and such that 


(1.3) P(E, or FE, or +++ or En) = min [1, a1 + a2 + > + + + al. 
Thus if f is a function such that 
(1.4) P(E) S$ f(a,---,a,.) S min [1,a1.+a.+--+-+a,l, 


independently of (the probability space and) the choice of events Ai,---+,An 
therein, then by choosing for A;,---+,A, the above described events 
Fi, +++ ,Hn, we would have 


f(a, +++, @,) = min [1,a.+--+-+a,]; 


and since this is true for all values of a1, + + - , d, between 0 and 1, the functions 
must be identical over this range. 

In view of the fact that not all events in elementary probability can be 
expressed as a disjunction or conjunction of simple events, an extension of 
Fréchet’s result to a wider class of compound events should be of interest. Such 
an extension is presented in this paper: we shall derive best possible inequalities 


for the probability of a compound event $(A1,---,An), where A1,---+,An 
are arbitrary events of which nothing is known except that their respective 
probabilities are a1, --° +, @,. Here (Ai, - +--+, An) is any combination of these 


events put together with the logical connectives ‘and’, ‘or’, and ‘not’. We shall 
call ¢ a Boolean function; this is the most general type of event which enters 
into elementary probability if conditioned events are ignored. More exactly, we 
shall describe an effective procedure by which, given any $(A1,---,An), one 
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can obtain the best possible upper and lower bound functions for this ¢. We 
emphasize the fact that our effective procedure produces the functions (of 
ai, ‘°°, @,) which are the upper and lower bounds, and not merely a number 
for any given set of values for ai, - ++ , d,. The result just mentioned is readily 
extended to cover the more general problem of finding best possible bounds for 
P(P(Ay, +++, An)) knowing only that a;SP();(A1, ---, An)) Sb;, where the 
Wy; are given Boolean functions having bounds as indicated, andi=1,---,m. 

We have chosen to express our results in terms of the language of probability, 
but it will be apparent that other interpretations are possible; e.g. “event” can 
be taken to be “measurable subset of the unit square,” or again “P(E£)” can be 
specialized to stand for “ratio of the number of elements of a subset of a fixed 
finite set to the total number of elements in the fixed set.” It is in terms of this 
latter interpretation that much of Boole’s work was framed. 

The problem of finding such best possible inequalities was indeed first 
treated by Boole. In solving certain problems involving the probability of logical 
combinations of events he was often led to a situation in which the answer was 
given by one of the roots of an equation of higher degree than the first. Being 
uncertain of which root to select, he resolved the difficulty by finding between 
what limits the probability sought must be found. Thus arose the general ques- 
tion of finding the narrowest limits for the probability of a compound event in 
terms of the probabilities of its simplest components. A brief account of Boole’s 
results pertaining to this question will be given in the last section of our paper. 


2. Some preliminaries. By virtue of the well-known association of events 
with sets in a probability space we may use the language either of propositions 
or of sets. We assume that the reader is familiar with the rudiments of either 
truth-functional logic or set algebra. Capital latin letters (with or without sub- 
scripts) will be used for variable events (sets), juxtaposition will indicate con- 
junction (intersection), V will be used for disjunction (union), and the applica- 
tion of an accent will indicate negation (complementation). A basic conjunction 


on Ai,°--,An, represented by K;(A1,---+, An), G=1, 2,°--, 2”) is a con- 
junction containing exactly one occurrence of each of the variables Aj, - +--+, An, 
and having in this conjunction the variable A,_j41 (@=1,- +--+, 2) accented or 


unaccented according as the binary expansion of the integer 2”—j has 0 or 1 as 
the coefficient of 2*-!. 
As is well known ({11], Chapter XI, Section 5), each Boolean function 


o(Ai,-°-+, An) is equal to a disjunction of basic conjunctions on A1,:* +, An. 
We shall write 
(2.1) o(A1, ae) A,) = V@) K;(A1, my A,), 


where the index @ applied to ‘V’ indicates that in the disjunction there are 
present those, and only those, basic conjunctions which logically imply ¢. By 
‘K,(Ay, - + + , An) logically implies @(A1, -- - , An)’ we mean that for the assign- 
ment of truth-values ‘true’ or ‘false’ to the variables in K;(A1, > ++, An) which 
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results in K;(Ai, +--+, An) having the value ‘true’, the corresponding assign- 
ment to the variables in #(A41, ---, An) results in d(A1, ~~ -, An) also having 
the value ‘true’. We admit the “empty” disjunction for logically false events 
and, of course, the full disjunction of all the 2” basic conjunctions corresponds to 
a logically true event. All told there are 2°" different disjunctions which can be 
formed from the 2” basic conjunctions on n variables. Some of these will be 
degenerate in the sense of being equal to functions of fewer numbers of variables. 
We make no attempt to single out these degenerate functions for, as far as our 
problem is concerned, they will be recognizable as those Boolean functions 
whose probability has bounds which depend on fewer than m variables. These 
degenerate functions, incidentally, constitute a “negligible” percentage of the 
total number of functions: of the 2?” functions of ” variables (disjunctions of 
basic conjunctions) there are 22” degeneratively equal to functions of n—1 
variables. Hence there are 


92” get v (1 - 1 ) 
gant 


functions which are not degenerate. 

On the other hand there are many functions which, although different, do 
not lead, as far as our problem is concerned, to an essentially different solution. 
Two Boolean functions so related that one can be obtained from the other by a 
succession of applications of the operations (1) interchanging letters A; and 4; 
and (2) replacing A; by A! will be said to be of the same symmetry type. It is 
easy to see that Boolean functions so related will have as bounds functions 
which can be obtained from each other by making the corresponding inter- 
changes of a; by a; and by replacements of a; by 1—a;. A study of the symmetry 
types of Boolean functions has been made by Pélya [4] and by Slepian [5]. 
Table I at the end of this paper gives a summary of the computed results. A 
specific listing of one function for each of the 22 types for three variables, and 
one for each of the 402 types for four variables will be found in [6], pp. 26-27 and 
pp. 259-278. 

It is easy to see that if BUB, is the best upper bound of P(¢) then 1— BUB, 
is the best lower bound of 1—P(¢) =P(@¢’). In what follows we shall therefore 
limit our attention to finding best upper bounds, since our method will enable 
us to find best upper bounds for all Boolean functions, and a best lower bound 
for P(#) will be given by 1— BUB,’. In this connection the arithmetic fact that 
1—min[a, b,c,--- |=max[1—a,1—b,1—c,--- | is useful. 


3. Best possible upper bound. In this section we show that the best possible 
upper bound is given by the solution of a linear programming problem. 


Consider ” events Ai, - ~~, An with probabilities a1, - + - , d, in some given 
probability space. As an abbreviation put k;=P(K,(A1,---,A,)). If now the 
event @(Ai, ---,A,) is the value of a truth-function @ of the events Ai,---, 


A,, then by (2.1) and the fact that the K; are mutually exclusive, 


346 INEQUALITIES FOR PROBABILITY OF LOGICAL FUNCTION OF EVENTS [April 


9” 
(3.1) P((A1, ~~~, An)) = 58; ky = 8k, 
j=l 


where 

() \" if K; implies d, 
0 if K; implies ¢’, 

and where 8k is the product of the row vector 


B= (1, ++ +, On) 
and the column vector k= [ki, ---, kon]. We point out that the vector 5) is 
independent of the particular A,, --- , A, and depends solely on the nature of 
the function ¢. On the other hand the vector k could change with the A; even 
if the a; are held fixed. We wish to examine the variation in P(#(A1, - ~~, An)) 
as the events and the probability space are altered. 

Under the circumstances being considered the k; are subject to certain con- 
straints. For instance, since A, is equal to the disjunction of all the basic con- 
junctions on Aj, - ++, A, which have Ai unnegated, the corresponding proba- 
bilities of these conjunctions must add up to a;. And, in general, for each 
w4=1,-°--, 7) 


20 1 if K, implies A, 
(3.2) >) ayk; = a, where aj = o ps 
j=l 0) if K; implies A}. 


To this we must further add 


(3.3) kj =1, and (3.4) k ZO (j=1,--+, 2), 


Conditions (3.2) and (3.3) may be written in combined form as a matrix 
equation 


(3.5) Ak = at, 
where k is the column vector introduced above, where at is the (7+1)-com- 
ponent column vector [a1, - +: , Qn, 1] and where A, defined in Display 1, 

Qi1 o ¢ e© © «© «© Ay9n 


{" if K; implies A; 
Cy; = 


Display 1) A = 
(Display 1) 0 if K,;implies A’; 


is an (n+1) X2" matrix composed of the 1X2" matrix [a,;] bordered by an 
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(n+1)-st row of ones. Since we have adopted a standard method of arranging 
the basic conjunctions on 7 variables the matrix A is completely fixed, for a,; is 
1 or 0 depending on whether a certain K,; has in it A; or A/. Note that in each 
row of [a,;| there are exactly half ones and half zeros and that the columns of 
[a,;] consist of all the 2* possible arrangements of ones and zeros which exactly 
parallels the adopted order of arrangement of the basic conjunctions. For ex- 
ample, if m=3, the adopted arrangement is 


A1AgAs, A14243, Ar Ad As, Ai1AL Ad, Al AgAs, 41 A2Ad, AL AL As, AL ALAS 


and the matrix [a,;] is 


11i1%100 0 0 
(3.6) 1100110 0 
1010101 ql 
in which the columns correspond in an obvious way with the listed basic con- 
junctions. 
We return now to the question of finding the best upper bound for P(@). 
Given a=(a@},°~°-, @,) and ¢, let a be the set of numbers P(¢(Ai1, - ~~, An)) 


for any events A;in any probability space @ for which P(A;) =a,, that is we put 


a= { p| For some probability space ® and events A; in @ for which 
P(Ai) = ai, pb = P(O(A1, «+, An))}. 


For any set of real numbers (ad, - - - , @,), all between 0 and 1, the set a is 
nonempty since for ® we can take the ordinary measurable subsets of the unit 
square. We now define the best upper bound function BUBy, as the least upper 
bound of a: 


(3.7) DEFINITION. BUB (a1, ° > * , @a) =lub a. 
Clearly, for any events Ai, ---,A, such that P(A;) =a,, 
P(¢(Ai,-- +, An)) S BUBg (a1, ---, a), 
so that BUB, is an upper bound. Definition (3.7) provides no effective means 
for calculating BUB, (a, ---, @,) for arbitrary a1, ---, ds. To remedy this 


and to show that BUB, is indeed “best possible,” it will be helpful to express it 
in another form. 

Let 8 be the set of numbers 3k for any k satisfying conditions (3.4) and 
(3.5), that is let 


B= {q| For some Kk such that k = 0 and Ak = at, g = 5k} . 
THEOREM 3.1. a=8. 


Proof. Let pEa. Then by the discussion connected with (3.1), (3.4) and 
(3.5), there is a k such that p=3k, Ak=at, and k20. Hence pC. Suppose 
that g&8. Then for some kK satisfying k=0 and Ak=at, ¢g = 5k. 
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Divide the entire unit square into 2* disjoint subregions Si, ---, So» of area 
ki, °° +, Ren, respectively, where ki, - - - , kon are the components of the vector 
k just mentioned. The vector K also satisfies Ak=at whose “7th line” is 


nr 

2 
De dish = a. 
j=l 


We use this equation to define A;, namely as the union of the S; for those 7’s for 
which a;;=1. This shows that there is a probability space (the unit square) with 
events A; (as just defined) having P(A ;) =a; in the space and such that 


g = 8k = P(6(A1,-°- +, An))s 
le. that q&a. 


THEOREM 3.2. The bounded set B 1s closed, so that lub a=lub B=max 8. 


Proof. The set of points k in EZ?" (Euclidean 2*-space) satisfying the condi- 
tions k=0 and Ak=at consists of points lying in the unit hyper-cube (1 2k20) 
and on the (closed) intersection of the 7+1 hyperplanes (Ak=at) and hence isa 
bounded and closed set. Since g= 6k is a continuous function of k, the corre- 
sponding set of values of g, as the continuous image of a compact set, is also 
closed. Hence lub B is in B and is its maximum. 

We now see from Theorem 3.2 that the problem of finding the best possible 
upper bound for P(@) requires the solution of a 


(3.8) LINEAR PROGRAMMING PROBLEM: Find the maximum of q=8@kK sub- 
ject to the constraints Ak=at, k20. 


It is well known (and easy to see) that the region specified by the constraints 
of a linear programming problem is the intersection of a finite number of half- 
spaces and hence, if nonempty, is a convex (hyper-) polyhedra! set. Such a region 
has a finite number of extreme or “corner” points and if a linear function has a 
maximum on the set it is taken on at one of these extreme points. As we have 
seen (Theorem 3.2), our function g does have such a maximum. Hence for any 
given @ and ai, --~ , ad, there is a convex region and a corner of this region at 
which g= 5k assumes its maximum; by using, for example, the simplex method 
one can calculate this maximum value. We thus have an effective procedure for 
obtaining the value of BUB,(a1, - - - , an) forany given aj, - + * ,@,. But since the 
convex region depends upon a, - - - , d, (being defined via at = [a1, - - - , dn, 1]), 
it would seem that the determination of the functton BUB, requires the solution 
of infinitely many linear programming problems, one for each set (a1, - + * , Gn). 
In the next section, however, we show that by going over to the dual linear 
programming problem it is necessary only to solve just one linear programming 
problem to obtain the function BUB,. 
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4. The dual problem. As just mentioned, a better grasp of our problem is 
obtained by going over to the dual linear programming problem (confer, e.g. 
[7] p. 54, [8] p. 222). The superscript T indicates matrix transpose. 


DUALITY THEOREM OF LINEAR PROGRAMMING: To each (primal) linear pro- 
gramming problem: 

(I) Maximize cx, subject to the constraints Dx Sd, x=0, 
there 1s an equivalent (dual) linear programming problem: 

(II) Minimize d'w, subject to the constraints D’w2=c?, w20. 

Problem (1) has an optimal vector x 1f and only tf (II) has an optimal vector w 
and, tf the vectors exist, the optimal values of cx and dTw coincide. 


To cast our probability-logic problem (3.8) into the form of Problem (1) we 
write the condition ‘Ak=at’ as ‘Ak<at and Ak=2at’ or, equivalently, as 
‘Ak<at and —Aks<-—at.’ These 2(n+1) equations can then be written in 
matrix form as 


(4.1) in es *)], 


where the coefficient of k is the 2(n+1)X2" matrix whose upper half is the 
original (7-+1) 2" matrix A and whose lower half is —A. Similarly for the 
column matrix on the right of the inequality. Thus problem (3.8) may be re- 
stated 


at 


A 
(4.2) Maximize 3k, subject to | ql ks | | k= 0. 


—qt 


According to the quoted duality theorem, the dual problem equivalent to 
(4.2) is 


at T Al? 
(4.3) Minimize | / w, subject to | " w= 6@T, w = 0. 
—a — 


The statement of (4.3) can be simplified. The column vector w has 


2(n+1) elements w; (¢=1, 2,---, 2(m+1)). Let us rename the first n+1 as 
u; (t=1,---, m+1) and the remainder as v; (¢=1,---, m+1) and write 
w= [}]. Also let x=u—v (ie. let x;=u;—v;,i=1,---,n+1). Then 


wo Lae [ A [e]-ee-n <a 


and likewise 


(4.5) py = atlx, 
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Let us now reconceive at as a row vector (i.e. let at” be called at), let like- 
wise 5) be the column vector 8)", and also write B for A’. With these nota- 
tional agreements and the use of (4.4) and (4.5), the dual of our problem (4.3) 
becomes 


(4.6) Minimize atx, subject to Bx = 6, 


Note that in (4.6) we no longer need the nonnegativity condition since any 
vector x=u-—v is also equal to a u*—v* with u*20 and v*=0. We point out 


the important fact that in (4.6) the constraints do not depend on the ai, - + + , Gy 
but solely on the function é—thus the convex polyhedral region determined by 
the constraints of (4.6) is the same for each set a1, --- , dn. Let 
(c) (c) (c) 
xX = (41 ,°°°, %n41) c=1,---,r 


be the rv extreme points of this convex polyhedral region (r depends only on @). 
Then the minimum value of atx is the minimum value of the set of 7 values 
atx) forc=1,---,7r. Hence, at last, 


(4.7) BUB¢(a1, -* +, dp) = min [atx®,---, atx™| 


is the effective description of the BUB, function. 
We illustrate our theoretical discussion with a specific example. 
EXAMPLE. Find the best possible upper bound for the probability of , where 


(A1, As, A3) = A1d2Ad V A1 Ad As V At AcAs. 


Here in row form 6) =(0, 1, 1, 0, 1, 0, 0, 0), since the three basic conjunc- 
tions of ¢ are the second, third, and fifth in the standard arrangement (see Sec- 
tion 3). In the primal formulation we wish to 


maximize kd) = kh. + kz + &k;s 


subject to the constraints 


ki + ko + hg + ha = a1 
(4.8) ki + ko + ks + ke = a 
ky + ks + ks + ky = 3 


ki + ko + kgs + ha + hs + he + hr + hg = 1 
k; 20, G@=1,---, 8). 


An intuitive picture which one may associate with this problem is that of 
finding a division of a rectangle of unit area into eight mutually disjoint sub- 
regions (let their areas be ki, - - - , kg) which will maximize k,.-+k3;+ks subject to 
the condition that the sum of the first four areas shall equal a1, the sum of the 
first, second, fifth and sixth shall equal a2, and the sum of the first, third, fifth 
and seventh shall equal a3. In terms of a Venn diagram (see Fig. 1) the shaded 


1965] INEQUALITIES FOR PROBABILITY OF LOGICAL FUNCTION OF EVENTS 351 


area is to be maximized while maintaining the areas of Ai, A, and Az; to be ay, 
a2 and as respectively. 


Fic. 1 


Turning to the dual formulation of this example, we wish to 
minimize aTX = @4%1 + dex, + agx3g + x4 


subject to the constraints 


X1 + Xo + X33 + x, 2 O 

X1 + Xe +421 

t+ f+atu 21 

(4.9) " rus 0 
tg + X43 +X 21 

XL + 4,290 

Xg +4, 2 0 

x, = 0. 


To give an intuitive picture here requires first a few preliminary explana- 
tions. Consider the unit square and three subregions A, Az, As of areas a, de, G3. 
Any region formed from Ai, Ae, A3 by the set operations (the unit square being 
the universe) can be thought of as a region whose area, call it P(), is a certain 
portion wa; of the area a; of Ai plus a portion v,(1—a1) of that of AY, plus a 
portion ude of that of Az, and so on. That is, any such region has an area ex- 
pressible in the form 


P(¢) = 4101 + vi(1 — a1) + U2d2 + vo(1 — a2) + U303 + v3(1 — a3) 


A1X1 + Gat, + A3X%3 + 4X4. 
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Since (still using P for area) 
a, = P(Ai) = P(AiA2A3 V Ait A2AZ V Ai Ad As V Ai Ad AZ) 
P(AiA2A3) + P(A1A42A3) + P(A1 Ad Az) + P(A1A2 Az) 
G2 = P(A2) = P(AiA2A3) + P(A1A2A4) + P(Ai 4243) + P(A Az AZ) 
P(As) = P(A1A2A3) + P(A1Ag As) + P(A AAs) + P(AI Ad As) 
and the sum of the probabilities of all the basic conjunctions adds up to 1 we 
have, by a little algebra, 
AyX1 + dex, + A3x3 + x4 = (“1 + X%2 + X%3 + %4) P(A1A2A3) 

+ (41 + x2 + x4) P(414243) 

++ (41 + x3 + x4) P(AiAzg As) 

+ («1 + #4) P(A1 Ag AZ) 

++ ( Xe + X3 + 44) P(Ai A2 As) 

+ ( x2 + «4) P(A? AoA?) 

+ ( x3 + x4) P(A Ag As) 

+ ( x4) P(Ai Af Ad) 


I 


I 


a3 


We thus see that the inequations (4.9) correspond to the requirements that 
the portion of area assigned to any basic conjunction present in @ be not less 
than the whole of it, and that all others have nonnegative contributions—sub- 
ject to these conditions the problem is to minimize a1%;+ a2X_2-+a3%3-+-4, the area 
of the set-theoretic compound defined by ¢(Aj, As, As), the three regions A, Ag, 
A3 being specified merely to have areas a1, d2, a3. To conclude this discussion we 
mention that for this ¢, namely for 


$(A1, Az, As) = At AAs V A1Ad Az V Ai A2 AZ, 
it was found (see the next section) that 


a1 + de + dz 


; 1a + ay as + os a2 + 04, s+ da + ds], 


BUBg = min | 


where G=1—a. 


5. Computation of best possible bounds. In the preceding section we have 
seen that obtaining the function BUBy, requires finding all extreme points of a 
bounded, convex (hyper-) polyhedral region. In the case of a @ with two vari- 
ables this region is one that is bounded by four planes in 3-space. These four 
planes have up to C(4, 3) =4 possible intersections which one can readily find; 
one then determines which of these intersections are in the convex region (i.e. 
satisfy the inequalities). For two-variable ¢’s there are four nontrivial sym- 
metry types (see Table I); all the computations necessary for finding the extreme 
points for these four types was done by hand computation on a couple of sheets 
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of paper. (One conveniently uses the pivot exchange, or Jordan elimination, 
method.) The four bounds thus obtained, and their companion lower bounds, 
are recorded in Table II. For three-variable ¢’s the convex region is bounded by 
eight hyperplanes in 4-space, so that there are up to C(8, 4) = 70 possible inter- 
sections of these hyperplanes. An electronic computer was programmed to find 
these intersections (actually there were only 58 nonsingular cases) and to select 
from them the extreme points of the convex region for each of the 20 nontrivial 
symmetry types; the results, which were computed in about one minute, are 
summarized in Table III. In the case of four-variable ¢’s the convex region is 
bounded by 16 hyperplanes in 5-space so that there would be C(16, 5) =4,168 
possible intersections. At this stage an exhaustive examination of all intersec- 
tions to find the extreme points of the convex region seems counter-indicated. A 
computationally feasible method for finding all vertices of a convex polyhedral 
region in 2-space, which does not exhaustively examine all possible intersections 
of the hyperplanes taken m at a time, has been presented by M. L. Balinski in 
[9]. Some method such as this will be required to do a systematic investigation 
of four-variable ¢’s. It is to be emphasized, however, that for a given 
o(A1,°°-°, An) and a specific set of real numbers ai,---, dn, the simplex 
method can be used to compute the optimal value of the linear function in the 
corresponding linear programming problem without one’s having to find all 
vertices of the convex region. 


6. A generalization. Our main result is easily extended to the more general 
situation in which the given information is not merely that P(A;)=a,; ¢=1,---,n), 
but that 


a; 3S P(Wi(A1, °° +, An)) S Bi, Gi=1,---,m), 


where they; are any m given Boolean functions and the a,, 6; are given numbers 
between 0 and 1. From this one obtains as a special case our previous problem 
by taking W; (41,°---, An) =Azi, a=); and m=n. We outline how the dis- 
cussion of sections 3 and 4 is to be modified to cover the more general situation. 

The matrix [a;;| is now to be defined as one whose elements a;; are given by 


’ if K; implies y; 

ay = . . . 

’ 0 if K; implies yf 

so that Ais now an (m+1) X2” matrix, with last row still a row of ones; however, 
the pattern of ones and zeros in the first m rows now reflects the Boolean ex- 


pansions of the y,’s rather than of the A,’s. Corresponding to the matrix equa- 
tion Ak=at we now have 


which we convert to 
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by replacing atSAk by —Aks —at. The definition of BUB, is formally the 
same, but with a now defined by 
a= {p| For some probability space ® and events A; in @ for which 


as P(i( Aj, ae) A,)) = bi p= P(o(A1, mn y A,))}. 


This time we cannot assert that a is nonempty since cases can arise in which 
the m conditions a;SP(wW;) $b; are inconsistent. The definition of the set B is 
now 


A bt 
B= \" For some k such that k = 0 and | a leS| | q= si 
— —a 


with, of course, the new meaning of A. The proof of Theorem 3.1 carries through 
with only slight changes so that we again have 


THEOREM 5.1. a=§. 
However, the theorem corresponding to Theorem 3.2 now becomes 


THEOREM 5.2. The bounded set B is closed and, tf B 1s nonempty, then lub 
a=lub B=max £. 


The proof of this theorem is essentially the same as that for Theorem 3.2. 
Thus we are again led to a linear programming problem and its equivalent dual 
formulation, but this time there need not be a solution. If one has specific num- 
bers a; and 0; then the simplex method can be applied to find the optimal value 
of 8k or, in the dual formulation, of 


pt 7 
| * 
so as to obtain the numerical value of the best upper bound. The simplex 
method, obligingly enough, supplies one with the information as to whether 
there is a solution and also which, if any, of the constraint equations are re- 
dundant ([8], Chapter 3). 

The following example illustrates the method for finding the best possible 
upper bound function. For typographical convenience (to keep the size of the 
matrix within reason) we choose as an example one in which the conditions on 
the y,’s are equalities rather than two-sided inequalities. 

EXAMPLE (after Boole [10], p. 282). Given 


P(Ai1) = 1 

P(Ae) = Ce 

(6.1) P(A,A3) = 63 
P(A2A3) = C4 


P(A? Ag As) = 65, 
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find the best possible upper bound for P(A3). 

For this problem we write down the matrix equation Ak=c* and alongside 
on the left the Boolean functions which generate the corresponding rows of ones 
and zeros: 


Ay 1111000 O1TA 1 
As 1100110 Oll& Cs 
AyAs 1010000 Oll&; C3 
AoAs 1000100 Oll&l |e 
ALAL As 0000001 Ol] & Cs 
1441411 1 44 de r 

ky 

Rg 


Going over to the equivalent dual problem, we wish to find the 


minimum of ¢1%1 + Coxe + C3%3 + C4X4q + CaxX5 + Xe 


subject to 
1111041 [ xy 1 
110 0 0 14) xe 0 

(6.2) 1010 0 14] xs > 1 
100 0 0 14] x, 0 
010 1 0 14) xs 1 
010 0 0 I1{Lxe 0 
00001 1 1 
00 0 0 0 1 0 


where the column on the right side of the inequality sign is the 5“* corresponding 
to the function @(Ai, As, 43) =A 3. The coordinates of the extreme points for the 
convex region specified by (6.2) were found to be (computer time 21 secs.): 


(0, Q, 1, 1, 1, 0) 

(—1, Q, 1, 0, 0, 1) 

(0, —1, 0, 1, 0, 1) 
giving a best upper bound for P(A3) of min[ce+cat+cs, C1-t cs, Go+c,|. At first 
glance the absence of 1 as one of the arguments inside the brackets of min| | 
might seem to indicate a mistake; however, for the given conditions (6.1) to be 


consistent we must have cz; Sc, so that 1—citc3;S1, and hence the 1 is indeed 
not needed, 
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7. Boole’s lost method. As mentioned in the introduction to this paper the 
problem we have treated here was first considered by George Boole both in the 
first form we have put it (sections 3-5) as well as in a somewhat more general 
form in which the compound event ¢(A;, ---, An) could be “conditioned” by 
other compound events, that is, in a form in which the side conditions are 
P(wW;) =; (a special case of the a;S P(W;) Sb; just treated in Section 6). To 
simplify matters in discussing Boole’s work we shall ignore this more general 
form. 

In the beginning of Chapter XIX of his Laws of Thought [1] there is an 
initial treatment of the subject, based not on the probability of an event but 
on the number of elements in a class. Boole uses ‘n(x)’ for the number of ele- 
ments in a class x and ‘n(1)’ for the number of elements in the “universe” of 
which his classes are subclasses. The problem is very clearly stated on p. 300 
(his term “constituent” corresponds to our “basic conjunction”): 


“PROPOSITION II: 

6. To determine the major numerical limit of a class expressed by a 
series of constituents of the symbols x, y, z, etc., the values of n(x), n(y), (sz), 
etc., and n(1), being given.” 


He summarizes his results in the following rule (p. 301): 


“RULE.— Take one factor from each constituent, and prefix to it the symbol 
n, add the several terms or results thus formed together, rejecting all repetitions 
of the same term; the sum thus obtained will be a major limit of the expression, 
and the least of all such sums will be the major limit to be employed.” 


It is not difficult to see that Boole’s Rule does give an upper bound; however 
it does not in general give the best possible upper bound. Examples to show this 
may be obtained from Table III. Boole’s Rule can be trivially strengthened by 
adding: reject those sums which contain (as expressions) any other sum. In this 
form the sums obtained correspond to the vertices of the convex polyhedra for 
all cases of two and three variable ¢’s with but the two exceptions mentioned 
in Table III. In terms of the linear programming formulation these sums are 
obtainable by the addition of further hyperplanes (readily suggested by the 
logic) which reduces the convex region to having just one of the original vertices. 
(Problem: find a simple addition to Boole’s Rule so that for an arbitrary 
@(A1,°°-°, An) one obtains all vertices by such a rule.) 

One gets the impression that Boole originally thought his Rule gave the best 
possible upper bound, subsequently discovered that it did not, but then did not 
thoroughly rewrite his Chapter. Thus he states the problem in Proposition II 
as that of determining “the [sic] major numerical limit” but in his Rule he 
describes it as “the major limit to be employed.” Later in the Chapter (p. 310) 
Boole acknowledges: 
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“13. It is to be observed, that the method developed above does not always 
assign the narrowest limits which it is possible to determine. But in all cases, I 
believe, it sufficiently limits the solutions of questions in the theory of proba- 
bilities. 

“The problem of the determination of the narrowest limits of numerical ex- 
tension of a class is, however, always reducible to a purely algebraical form*. 

Boole’s footnote: “*The author regrets the loss of a manuscript, written 
about four years ago, in which this method, he believes, was developed at con- 
siderable length. His recollection of the contents is almost entirely confined to 
the impression that the principle of the method was the same as above described, 
and that its sufficiency was proved. The prior methods of this chapter are, it is 
almost needless to say, easier, though certainly less general.” 


It is my conjecture that the “lost manuscript” Boole refers to was the one 
published posthumously by DeMorgan in the Transactions of the Cambridge 
Philosophical Society for 1868 (see [10] pp. 167-186). This paper is described in 
the table of contents of [10] as “probably written about 1850” and thus accords 
with the date Boole mentions; moreover it does give a solution to the problem 
given in Boole’s Proposition II quoted above, but in the form of finding the 
lower bound. The result Boole arrives at is equivalent to the “prior method” of 
Chapter XIX and hence can be shown to be wrong by the same examples. The 
“sufficiency” was therefore not proved. 

Returning now to Chapter XIX of his Laws of Thought, we find Boole now 
stating his “purely algebraical form” for finding the “highest inferior limit” 
({1] pp. 310-311). It is, in essence, our dual form of the linear programming 
problem, naturally without modern standards of justification nor with modern 
techniques for handling such problems. Interestingly enough, Boole also dis- 
covered subsequently the primal form of the linear programming problem. This 
he gave in a short paper appearing in The Philosophical Magazine, Series 4, Vol. 
viii, August 1854 (see [10], pp. 280-288). Of this method he states ([10] p. 280): 
“T propose in this paper to develop an easy and general method of determining 
such conditions. This object has been attempted in Chapter XIX of my Laws 
of Thought. But the method there developed is somewhat difficult of application, 
and I am not sure that it is equally general with the one which I am now about 
to explain.” From our present vantage point we now see that the equivalence of 
Boole’s two methods is but an instance of the duality theorem of linear pro- 
gramming. The “easy and general” method which Boole uses to solve his linear 
programming problem is now known as the Fourier-Motzkin elimination method 
(see [12], pp. 84-85) and is practical only for small problems. 


This work was performed under the auspices of the United States Atomic Energy commission. 
The author gratefully acknowledges his indebtedness to J. A. Schatz, D. L. Hanson, M. L. Slater 
and S. Bell for important suggestions in connection with this work. 
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TABLE I 
(From Polya [4], p. 103) 


N,® =number of symmetry types for a function of ” variables having s basic conjunctions 
in its Boolean expansion 


N,© s=0 1 2 3 4 5 6 7 8 AS) 
n=1 1 1 1 3 
2 1 1 2 1 1 6 
3 1 1 3 3 6 3 3 1 1 22 
4 1 1 4 6 19 27 50 56 74 402 


TABLE II 


Best possible inequalities on P(¢(A;, Az)) for all four nontrivial symmetry types (@=1—a) 


BLBg = maximum of (Ai, Az) BUBg= Minimum of 
0, aitae—1 A,A2 a1, a2 
&+dé&—1,a:+a2.—1 A,AsVWAi Ad a1 + de, di tae 
ay Ay ay 
a1, Qe AyVAe 1, a,;+a2 
TABLE III 


Best possible inequalities on P(¢(A1, Az, As)) for all 20 nontrivial symmetry types; in all 
cases except as shown the best possible upper bound is obtained by using Boole’s 
Rule (Section 7). For best lower bound use BLBg =1—BUBy.. 


(Ay, As, As) BUB, = minimum of 
1. AiA2A3 
5. | Ay'AaAs V Aide's V Ar Ard StOrS, a, + a, a1 + a2, a2 + Os, 
Gd, + d2+ a, 
Gatata 
9, os VV A14243 AE, a1 + de, ai + as, ae + dz, 1 


20. (A1A2A3)’ 
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A SUPPLEMENT TO THE STURM SEPARATION THEOREM, 
WITH APPLICATIONS 


LEE LORCH, University of Alberta, Edmonton, Canada, and 
DONALD J. NEWMAN, Yeshiva University, New York 


To S. Bergman, K. Loewner, D. J. Struik and G. Szegé on their respective 
birthdays. 


1. Introduction. The Sturm Separation Theorem [2, p. 224] asserts that the 
interior zeros of two linearly independent solutions of a homogeneous linear 
differential equation of the second order are interlaced. This raises the problem: 
Given two such solutions, with isolated zeros, determine which has the larger 
interior zero of specified rank. Such criteria are provided by Theorems 1, 2, and 
4 below. 

The coefficients of our differential equations are real-valued, and we are 
interested only in real-valued solutions. By an “interior zero” of a solution 
we mean a zero inside an interval consisting wholly of ordinary points of the 
equation. Only interior zeros will be assigned ranks, and these are counted in 
ascending order. For Bessel functions, e.g., the (strictly) positive zeros are all 
interior zeros, but 0 is not. 

A related question now asks whether there exists, under the same restriction, 
a “zero-maximal” solution, 1.e., a solution having the extremal property that, 
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among all nontrivial solutions, with isolated zeros, its interior zero of specified 
rank is the largest. An affirmative answer is contained in Theorem 3. 

The corresponding question for the least zero of each rank has a negative 
answer, since there is always a nontrivial solution of such a differential equation 
which vanishes at a prescribed point arbitrarily close to the lower end-point of 
an open interval of ordinary points [2, p. 73]. 

Some applications to special functions are made, particularly of the result 
concerning zero-maximal solutions. 

Our first result is formulated so as to incorporate the Sturm Separation 
Theorem, in a fashion explained in Remark (i) following Theorem 1. 


2. Theorem 1. The first theorem is rather preliminary in character, supply- 
ing common ground for the proofs of Theorems 2 and 4. It provides a refine- 
ment of the Sturm Separation Theorem and contains the latter theorem. 


THEOREM 1. Let yi(x), yo(x) be linearly independent solutions of the differential 
equation 


(1) po(x)y'" (x) + pilx)y’(x) + po(x)y(x) = 0, ax<x<bS+, 


where fora<x<b, po(x), pix), po(x) are continuous and po(x) ¥0. 

Given Xo, Ax) <b. Suppose (i) that yi(x) has a first zero in x»<x<b, say x1; 
(ii) that yi(x~) >0, x9 <x <x, and yo(x) >0 for some x arbitrarily close to Xo, X>X0; 
and that (iii) the Wronskian W(41, ye; x) <0, x0<x<b. 

Then y2(x) has at least as many zeros in (Xo, 0) as does yi(x) and may have pre- 
cisely one more. Moreover, the k-th zero of y2(x) in (Xo, 6), say &, lies between the 
(k—1)-st and k-th zeros of yi(x) in (Xo, 0), say Xn-1 and Xy3 1.€., Xn1<Ee<Xx, 
k=1,--+, where, however, x) need not be a zero of y,(x). 


Proof. The main point of the proof is to establish the existence of precisely 
one zero, &, of ye(x) with x) <&,< x1. 
To this end, we note that 


0> W (91, V2; %1) = yi(%1) ye (41) — yal x1) Vi (x1) 
= — yo(xr) yi (41), 


whence 42(x1) <0, since y/ (x1) <0. 

Therefore, there exists £1, %)» <<&1<%1, where yo(&) =0, since y2(x)>0O for some 
x near Xo, X >Xo. Denoting by — any zero of ye(x) in (Xo, x1), we have O> W (i, yo; €) 
= yi(E) ye (E), so that ys (€) <0. Clearly, therefore, there cannot be more than 
one such &€ in (%o, %1), namely &. 

The proof of the remaining assertions can be completed with only obvious 
modifications of the above reasoning, replacing Xo by &1, x1, - - - , in succession. 

REMARKS. (i) The Sturm Separation Theorem is obtained by taking x) >a, 
yi(X9) =O and normalizing the solutions so that (x) >0, x9 <x <4%1, Ye(%o) >0. 
This can be done simply by changing the signs of either or both solutions, if 
need be, since sign changes do not affect the zeros, and since ye(x%») 40, because 
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linearly independent solutions of (1) cannot have a common interior zero. More- 
over, the zeros of yi(x) and y2(x) in (Xo, 0), x0 >a, are isolated (whence ¥;(x) 
has a first zero x1 >%o). Otherwise 1, ye would have infinitely many zeros in a 
bounded subinterval of (xo, 0), x0 >a, and so would vanish identically [2, pp. 
223-224]. With this in mind, we see that W(91, ¥2; x0) <0. However, the 
Wronskian is of constant sign, a<x<b, as is clear from the Abel identity [2, 
p. 119], and so W(y1, 2; x) <0, a<xoSx<b. The Sturm Separation Theorem 
is now immediate. 

We note that, as is well known, this yields the result that the zeros of all 
nontrivial solutions of (1) are isolated if the zeros of one such solution are. 

(ii) Theorem 1 permits the zeros of specified rank of any pair of linearly 
independent solutions of (1), with isolated zeros, to be ordered according to 
magnitude. Hypothesis (ii) is merely a notational convenience which can always 
be realized. Moreover, if the Wronskian is not negative, it can be made so by 
interchanging :(x) and ye(x). 


3. Theorem 2. Here we present another criterion for deciding the order in 
which the zeros of specified rank occur for a pair of linearly independent solu- 
tions of (1). 


THEOREM 2. Let yi(x), ye(x) be linearly independent solutions of the differential 
equation (1). Suppose, given Xo, aSxXo <b, that the zeros of yi(x) and yo(x) 1 (Xo, b) 
are tsolated, and that, for all x sufficiently near to Xo, X>Xo, 
yi (x) 
Yo(x) 


yi(x) 
yo( x) 


=A20. 


> lim inf 
L—L0+ 


(2) 


Then the conclusion of Theorem 1 holds. 


Proof. We assume (as can be done without loss of generality) that y,(«) and 
ye(x) are positive for all x sufficiently close to %9, x>%o. Our result will follow 
from Theorem 1, once it is shown that (2) implies that W(11, ye; x) <0, x0<x <0. 

If the constant sign of the Wronskian were not negative, then we would have 


yilx)yd (x) & yi (x) y2(x), a <u<b. 


Then, fixing 6>0 so that y:(«) and y2(x) are positive, %» <x <x +6, we select ¢, 
Xo <€<x0+6, close enough to x» that (2) is satisfied. Then 


yd (x) . yt (x) 


2 ) Xo <u < £, 
ya(x) — ya(x) 


since the denominators are both positive in the specified interval. Hence, for any 


Pp, Xo <p <e, 
Sal Sal 
f ya (x) dzz f yi (x) de, 
yo( x) v1(x) 


p p 
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whence 
log y2lS) = lo yt) , 
yyo(p) yi(p) 
so that 
yile) 9S) A, wy <p<e <a +5 < om. 


yo(p) ~ yo(f) 


Now let p—xo-+ through appropriate values. In view of (2), this yields the 
contradiction 


~ Mal$) 


Thus, W(y1, v2; x) <0, x»<«x<b, and Theorem 1 applies. This completes the 
proof of Theorem 2. 

REMARKS. (i) The Sturm Separation Theorem can be obtained from Theorem 
2, with A =0, by an abbreviated form of the reasoning by which the Sturm 
Theorem was derived from Theorem 1. 

(ii) By means of Theorem 2, as well as by Theorem 1, any pair whatever 
of linearly independent solutions, i(x), ye(x), of (1) can be ordered in accord- 
ance with the magnitude of their zeros (if any), assumed isolated, of specified 
rank. To establish this, we show that 4i(x), ye(x) must satisfy condition (2) 
either as they stand or interchanged if need be. 

This amounts to observing that 91(x)/s.(«) #A <-+ © for all x sufficiently 
close to Xo, * >», where we take y;(x) and ye(x) both positive for such x. For, 
suppose that yi(tn) /Vo(tra) =A, ta—xXo+; then yi(x) —A4ye(x), a nontrivial solution 
of (1), would have its zeros cluster at xo, although those of y;(x) do not. This is 
well known to be impossible (cf. Remark (i) of Section 2). If d=-+ , it is 
sufficient to interchange (x) and ye(x) to see that the Rth zero of ye(x) exceeds 
the kth zero of 4:(x) in (Xo, 0). 

(iii) The above argument proves also that the limit in (2) exists, not merely 
the “lim inf.” If d=-+, this is obvious. For OSA <-+ %, taking y,(x) and 
ye(x) to be positive for all x near x», x >%o, we note that the limit could fail to 
exist only if one of the nontrivial solutions (x) —(A £6)ye(x) had zeros arbi- 
trarily close to %o, x >%o, for any e>0, and this is impossible. 

The use of Theorem 2 is illustrated by the following result. 


>A 


CoROLLARY. The k-th positive zero of the Bessel function @,(x, 0) =J,(x) cos 6 
— Y,(x) sin 0 exceeds that of C,(x, y) forv20, when 0SO0<W <r. 


Proof. Under the stated assumptions, 
C,(x, 0) sin 0 c C,(x, 8) 
C,(x,y)| siny ©C,(x, p) 


lim inf 
z—0-+ 
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for all sufficiently small positive x. 


4. Zero-maximal solutions. The most important case of Theorem 2 occurs 
when A =0. It includes the Sturm Separation Theorem, as observed in Remark 
(i) of Section 3, and gives substance to the concept of “zero-maximal solutions.” 

A solution w;(x) will be called maximal with respect to the zeros in (xo, 6) or, 
simply, zero-maximal tn (Xo, b), if it has the largest zero of specified rank interior 
to (Xo, 6) among all solutions with zeros isolated in (Xo, 0) of the differential 
equation (1), and if all other nontrivial solutions have as many zeros as w(x) 
interior to (Xo, 0). (We note that such another solution could have precisely one 
more interior zero than w;(x).) 


THEOREM 3. Let wi(x) be a solution of the differential equation (1) and have 
isolated zeros 1n (Xo, 0), aSx0<b. Suppose that there exists a linearly independent 
solution W(x) such that 
wW1(x) 


Wo x) 


(3) lim inf = 0. 


Z—2o+ 


Then w,(x) ts zero-maximal in (Xo, b). Conversely, such a zero-maximal w(x) 
always exists, if there is any solution with isolated zeros in (Xo, 0). 


REMARKS. (i) Clearly, a zero-maximal function is unique except for a con- 
stant multiplier. 

(ii) The main point of Theorem 3 would appear to be found in the case 
Xo =a, where the differential equation (1) may have a singular point, as for the 
Bessel equation with a=0. This case shows that, at a finite singular point of 
the differential equation, there is always a nontrivial solution of smallest order 
and this solution is zero-maximal in (a, d). 


Proof. From the Sturm Separation Theorem we learn that the zeros of 
we(x) are also isolated. From Theorem 2, with A =0, it is clear that the zeros of 
wi(x) and we(x) are related as are the zeros of yi(x) and y2(x) in Theorem 1. 
Furthermore, replacing w(x) in (3) by any other solution, w3(x), linearly inde- 
pendent of w(x), will leave (3) valid, since w3(x) can be expressed as a1w1(x) 
+dewe(x). Hence w;(x) is zero-maximal in (Xp, 0). 

On the other hand, let i(x), ye(x) be linearly independent solutions of (1) 
with isolated zeros in (Xo, 0). These solutions can be taken positive for all x 
sufficiently close to x»), x>Xo, without restricting generality. Now let 


tim inf 22. = 4 


OS AS4+ ~w., 
z—zro-+ Yo(x) 


If A =O, then we can define w(x) =yi(x). If A=-+o, then we take w(x) 
=yo(x). If 0<A<-+, then we put w(x) =yi(x) —Ayo(x), we(x) = y2(x). Then 


w(x) yi(x) _ 4 


= lim inf 
yo(x) 


t—to+ 


= Q, 


lim inf 
Z—Zo-+ 


We(x) 
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since 1(x) >0, ye(x) >0 for x near x9, x >xXo, and the theorem is proved. 


5. Applications of zero-maximal solutions. A canvass of special functions 
which are solutions of differential equations of the type (1) would produce 
many easy applications of Theorem 3. The Bateman manuscript project [1] 
would be a good source. We enumerate some. 

(i) Bessel functions. The kth positive zero of J,(x) is greater than the kth 
positive zero of any other solution @,(x)4J,(«) of the Bessel equation, when 
y=0, since J,(x)/C,(x)—0 as x-0+. 

(ii) Coulomb wave functions. These are solutions of the differential equation 


y+ {1 — Inv — LIL + 1)a*hy = 0, « > 0, LE — 4; 


a list of their applications is found in [5]. This equation has one solution which 
approaches 0 as x0+ (the one commonly used in applications). According to 
Theorem 3, then, this solution is maximal with respect to positive zeros. Other 
properties of the zeros of solutions of the Coulomb equation are pointed out in 
[3, p. 457 ]. 

(iii) Hypergeometric functions. When y¥ is not an integer, two linearly inde- 
pendent solutions of the hypergeometric equation [4, p. 99] are 


y1 = F(a, B, y, *) and yo= eRe —-y+1,8-—y+1,2—y7, x). 


Here, as in (i) and (ii), a=0 in the differential equation (1), and F(a, B, y, 0) =1. 
Thus, if y>1, y#¥2, 3,---,andif Fla, B, y, x) has a kth positive zero, then 
F(a-—y+1, B-y+1, 2—y, x) also has a kth positive zero, one which is smaller 
than that of F(a, B, y, x). 
If y=2, 3, - +--+, the solution ye has to be replaced by one which involves the 

logarithm function, and similar remarks can be made. 

(iv) Legendre polynomials and functions. Here two natural questions arise: 
the zeros interior to (—1, 1) and the positive zeros. 

(a) Positive zeros: At x=0 the solution of smallest order is [4, p. 103] 


(n—A)(m+2) ., (n—-I)m—3)\n+2Dnm+4) , 
~ 3! wt 5! oT 


VW = %& +... 


Thus the positive zeros of y, are extremal. It is worth noting that for 7 a non- 
negative integer (Legendre polynomials), this solution reduces to a polynomial 
only when z is odd. Hence the Legendre polynomials of even degree are not 
maximal in this sense, although those of odd degree are. 

(b) Zeros in (—1, 1): Here the Legendre polynomial P,(x) is of lower order 
than Q,(x) [4, p. 103] at x= —1, so that it does possess this extremal property 
for all degrees. 

Similar remarks can be made for P,(cos 9), Q,(cos 8). 

(v) Associated spherical functions. |4, p. 106]. The situation is similar to 
that in (iv). 
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(vi) Confluent hypergeometric function. As in the case of the hypergeometric 
function, there are two standard solutions [4, p. 110] 91 = F(a, y, x), 
ye=x!-71F(a—y+i1, 2—y, x) and the remarks made in (iii) can be repeated 
here with only the obvious changes. The zeros (existence and number) are dis- 
cussed in [6, Section 3.5 ]. 

The following examples are among the prominent special cases of (vi). 

(vii) Laguerre polynomials and functions. The Laguerre polynomials L(x), 
a>-1, have the maximal property for positive zeros, being bounded in the 
neighborhood of the singular point a=0 of equation (1), although Li”(0) 40, 
since the other solutions are unbounded. 

(viii) Hermite polynomials and functions. The differential equation has no 
finite singular points. As in (iv), the polynomials of odd degree are maximal with 
respect to positive zeros, the others not. 


6. Theorem 4. With the concept and existence of a zero-maximal solution 
now available, another theorem like Theorems 1 and 2 can be established. 


THEOREM 4. Let the differential equation (1) possess a solution, w(x), zero- 
maximal in (xo, b) and let w(x) be a solution linearly independent of w(x). Fur- 
ther, let the linearly independent solutions yi(x), y2(x) be written as 


(4) yi(x) = ati(x) + Bwelx),  — Ya(w) = ywi(x) + dwe(x), 


where the notation is arranged so that ab ~By>0 and that wi(x), we(x), yi(x), Vex) 
are each positive for all x sufficiently close to xo, x>%X»o. Then the conclusion of 
Theorem 1 holds. 


REMARK. The differential equation will possess the desired solution w(x) 
if it possesses any solution with isolated zeros. This was proved in Theorem 3. 


Proof. We note first that it is indeed possible, as a matter of notation, to 
arrange the functions w;(x), we(x), ¥1(%), ve(x) as described after (4). For wi(x), 
W2(x) this is obvious, since their zeros are isolated. Moreover, the zeros of (x), 
yo(x) are also isolated, being interlaced with those of, say, wi(x). Hence we can 
define all these functions to be positive (without affecting their zeros) for all x 
sufficiently close to x9, x >%Xo. 

This done, we note that 


W(y1, V25 x) = (ad ™ By) W (wi, We; x) < 0, 


where the negativity of W(w1, we; x) is established in the proof of Theorem 2. 
Thus, Theorem 1 applies and the present proof is complete. 

We illustrate this theorem by deriving from it the Corollary of Theorem 2. 
To do so, put w(x) = J,(x), we(x) = — Y,(x). Then all the conditions of Theorem 
4 are satisfied with (x) =@,(x, 6), ye(x) =@C,(x, W), x» =a=0, since ai—By 
=sin(y—6@) >0, for y20. 

Another application of this theorem to Bessel functions is: 
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CoROLLARY. Forv>0,v¥1, 2,---, letj_+. and y,, be the respective k-th posi- 
tive zeros of J_,(x) and Y,(x). Then jurx>j_o.n> Vor >v, when va 1s in quadrant I or 
III, and j_y4<Vin<ju, when vr is 1n quadrant II or IV, k=1, 2,---. 

Proof. In Section 5 (1) we have shown that J,(x) is maximal with respect to 
positive zeros. This establishes the upper bound throughout, since J,(x) and 
J_,(x) are linearly independent solutions of the Bessel differential equation when 
y is not an integer. To verify the remaining inequalities we need also the identity 
[1, vol. 2, p. 4(4) | 

J_,(“) = J,(x) cos ym — Y,(x) sin vr. 

Here x) =0, w(x) =J,(x) and w(x) = — Y,(x). 

In quadrant I, we take yi(x)=J_,(x), s(x) =—Y,(x). Then ad—By 
=cos vr >0 and the middle inequality is established for this case (that y,.>v», 
for y>0, is standard). 


In quadrant III, we put y:(x) = —J_,(x) so that yi(x) is positive for x near 
x9 =0 (since J,(0)=0 while — Y,(0)=-+ ©), and retain yo(x) = — Y,(x). Then 
ad — By = —cos vr >0, and this case is complete. 


In quadrant II, we put 4:(«) = — Y,(x), ye(x) = J_,(«); in quadrant IV, y1(x) 
= — Y,(x), ya(x) = —J_0(x). 


This work was supported by the U. S. National Science Foundation through grants NSF- 
GP-98 to the Courant Institute of Mathematical Sciences, New York University (where the first- 
named author was in residence while this work was done) and NSF-GP-62 to Yeshiva University. 
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AN ELEMENTARY PROOF OF THE STATIONARY DISTRIBUTION 
FOR AN IRREDUCIBLE MARKOV CHAIN 


NORMAN LEVINSON, Massachusetts Institute of Technology 


A finite or infinite Markov chain with stationary transition probabilities 
from state j to state k given by pj; j, R=1, 2, -- - , will be considered. No use 
will be made of a Tauberian theorem such as that of Littlewood or that of 
Erdés, Pollard and Feller [1, 2] in proving the existence of a stationary dis- 
tribution in the irreducible case. 
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Let state j be called E;,7=1, 2,---+. Let the m step transition probability 


from E; to HE, be denoted by p;,(m). Let the probability of a first passage from 
E; to E;, in n steps be denoted by f;,(”). The generating functions 


Fya(s) = 2 freln)s”, 


Gis) = 1+ » pis(n)s”, 


Gils) = D7 pie(n)s*, j # k, 
1 
are then related as follows for OSs <1, G;;(s) —1= F;;(s)G;,(s), or 
(1) G3(s) = 1/1 — Fy(s)) 
and 
(2) Gij(s) = Faj(s)G3j(s) tA fj. 


From the definition of fj,(7) follows Fy,(1) $1. 
E; is said to be a transient state if Fj;(1)<1. From (1) follows that the 
transient case is characterized by 


G;;(1) < o%. 


If F,;(1) =1 then £; is said to be recurrent. From (1) follows that the recur- 
rent case is characterized by G;;(1) = «. In the recurrent case the mean time of 
first return to E; from E; is given by 


kj = > nfij(n) = F;;(1). 
1 
lf uj<0, H;is called positive recurrent while if u;= © then #; is called null recur- 
rent. Let u;=1/u;. From (1) and the definition of derivative follows 


(3) lim (1 — 5)Gj;(s) = 1/u; = u;. 


$1 


Thus the positive recurrent case is characterized by u;>0 and the null recurrent 
case by u;=0. Note that in the transient case the notation 


lim (1 — s)G;;(s) = 4; = 0 
s—1 
can also be used. 
The chain may be said to be irreducible if every state can be reached from 
every state, that is, if #,(1) >0 for all j, k. Let N be the shortest path from E; 
to E, with positive probability and let MW be the shortest path from &; to £; 
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with positive probability. Then p;,(N)=a>0 and p;,;(M)=8>0 and for any 
n>Q 

piiln + M+ N) 2 pyu(N) pin(t) prs(M) = a8 pir(n) 

pula + M + N) & pis(M)pis(n)pn(N) = aBp;;(n). 


Thus G;;(1) and G;.(1) are both finite or are both infinite. Hence all states of an 
irreducible chain are either transient or all are recurrent. It also follows that 


I 


1 
— lim (1 — s)Gi(s) 2 lim (1 — s)G;;(s) 2 aB lim (1 — s)Guz(s). 
s—1 s—1 s—1 


a8 


Hence by (3) all recurrent states are either null recurrent states or all are positive 
recurrent states. 

Clearly Fiz(1) S Fij(1) Fje(1) +1 — F,;(1)). In the irreducible recurrent case 
Fiz(1) =1 and F,;(1) >0. Hence, 


Fyi(1) S Frj(1) Fix) 
or F,,(1) 21. Hence, 
(4) Fy(1) = 1. 
A Markov chain is said to have a stationary distribution {v;} j21, dov;=1, 
v;20 if 
(S) U= > Vipij. 


THEOREM. An irreducible Markov chain has a stationary distribution tf and 
anly uf the chain 1s positive recurrent. Then the stationary distribution ts { u;} and 
1s unique. 


Proof. Let a stationary distribution {v;} exist. From iterations of (5) it 
follows that 


v= ye Vipis(n). 
Multiplying by s* and adding v,; ))? s*= >>, 0,G.;(s) —v; for OSs <1. Using (2) 
and the equation above (1) we obtain 
sv; = (1 — 5)Gj;(s) D0 o:F is(5). 
Letting s—1 and using (3) 
(6) 0; = Uj >, vi s(1). 


Since F;;(1) $1 and >0v;=1 this gives v;Su;. In the transient or null recurrent 
cases u;=0. Hence v;=0 which is impossible. Thus u;>0 for at least one j and 
hence the positive recurrent case occurs so that u;>0 for all 7. In the positive 
recurrent case it follows from (4) and (6) that 


vy = Uj, j2i. 
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This proves the “only if” statement and that v;=w,. 


Next let the chain be positive recurrent so that u;>0. From >°, pj(n) =1 it 
follows that 


Ee Dont = a/tt—9 


or (1—s) >>, G(s) —(1—s) =s. Using (2) we see that 
(1 —_ 5) > Grr (s) Fjxn(s) = §S. 


Letting s—1 and taking first a finite sum we obtain )>, Fy,(1)u,S1, and hence 
the same inequality holds for the infinite sum. By (4) 


(7) Ym <1. 
Multiplying pj.(n +1) = >>; p;:(n) ba by s* and summing on n, we get 
(1/s) [Gix(s) — pis] = > Gyi(s) Piz — Din JAR. 


Using (2) and the equation above (1), we obtain 

(1/s) [Fin(s)Gux(s) — ps] = 2) Fis(s)Gu(s) pee. 
Multiplying by 1—s, letting s—1 and using (3) and (4), we get 
(8) uy, = >, Uspin 


first for a finite sum and hence for an infinite sum. > Ur is finite by (7). Hence, 
summing (8) on & and using >-, p%=1 shows that equality must hold. Hence, 


Uy, = >. Uipik. 
i 
Recall that u;>0. Let = uz/ >_u;. Then {vz} is a stationary distribution. But 
then it has been proved that v,=u,. Hence im =1. 
The preparation of this paper was supported in part by the Office of Naval Research and in 
part by the National Science Foundation Grant No. GP-149. 
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FUNCTIONS CONTINUOUS AT THE IRRATIONALS AND 
DISCONTINUOUS AT THE RATIONALS 


G. A. HEUER and Undergraduate Research Participation Group, Concordia College 


1. Introduction and summary. Functions which are continuous on an every- 
where dense set and discontinuous on another everywhere dense set seldom fail 
to provide for the student a new appreciation for one of the rigorous character- 
izations of continuity. This may partly explain the popularity these functions 
have enjoyed in certain quarters of the mathematical literature. 

Probably the most famous example is the one sometimes called the ruler 
function: f(x) =0 for irrational x; f(~/q) = | 1/ q| when # and g are relatively 
prime integers; f(0)=1. For decades a fairly standard exercise in analysis 
textbooks has been to show that f is continuous at the irrationals and discon- 
tinuous at the rationals. Some authors have expanded on this example; Apostol 
({1], p. 248) gives a class of functions having the same property; the ruler func- 
tion is a member. Hardy ([3], p. 190) provides an example not in the class of 
Apostol. In 1950 the problem section of this Montuty [4] asked for an exam- 
ple of a function which was discontinuous on an everywhere dense set and also 
differentiable on an everywhere dense set. This prompted a note by M. K. Fort, 
Jr. [2] to the effect that such a function must be continuous and nondifferenti- 
able on a residual set (i.e., on the complement of the union of a sequence of 
nowhere dense sets and, thus, on a dense set). More recently Porter [6] has 
shown that the ruler function is nowhere differentiable. 

The present paper is concerned primarily with the ruler function and its 
powers, and investigates both differentiability and Lipschitz conditions. Recall 
that a function g is Lipschtizian at x if and only if there exists a neighborhood 
N(x) of x and a number M/>0 such that | 2(y) — g(x) | <M|y—x| for all y in 
N(x). “Dense” will always mean “everywhere dense in the reals.” Two general- 
izations of the theorem of Porter are obtained. Examples are obtained of func- 
tions for which there are three dense sets, on one of which the function is dis- 
continuous, on another continuous but not Lipschitzian, and on the third 
differentiable. In addition, a function is given for which there are three dense 
sets, on one of which the function is discontinuous, on another continuous but 
not Lipschitzian, and on the third Lipschitzian but not differentiable. Finally, 
for every function discontinuous on the rationals, there exists an uncountable 
dense subset of the reals on which the function fails to satisfy a Lipschitz condi- 
tion. 


2. The ruler function and its powers. In this section f always denotes the 
ruler function. 


THEOREM 1. If 0<a<2, then the function f* 1s nowhere Lipschitzian. More- 
over, f2 1s nowhere differentiable. 


Proof. Let x be an irrational number. By a well-known theorem ([5], Theo- 
rem 4.1), every neighborhood of x contains a rational number p/q such that 
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|x—p/q| <i/q?, and therefore | f(a) —f«(p/q)| > | g?-4| |x—p/q| . But every 
neighborhood also contains yx for which f?(x) —f#(y) =0. Both statements in 
the theorem follow immediately. 

Note that each statement in Theorem 1 implies that f is nowhere differenti- 
able. 

One expects, however, that raising f to higher powers will have smoothing 
effects, and that this is the case is seen in the next three theorems. For this pur- 
pose we shall make use of several concepts from the theory of rational approxi- 
mation of real numbers. 

A real number x is algebraic of degree n if there is a polynomial P of degree n, 
but none of lower degree, with rational coefficients, such that P(x) =0. A real 
number x is approximable by rationals to order n if there is a positive number c 
such that the inequality |x—p/ q| <c/q” is satisfied for infinitely many rational 
numbers p/qg. A Liouville number is a real number x such that for every positive 
integer m there exists a rational number pn/dm, with gm>1, satisfying the in- 
equality |x—Pm/dm| <1/q%. Every Liouville number is transcendental ([5] Theo- 
rem 7.9). 


THEOREM 2. The function f* 1s: (A) dtscontinuous at the rationals for every 
a>0O; (B) continuous but not Lipschiizian at the Liouville numbers, for every 
a>0; (C) differentiable at every trrational algebraic number of degree Sa—1, tf 
a> 3. 


Proof. (A) is obvious. (B) Continuity is immediate because the Liouville 
numbers are irrational. Now if x is a Liouville number, let 1 and 6 be arbitrary 
positive numbers. Choose the integer m so that m>a, 2™-*>M and 2-"<6. 
Since x is a Liouville number there is a rational number pa/gm, with gm>1, 
such that 


| — pm/Gm <Qm Z2° <6, 


while 
LF) —F'Om/am)| = dn Gm 22 Gm” > Me pro/ Gm - 
Thus f* is not Lipschitzian at x. 

(C) Assume a> 3, and x is an irrational algebraic number of degree n Sa—1. 
Then ({5] Theorem 7.8) x is not approximable by rationals to degree n +1; hence, 
given e>0, the set of rationals \P/9: |x—p/q| <1/(e-grt)} is finite. When y 
lies in a neighborhood of x excluding this finite set, 


f(y) — fe() 
Yum HX 


<6 


so f’(x) =0. 
The result (C) may be sharpened by the use of the celebrated Thue-Siegel- 
Roth theorem [7]. According to this theorem, if @>2, no algebraic number is 
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approximable by rationals to order 8. Our reason for separating Theorems 2 and 
3 is that the former is based upon readily accessible results, while the Thue- 
Siegel-Roth theorem lies somewhat deeper. 


THEOREM 3. The function f* 1s differentiable at every algebraic irrational num- 
ber, af a>2 (and by Theorem 1, ai none tf a2). 


Proof. Let x be an algebraic irrational number, and let a>2. Choose B such 
that a>6>2. The Thue-Siegel-Roth result implies that |x—p/ q| <q-* is satis- 
fied by only a finite number of rationals p/g. The remainder of the proof is like 
that of Theorem 2, part (C). 

Since the algebraic irrational numbers (in fact, those of each degree) are 
dense in the reals, and the Liouville numbers form an uncountable subset of the 
transcendentals also dense, we see that when a> 2 there are sets D, E, and F, 
each dense in the reals, such that f* is discontinuous on D, continuous but not 
Lipschitzian on £, and differentiable on F. It would be interesting to produce 
a fourth dense set on which f@ is Lipschitzian but not differentiable. We have 
not been able to do so for a>2, but can show the existence of such a set for f?. 


LEMMA 1. If m and nare integers such that a=m*?—4n1s positive but not a per- 
fect square, x=(m—~/a)/2, u is the distance of x from the integer nearest to x, 
and t ts the smaller of u and 1/(2+/a), then no rational number p/q satisfies the 
inequality lx—p/q| <t/q?. 

Proof. Suppose that such a rational p/q exists, with p and g relatively prime. 
Let v be defined by (m—-/a)/2—p/q=0/q?. Then 0< | v| <t, and v/q+qvV/a/2 
=mgq/2—p. Thus v?/q?+0-/a= p?— pmq+q'n. The right-hand member of the 
last equation is an integer, so the left member must be. But 


| 2/g2 + oval S | 02/g?| + | oval < 1/4aq? + 1/2 <1, 


so the left member is zero. It follows that p2?=q(pm—qn), and from this that 
each prime factor of g divides ». This contradicts the fact that » and q are rela- 
tively prime, unless |g| =1. But |g| =1 is precluded by the fact that Su. 
Therefore, no such rational exists. 


LremMaA 2. Let S be the set of numbers of the form (m—~/a)/2, with a and m as 
in Lemma 1. Then S 1s dense in the real numbers. 


Proof. Let x and y be real numbers; «<y. The proof is complete if we find 
integers m and nu such that x <(m—-/a)/2<¥, with a= m?—A4n positive and not 
a square. 

Let g=(y+x)/2, and e=(y—x)/2. We seek integers m and a such that 


2—e<(m—~/m'?—4n)/2<z+e, or 


(1) 2—m/2—6e< JS(m/2)? —n<sz—m/2@+e. 


If we impose the condition m/2>z-+e, then all three members of (1) are 
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negative, and that inequality is satisfied if 
(2) (g—m/2)?+2€(¢—m/2) +e? < (m/2)?—n< (s—m/2)? —2e(2—m/2) +e. 


The right member of (2) exceeds the left by 4e(m/2—z), which is greater than 
2 when m is sufficiently large. For such m there exists an integer ” such that both 
(m/2)2—n and (m/2)2—(n-+1) lie between the left and right members of (2). 
Since m*—4n and m?—4(n+1) are not both perfect squares, the desired m and 
n exist. 


THEOREM 4. The function f? 1s Lipschitzian but not differentiable at the potnis 
of the set Sin Lemma 2. 


Proof. That f? is nowhere differentiable has been shown. 
If x is in S and ¢ is chosen as in Lemma 1, then 


1 
| 2G) — Pe) | <— ly — «| 


for all y; 1.e., f? is Lipschitzian at x. 
Thus we have dense sets D, #, and S such that f? is discontinuous on D, con- 
tinuous but not Lipschitzian on £, and Lipschitzian but not differentiable on S. 


3. A related result. Fort has shown in [2] that a function discontinuous on a 
dense set is differentiable on at most a set of first category. Thus a function 
discontinuous at the rationals must be nondifferentiable on a residual set. In 
this connection the following is of some interest. 


THEOREM 5. If g is a function discontinuous at the rationals and continuous 
at the trrattonals, then there 1s a dense uncountable subset of the reals at each point 
of which g fails to satisfy a Lipschitz condttion. 


We omit the proof, because it is rather lengthy, and one would hope to gen- 
eralize the theorem by replacing the rationals by an arbitrary dense set, and 
possibly to show that the set of points at which g fails to be Lipschitzian is a 
residual set. 


The research reported in this paper was supported by the NSF Undergraduate Science 
Education program under Grant No. GE-1082. Undergraduates contributing to this work were 
Lynn Erbe, Richard G. Lee, and Ronald Rietz. 
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ON THE FUNCTIONAL EQUATION 
fla + 9) + fle — y¥) = 2f(x)fy) 


PL. KANNAPPAN, University of Washington 


The purpose of this note is to describe all of the complex-valued, continuous 
solutions of the functional equation 


(A) fa+ty) +fle — y) = 2 f(x fQ), 


where the function f is defined on R", n21. 

Solutions of (A) when: 1) f is a real-valued, continuous function of a real 
variable, 2) f is a complex-valued, measurable function of a real variable, 3) f is 
a complex-valued, continuous function of a complex variable are given in [1], 
[3] and [2] respectively. Our method is an extension of that used by Flett in 
[2], for the case »=2. (While Flett considers the complex numbers K as his 
domain of definition, only additive properties of K are needed.) 

We will prove the following 


THEOREM. Lei n be a positive integer (21) and consider the additive group R", 
with elements x= (x1, X2, °° +, X,) etc. Let f be a complex-valued function which is 
continuous at some point and ts a solution of (A). Then tf f 40, we have 


(1) f(%) = cosh (a1x%1 + aex%e + ++ + + anXn), 
where a; (t=1, 2,+-+,n) are complex numbers. 


The proof depends on induction on n. 

First, it is easy to verify that if f satisfies (A) and is continuous at some 
point, then it is continuous everywhere [2]. 

The case m = 1 has been treated by various authors; we can shorten somewhat 
the usual discussion. First, f has derivatives of all orders (see [3], p. 126). Now 
differentiating both sides of (A) with respect to y twice, we have 


(2) P(e +) +H He = y) = Afla) fy). 
Put y=0 in (2). Then we have 
(3) P(x) = f'(O)F(). 


It is elementary to show from (3) that f(«) =cosh ax, for all real x and some 
complex number a. This completes the proof for 1 =1. 

To prove the theorem by induction for all x, suppose that f is of the form 
(1) for all mn. We will prove the theorem for (n-+1). Write x= (x1, x2, °°, 


Xn41) Rt, Then the function (x1, %2, - ++ , Xn) —f(x1, %2, ° + * , Xn, 0) satisfies 
(A) on R*, and so f(%1, %2,° °°, Xn, 0) = cosh (ait, + aoe + ++ + + anXn) for 
some complex numbers ai, a, ° - + , Qy. The function %,,1—f(0, 0, > + + , 0,%n41) 


also satisfies (A) on R, and so 
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f(0, 0,°°:,9, n-1) = cosh (n41%n41) 


fora complex number a,41. Take x= (1, Xe, - + +, Xn, 0) and y=(0,0, - - +, 0, Xn41) 
in (A). Then we have 


f(%1, 2, °° +, Xny Unt) + f (41, 2° °° , Xn» —Xn41) 
(4) = 2f (“1, N2, °° 8 9 Kny 0)f(0, 0, mn ty 0, Xn+1) 


= 2 cosh (ayy + ++ + + apXn) CoSh Any 1041. 


It can be easily shown, as is done in [2], that 


(5) [fe + y) — fe — »)P = 4[P@) — 1][PO) — 1]. 
In (5), set x= (%1, X2, °° +, Xn, 0) and y=(0, 0, -- +, 0, Xn41). Then we have 
(6) f(x, N27 °° % y Uny Xn-+1) — fm, NO, °° * y Uny — Xn41) 

= 2e(%1, Ho, °° +, Xn41) sinh (a1%1 + - + + + and) sinh On41%n41, 
where €(x1, %2, °° * , Xn41) assumes only the values +1. Adding (4) and (6) we 
obtain 
(7) f(%1, %a, °° + Xn, Xn41) = Cosh (avy + a2te + + + + antn + €On41%n41)- 


We will show that for every xC R*+!, the choice of the sign + is the same, L.e. ¢€ 
is a constant on R**!, If a,41=0, the proof is complete. 


We suppose henceforward that a,4140. Lete;=(0, 0,°--,0,1¢,0, +--+ ,0), 
(a=1, 2,--+-,n+1), let xC R*!, and let y=ten.1, for t€.R. From (A) we 
have 
(8) 2f(x)f(teng1) = fle + teng1) + fle — ten41). 


Now integrate the identity (8) with respect to ¢ between 0 to v, where v is 
real and positive. This yields 


2f(x) J Hewda = ic + tényi)dt + ic — t€n41)dt 
(9) 0 . 0 
-f f(x +- téns1) dt. 


For every positive number h, (9) shows that 


a/n[f(e + henss) — F(2)] J "fllensa) di 


(10) = 1/h f f(a + + henss1)dt — 1/h ic + tén41) dt 


—uth 


= 1/h ic + tén41)dt — yn f f(a + ten41) dt. 


—v 
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Since f is continuous, the limit as h | 0 of the right side of (10) exists and is equal 


to f(x+venai) —f(x —ven41). 
We infer that 


of 


OXn+1 


(x1, Hayy Xn-+1) = im 1/hl f(x + hen+1) — f(x)] 


exists, because f(0, 0,---, 0)=1 and, for small v, /$f(ten41)dt40. Hence we 
have 


of » 
f(" + veng1) — fle — veng1) = 2 (41, Xa, °° +, Lay Xn41) | f(ten41) at 
of » 
(11) = 2 —— (41, %2,° °°, Xny Xn41) | cosh @n41t dt 
of -1 
= 2 —— (%1, %2, °° +, Xn, Xn41)On41 SINK Any. 
OXn4-1 


Putting %,,1=0 in x, we infer from (6) and (11) that 
of 


-1 , 
(41, %2,° °°, Xn, Oany1 sinh any 
OXn+1 


(12) 


= €(%1, Xo, ° °°, Un, v) sinh (aya + + + + + @aXn) sinh agp. 
The equality (12) shows that ¢€ is constant on the set 
D= { (21, te, +++, Xng1)? Sinh (ayy + +++ + ant) sinh angitng1 ¥ OF. 


Let 6 be the value of e on D. On D, we have 


(13) f(x, He, °° * y Uny Xn-+1) + f(x, He, °° * y Xny —Xn41) 

= 2 cosh (ai¥1 + + + + + anX%n) Cosh QnyiXn41 
(14) f(x1, Hoy * % y Uns Xn+-1) — f(a, He, °° * y May —Xn41) 

= 26 sinh (ait, + + + + + Qn%n) sinh Qn41%n41. 


For (x1, 2, ° * * 5 Xn, Xn41) ED, we have sinh(ayxy-+ + + + +enX_) sinh OnyiXn41= 0, 
and so (14) holds with a fixed value of 6, either +1, on the complement of D. 
If 6=1, (13) and (14) show that 


F(%1, Xa, ++ +) Xny X41) = Cosh (ayer + + + + Onda + On41%n41). 
If 6= —1, (13) and (14) show that 
F(#1, Xa) °° + 5 Xny nga) = Cosh (ait + + + + + nkn — On41%n41)- 


This completes the proof. 
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I wish to acknowledge my deep sense of gratitude to Prof. Edwin Hewitt for his guidance 
during the preparation of this paper. 
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PROFESSOR RICHARD COURANT’S ACCEPTANCE SPEECH FOR 
THE ASSOCIATION’S DISTINGUISHED SERVICE AWARD 


JANUARY 29, 1965 


With deep gratitude I accept the award as a recognition for efforts on behalf 
of education in the mathematical sciences. What makes me particularly happy 
is the fact that my old friends, Warren Weaver and Mina Rees, played a part 
in this occasion. I was fortunate indeed to be associated with both of them dur- 
ing the critical war years in the Mathematics Panel of the Office of Research 
and Development where Warren Weaver’s ingenious and effective leadership 
made a profound impression on me; ever since those days, I have also admired 
Mina Rees for her many-sided activities. 

Permit me a few personal remarks about a specific subject mentioned in the 
Citation just read. Since my early days in Géttingen I have been concerned 
with “Applied Mathematics.” Yet until today I have not been able to define 
what the word means or should mean. On the contrary, I have become more and 
more wary of semantic definitions; they seem futile, and even dangerously re- 
strictive. 

In fact, until the early years of this century there did not exist a serious 
separation between “pure” and “applied” mathematicians. The great mathe- 
maticians of the 19th century neither acknowledged nor practiced discrimina- 
tion. The greatest of all, C. F. Gauss, initiated the era of pure mathematical 
existentialism by proving in his thesis the existence of roots of algebraic equa- 
tions. Immediately afterwards, he earned world fame by his gigantic and sensa- 
tionally successful work of numerical analysis in computing the orbit of the 
small planet Ceres which had been observed for only a few days, was then lost, 
and was eventually rediscovered, after many months, at the place computed 
by Gauss and far removed from the position where the astronomical experts 
expected it. This major achievement of a definitely applied character was al- 
most immediately succeeded by his youthful masterpiece, the “disquisitiones 
arithmeticae,” a volume in which he established modern algebraic number 
theory. In Gauss’ long scientific life we always find great achievements of a 
highly applied and concrete character alternating and sometimes interacting 
with profound purely theoretical investigations—Riemann’s Theory of Func- 
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tions, one of the greatest and most consequential creations of theoretical mathe- 
matics in the 19th century reflects inspirations and motivations from the intui- 
tive theory of incompressible fluids. 

Only later, when specialization narrowed the angle of vision for everybody, 
did emphatic purism emerge. High priests of beauty and purity displayed an 
attitude of cool disinterest in mathematics which was not directed towards “the 
glory of the human mind.” 

To balance such puristic attitudes Felix Klein tried to create in Gottingen 
and other German universities special chairs for applied mathematics. Unfor- 
tunately, however, the charter of this new academic field was too narrow, em- 
bracing mostly numerical analysis detached from live scientific substance. The 
experiment failed, and gradually the chairs of applied mathematics in Germany 
fell into the hands of incumbents who sometimes did not even give lip service to 
applications. At the same time truly great applied scientists and mathematicians 
arose in vital and vigorously active fields such as mechanics, aerodynamics, 
branches of engineering and others. I only mention Prandtl, von Karman, and 
G. I. Taylor—who must be rated among the leading scientists of the whole past 
era, and were highly inventive in mathematical constructive thinking. 

Certainly their work and success shows that applied mathematics is fascinat- 
ing and immensely fruitful if imbedded in the live structure of active science 
and not artificially dissociated from it. 

Altogether, I want to emphasize that in my opinion and experience, applied 
mathematics is not a definable scientific field but a human attitude. The attitude 
of the applied scientist is directed towards finding clear cut answers which can 
stand the test of empirical observation. To obtain the answers to theoretically 
often insuperably difficult problems, he must be willing to make compromises 
regarding rigorous mathematical completeness; he must supplement theoretical 
reasoning by numerical work, plausibility considerations and so on. 

In contrast, the purist must strive for theoretical perfection and logical com- 
pleteness of unbroken chains of rigorous reasoning. And still, the purist also is 
compelled to make compromises, sometimes not openly. He sometimes adjusts 
and modifies or greatly changes his problem, or the meaning of the concept 
of solution, to bring it within the power of his ability. Without malice one 
might sometimes be reminded of the man desperately searching for his house 
key at night under a bright street lamp and admits that he lost the key some- 
where else; but “there it is dark and here it is light.” 

Today, in connection with the enormous sociological changes which are 
transforming our whole society, the pursuit of sciences and, in particular, mathe- 
matics has radically changed; the separation between the purist attitude and the 
applied attitude has become threatening indeed, the more so as the spectrum of 
mathematical activities is ever broadening, far beyond the reach of any indi- 
vidual. 

I believe that it is vital to counteract these dangerous tendencies by fighting 


1965] MATHEMATICAL NOTES 379 


over-specialization and fragmentation of mathematics and by a vigorous effort 
at building bridges between the diverging mathematical fields as well as between 
mathematics and other sciences and human intellectual activities. There exist 
great obstacles. But the challenge is overwhelming, and I am sure that it will 
be met and the strong forces for unity of science will assert themselves more 
and more. 

The Mathematical Association of America can play an important role in 
this inevitable development. 


MATHEMATICAL NOTES 


EDITED By J. H. Curtiss, University of Miami 


Material for this department should be sent to J. H. Curtiss, 
University of Miami, Coral Gables, Florida 33146 


A REMARK ON EXTREME DOUBLY STOCHASTIC MEASURES 
JoraM LINDENSTRAUSS, Yale University 


Let J be the unit interval with the Lebesgue measure m on it. A positive 
regular measure uw on IXT is called doubly stochastic if u(A XJ) =u(I XA) 
=m(A) for every Borel subset A of I. The set of all doubly stochastic measures 
on J XJ is clearly a convex set. We are here concerned with the extreme points 
of this set. R. R. Phelps has conjectured that every such extreme measure is 
singular with respect to the Lebesgue measure on J XJ (that is m Xm). We shall 
give here a simple characterization of the extreme doubly stochastic measures 
and use it to verify the conjecture of Phelps. The paper ends with simple remarks 
on related questions. 

{1 am indebted to Professor S. Kakutani for helpful conversations concern- 
ing the subject of this note. 

Our characterization of extreme doubly stochastic measure is 


THEOREM 1. Let u be a doubly stochastic measure on IXI. wrts an extreme point 
of the set of all doubly stochastic measures on IXI tf and only tf the subspace of 
Ii(u) consisting of all the functions of the form f(x) +g(y) with f, gE Li(m) is norm 
dense in In(p). 


Proof. «is not extreme if and only if there is a measure v#0 on IX satisfy- 
ing | »(S) | <u(S) for every Borel set SCIXI and v(A XI) =yp(IXA) =0 for 
every Borel set A Cl. By the Radon Nikodym Theorem these conditions on pv 
can be written as dy= F(x, y)du with | F(x, y) | <1 and 


j(a)dv = [flo)dv = 0, 
IXI 


IxXI 
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for every fELi(m). In other words p is not extreme if and only if there exists a 
nonzero element F(x, y) of Z..(u) such that 


f (f(x) + g(y)) F(a, v)du = 0 
IXI 


for every f, g€—Li(m). The theorem now follows from the fact that Li(u)* = Z..(u). 


PROPOSITION 1. Every extreme doubly stochastic measure pp on IX I is singular 
with respect tom Xm. 


Proof. Let uw be a doubly stochastic measure on J XJ and let du 
= F(x, y)d(m Xm) +dyo, with F(x, y) 20 and po a nonnegative singular measure 
on IXIJI. If F(x, y) is not almost everywhere 0 then there exists a 6>0 anda 
square S inside J XJ such that 


(m X m){ (x, y); (*, vy) ES, F(a, y) = 85} S 31(m X m)(S)/32. 


(This follows from the density theorem of Lebesgue.) Let (xo, yo) be the center 
of S and let 2h be the length of each of its sides. We denote by Si: the set 
{ (x, Y)3 Xo Sx Sx0+h, yo <ysyth} and by S:,7=2, 3, 4, the other three quar- 
ters of S numbered in the counter-clockwise direction. Let h(x, y) =0 for (x, ¥) 
ES, and =1 for (x, y)€IXI~S, and let f and g be any elements of Li(m). 
Then 


J J h(x, y) — f(x) — g(y) | du = J | f(x) + g(y) | F(a, y)d(m X m) 


+2 J 16) +e) — 1] FG »ddem x m) 


q==2 


Assume now that f{ s,| f(x) +2(y) | F(x, y)d(mXm) is less than some given 
e>0. From our choice of S it follows that | f(x) +g(y) | <«/6h? for a set of points 
(x, y) in S; whose measure is not less than 3h?/4. Let x1€ (xo, xo +h) be such that 
| f(x) +2(y)| <e/d5h? for a subset B, of (yo, yo th) with m(B1) 2 3h/4. Let yiC By 
be such that | f(x) +2(y) | <6¢/6h? for a subset Az of (Xo, Xo +h) with m(A)) 
=2h/3. Putting f(x:) =a we thus get subsets A1C(%o, xo th) and BiC(yo, yo th) 
both of measure 22h/3, such that x© A, implies | f(x) —a| <2¢/d5h? and yEB, 
implies | g(y) +a| <2¢/5h?. Using the same argument for S2 we see that if 
Sse| f(x) —1+¢(y)| F(x, y)d(m Xm) is less than e then there are A2C(x)—h, Xo), 
BeC(y0, yoth) and a number 0 such that m(A2), m(Be) 22h/3 and | f(x) —j —b| 
<2¢/6h? for xE As, | z(y) +5| <2¢€/6h? for ye Be. Since Bil \ Be cannot be empty 
we get that |a—d| <46/6h?. Similarly by requiring that 


J 17 - 14 e0)| Pe aQm xm) i= 3,4 


we will eventually get a number d with |d—a| S12¢/dh? and a subset A, of 
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(xo, Xo-+h) such that m(A4) 22h/3 and | f(x) -1—-d| <26¢/6h? for xC Ay But 
since A;/\A,4#@ it follows that 16¢/6h?=1. Thus for every f and g in L,(m) we 
get 


J | Wa 9) = fl) = g(o) | du & 004/16, 


By Theorem 1 yw is not an extreme measure. This concludes the proof of Proposi- 
tion 1. 

Theorem 1 cannot be strengthened by asserting that for every extreme 
doubly stochastic measure w every hELi(u) can be written as h(x, y) =f(x) 
+g(y) » almost everywhere with f and g in £,(m). To see this we shall consider 
Ss following example. Let rst be a sequence of positive numbers with 

A= 1. Let 


xo = 0, %1 =), Ho = Ar tre tAs, °° +, 4a = Ar tAct e+ +o fAme-ads*? 
yo = 0, yi = At + Ag, Yo=ArtAatAs+tAagcc:, 
Yn =r trate es +Am, 


Let uw be a measure distributed uniformly on each of the segments joining 
(Xn, Vn) With (%n41, Va4i) With total mass Nens1 and on each of the segments joining 
(Xn4i, Ya) With (Xase, Yori) with total mass Nerve. It is easily checked that for 
every choice of the A; we get a doubly stochastic measure. By Theorem 1 it also 
follows easily that such a pw is always an extreme measure. Every hE L,(y) is of 
the form h(x, y)=f(x)+g(y) with f, gELi(m) if and only if supa(tn/An) < ©, 
where 7, = > en Ai Indeed, let h(x, y) =a, on the segment to which we gave the 
mass A,, where > An| aa < oo, and suppose that h(x, y) =f(x)+g(y) m almost 
everywhere with f, g€Li(m). Put ao=J7f(x)dm/M1; then it follows easily that 


(+22) (a — a0) = fo gG)dm, Qa + As)(a2 — a1 + a6) = f flea, 


Yo 
and in general 


(haut + Yan) (Qauna = Banat ++ = a0) = fo eddy, 


Y¥n-1 
In+1 
(Aon -+ Nen+1) (don — @on-1 + —™ e * * -+ a) = f(x)dx. 


Hence, since g€&L,(m), we must have 


> (Non—1 -F Nan) | Gon—1 — Gan—2 F—- + et m ao | < oo, 


Putting a;=(—1)‘); for 721 with b;20 we deduce that, for every sequence of 
positive b; such that >°d,b;< 0, also Dirib;< ©. Therefore supa(tn/An) < ©. 
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Conversely, if supn(7n/An) < © it can be shown by essentially the same argument 
that every hCL,(u) can be written as h(x, y) =f(x)+g(y) for («, y) on the sup- 
port of uw with f, ge Li(m). 

Theorem 1 can be generalized easily to the following situation. Let J; and J. 
be two measure spaces with positive measures m, and m, respectively. Consider 
now the measures which are doubly stochastic with respect to (7m, m2), that is, 
positive measures w on 4;XJ2 such that w(lyXAe) =m.(A2) for measurable 
AoC, and u(A1X Je) = m,(A1) for measurable A1CJh. In particular, if 4 and J; 
are finite sets then Theorem 1 gives an easy way to describe the extreme doubly 
stochastic measures with respect to (7, mz). 


PROPOSITION 2. Let (11, m1) and (Ie, m2) be two measure spaces, each consisting 
of a finite number of points. A measure uw on IyXI2 which is doubly stochastic 
with respect to (m1, M2) 1s extreme tf and only if for every integer k and for every two 
subsets Ay of I, and Ag of Ie, each consisting of k elements, the number of points 
of AiX Ae whose p measure 1s positive 1s less than 2k. 


REMARK. The values of k for which the condition above is meaningful are 
of course 1<kSmin(card i, card J). 

Proof. The generalization of Theorem 1 to the present situation states that 
pis extreme if and only if for every choice of numbers a;,;,7G li, 7G In, there exist 
b;, «Eh, and c;, 7E 12, such that a;,;=0;-+c; for all « and 7 for which p(t, 7) ¥0. 
Suppose now that there are A,Ch, A2CJ2 with card A,=card A,=& such that 
u(t, 7) >0 for at least 2k points (7, 7) in Ai;1X A>. Then the equations a;,;=0b;-+¢; 
with the 2k unknowns 0;, 1€ A, and c;, 7€ As, cannot have a solution for every 
given a;,; (observe that the homogeneous equations b;-+c;=0 always have the 
nontrivial solution b;=1, c;= —1). Conversely, if the condition on yu in Proposi- 
tion 2 is satisfied then pw is extreme. We shall prove this by induction on p+q 
where p=card J, and g=card Jp. For p-+q=2 the assertion is obvious. Suppose 
now that p2q and let a,;,; be given. By our assumption on yp there exists at 
least one 7)€ J, such that p(%o, 7) #0 for exactly one jE hy, say jo. By the induc- 
tion hypothesis there exist b;, 7EIi~%, and c;, jE Js, such that a;,;=b;-+¢; if 
u(t, 7) >0 and 74%. Choose now );,=4:,,;,—¢j, then a;,;=0;-+c; for all (G, 7) 
such that u(z, 7) >0 and this concludes the proof. 

We remark that if 4;=J, and if m,=mz, give equal measure to every point 
we get immediately from Proposition 2 the well-known result of G. Birkhoff 
stating that the extreme doubly stochastic matrices are the permutation matri- 
ces. 


Research supported in part by NSF Grant 25222, 

Added in proof: After this note was accepted for publication (in January 1964) there appeared 
a paper of R. G. Douglas (Mich. Math. J. 11 (1964) 243-247) which contains Theorem 1 of this note 
in a more general setting. The proof is the same as ours. 
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A SEQUENCE WITHOUT REPEATS ON x, x, y, y-. 


RicHARD A. DEAN, California Institute of Technology 


A problem of continued interest is to construct infinite sequences a, dz, °° - 
on ” distinct symbols so that for every positive integer k no two consecutive 
blocks of k terms are identical, i.e. for no & and 7 is it possible that 


Qi, Git, °° * y Mitkh—-1 = Ditky Mitk—-1, °° ° 5 Vi+ox-1. 


Arshon [1] gives a general procedure for obtaining solutions to this problem for 
all n=3. Independently, Morse and Hedlund [6] find different solutions for the 
cases n=3 and 4. The Morse-Hedlund solutions come from a sequence, the 
Morse symbolic trajectory [5, 6] on two symbols. In [6] it is proved that this 
sequence has no block repeats of the form Ee, where e¢ is the first symbol of E. 
As a matter of historical interest, Arshon [1] constructs this sequence but he 
proves only that it has no triple block repeats of the form HEE. Other discus- 
sions of this problem are found in [3, 4, 7]. 

Professor Marshall Hall, Jr. has asked for a sequence on the symbols «x, 
x~1, y, y~! without a 2 block of the form a‘a~*(a=x or y, €= £1) and with no 
repeated k blocks. The existence of such a sequence is helpful in work on the 
Burnside problem in groups [2]. We recast the problem by replacing x by 1, 
y by 2, x! by 3 and y~! by 4 and we construct a sequence on 1, 2, 3, 4 without k 
block repeats so that the odd-numbered terms are odd and the even-numbered 
terms are even. The sequence given by Arshon for the case n=4 can be shown 
to have this property while the Morse-Hedlund sequence does not. In this note 
we give a new sequence on 1, 2, 3, 4 whose method of construction permits us 
to give especially short and simple proofs of the desired properties. 


DEFINITION. Let ao be the sequence 1, 2, 3, 4. Proceeding by induction, let an 
be a sequence of length 2"+?, Quarter a, into four blocks, A, B, C, D each of length 
2", so that dg, =ABCD. Define ayi= ABCDADCB. 


a, can be generated as follows: 
a =1234 
oa =12341432 
o =1234143212321434 
aj3=1234143212321434 
1234143412321432 
og =1234143212321434 
1234143412321432 
1234143212321432 
1234143412321434. 


THEOREM. For each n20, Qn ts an initial segment of Ons, and the infinite se- 
quence having a, as its initial segment for all n 20 has consecutive terms of opposite 
parity and has no R block repeats for all R21. 
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Proof. It is an immediate consequence of the definition that a, is an initial 
segment of a4: and it is easy to prove that a, and so the infinite sequence has 
the form 1 2 3_143_12 3.14 3_--+--+- with the blanks being filled with either 
2 or 4. From this it is clear that there are no k block repeats for k=1 or 2. 

Let us suppose that we have a repeated block EE; we denote the length 
of E by k and the index of the first element in the first block E by 7. Our next 
observation is that 8 divides k. This is so because, since k22, 1 must appear in 
EE, hence in &. Consider its first occurrence. Its successor is an even number x 
and the pairs 1x occur periodically with period 8. Thus it follows that 8| k. The 
diagram below is a visualization in the case x =2 


|< k ——>|<—_—- k —>| 


k=8h. 


|< —— 8h —>| 


Now we order in a lexicographic fashion the pairs (z, k) corresponding to re- 
peated blocks and we consider the repeat EE corresponding to the first such 
pair. If the first element of £ is even then the preceding element is odd and since 
8| & the last term of E will be that same odd number. Hence we should have had 
a repeat with the pair («¢—1, k), a contradiction. The diagram below shows the 
case when £ begins with 2 preceded by 1.’ 


Thus we may assume for minimal (2, k) the repeat E starts with an odd number. 
But now we define 1*=12, 2*=34, 3*=14, 4*=32. It is clear that each initial 
segment a, for m=1 may be written as an initial sequence a;_, on 1*, 2*, 3*, 4* 
with the same rule of formation. Moreover, since 8|%, we should obtain from 
the repeat EE a repeat E*E* in the starred sequence, the length of E* being k/2. 
By removing the stars we obtain a repeat in the original sequence whose associ- 
ated pair is (7, k/2) where j S7, a contradiction. 


This research was partially supported by NSF Grant GP212. 
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A SHORT PROOF OF WEDDERBURN’S THEOREM 
D. W. HENDERSON, University of Wisconsin 


Wedderburn’s theorem is an important theorem which gives an ideal-theo- 
retic characterization of complete matrix rings over division rings. The theorem 
has long been known and a proof is included in most treatises on ring theory 
(e.g., [1]). In this paper a complete and elementary proof of Wedderburn’s 
theorem is given which appears significantly simpler than any other published 
proof. The author’s contribution lies primarily in the simple proof of the lemma 
below (a more complicated proof appears in [2], Theorem A.2(g)). In the inter- 
est of completeness, however, we show how the lemma can be used to give a 
short proof of Wedderburn’s theorem. 

Notation and terminology. Mr will indicate that M is to be considered a right 
R-module; Hom(Mpr, Mr) will designate the ring of R-homomorphisms of M 
into M; a ring with identity will be called simple if it contains no proper two- 
sided ideals; and if A and B are subsets of a ring, AB will denote the set of all 
finite sums of elements of the form ab, a€© A and DEB. 


LemMA. If A ts a ring with identity 1 and with an idempotent e such that 
AeA =A, then AX&Hom(Mp, Mp), where D=eAe and M=Ae. 


Proof. 1) Define f: A-Hom(Mp, Mp) by [f(a)](m) =am, for mE M and 
aCA. It is easy to show that f(a)©Hom(Mp, Mp), for all aC A, and that f 
is a ring homomorphism. 

2) If aM=aAe=0, then aAeA =aA =0 and hence a=a1=0. Therefore the 
kernel of f is 0. ° 

3) Since A = AeA, we have 1= ) a,eb;, for some a;, b;€A,i=1,2,---, Bb. 
Let 6€Hom(Mp, Mp) and m=meCM. Then, since M=Ae and e?=e, we 
have 


6(1m) = 6([ >) a,eb;|m) = >> 6(aebym) = >, b[a,e(eb;) (me) | 
>, [6(a:e)ebsme] (since ebymeE D) = {| >) [8(a,e)eb; |} m. 


Because >>[6(a,e)eb;] does not depend on m, we have 6=f( >_[8(a,e)ed;]) 
and hence f is onto. Thus we have shown that A=Hom(Mp, Mp). 


d(m) 


l 
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WEDDERBURN’S THEOREM. If A is a simple ring with identity 1 and with a 
minimal left ideal M 0, then A 1s tsomorphic to the ring of all nXn matrices over 
a division ring. 


Remark. The converse of this theorem is true and is easily proved. In addi- 
tion there is a uniqueness theorem which is often proved with Wedderburn’s 
theorem (see [1]). 


Proof. 1) For any b€ A, bX0, it is true that ADA =A, since 101=b)40 and A 
is a simple ring. 

2) If M?=0, then for O4#mCM we would have 0=(Am)?=(AmA)m=Am. 
This is impossible because 0#m=1imCAm. Therefore, since M is minimal, 
M?=M. For mC M, Mm is a left ideal contained in WM; therefore, for some 
0%x€ M, Mx=M and thus there isaneC WM such that ex =x and (e?—e) x=0. 
The left annihilator in M of x is a left ideal contained in M and ex =x 0, there- 
fore since M is minimal, the annihilator in M of x is 0. Thus e2—e=0. Since 
04~e=e?€ Ae and M is minimal, we have M= Ae. 

3) We can now apply the Lemma to get dA =Hom(Mp, Mp), where D=eAe. 

4) If 0X%eaeCeAe, then eae Aceae=Ae since Ae is minimal. Therefore 
there exists an a’€ A such that a’eeae =e. Thus (ea’e) (eae) =e and every nonzero 
element in eAe has a left inverse with respect to the identity e. Thus there is 
an sGeAe such that e=s(eae)(ea’e) = s(eae)e(ea’e) = s(eae) [(ea’e) (eae) |(ea’e) 
= (eae) (ea’e). We conclude that all left inverses are right inverses and therefore 
eAe is a division ring. 

5) If M were infinite dimensional over D, then the transformations of finite 
dimensional range in Hom(Hp, Mp) would form a proper two-sided ideal; 
therefore MZ must be finite dimensional over D. 

6) It is well known that 4) and 5) imply that Hom(Mp, Mp) is isomorphic 
to the ring of m Xn matrices over D. (See [3], page 212.) 


The author was a National Science Foundation Graduate Fellow and is now at the Institute 
for Advanced Study. 
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ORDER IN LOGIC AND INTEGRAL DOMAINS 


ARNOLD A. Jounnson, The University of Toledo 


1. Introduction. There is an analogy between order in integral domains [1] 
and order in the propositional calculus [2]. The propositional calculus is ordered 
by the material implication connective, ), where “pq” is definable as 
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““|pVq is true” (i.e. “either not ~ or qg is true”) while an ordered integral 
domain is ordered by the relation < where “a<b6” is definable as “—a-+0 is 
positive.” There are many theorems that the two realms share. The one that 
started the author thinking along the lines of this paper is the theorem “sf a<b 
then —b<—a” which in logic is the law of contraposition: “if p implies g then 
not g implies not p.” The examples suggest that there is a common theory. 

It is well known that a Boolean algebra of statements can be made into a 
ring [3] by interpreting “p+g” as “either » and not g or g and not p.” How- 
ever, “(not p)+q” then becomes “either not » and not g or p and q,” which 
means “p is equivalent to g” and not “if » then g.” Consequently we will look 
in another direction for the common theory. 

Integral domains and Boolean algebras both have two closed binary opera- 
tions which we will denote by + and -. The operations are commutative and 
associative and the operation - distributes over the operation +. Such a system 
we will call a commutative semiring [4]. In both propositional calculus and 
ordered integral domains there is a negative operator, which we denote by —, 
such that —(—a) =a and such that —[a+(—a)]| is a zero element 0, obeying 
the laws x +0 =x and x-0=0 for all elements x. Moreover there is a set of nega- 
tive elements (called false sentences in the propositional calculus) such that if 
a is negative then —a@ is nonnegative. 

In order to generate a common theory of ordered semirings, therefore, we 
need only lay down axioms of order similar to but not identical to those of an 
ordered integral domain. There are, of course, some striking differences. For 
example, in the propositional calculus it is false that —0=0 since 0 may be 
interpreted as “both a and not a” and —O may be interpreted as “either a or 
not a.” In fact in the propositional calculus 0 is a negative element (i.e. false) 
and —0 is a nonnegative element (i.e. true) while among integers 0 is non- 
negative and equal to —0Q, Hence the theory cannot depend on whether 0 is 
negative or nonnegative. 

Since the group structure under addition cannot be assumed, the number of 
axioms for an ordered semiring will be more numerous than the number usually 
given for an integral domain. We will begin with a simple ordered structure 
called an ordered commutative semigroup. Here we need four axioms instead of 
the two or three needed for an ordered Abelian group. Most of the theorems of 
interest can be proved using this system. The extension to ordered semigroups 
with a zero element requires the axiom that —[a+(—a) |=0. Finally, using two 
more axioms, we extend the theory of order to semirings. 


2. Ordered semigroups. A semigroup is a set A together with an associative 
binary operation A XA—A. Let S be a commutative semigroup (whose opera- 
tion will be denoted by +) having a negation operation denoted by — such that 
—(—a)=a. Suppose further that S contains a subset of elements called the 
negative elements of SS. If S satisfies the following axioms then S will be said to 
be an ordered semigroup. (An ordered semigroup is not to be confused with a 
lattice ordered semigroup [5].) 
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I. a is negative yields —a 1s nonnegative, (law of the excluded middle). 

Il. —a+b is nonnegative and a is nonnegative yield b 1s nonnegative, (modus 
ponens or law of detachment). 

III. (—a+b)+(—b+a) is nonnegative, (law of dichotomy). 

IV. —(—a+b)+[—(a+c)]+(b+c) is nonnegative, (additivity). 

Axiom IV is primitive proposition 1.6 of Principia Mathematica [2]. We 
will first deduce some useful and elementary consequences. By a double applica- 
tion of axiom II to axiom III we deduce the result: (A) if a and 6b are nonnega- 
tive then a+b is nonnegative (closure). From axioms I and II and the law 
—(—a) =a we obtain: (B) if a+b is nonnegative then a is nonnegative or b is 
nonnegative. The contrapositive of (B) is: (C) if a and b are negative then a+b 
is negative. From axiom III and (B) we obtain the formal counterpart of axiom I 
(law of the excluded middle): (D) a+(—a) is nonnegative. It follows from ITI 
and (B) that: (E) if a+b is negative then —a-+(—)) is nonnegative. 

We give the usual definition of the order relation < (weakened so as to 
allow a<b when a=b). 


DEFINITION: “a<b” for “—a-+b 1s nonnegative”. 


We will prove that the above definition leads to the usual properties of weak 
order. The following are simple consequences of the definition and the four 
axioms: 

. a<a (reflexive law). 

. a<b or b<a (law of dichotomy). 

. If a<b then at+c<b-+e (additivity). 

. If a<b and b<c then a<e (transitive law). 

. If ais negative then a< —a and tf a 1s nonnegative then —a<a. 

6. If a<b then —b<-—a, (law of contraposition). 

In the following simple proofs of these consequences we shall abbreviate 
nonnegative to n.n. and negative to neg. The reflexive law (1) a <a follows from 
the definition of < together with the law saying that a+(—a) is n.n. 

The law of dichotomy (2) (a<b or b <a) is axiom IJI translated by the use 
of (B) and the definition <. In any order relation < it is an important question 
whether < is antisymmetric, i.e. whether from a<bd and b<a it follows that 
a=b. If in the propositional calculus one interprets “p=q” as “p is equivalent 
to g” then obviously pq and gq)? yield p=q. But if “p=q” is interpreted as 
“pb has the same meaning as q” then it is not necessarily the case that p=q fol- 
lows from pq and gp. Since the system under consideration admits the 
latter interpretation of “=” it does not follow without an additional hypothesis 
that < is antisymmetric. 

Applying the definition of < and modus ponens (ax. II) to axiom IV we 
obtain additivity (3). 

From modus ponens (ax. II) together with the definition of < we obtain: 
if a<b then (@ is n.n. yields 0 is n.n.). Consequently by additivity we have: 


i" wm GW LN = 
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if a<b then (a+ is n.n. yields }-+x is n.n.) for all x. We next show that if for 
all « (a+ is n.n. yields b-+x is n.n.) then b-+(—a) isn.n. The proof is immediate 
upon setting «= —a and observing that —a-+a is n.n. Consequently we estab- 
lish (F): a<b if and only if for all x, (a+x) is n.n. yields (b+) is n.n. The 
transitivity (4) of < follows from (F.) 

Property (5) results from the definition of <, (B), and —(—a) =a. Finally 
the law of contraposition (6) follows from —a+b=—(—b)+(—a). 

As an additional simple consequence we have: 

(7) If eis a neutral element (such that e-+a=a for all a) and if a is negative 
then a<e. 

We will say that an ordered semigroup S is an ordered semigroup with a zero 
element if —(—a-ta) is a neutral element and we will write —(—a-+a) =0. It 
follows in this case that: 

(8) If a is nonnegative then —a<0<a. 

Property (8) holds because —0 is nonnegative. The uniqueness of the neutral 
element 0 follows by the familiar argument: if 0 and 0’ are neutral elements 
then 0=0+0’=0’. 


3. Ordered semirings. We now extend these results to a commutative semi- 
ring S. S has two operations -+ and - such that S is a commutative semigroup 
under both operations and satisfies the distributive law a-(b+c)=a-b+a-c. 
We will assume that S is an ordered semigroup with a zero element under 
addition. (Thus —(—a-+a)=0 and 0+x=x for all x.) We will not assume the 
law a-0=0 since it will be provable. S is an ordered semiring provided it satisfies 
the axioms: | 

V. a and b are nonnegative yields a-b is nonnegative, (closure). 

VI. a is nonnegative yields a-(—b) = —(a-b), (rule of unlike signs). 

Grassman used an axiom similar to VI in his axiomatization of arithmetic 
[6]. 


THEOREM. a:0=0. 


Proof. If a is n.n. then the rule of unlike signs (axiom VI), the distributive 
law and the definition of 0 yield: 


a-{|—(—b+6)|=—[a-(—b+6)] = —[a-(—b)+a-b] = —[—(a-b) +a-6] =0. 
If a is neg. then for the same reasons 
a-(—b + b) = — [(—a)-(—b + d)] = (—a)-[-(—8 + d)] = 0. 
Consequently, if a is neg., 
a-[|—(—b+6)]=a-|[—(—b+6)]+a-(—b+6) =a-[—(—b+8)+(—5+6)]=0. 
In the course of the above proof we have established the 


LemMMA. If a ts negative then a-(—b+b) =0. 
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It follows from axiom V and VI that: (G) if a is negative and b is nonnegative 
then —(a-b) 1s nonnegative. 

Proofs of the following are left to the reader: 

(9) If a is nonnegative and b<c then a-b<a-c. 

(10) If a ts negative and b<c then a-c<a-b. 


4. Concluding remarks. For an ordered semiring to be an ordered integral 
domain it is only necessary that the following two conditions be true: (1) 0= —0 
and (2) both a and —a are nonnegative iff a=0. The nonzero nonnegative ele- 
ments are called positive and we have a trichotomy instead of a dichotomy. 

In order to obtain the propositional calculus from an ordered semi-group or 
semiring we need only the following three conditions: 

(1) a+a=a, 

(2) —a+(a+bd) ts nonnegative, 

(3) a-b=—[(—a)+(-d)]. 

Here “a is nonnegative” may be read “a is true” and written “Fa.” Condition 
(3) is usually introduced as a definition. 
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CONGRUENCES FOR THE COEFFICIENTS OF THE k-th POWER 
OF A POWER SERIES (II) 


JosEpH ARKIN, Spring Valley, New York 


1. Introduction. In a previous paper, [1] I proved the following: 
Put 


es) k es) 
(kK) n 
(1.1) (cur) =>'C, 2, 
n=0 n=0 
where the C, are integers and k is an integer 21. We define C” by means of 
(1.1) for all integral k. (The series considered in this paper are purely formal 


power series, and the question of their convergence is irrelevant.) 
We then have: 


(1.2) C. = 0 (mod k/(n, k)) n= 1,2,3,--- 
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and when Co=1, 


(1.3) Cy =0 (mod k/(a, 2). 


2. Supplementary results. 


THEOREM I. If for a prime p and for some integers t and r(r=1), the con- 
gruence 


Cpt = 0 (mod p) 


holds for m=0, 1. 2, +--+ - and for OSs Sr, then 


Cte = 0 (mod p) 


for any tnteger a. 
Before giving a proof of Theorem I, we state two lemmas. 
LEMMA I, 
(2.1) re” = Cex”? (mod 7’). 
n=0 n=0 


Proof. Lemma I is an immediate consequence of (1.2). Since p is a prime, 
all the coefficients in >>”. C? x" are divisible by p’, except those of 
1, x?, x27, x87,---, and Lemma I is proved. 

LEMMA II. When Co=1, 


(2.2) >» Co =) Cp ae * (mod p). 


Proof. Using (1.3), we prove Lemma II just as we proved Lemma I. We 
restate Lemmas I and II as follows: 
LeMMa I. 


(2.11) SOPs = NO x” (mod 6”). 


(2.21) Oe = OG x” (mod 6”). 


We are now in a position to prove Theorem I. Multiplying the congruence 
of Lemma I (2.11) through by >), Cx", we get 


> cree, n (> > c® Ya) ale > Cc? *) (mod ey, 
n=0 n=0 n=0 
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By comparing coefficients we have 
Cc? "atd) < Cc? Ta) ,(d) 
(2.3) Cmptt = 2, ¢ vp C(m—v) p+t (mod Pp ~~), m=(, 1, 2, is 


Since it is evident that mp++# runs through the same values as (m—v)p-++t, 
Theorem I is proved. 
The following corollaries are easily proved. 


Coro.iary I. If Co=1, and if CS;2,=0 (mod p-*), p being a prime, and t 
is any integer for which the congruence holds, then 


(p"a—d) 


Cmp+t = 0 (mod p »). 


Corotiary II. If Co=1, and if C?,,=0 (mod p*), p being a prime, and t 
is any integer for which the congruence holds, then 


Capit = (0 (mod). 


Coro.uary III. If Co=1, and if C59, =0 (mod p"-*), p being a prime, and t 
1s any integer for which the congruence holds, then 


(—p"a—d) 


Cmptt = 0 (mod p). 
3. In this section we discuss an application of our results. Let 
00 —1 ro) 
(3.1) ( > o(2n + 1)«") = >> B,x", 
n=0 n=0 
where o(2n7-+1) equals the sum of the divisors of 2n +1. 
THEOREM II. 


(3.2) Bem+e = 0 and Bom = 0 (mod 5), ni = QO, 1, 2, o 8 6 


Proof. By substituting the last digit endings of v into v(v-+1), it is seen that 
v(v-+1) ends in 0, 2, and 6, but never in 4 or 8. Hence v(v-+1) 410m+4 or 10m+8 
and we have 


(3.3) vv +1)/2 4 5m+2 or Smt 4. 
Put 
(3.4) » ge? (VFL) 2 >» Cx” 
v=0 n=0 


here Co=1. By (3.3), Coms2=0 and C5m44=0, So that we have 
(3.5) Comte = 0 and Cemt4 = 0 (mod 5). 
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Since Co=1, we apply (1.3) to the identity in (3.4), and get 


(3.6) Conta = 0 and Comets = 0 (mod 5). 
Applying the results of (3.5) and (3.6) to Corollary II, (where since d=1, r=1, 
s=0, p=5, and ¢=2 and 4), we have the following congruences 


(3.7) Conia = 0 and Conta = 0 (mod 5). 


The coefficients Co and Co are defined by 


00 00 —4 
(3.8) Oe = (x von | 

n=0 v=0 . 
A well-known identity of Jacobi (see [2 ]) is, 


—1 


=. (4) on =. v(v+1)/2\* = 

(3.9) > Cn *=(Ds ) = ( Doe + 12) ; 
n=0 v=0 k=0 

where o(2k+1) equals the sum of the divisors of 2k-+1. Since (3.8) and (3.9) 

are identical, we see that, in 


( 3 o(2k + ya) = Cox, 


k=0 n=0 
the congruences of (3.7) hold, and Theorem IT is proved. 
The author wishes to thank the referee for his suggestions. 
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THE INVERSION OF A CONVOLUTION TRANSFORM WHOSE 
KERNEL IS A BESSEL FUNCTION 


P. L. BHARATIYA, St. Aloysius’ College, Jabalpur, India 


1. In the case of some functions it is possible to invert a certain convolution 
transform by a similar convolution transform. Ta Li [4] has proved this for 
the kernel which is a Tchebycheff polynomial and R. G. Buschman [1] obtained 
a similar result where the kernel is a Legendre polynomial. 

Recently D. V. Widder [5] has given new proofs for these inversions using 
Laplace transforms and he applied the method to invert the convolution trans- 
form which involves a Laguerre polynomial as its kernel. 

The object of this paper is to obtain similar results for the convolution 
transform whose kernel is a Bessel function. The method adopted is that of 
D. V. Widder. 
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2. A Bessel function J,(z) is defined [see 3, p. 109] for which is not a nega- 
tive integer, by 
0 (— 1)*g2htn 


Q.1) Tn(s) = 2s oak we 


and if 2 is a negative integer, by 


(2.2) Jn(z) = (—1)*J_n(s). 
We shall represent the Laplace transform F(p)=p/fo e-?‘f()di, Re (p)>0, by 
(2.3) F(p) = f@. 

3. Results required in the proof. We have [2] 

T(n + 2)(2a)"p | 

(3.1) Valpe ot ayers nC Ren > — #4; Re p> | Im a| 
(3.2) arl2p-ne—tlp = pnl27, (2~/at) Ren >-—1 
(3.3) qrl2p—netip = ynl27, (24/at) Rez>-—1 
(3.4) ap/(p? + a’) = sin (at) Re p> | Im a| 


4. TuroreM 1. If g(x)€C' for 0<x< «, (0) =0, and 
(4.1) f(x) = cc — t)g(t) di 
then f(x) EC? for OSx< 0, f(0)=f"(0) =0, and 
(4.2) g(a) = f Joe — [De + 1 at 
Proof. Since g(x)€C! for 0Sx< and g(0)=0, we clearly have f(x)EC? 
for 0Sx< and f(0) =/"(0) =0. 


Also if F(p) =f(4) and G(p) = g(t), (pb? +1) F(~) = (D?+1)f(@ and equation 


(4.1) transforms into 


p 
Orn) 
so that 


1 p ; 
G(p) = leap pt al: (p? + 1)F(p). 


Inverting this result we get 


e(e) = [sole — OCD + 1 at 
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The theorem is thus proved. 


5. Alternative proof. The second part of the theorem can also be proved as 
follows. We have the identity, 


V(p? + 1) = (p? + 1)/V(p? + 1). 
Hence 


ce ee Se 2 
pVe+1) Ve+1 +4 


Inverting this result, we get 


(5.1) cc — t)Jo(t) di = sin (x). 
Now let 

(5.2) h(x) = J “Iola — Df) dt 
(5.3) = J “Tolt)f(e — t) dt. 


As f(0) =/f’(0) =0, direct differentiation of (5.3) yields (D?+1)h(x) =the 
right member of (4.2). 
Now substituting the value of f(¢) from (4.1) in (5.2), we obtain 


ita) = fro o] f Jolt = sdeto) dy] a 


= J 60)| J “Tole — DJalt — 9) i dy 
_ J “g(y) | J le — 9 — DIO a dy. 


It follows from (5.1) for the inner integral that 
na) = [sine — s)e()ay, 
0 


and we easily get (D?+1)h(x) =g(x). The proof is thus complete. 


6. The following general form of Theorem 1 can be proved similarly. 

If g(x)€C*+! for OSx< m, and g,;(0)=0, for 7=0, 1, 2,---, 27, (ie. if 
g(x) and all its (2r-+1) differential coefficients are continuous for OSx< ™, 
and it and its 2r differential coefficients vanish at x=0), and f(x) =J?Jo(x—2) 
g(t)dt, then 
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f(x) EC? for OS 4< ~, 
f,(0) = 0 for s=0,1,2,-:+, (+1), 
and g(x) =<V/a/ [PE (r+4)2"| G(x —t)"J,(x —2) (D?+1)"4f() dt, where r is any non- 


negative integer. 
The proof depends upon the simple identity 


V(p? + 1) = (PE 1H (pt + 


The Theorem can be easily generalized further and we have the following. 
THEOREM. Jf 2n 1s a nonnegative integer, 


g(x) EC for OZ 4< &, 
g(0) = 0 for +=0,1,2,--°,5, 
where k and s are the greatest integers in (n+3/2) and 2(r+k—n-—H34) respec- 
tively, r being any nonnegative integer, and f(x) = [§(x—1t)"Jn(x—bg(t)dt then 
f(x) € Ctr for On < ow, 
f;(0) = 0 for 7 =0,1,2,--+, (2k + 2r — 1), 
and 


T 


OO TG FDIC + Rn DO 


f “(n= At gyn a(t — f)+(D? + 1) () dt. 


The proof of this theorem depends on the simple identity 


(p? -- 1)t4 
(p? + 1)tte-n—1/2 


7. THEOREM 2. If g(x)EC for OSx< ©, g(0) =0, and 


(p? + 1)nti/2 — 


fla) = J Fol2v(we — Dyed a 
then f(x) EC? for OSx< 0, f(0) =f’(0) =0 and 
(x) = J "To(2V/ (a — 1)) D'f() dt, 


where Iy(x) 1s a modified Bessel function. 


The proof of this theorem is similar to that of Theorem 1. It depends on 
the simple identity e~'/?-e!/»=1, 
The theorem can be generalized easily as follows: If n is a nonnegative integer 


1965] MATHEMATICAL NOTES 397 
and g(x)EC*t! for OSx< om, and g,(0)=0 for 1=0, 1, 2,---, 7, 

fe) = J (= DP T.2V Ce = D)elO at 
then f(x) EG C2"? for OSx< ~, f;(0) =0 for 7=0, 1, 2,---, (2n+1), and 

g(0) = J — Dave — Dy DF) a 


where I,(x) 1s a modified Bessel function. 


My sincere thanks are due to Dr. B. R. Bhonsle for suggesting the problem and for guidance 
in the preparation of this paper. I am also thankful to the Editor and the referee for their kind 
advice. 
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A THEOREM ON POWER SETS 
E. S. Wok, University of Connecticut 


Let P(S) denote the power set of the set S. Problem 5127 (this MonTHLY, 
August-September, 1963, p. 275) asks whether P(S) contains an uncountable 
chain if Sis countable. To see that the answer is affirmative, map Sina 1:1 
manner onto the set R of all rational numbers in the interval [0, 1] on the real 
axis. For any irrational x in [0, 1], let E.={rG@R: r<x}. Then the family of 
sets {z,} is an uncountable chain. 

The purpose of this note is to show that, assuming the Generalized Con- 
tinuum Hypothesis, a much more general result is true. Let |S | denote the 
cardinal number of the set S. We shall prove the following: 


THEOREM. Let k be any infinite cardinal number and S a set with | S| =k. 
Assuming the Generalized Continuum Hypothesis, there exists a chain © in P(S) 
with | e| = 2", 


If S is a subset of a linearly ordered set L, let us say that S is dense in L 
if and only if, whenever a and b are elements of Z with a <b, there exists cE S 
with a<c<b. The proof of the theorem is based on the following lemma (in 
which the Generalized Continuum Hypothesis is assumed). 


Lemma. If k is any infinite cardinal number, then there exists a linearly ordered 
set L of cardinal 2" which contains a dense subset Z of cardinal k. 
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Proof. Let {, denote the first ordinal number whose cardinal is k. Let F 
be the set of all functions (“transfinite sequences”) with domain {aa is an 
ordinal <Q, } and range { 0, 1}. If f@ F and there exists a such that f(@) =1 for 
all 82a, we say that f is eventually 1. Remove from F all those functions which 
are eventually 1, and call the remaining set of functions L. 

Iff, gL, fxg, let 5(f, g) denote the least element of the set { a: f(a) ~g(a) }. 
We linearly order L “lexicographically” by defining f<g if and only if f(6) <g(94), 
where 6=6(f, g). Let Z= \fEL: f is eventually 0}. We assert that | Z| =k, For 
let a@ be any ordinal <Q, and define Z,= {fEZ: f(6) =0 for all B2a}. Then 
|Z.| =2!'!, But |a| <k implies 2!¢1<k, by the Generalized Continuum Hy- 
pothesis. Thus | Z.| <& for all a, and hence 


|Z| = | UfZu:a< &}| SkR=R. 


Since we obviously also have [Z|2k, our assertion follows. 

In the same way, it follows that |{fCF: f is eventually 1}| =&. Since 
| F| =2*, we then also have |Z |=2". 

Furthermore, Z is dense in L. For suppose that f, gELZ and f<g. Then 
f(5) =0 and g(6) =1, where 6=6(f, g). Let y be the first ordinal >6 such that 
f(y) =0. Such a y exists since f is not eventually 1. Define hCZ by h(a) =f(a), 
for a<y, h(y) =1, h(a) =0, for a>vy. Then clearly f<h<g. 

Now to prove the theorem, let S be a given set of cardinal k, and let Z and 
Z be the sets of the lemma. For each HEL, let E,x={fCZ: f<h}. If 
e={E,:hEL}, then © is a chain in P(Z), and | e| =2*. Since S is equivalent 
to Z, the theorem is proved. 


Editorial Note. In the paper, “Some Remarks on Orbits in Invertible Spaces” 
by A. J. Umen, this MonrHLy, 71 (1964) pp. 643-646, the following remark is 
made on p. 645: “It is not difficult to show that if S and T are invertible spaces 
then their topological product SXT is an invertible space.” However appar- 
ently it would be rather difficult to show this because the statement is false, 
as P. H. Doyle and S. A. Naimpally have separately pointed out. Professor 
Doyle cited the circle squared as a counter example. Professor Naimpally wrote 
as follows to the Editor of this Department: “A counterexample is the torus 
which is the product SX of the circle S with itself. The circle is invertible but 
if U is a nonempty proper open subset of S then although UX U is open in 
SX.S there is no self-homeomorphism of SXS which carries SX S— UX U into 
UX U. However, such an inverting homeomorphism exists for each open set of 
the form UXS or SXU. Let a topological space S be called subinvertible if S 
has a subbasis B such that corresponding to each UB there exists a self-homeo- 
morphism h of S such that h(S—U) CU. We can say that if S and T are in- 
vertible then SX T is subinvertible.” 


CLASSROOM NOTES 


EDITED BY GERTRUDE EHRLICH, University of Maryland 


This department welcomes brief expository articles on topics closely related to classroom 
experience in courses that are normally available to undergraduate students, from the freshman 
year through early graduate work. Items of interest to teachers, such as pedagogical tactics, 
course improvement, new proofs and counterexamples, and fresh viewpoints in general, are 
invited. All material should be sent to Gertrude Ehrlich, Mathematics Department, University 
of Maryland, College Park, Md. 20740. 


MATRIX NUMBER THEORY: AN EXAMPLE OF NONUNIQUE FACTORIZATION 
BERNARD JAcoBSON, Franklin and Marshall College and CUPM; Ropert J. WisNER, CUPM 


1. Introduction. One of the most difficult tasks faced by an instructor of 
elementary undergraduate mathematics is that of properly motivating the need 
for proofs of theorems that appear to be “obvious” to the students. Nowhere is 
this need more striking than in a discussion of the Fundamental Theorem of 
Arithmetic. Most textbooks in elementary number theory ignore this problem. 

Several examples of multiplicative semigroups which do not possess unique 
factorization are given in [1], [2] and [3]. None of these sets is closed under 
addition, however, and thus these examples do not provide the advantages of 
the example given below. 

The set ZT of two by two matrices with equal integral entries provides an 
excellent example of a commutative ring with nonunique factorization. Further- 
more, all of the “primes” can be given explicitly by formula, ideals can be intro- 
duced into the discussion, and proofs of a “Goldbach conjecture” and a “prime 
number theorem” are trivial. It should be noted that T is “almost” an integral 
domain, lacking only a multiplicative identity. 


2. Definitions. Notation. Statement of Theorems. Let S be the set of all 
two by two matrices with equal positive integral entries, i.e., 


a b 
| | © Sif and only if, a= b = = 


C 
So 
x x 
will be denoted by (x). Since there exist no units in S, (x) will be called com- 
posite in S if, and only if, (~) =(y)(z) where (y), (z)€.S. Otherwise (x) will be 
called prime in S. We will not consider two factorizations of (x) different if they 


differ only in the order in which the factors are written. Let P(x) be the number 
of prime matrices (y) in S for which y <x. The following theorems will be proved: 


The matrix 


THEOREM 2.1. The matrix (x) is prime in Sif, and only tf, x 1s odd. 
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COROLLARY 2.1. 
2P(x 
limit (*) = | 
t— 0 xX 


COROLLARY 2.2. Every composite in S can be written as the sum of two primes. 


THEOREM 2.2. If (x) is composite in S, then (x) is uniquely factorable in S if, 
and only if, x=2" or x=2"p, where n=1 and p ts an odd prime. 


3. Proof of the Theorems. If (x) is composite in S, then (x) = (y) (z) = (2yz) 
and x is even. Conversely, if «=2a, then (x) =(2a) =(1)(a). Thus the proof of 
Theorem 2.1 is complete. Theorem 2.2 follows as a result of the following 
lemmas. 


LemMA 3.1. If x=2", where n21, then (x) 1s untquely factorable in S as 
(1)7+1, 


Proof. The proof is by induction. Clearly Lemma 3.1 is true when n=1. We 
assume its validity for nk and consider (2‘+!) = (a) (b) = (2ab). It follows that 
a=2* and b=2*-* where OSrsSk. Applying the inductive hypothesis, we obtain 
(2e+1) = (27) (2%) = (1)7*1(1)*-*t! = (1)**? and the proof is complete. 


LemMMaA 3.2. If x=2"p, where n=1 and p 1s an odd prime, then (x) is uniquely 
factorable in S as (1)"(p). 


Proof. The proof is again by induction, and follows along the lines of the 
proof of Lemma 3.1, because (2+!) = (a)(b) =(2ab) implies that a=2"p and 
b= 2'-* with 0OSrsk, the order of the factors (a)(b) being immaterial because 
of the commutativity. 


Lemma 3.3. If x=2"pQ where n 21, p ts an odd prime and Q ts an odd positive 
integer greater than one, then (x) is not uniquely factorable in S. 


Proof. We merely exhibit two factorizations of (x) as a product of primes in 
S. If m>1, then (x) =(1)*-1(~)(Q) =(1)"(~Q) and if ~=1, then (x) =(p)(Q) 
= (1)(6Q). 

Lemmas 3.1, 3.2, and 3.3 exhaust all possible cases, and thus the proof of 
Theorem 2.2 is complete. 


4, Two by two matrices with equal integral entries. In this section we will 
drop the restriction that the entries be positive. Let T be the set of all two by two 
matrices with equal integral entries. We adopt definitions of composite and 
prime which are analogous to the definitions given in 2. («) is called composite 
in T if, and only if, (x) = (y)(z) where (y), (2) CT. Otherwise (x) is called prime 
in 7. 


THEOREM 4.1. The matrix (x) 1s prime in T tf, and only tf, x ts odd. 


The proof is identical to the proof of Theorem 2.1. 
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THEOREM 4.2. If (x) is composite in T, then (x) ts uniquely factorable in T tf, 
and only tf, x= —2. 


Proof. We exhibit two factorizations for all matrices (x), where x # — 2. In 
this proof »21 and Q represents an odd positive integer. If x=2°Q0 and n=1, 
then (x) = (1)(Q) = (—1)(—Q). If « = 2°Q and n> 1, then (x) = (1)"(Q) 
= (1)"-1(—1)(—Q). If «= —2°0 and n=1 then (x) =(—1)(Q) =(1)(—Q). If 
x=—2"0 and n>1, then («) =(1)*-1(—1)(Q) =(1)"(—Q). If x=2, then (x) 
=(1)?=(—1)*, If «=2" and n>1, then (x) =(1)*t!=(—1)2(1)"—"). If x= —2 
and n>2, then («)=(—1)(1)"=(—1)*(1)""*. If «=—4, then («) =(—1)(1)? 
=(—1)%. Finally, if «= —2, then (x) =(—1)(1) is uniquely factorable. 

The use of the negatives to display two factorizations seems like cheating, 
and this is remedied in the next section where the ideals of T are considered. 


5. Idealsin 7. In this section we will first show that every ideal is principal 
and then show that the irreducible ideals are those generated by the primes of S. 
Furthermore, a reducible ideal can be uniquely factored as a product of irre- 
ducible ideals if, and only if, its generating element can be uniquely factored 
as a product of primes in S. We will call («) the least positive element of an 
ideal a if, and only if, y>0 and (y) Ga implies 0<xS/¥. In this section we will 
adopt the definition of irreducible ideal given in [4]: An ideal a@ is called irre- 
ducible if there exist no ideals 8 and y such that a=8-y. 


THEOREM 5.1. Every 1deal in T is principal. 


Proof. Let (x) be the least positive element of the ideal a. 


q 


Ds (x) = g(x) = (gx) 


t=1 


is an element of a for every positive integer g. (—qx) is also an element of a. 
Thus (qx) =q(x) is an element of a@ for every integer gq. If (y) is any element of 
a, then (y) — (qx) =(y—qx) Ca. By the Euclid Algorithm there exist integers q 
and r such that y—qx =r and 0<r <x. Since (x) is the least positive element of a, 
r=0, y=qx and (y) = (qx) =q(x). Therefore, @ is a principal ideal. 


THEOREM 5.2. The ideal a is a reducible ideal of T af, and only tf, the least 
positive element of ats composite in S. 


Proof. Let (x) be the least positive element of a. If a= 6y is reducible, then 
(x) = (y)(z) =(—y)(—2), where (y) G8 and (zg) Gy. Since x>0, y and z are both 
positive or both negative, either (y) and (z) are elements of S or (—y) and (—32) 
are elements of .S, and thus (x) is composite in S. Conversely, suppose (x) = (y) (z) 
is composite in S, where a= {(x)}, B={(y)}, and y= {(z)}. If (w) is any ele- 
ment of a, then (w) =q(x) =q(y)(z) = (¢y)(z), where (¢y) EB and z€y. Also, if 
(t)€ 6 and (v) Gy then t=qi(y) and v=q2(z). Therefore, (¢)(v) = qg2(y)(2) =a (*) 
Ca. Therefore a=8-y is reducible. 
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CoROLLARY 5.2. The irreducible tdeals of T are exactly those tdeals generated 
by the primes of S. 


THEOREM 5.3. A reducible 1deal can be factored uniquely as a product of trre- 
ductble ideals if, and only if, tts generating element can be uniquely factored as a 
product of primes in S. 


Proof. If (x) = (y)(2) >> + (ys) = (1) (2) >> + @) where each (y,), 
s=1,2,--+,7 and each (g,),7=1,2,---,k,isa primein Sand (y,) ¥(zg,) for 
some I and 1<rSk, then {(x)}={(y)} --- {W)}={(e)} --- {(%)}, where 

(a) denotes the ideal generated by (a). It follows from Theorem 5.2 that each 
(y.)} and {(z,)} is a prime ideal. Conversely, suppose that {(x)} ={(y)} --- 
(yi) (= { (21) } cons { (x) f, where each {(y.)} and { (2) } is a prime ideal and 
(yi)} #{(z,)} for some J and 1S7Sk. Since {(a)} = {(—a)} we may choose 
0<y, and 0<g,,fors=1,2,---,jandz=1,2,---,k. Thus (x)=(y) --- (y,) 
=(g,) - ++ (g,), and it follows from Theorem 5.2 that y, and 2; are primes in S. 

EXAMPLE. In S, (2)=(1)? is uniquely factorable, while in T (2) =(1)? 

=(—1)2; but 


= {(-3), (2), (1), @, QD), Qo J? = DS? 


is uniquely factorable. 


6. The set 7 reinterpreted. It will be shown in this section that the ring 7 
is merely the ring & of even rational integers in disguised form. Consider the 
following one-to-one correspondence between the elements of S and the ele- 
ments of E: (x)—2x. 


(a) + (y) = (w+ y) > 2[e + y] = 2e+ 2y and (x) + (y) > 2x + 2y. 
(x)(y) = (Q2xy) > 4ay and (x)(y) > 2x-2y = 4Axy. 
Thus the rings S and £ are isomorphic. 


7. Conclusion. The illustration by means of two by two matrices should 
provide greater impact than could be provided by the even integers, even after 
the isomorphism is pointed out to the students. The use of a subset of the 
integers to provide an illustration of a property not possessed by the integers 
themselves seems somewhat contrived to students. This example has the further 
advantage that generalization to the m Xn case can be left as an exercise for any 
bright freshman. 

References 

1. Newcomb Greenleaf and Robert J. Wisner, The Unique Factorization Theorem, Math. 
Teacher, 52 (1959) 600-603. 

2. Bernard Jacobson and Robert J. Wisner, Matrix Number Theory I: Factorization of 2X2 
unimodular matrices, AMS Notices, 10 (1963) 264 (Submitted for publication). 

3. , Matrix Number Theory II: Factorization of 22 singular matrices, 1bid, 

4, Harry Pollard, Theory of Algebraic Numbers, Carus Monograph no. 9, 1950, 


1965] CLASSROOM NOTES 403 


A FUNCTIONAL DEFINITION OF THE DETERMINANT 
C. G. CULLEN AND K. J. GALE, University of Pittsburgh 


The classical definition of the determinant is a rather awkward and cumber- 
some way of introducing this important function on square matrices (at least 
for students of linear algebra). The idea of giving a functional definition of this 
function is by no means a new idea; it was first investigated by Weierstrass 
about 80 years ago. Several recent textbooks on linear algebra [2], [3] utilize 
functional definitions of the determinant. None of these definitions employ, as 
an essential ingredient, the relation | 4B| =|A| |B] which is clearly the most 
significant property of the determinant function. 

In this paper we provide a functional definition of the determinant, using 
the above multiplicative property as the essential ingredient, which is believed 
to be as efficient as possible. 

Let C,, be the algebra of x by m matrices with elements from the complex 
field C. We begin by defining elementary matrices on C, in the usual way: 
E;;,1 ¥j,is obtained from J, the identity matrix, by interchanging rows 7 and J, 
E,(z) is obtained from I by multiplying row 7 by the scalar z, and E;;(k) is 
obtained from J by replacing row 7 by itself plus k times row j. Except for £,(0), 
these elementary matrices are all nonsingular: E;(z)-!=£,(1/z), Ej’ =E,,, and 
E,;(k)-!= £,,;(—). It is well known that every nonsingular 4 in C, is a product 
of nonsingular elementary matrices [3], and it is immediate that, by appropri- 
ately using the matrices E,;(0), we can write any singular matrix of C, as a 
product of our elementary matrices. 


DEFINITION 1. Let d be a function from C, to C such that d(Ey(g)) =2 and 
d(A B) =d(A)d(B) for all 2 in C and for all A, B from Cy. 


It is clear from our definition and our first theorem that d is the determinant. 
THEOREM 1. d(£,(k)) =k, d(Z;,;(k)) =1 for all k in C, and d(E,;) = —1. 


Proof. E,(1) =I, the identity matrix, so it is immediate that d(J) =1. 

Since E,(R) =FyFi(kE a we have d(E,(k)) = d(Eykj,)d(Ei(k)) =k, 

From the easily checked identity, £,;(k) =E,(1/R)E;;(A)E;(k), (R¥0), we 
have 


d(Ei;(k)) = d(Ej(1/k))d(Ej(k))d(Eij(1)) = d(E;(1/k)E;(k))d(E:(1)) 
= dI)d(Ei;(1)), 
and hence 
(1) q(Ei;(k)) = d(E:;(1)) for k ¥0. 
Since £;,;(1)?=£,,(2), we see from (1) that 
d(E,;(1))? = d(Bj(1)?) = d(Ey(2)) = d(£i(1)), 
and hence that d(#,,;(1)) =1 or d(£,,(1)) =0. From J=£;,;(1)£,;(~—1) it is clear 
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that d(£,,;(1)) =0 is inconsistent with d(J)=1. Thus d(£,,(k)) =d(&,,(1)) =1 
and the proof of the first two assertions is completed. 
A direct calculation establishes the identity. 


(2) Eyj = Ex(—1)Ej(1) Fij(-1) Ep (1) 
and thus we have 
d(Ey;) = d(Ei(—1))d(E;:(1))d(E.(—1))d(Bj(1)) = (-1) 0)? = — 1 


which completes the proof. 

The identities (1) and (2) are displayed since they are of some interest in 
their own right. This theorem makes it clear that d(A) is actually the deter- 
minant of A and also yields the usual results about how elementary row and 
column operations on A effect the value of d(A) =| A]. 

All of the usual theorems about d(A) can now be proven easily. As an exam- 
ple, d(A) =0 if and only if A is singular since d(A) =0 if and only if, for some 
j, #;(0) isa term in the representation of A asa product of elementary matrices. 

Essentially the same proof as is given on pages 89 and 90 of [3] can now be 
used to establish 


THEOREM 2. d 1s a linear function of its columns (rows), 1.e., tf A; represents 
the j-th column of A and A;=a+ 8 then d(A1,---, Ava, atB, Ani > +--+, An) 
=d(-+-,a,-++)4td(---,B,-°-). 


For A in C, let M,,;(A) in C,_1 denote the n—1 by n—1 submatrix of A ob- 
tained by deleting the zth row and the jth column of A. We will now indicate 
how our development yields the Laplace expansion for d(A). We first prove a 
preliminary result. 


LEMMA. If B=(b;;) in C, has the form 


_ oe ua) 


with Bay = (ba, cee y bn)?, then d(B) =d(Mi(B)). 
Proof. Since 


B= I BC) F tal) 


we see, from Theorem 1, that 


HB) = (|, wc): 


If EF, + + » H,= M(B) isa representation of Mi,(B) asa product of elementary 
matrices, then 
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and £; are elementary matrices of the same type it is clear that d(Z,) =d(E/) 
and hence that 


Since 


d(B) = a([ a) = Il d(E}) = II azo = d(M11(B)). 


w=I1 


THEOREM 3. If A=(ai;) is in Cy, then 


d(A) = 2 (—1)*ta,d(Mi;(A)) = 2 (—1)**4a,;d(01;;(A)). 
i=: j= 

The proof of this theorem follows easily from the lemma and our first two 
theorems and will not be given in detail. 

It should also be clear that Theorem 3, used recursively, will yield the classi- 
cal formula for d(A) in terms of the elements of A. 

We have found that it is sufficient to specify d at all of the matrices £,(k). 
If we assume that our function is continuous it is only necessary to specify the 
value at one of the matrices Fi(k). 

To see this let f be a nonconstant continuous multiplicative function from 
C, to C such that f(F£i(y)) =y for y=1-+7. It is clear that f(£i(k)) is a function 
of k only, say f(£,(k)) =g(k). We see immediately that g(k) must be a noncon- 
stant continuous multiplicative function from C to C such that g(y) =y¥. 

Now g(16) =g(v‘*) =g(y)!=y'=16 and it follows that g(16?) =g(16)?7=16? 
for any positive integer p. Moreover, if g is another positive integer, we have 
g(167/2)2=¢(16”) = 16”, which yields g(16") = 16’ for any positive rational r. Since 
the set of numbers of the form 16’, 7 a positive rational, is dense on the positive 
real axis we must have, as a consequence of the continuity of g, that g(x) =x for 
x any positive real number. 

Now consider w=(1/+/2)y. From our previous discussion we have g(w) 
= 9(1/V2)¢(y) =(1/V2)y =. For g a positive integer let w!/2 denote the prin- 
cipal gth root of w so that w?/4=(w!/%)? is well defined for all positive integers p 
and g. Now 


g(a? /2)9 = g(w?) = wP 
which yields g(w”) =w" for r a positive rational. 
The set [= { pw": p is a positive real, r is a positive rational } is dense in C. 


For g=pw’ inI we have g(z) = g(pw") = g(p) g(w") =pw" =z. From the continuity of 
g it follows that g(z) =2 for all zg in C and hence that f(£,(z)) =2 for all gin C. 
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We summarize the foregoing discussion in 


THEOREM 4. A nonconstant continuous function d, from C, to C, such that 
d(fyx(1-+72)) =1+2 must be the determinant. 


We could just as well have specified d at some other matrix of the same type. 
However, using d(F£i(¢)) =o for o either real or pure imaginary will not yield 
the desired results. 

The same type of argument which was used to prove Theorem 4 will also 
produce Cater’s result [2] that any continuous multiplicative mapping from 
C, to C must be a power of the determinant. 
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THE TWO FUNDAMENTAL THEOREMS OF CALCULUS 
F, CUNNINGHAM, JR., Bryn Mawr College 


This note is purely polemical, rather than offering anything new. The Funda- 
mental Theorems of calculus are those which state the quasi-inverse relation- 
ship between differentiation and integration. There are really two of them, and 
they are independent of each other. 


THEOREM 1. If F is differentiable on [a, b| and F’ is (Riemann) integrable 
there, then [?F' = F(b) — F(a). 
Proof. For any partition a=x)<“#1< +++ <%X,=0b we have 


n 


F(b) — F(a) = » [F(«:) _ F(x;-1) | 


j=l 
= Di F'(ci) (i — x1) Ci © (4-1, X;) 
i=1 


by the Mean Value Theorem for derivatives. As the partition gets finer, the 
Riemann sums in the last line converge by definition to {?F’, because by hypoth- 
esis this limit exists. 


THEOREM 2. If f is continuous on [a, b] and F(x) =f forxEla, b| then 
F'(x) =f(x). 


The well-known proof consists in estimating 


atAz 
[F(x + Ax) — F(x)]/Ax = f fax, 


and then using the continuity of f at x to get f(x) for the limit as Ax—0. 
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The procedure followed by so many current calculus texts, that it has to be 
regarded as standard, is to prove Theorem 2 first, and then base the proof of 
Theorem 1 on it. (One compares F with G defined by G(x) = J7F’. Since F and G 
have the same derivative by Theorem 2, they differ by a constant. Hence 
F(b) — F(a) = G(b) —G(a) = f?F’.) I submit that this procedure suffers from the 
following defects: 

(a) It proves Theorem 1 only with the additional and unnecessary hypoth- 
esis that F’ be continuous. 

(b) Making Theorem 1 depend on Theorem 2 obscures the fact that the two 
theorems are saying different things, having different applications, and may 
give the student the impression that Theorem 2 is the fundamental theorem. This 
also requires that Theorem 2 be presented first, whereas actually Theorem 1 
most naturally precedes Theorem 2, both in motivation (i.e. usefulness) and in 
ease of understanding. (To understand Theorem 2, you have to envisage the 
indefinite integral defined by replacing one limit of integration by x.) 

The need for Theorem 1 is immediate. No sooner has one motivated the 
definite integral by applications such as area and work and then produced the 
definition itself, than one wants to evaluate definite integrals. Theorem 1 tells 
how to do this in those numerous cases where the integrand can be recognized 
as the derivative of some function F. The proof given above is simple, direct 
and rigorous, and requires no machinery which is not available at this point. I 
feel further that it connects with the motivating applications of the definite 
integral in a way which encourages understanding. One annoying detail which 
the student will of course not understand is that to apply Theorem 1, you have 
to know that the integral exists. How much to insist on this will depend on taste 
and circumstances. 

The more sophisticated problem to which Theorem 2 is applicable is the 
creation of transcendental functions, for instance the logarithm, having a given 
derivative. You need first an existence theorem to make F(x) = /7f defined (f 
being continuous), and then Theorem 2 to conclude that F’ =f as desired. 


MATHEMATICAL EDUCATION NOTES 
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ACTIVITY AND MOTIVATION IN MATHEMATICS 
Epwin E. Motss, Harvard University 


It often happens that when a committee meets to discuss a question of educa- 
tional policy, the mere fact that the committee exists and is holding a meeting 
tends to suggest a commitment on the question under discussion. For example, 
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at a meeting of a Committee on the Teaching of Calculus to Engineers, it is 
hard to avoid the suggestion that the teaching of calculus to engineers is a 
special problem, requiring a special solution. This in itself is a decision. (In my 
Own Opinion, it is a wrong decision.) 

It seems to me that we need to be on guard against such suggestions. And I 
believe that one such suggestion is present at any conference devoted to cur- 
ricular planning in the large. If we look at a four-year college program, as a 
whole, it is very natural to judge it by the quantity of mathematical knowledge 
that it appears to contain, and by the speed with which it reaches the concepts 
and methods of contemporary mathematics. Surely these are important cri- 
teria. I believe, however, that there are other criteria which it is easy to neglect, 
because they are harder to describe and to apply. 

In the first place, I do not believe the effect of an educational program can 
safely be judged merely by the quantity of knowledge which the student can 
demonstrate on an examination. It seems to me that this sort of simple book- 
keeping is not just slightly inaccurate but grossly so. An extreme example may 
make this point plain. 

I worked for the doctorate in mathematics under Professor R. L. Moore, 
of the University of Texas. In three and a half years of graduate work, under his 
direction, I believe that I heard him lecture (in a style that a conventional pro- 
fessor would recognize as lecturing) for about two hours at most, and it may 
well have been less. All of his graduate courses worked in the same way: he 
would present postulates, definitions, and propositions; and the student’s job 
was to find out which of the propositions were true, and present proofs or 
counter-examples. The theorems were not mere exercises; they were the sub- 
stance of the sort of set-theoretic topology that Moore was teaching. Six months 
might elapse, between the time a problem was proposed and the time it was 
solved. At first, a very large number of the students’ proofs were wrong. When 
a student had gone astray, Moore did not correct him; he would merely say 
that he didn’t understand; and it took us quite a while to realize that anything 
that he “didn’t understand” was surely wrong. 

Under Moore’s regime, all use of the literature is forbidden. Most of the 
time, therefore, a student of Moore doesn’t even know whether the problems 
that he is working on are research problems. Eventually, they turn out to be, 
and the result is a thesis. Thus, at the time when I wrote my first research paper, 
I had never read one. And I had never discussed topology with fellow-students 
outside of class. 

If this scheme of teaching seems misguided, we should remember that the 
list of Moore’s students includes the names of R. L. Wilder, G. T. Whyburn, 
R. H. Bing, and many other research mathematicians of distinguished achieve- 
ments. (I could give a long list, but would prefer to avoid the problem of decid- 
ing where to stop.) And Moore’s record as a teacher is even more impressive in 
the light of the circumstances under which he has taught. There are some 
universities in the United States where a professor can take for granted that the 
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best and most ambitious graduate students in the country will arrive, every 
year, already well trained and already fully committed as mathematicians. The 
University of Texas is not one of these, and so Moore has had the task of recruit- 
ment as well as the task of teaching. When he first encountered them, R. L. 
Wilder intended to be an actuary, and G. T. Whyburn intended to be a chemist. 
Bing made his first appearance as a summer student, on vacation from his 
regular job as a high-school teacher. 

Thus Moore’s teaching has been effective, to say the least. I believe that all 
teaching would profit if the basis of his method were better understood. By this 
I do not mean to suggest that his method can simply be copied, in the extreme 
form in which he practices it. It seems rather likely that the success of the 
method, in its extreme form, depends on special conditions. 

First, the method may require that the teacher be a genius. Teaching in this 
style is not merely a negative matter of not lecturing; rather, it is a striking 
example of the art that conceals art, and it makes great demands on both mathe- 
matical and psychological depth. 

Second, it may require that the teacher dominate the environment that his 
students live in. Surely Moore has done this at Texas, but I doubt that he or 
anybody else could do it, at Harvard, Princeton, or Chicago, well enough to 
persuade students not to talk to each other, or well enough to persuade other 
professors to avoid telling them things that would help in their problems. 

Third, the method may require that the subject-matter be logically primi- 
tive, and fairly isolated from that of other courses. 

In spite of all these reservations, however, I believe that Moore’s work proves 
something of broad significance. It proves that sheer knowledge does not play 
the crucial role in mathematical development that most people suppose. The 
amount of knowledge that a small class can acquire, struggling at every stage 
to produce its own proofs, is quite small. The resulting ignorance ought to be 
a hopeless handicap, but in fact it isn’t; and the only way that I can see to 
resolve this paradox is to conclude that mathematics is capable of being learned 
as an activity, and that knowledge which is acquired in this way has a power 
which is out of all proportion to its quantity. 

For this reason, it seems to me quite unrealistic to judge a curriculum by its 
general outline, or to judge a course by its syllabus. We can “cover” very im- 
pressive material, if we are willing to turn the student into a spectator. But if 
you cast the student in a passive role, then saying that he has “studied” your 
course may mean no more than saying of a cat that he has looked at a king. 
Mathematics is something that one does. In elementary courses, this idea is well 
understood; but later it often gets lost, only to reappear, as a brutal surprise, 
when the time comes to write a dissertation. When this happens, a high price 
has been paid for erudition: we seem to be relying on the idea that the creative 
spirit is both self-discovered and indestructible. This is like the idea that 
“murder will out”: if it were true, how would anybody know it? 

It is, I believe, a fundamental task of the teacher to introduce students to 
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the intellectual life that he, the teacher, really leads. Under this standard, the 
cram-school conception of learning is a falsification of the subject. And the 
subject can be falsified in other ways, by presenting ideas in advance of their 
motivations. This can be explained best by a few examples. 


1. A distinguished algebraist once served as an examiner in a final oral for 
the doctorate, based on a dissertation on Banach algebras. Toward the end of 
the examination, the algebraist asked the student to describe some examples of 
Banach algebras. The student was able, at length, to name one example, but his 
one example was trivial. 

The director of the dissertation could have given a serious answer to the 
question; he knew of good reasons for investigating Banach algebras. But ap- 
parently his teaching had taken a shortcut, past “classical mathematics” to 
“modern mathematics,” and the result was that the student was working on 
Banach algebras for no good reason known to himself. Thus the student’s train- 
ing omitted an essential part of the teacher’s intellectual equipment. 


2. In a course in analysis, the students were furnished with a very elegant 
definition of a Riemann surface. One of them showed the definition to a personal 
friend who was an analyst and a member of the National Academy of Science. 
It took the academician quite a while to figure out how the definition worked. 

To the teacher in this course, the “right” definition of a Riemann surface 
was the solution of a difficult problem. But it is hard to understand the answer 
if you don’t know what the question was. 


3. One of the veterans of Bourbaki once told me that he had been annoyed 
by people who approached him at meetings and told him about trivial syntacti- 
cal tricks which they had devised. These people expected Bourbaki to admire 
their tricks, but had the bad luck to try them on a man who was distinguished 
(even among the Bourbakistes) for his candor. It seems that the source of this 
misunderstanding is that while the Bourbaki series is self-contained in a logical 
sense, it is not psychologically self-contained; the first few volumes, taken at 
face value by a naive reader, give a misleading impression of the mentalities of 
the authors. The authors are learned and tough-minded; and some of the simplest- 
looking things, in the first few volumes, are the solutions of difficult problems. 
(Where do you begin? and how? Above all, what do you omit?) 


This is not, in itself, an example of the sort of misguided teaching that I am 
talking about. (The Bourbaki books are not courses, and I hardly think that 
courses taught by Bourbakistes have such an effect.) With this reservation, the 
preceding three examples have something in common. Each of them is an exam- 
ple of first-rate mathematics presented apart from the context which makes it 
significant; in each case, the solution was presented before the problem. 

The point, I believe, is that mathematics is arranged not only in a logical 
order but also in a psychological order; and at many stages, the orders are 
different. Thus in algebra, the abstract and general logically precede the con- 
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crete and special, but most of the time the abstractions are intended to be codifi- 
cations, and may easily seem pointless to a student who doesn’t know what is 
being codified. 

These remarks are not intended as a defense of “traditional” teaching. 
Mathematics has no traditions comparable to those of literature and art: some 
of the best of its past is dead, at least in a stylistic sense. Thus the task of a 
calculus student is to understand calculus, and for this it is neither necessary 
nor sufficient that he understand Newton (let alone Leibniz). The problems that 
I have been discussing would not even arise if we were not reformulating the 
curriculum; and they are important precisely because such reformulations are 
necessary. 

The problem of arranging a curriculum in an order which is logically sensible 
and psychologically well-motivated appears to be highly empirical. As far as I 
know, there are no general principles which can be relied upon. Lately, some 
authors have proposed the so-called genetic principle, under which mathematics 
should be presented in the order in which it was discovered. But this involves 
difficulties. Manipulative algebra, and negative real numbers, were developed 
during the Renaissance. Therefore, under the genetic principle, you should teach 
the geometry of Euclid (including the Eudoxian theory of proportionality, for 
incommensurables) before you teach the student to write or solve the equation 
2x-+6=0. In fact, you should teach Euclid before you teach the representation 
of positive integers in decimal form. No one seriously proposes to do this. But 
a rule which admits massive exceptions is not a very reliable rule. Indeed, to 
rescue the genetic principle from absurdity, we must construe it so loosely that 
it can hardly be used at all. It is not even safe, as far as it goes. If you are teach- 
ing, say, Eighteenth Century mathematics, in a given year, then you cannot 
assume that the student knows all the mathematics of earlier centuries, because 
in fact you have taught him only a small portion of it. You must make sure, in 
each case, that what you are teaching is not based (logically or psychologically) 
on an appeal to earlier mathematics which has not been taught. 

For these reasons, I believe that the people who have proposed the genetic 
principle were really thinking about the problem of motivation. In practice, 
most unmotivated treatments are violations of it. But in a serious attack on the 
problems of course design, the genetic principle ought to be regarded merely 
as a fund of suggestions, and not as a standard of judgment. 

We also hear the maxim that the particular should precede the general. 
Usually this gives reasonable results, but here again there are exceptions. The 
easiest way that I know of, to see that the number 5 has a cube root, is to 
observe (somehow) that the cube function is continuous, and so must take on 
every value between 0 and 8. I see no advantage in specializing the mean-value 
theorem to which this argument appeals; its natural habitat, both logically and 
psychologically, is the set of functions continuous on intervals. 

For these reasons, I believe that there are no simple answers to the questions 
that I have been raising. The fundamental task of a mathematician who teaches 
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is to convey to his students not only what mathematicians know, but also what 
they do, and how, and why. This is a problem in full and honest self-revelation. 
And (as Raymond Chandler has remarked in another connection) honesty ts an 
art. 


A revised version of an address delivered at a conference on the teaching of college mathe- 
matics, in Katada, Japan, Sept. 6, 1964. 


SEARCHING FOR MATHEMATICAL TALENT IN WISCONSIN 
MIcHAEL N. BLEICHER, The University of Wisconsin 


Several years ago, Professor L. C. Young conceived the idea that The Uni- 
versity of Wisconsin might conduct a mathematical problem competition sim- 
ilar to those which have met with great success in other countries, most notably, 
Hungary. Through Professor Young’s efforts and enthusiasm the National Sci- 
ence Foundation became interested and agreed to support a pilot program. The 
task of designing and organizing the specifics of the program fell to a three-man 
committee consisting of Professor L. Fejes-Toth from Budapest, who was visit- 
ing at Madison for a year, Professor A. Beck, and the author, as chairman. 
The program consisted of sending four problem sets of five problems each to 
every student in the Racine high schools, every student taking a mathematics 
course in the Madison and Milwaukee schools, and ten copies to every other 
high school in the state. The purpose of the wide distribution in Racine was to 
see if we could interest the student who through lack of previous motivation had 
shown no inclination to excel in or study mathematics. Unfortunately, none of 
the students who actually submitted good papers fell into this category. 

We attempted to pick problems which were solvable without any specific 
knowledge of course work, if the student was sufficiently clever. Of course, the 
students who had taken advanced mathematics courses might be able to use 
methods which they had learned in class or analogous methods, and thus find 
solutions more easily. The number of sophomores and juniors who did well, 
however, indicates some success in our problem choice. Among the top 46 stu- 
dents were 16 seniors, 20 juniors, 9 sophomores, and 1 freshman. Of these only 
four were girls. 

In the Appendix is a copy of the letter which we sent with the first problem 
set to introduce the students to the competition. Also listed are the problems 
themselves, along with the number of papers received and the number of stu- 
dents who solved each problem completely. Every problem was solved by at 
least one student, most were solved by many students. Several students got all 
but one or two of the problems. 

We were pleasantly surprised at the large response to the problems. In addi- 
tion, letters from both students and faculty of the high schools indicate that 
there were many more students who actively worked and discussed the prob- 
lems, but for any one of a number of reasons did not submit their results. 

On the basis of the first three problem sets, the top forty-six students and 
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Problem Set 4—50 Responses 
1. In Problem No. 3, Set No. 3 it was shown that (a+b)/2 S$~/[(a?+-b?)/2] and 


otbtetd . /ererere 
4 Any os 


where a, b, c, and d are arbitrary numbers. Show that 


Qi + Got ast: +s tae freer tat 
k = k 


where 41, @2, °° +, a, are arbitrary numbers, and k is a positive integer. Hint: Consider the case 
k=2* first. (14) 

2. If x and y are chosen to be integers, then 2x-+6y is divisible by 19 if and only if 5«—4y is 
divisible by 19. (19) ~ 

3. A brick of dimensions a Xb Xc is inscribed in a unit sphere. Let PQ be the shortest distance 
on the surface of the sphere between the points P and Q. Let S be the sum of all the distances PQ 
where the sum is taken over all possible pairs P, O of vertices of the brick. For what values of 
a,b, and cis S largest? (19) 

4. Ina group of 2 boys and » girls certain marriages are allowable. For each girl or boy there 
may be several allowable marriage partners. Show that it is possible to marry all of them to 
allowable partners only when for every integer k Sn, every group of k boys has a total of at least 
k possible partners between them. (1) 


5. An unending sequence @o, a1, d2, ° * + , of positive integers is given. This sequence satisfies 
the conditions a9<a;Sa9+20, a1<aeSai:+20 ae<a3Sa2+20,-++-. Show that the unending 
decimal 6 =.apaiae + - + obtaining by writing the digits of ao, a1, de, « + * successively in order is not 


a repeating decimal]; i.e., b is an irrational number. (14) 


MODERN COORDINATE GEOMETRY 
A WESLEYAN EXPERIMENTAL CURRICULAR STUDY 


HARRY SITOMER, Queens College, Flushing, N. Y. 


During the summer of 1964, at Wesleyan University, Middletown, Con- 
necticut, under a National Science Foundation grant, a team directed by Pro- 
fessor R. A. Rosenbaum, wrote a modern coordinate geometry text for high 
school students and a commentary for teachers. 

The writing project developed directly out of a pilot experiment sponsored 
by the School Mathematics Study Group in 1961-62. In the experiment, teach- 
ers worked from a text based on Howard Levi’s “Foundations of Geometry and 
Trigonometry” (Prentice-Hall, 1956). All six teachers were unanimous in stating 
that the results were sufficiently encouraging to warrant the writing of a suitable 
text for this course. 

The text written at Wesleyan University is now the course of study in five 
experimental centers throughout the country. Each center has a mathematics 
consultant and six teachers, one of whom acts as group chairman. Written re- 
ports are submitted regularly for each chapter, and comments are encouraged 
on text difficulty, suitability, and so on. This information is being collated, and 
will guide a rewrite committee during the summer of 1965. 

“Modern Coordinate Geometry” uses only five axioms pertaining to geo- 
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metric entities, and since it is an analytic course, it assumes the properties ot 
real numbers. The five axioms are: 

Axtoms for the line I. 

L1. If A and B are distinct points of J, there is exactly one of the members 
of the set C (coordinate systems) which assigns the number 0 to A and the num- 
ber 1 to B. 

L 2. Let Fand G be any one-to-one correspondences in the set C. There exist 
numbers a0 and 0 such that if x and x’ denote the numbers assigned by F and 
G respectively to each point, X, of J, then x’=ax-+0. 

Axtoms for the Plane @. 

P 1. If A and B are distinct points of @, there is one and only one line of @ 
which contains them. 

P 2. Iflisa line of @ and if P isa point of @, then there is one and only one 
line of @ which contains P and is parallel to 1. 

P 3. If l and /’ are lines of @, then any parallel projection from / to I’ is an 
affinity. 

The concept of a function plays an important role in the course. Starting 
with the mathematics of a linear function, the various kinds of functions that 
are treated are coordinate functions, affinities from one line to another, parallel 
projections, similitudes, similarities, isometries,and congruences. The vocabulary 
of functions and the symbolism to denote functions are an integral part of the 
course. 

An early study of triangles and parallelograms in an affine plane, restricted 
to division points and parallelism, makes possible a simplified approach via equa- 
tions which can be handled by tenth year students. The techniques of algebra 
are in use through the year, thus avoiding the discontinuity in the development 
of mathematics that usually occurs in the tenth year. Moreover, proofs using 
algebra are often short and elegant. 

To date (early December, 1964) judging from reports so far received, several 
observations seem indicated: 

1. The course content is proving to be quite interesting to both teachers 
and students. 

2. Students are thinking more deeply, working harder, and asking better 
questions. 

3. The function concept makes for a more profound understanding of rela- 
tions among geometric objects. 


A PROJECT FOR THE IMPROVED USE OF NEWER EDUCATIONAL 
MEDIA IN ELEMENTARY SCHOOL MATHEMATICS 


James H. Zant, Project Director, Oklahoma State University 


This project is sponsored by the National Council of Teachers of Mathe- 
matics and supported by a grant from the U. S. Office of Education. The pur- 
pose of the project is two-fold: 


PROBLEMS AND SOLUTIONS 


EDITED BY E. P. STARKE, Bloomfield College 


COLLABORATING EpiTors: J. BARLAZ, Rutgers—The State University; L. CARLItz, Duke 
University; H. S. M. Coxeter, University of Toronto; H. Evss, University of Maine; 
A. E. Livineston, University of Alberta; and A. WILANSKy, Lehigh University. 


All problems (both elementary and advanced) proposed for inclusion in this Department should 
be sent to HE. P. Starke, Bloomfield College, Bloomfield, N. J. 07003. Proposers of problems 
are urged to enclose any solutions or information that will assist the editors. Ordinarily, prob- 
lems in well-known textbooks and results in generally accessible sources are not appropriate for 
this Department. No solutions (except those accompanying proposals) should be sent to Professor 
Starke. 

ELEMENTARY PROBLEMS 


Solutions of Elementary Problems should be sent to A. E. Livingston, University of Alberia, 
Edmonton, Alberta, Canada. To facilitate their consideration, solutions for Elementary Prob- 
lems in this issue should be submitted on separate, signed sheets and should be mailed before 
August 31, 1965. 

E 1776. Proposed by Carolyn C. Styles, San Diego Mesa College 


For any even integer m, m> 2, there is an infinity of odd integers not the sum 
of a prime and a positive power (>1) of m. 


E 1777. Proposed by Horvath Séndor, University of Technology, Budapest, 
Hungary 

For which positive values of a and c is a*”!>cn" true for every positive 
integer 2? 

E 1778. Proposed by Hiiseyin Demir, Middle East Technical University, 
Ankara, Turkey 

If R, 7, 71, 72, 73 are the circumradius, inradius and exradii of a triangle, prove 
that 


1 1 1 1 12R 
er ee ee eee 


E 1779. Proposed by Huseyin Demir, Middle East Technical University, 
Ankara, Turkey 


If kh; and r; are the altitudes and exradii of a triangle prove that 

By Bay Bs 3. 

hy tng 
E 1780. Proposed by Norman Brenner, Harvard University 
Find all pairs (a, 8) of real numbers which satisfy the equation 

sin 2a sin 26 
sin(2a+6)  sin(28-+ a) 
420 
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E 1781. Proposed by Ray Redheffer, University of California, Los Angeles 


On an interval (a, b) let f and g be continuous, and f or g monotone. Suppose . 
that some sequence {xn} satisfying f(«,) =g(%n_1) has a limit point on (a, 0). 
Prove that then f(x) =g(x) has a solution on (a, d). 


E 1782. Proposed by V. V. Menon, Indian Statistical Institute, Calcutta 


Given an “Xn chessboard, a coloring of the board with F colors is defined 
as an assignment of k colors to the cells of the board such that (a) each cell is 
assigned a color, and (b) no two cells which are assigned the same color lie in 
the same row, same column, or same diagonal. What is the minimum number of 
colors required for a coloring? 


E 1783. Proposed by V. V. Menon, Indian Statistical Institute, Calcutta 


A figure is a compact convex set with nonempty interior in the Euclidean 
plane. A bisector of a figure is defined to be a straight line which divides the 
figure into two portions of equal area. Given n(n 2 3), does there exist a figure 
such that through some point in it there pass exactly ” (and no more) bisectors 
of the figure? 


E 1784. Proposed by A. W. Hales, Institute for Defense Analyses, Princeton, 
N. J. 


Consider the first order differential equation dy/dx =f(y), where f is con- 
tinuous in a neighborhood of yo. Assume that the solutions through yo are not 
unique, that is, assume that there are two solutions ¢; and d¢2 such that ¢;(0) 
=@2(0) =yo and that ¢; and @» differ in every neighborhood of 0. Prove that 
f(yo) =0. 

SOLUTIONS OF ELEMENTARY PROBLEMS 


Representation of a Power of a Prime 


E 1684 [1964, 430] (Corrected). Proposed by E. A. Lee, Albuquerque, New 
Mexico 

If p and q are positive integers, p>1, gis a prime, and (p, g)=(p—1, gq) =1, 
show that there is at most one positive power of g which is representable as a 
sum of consecutive nonnegative integer powers of p. 


Solution (Patterned on that of the proposer.) 

Since (p, g)=1, it is clear that if g™= >.'_, p?, for nonnegative integers k 
and J and a positive integer m, then k=0. Hence, we must show that there is at 
most one pair (m, v) of positive integers such that g™= >.7., pi. Put another 
way, letting J+ denote the set of positive integers and 


y(m) 
Snq = ” = J+ | g™ = >> pifor some v(m) E rn , 


7=0 


we must show that Sp, is at most a singleton. 
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We will use consistently the following notation: 
Mpg = min Sp_ (when S,q is nonempty), B= Mpg and nm = v(Upg)- 
We use the assumption that q is a prime only at the last step. 
LemMaA 1. If (p, g) =1, then 1+v(upq) divides 1+ (s) for each sESpq. 
Proof. With r=v(s), suppose that r=(~+1)w+p with 0Sp<n-+1. Then 


prt — | r (n+1)w+p 
ga Pape Eg 
p—i1 i=0 i=0 
(n+1)w—1 (n+1)w+p w—-l in p 
= 2 pt De p= 27D. piernti + portve DT pi 
1==0 t==(n+1)w j=0 t=0 7=0 
n w—l pert —_ 1 
_ ( > r') > pith) 4. p(mtiw 2 
i=0 j=0 p—l 
pth — 1 vai peri — 1 
— >> pith) 4 plrtlw —____ 
p—1 jo p—i 
w—1 +i 
= gt > pieth) + ponte PTF . 
j=0 p-—il 


Now, g" divides g* (s2), so g# divides p(@tD~(pet!—1)/(p—1). Since (p, g) = 1, 
g* divides (pet!'—1)/(p—1). But then p+1i2n-+1, Ge, p=n), and r+l 
=(n+1)(w+1). 

Lemna 2. If k, IG J+, se J+—{1}, and tc J+— {1}, then 


ght — 1 t—2 


t 
——— = é—1—j7)s*+ 
Gena 7 2 DOT 
Proof. lf x1, then 
xt — 1 t—1 t 
een t-—-i-— 1) 47 + ———. . 
(x — 1)? 2 ( Nero 


LeMMA 3. If (p, qg)=1, then qeev(1tv(unq)) divides 1+v(s) for each sESpyq 
— {Me . 


Proof. By Lemma 1, v(s) +1=r-+1=(n+1)w for some wEJt . By Lemma 2 
with s=p, R=n-+1, and t=w, 


p (nt1)w 1 w—2 


— — — — 4 n+1)f (p — 1)w 
Geta? 1) 1 — j)pornd + 


prt — 1 


qe = (p — 1) 


w—2 


= (6-1) Dw 1 fori =. 
gt 


j=0 
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Since w/g* must be an integer, gt | w; ie., v(s) +1 =(n+1)Dg=q(itv(u))D 
for some DEJ. 


THEOREM. If (p, g)=1=(p-—1, qg) and qs a prime, then Syq 1s at most a 
singleton. 


Proof. lf sE Syq- { pats Lemma 3 tells us that v(s) +1 =gq#(n+1)D for some 
DEJ*. But then 


punted "D _ 4 pa — 4 pelt — 4 


g=— p-1 pd peter 1 | 


Since g is a prime and (p2—1)/(p—1) divides g*, (64—1)/(p—1) =0 (mod q). 
But (p2—1)/(p —1) =(p—1)/(p—1) =1 (mod g), a contradiction. 


Also solved (in the original version, to the extent of providing counterexamples) by J. C. 
Abad, A. N. Aheart, Shair Ahmad, Joseph Bechely, B. A. Hausmann, Hajna Janos, E. S. Langford, 
W. I. Nissen, Jr., R. T. Hood, Fritz Herzog, D. C. B. Marsh, and Simon Vatriquant. 


An Essentially Known Limit 
E 1686 [1964, 430]. Proposed by Richard Sinkhorn, University of Houston 


If p is a nonnegative integer, evaluate 


lim (1 — x)?! SO near, 


z->1— n=1 
I. Solution by Sylvan H. Greene, Franklin Institute of Pennsylvania. We have 
n=l n=1 


Since the series diverges for «=1, l’Hospital’s Rule is suggested. We find then 
that 


Jim (p + 1)fp(x) = jim Sorila)/2 = jim Fosi(x). 


We observe that fy)(x) 1 as x—-1—; an induction argument then shows that 
fr(x)—-p! as x 1-. 


I]. Solution by Multtades S. Demos, Drexel Institute of Technology. It is of 
course known that >, «*=1/(1—x) for | nl <1. We differentiate and multiply 
by x, p times. By easy induction, we find that 


Swe = pert — art flei—a (lal <2), 


n=] 


where f(x) is a polynomial. The required limit is therefore p!. 
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Ill. Solution by Stanton Philipp, Seal Beach, California. We have 


a= ant = O(A0") m for |a«| <1 
n 


n=0 


and a any complex number. Observing that 


wm [CO "\or@+y as n—> © 
n 


and that the series above diverges at x=1 if Re(a) > —1, we find that 


lim (1 — x)! 53 nex = T(a + 1) 


t—1— n=1 
for a> —1 because of the well-known 


TuHEoreM. If limy so Gn/bn=C, ba has one sign for all large n, and >. 7.5 bnx” 
—o as x—1—, then 


lim ( > ant) Dd, bax” = C. 
n=(0 


z1— n=0 


Also solved by J. D. Anderson and J. B. Langworthy (jointly), P. M. Anselone (2 solutions), 
Raymond Balbes, Randy Barron, J. A. Burslem, M. S. Demos, G. E. Engebretsen, N. J. Fine, 
W. T. French, Ernest Gore, S. H. Greene, Arthur Greenspoon, Eldon Hansen, Ray Hines, Stephen 
Hoffman, J. M. Horner, R. F. Jackson, J. P. Jordan, Kenneth Kramer, E. S. Langford, J. Lehner, 
J. N. McDonald, M. A. Malik, D. C. B. Marsh, H. F. Mattson, W. I. Nissen, Jr., Horvath Sandor, 
P, A. Scheinok, Lawrence Schulman, C. Seguin, K. Soni and R. P. Soni (jointly), Andy Vince, 
J. E. Wilkins, Jr.. Max Wyman, K. L. Yocom, David Zeitlin, an unknown contributor, and the 
proposer. 

Anderson and Langworthy and Zeitlin base their solutions on the known identity 


fola) = (b= yr neem = | (yes (PTT) om + apf a. 


n=l fol & meal 
[R. Stalley, this Monroy 56 (1949) 325, or D. Zeitlin, Two methods for the evaluation of 
dD, nx”, 


Neal 


this MoNTHLY 68 (1961) 986-989 |. Hansen cites the formulas T(p) =(—1)?p! and 


f(a)/(A — aot = (—a)T (R/C — aH, 
keal 


k k 
where T,(k) = >, (—1)™ ( ) m?. 
m=] m 
[1. J. Schwatt, An Introduction to the Operations with Series, 2nd ed., Chelsea (1962), pp. 33 and 
38.| The unsigned solution called attention to H. Ory, Sommation de séries numériques de la forme 
> ntti’, Rend. Circ. Mat. Palermo, 54 (1930) 366-370. 
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An Application of Menelaus’ Theorem 
E 1687 [1964, 430]. Proposed by Daniel Pedoe, Purdue University 


UVW is an equilateral triangle; A, B, C are the respective midpoints of the 
sides VW, WU, UV; A’ is any point on line VW, B’ any point on line WU, and 
C’ any point on line UV. If P is the intersection of BC and B’C’, O of CA and 
C’A’, Rof AB and A’B’, prove that (1) the lines A’P, B’O, C’R are concurrent, 
(2) the areal coordinates of the point of concurrency with respect to triangle 
ABC are, with a suitable sign convention, (AA’)—!: (BB’)—-!:(CC’)-1. 

Generalize both (1) and (2) by means of an affine projection, and generalize 
(1) by a general projection. 


I. Solution by Huseyin Demir, Middle East Technical University, Ankara, 
Turkey. (1) We first set BC=CA =AB=1andconsider VW, WU, UV; AA’=a', 
BB'=b’, CC’=c' as directed segments. Let X, yu, v be the ratios in which P, QO, R 
divide the sides of A’B’C’. Applying the Menelaus theorem to the pair UC’B’, 
CB we get (PB’'/PC')-(CC’/CU)-(BU/BB’)=1 or d(—c’)(1/b’) =1; ive., 
A\=—)'/c’. Considering also two other pairs we get w= —c’/a’ and v= —a’/b’ 
which give A-u-vy=—1 proving the concurrency at a point 7. 

(2) We denote the areal coordinates of T by the matrices (l’m'n’) and (1 m n) 
in the triangles A’B’C’ and ABC respectively, and from //:n'’= —p, m’:I!= —p 
we obtain 


(a) lim in! = Me ':— |! = —:—:— 


ly ke ds 
LMN/XYVZ =|m my ms 
Hy Ro he 


where the columns are the areal coordinates of L, M, N in the triangle X YZ. 
We have 


0 1—a’ 1+’ —-1 1 1 
(3) A'BIC'/UVW =|1+0' 0 1-81, UVW/ABC=| 1-1 11, 
i-c 1+¢ 0 1 1-i 
and T/A’B’C'=(1/a’' 1/b’ 1/c’). It is not difficult to see the general identity 
(y) T/ ABC = (T/A'B'C’)-(A'B'C'/UVW)+(UVW/ ABC). 
Substituting (a) and (8) in (y), 
0 1-—a’ 1-d —-1 1 1 
(imn) = Um' n’)-| 1-0’ 0 1—0' |- 1-1 i 


1—c’ 1-¢c' 0 1 1-1 
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2 2a’ —2d’ 
= (1/a’1/b’ 1/c')} —20' 2 28’ | = (2/a’ 2/d’ 2/c’) 
2c. —2¢° 2 
(5) T/ABC = limin = 1/a':1/0':1/cl = AA’: BB’':CC, 


(3) An affine projection transforms UVW into an arbitrary triangle and 
ABC into its medial triangle in which the concurrency holds. 
In an affine transformation the ratio of segments and the ratio of areas being 


preserved, replacing 4A’/1, BB’/1, CC’/1 by AA’/VW, BB’/WU, CC'/UY, (8) 


becomes 
AA’\"! ( BB\ (CC’\“! 
rane = (44°) (BBV (Sey 
VW WU UV 
By a general projection the perspective triangles UVW and ABC are trans- 
formed into such triangles. So the generalization is obtained for any UVW and 
for any inscribable triangles ABC and A’B’C’, such that A U, BV, CW are con- 
current. Furthermore, the point P has the same areal coordinates in ABC and 
A'B'C’ 
Also solved by the proposer who points out that the generalization of (1) to general projec- 
tions occurs as a problem in a 1909 Mathematica] Tripos, Part I. 


An Equation for a Regular 2x-gon 
E 1688 [1964, 430]. Proposed by R. A. Jacobson, South Dakota State College 


The graph of the relation | x+y + | x— y| = 2 is a square with sides of length 
2. Find a relation of the form >); |a,«+biy+c,| =A such that its graph is a 
regular octagon with sides of length 2. 


Solution by Harold Gabow, Martin Van Buren High School. If a?+b?=1, 
then |@,;x%,-+0y1+¢,;| is equal to the distance between the point («1, yi) and the 
line a«+biy+c;=0. Hence the relation >); axtbiy+e| =A represents the 
locus of points whose distances from the lines a,x+b;y+c;=0 sum to A. Ina 
regular 2n-gon, the distances of any point to the diagonals passing through the 
center sum to a constant. This is readily proved by using the result that the 
points on the base of an isosceles triangle have distances to the sides which 
sum to a constant. Based on these remarks, one obtains the following equation 
of a regular 2n-gon of side k: 


T Tv 
sin — 1) =| y + | cos(2i — 1) =| x 
2n 2n 
For 2n=8, k=2, this relation simplifies to: 
ly t+ (V2 = 1x] +] 9 — WV/2- 1x] + 1 (V2 - Dy te 
+ |6/-ty—-al =44 24/7. 


n 


Do 


t=] 


k n 
= 5 cot >, sin(2j — 1) “. 


N j=l 2n 
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Also solved by J. C. Abad, J. A. Burslem, M. L. Chachere, M. S. Demos, E. S. Eby, G. E. 
Engebretsen, Charles Franti, G. A. Heuer, J. E. Homer, Jr., R. F. Jackson, E. S. Langford, D. C. B. 
Marsh, Gus Maurigian, Norman Miller, F. D. Parker, Stanton Philipp, P. A. Scheinok, K. Soni, 
Stephen Wilson, and the proposer. 

Simon Vatriquant calls attention to G. Tachella, Fondamenti di Geometria Analitica a Due ed a 
Tre Dimensioni dei Luoght Lineart Composti, Premio Savoia Brabante, Genova (1933), wherein are 
discussed figures defined by >| axx+tby +c;| =m and other similar equations. 


An Integer-Valued Arithmetic Function with no Infinite Linear Subset 


E 1689 [1964, 430]. Proposed by Erwin Just and Norman Schaumberger, 
Bronx Community College 


Let f be an integral-valued function defined for all nonnegative integers x, 
such that 0S/f(x) Sx. Must the graph of f have an infinite subset whose points 
are collinear? 


Solution by E. S. Langford, Autonetics Division, North American Aviation. 
Let f be any increasing function from the nonnegative integers into themselves 
which satisfies 


(1) f(x) Sx and (2) f(x) = o(«) but not O(1). 


For example, f(x) might be [./x]. Since f is not bounded but is increasing, the 
graph of f contains no infinite collinear subset of points parallel to the x-axis. 
But there can be no infinite collinear subset of the graph with slope e>0, since 
for all x’, f(x) <f(«’) +e(«—x’) ultimately. This is a consequence of assumption 
(2), since f(x) =o0(x) implies 


He) =f") 


; 0 as x— o for any x’. 
%— % 


This answers the question in the negative. 


Also solved by Shair Ahmad, Raymond Balbes and Thelma Balbes (jointly), E. D. Bender, 
T. J. Burke, Leonard Carlitz, R. E. Chandler, Allan Chuck and Peter Goldstein (jointly), Frank 
Dapkus, F. M. Eccles, N. J, Fine, David Forthoffer, Fred Galvin, W. E. Gould, J. O, Herzog, 
R. A. Jacobson, A. J. Keeping, Joel] Kugelmass, C. R. MacCluer, D. C. B. Marsh, Bill Mitchell, 
D. A. Moran, W. O. Moser, J. B. Muskat, C. B. A. Peck, Horvath Sandor, Lawrence Schulman, 
C. Seguin, T. R. Smith, and the proposers. 


A Divisibility Problem in J, [x | 


E 1690 [1964, 430]. Proposed by D. E. Daykin, University of Reading, Eng- 
land 

Let 1 be a positive integer, p a prime, g=p", and H=(q?—1)/(q—1). Prove 
that f(x) =x!—x—1 divides x7—1 modulo 9 if and only if n=1. 


Solution by Leonard Carlitz, Duke University. We have, modulo # and f(x), 


xis x + 1, xt (xt iteatt+iaxt2,---,a7 =x, 
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so that 
Bm gltatad testa?! = ely $1) ++ (a+ p — 1) = aP — 2, 
Then «¥—1=x?—x—1=0 (mod x«?—x-—1) if and only if »=1. 
Also solved by the proposer. 


ADVANCED PROBLEMS 


Solutions of Advanced Problems in this issue should be submitted on separate, signed sheets 
and should be mailed before October 31, 1965, to J. Barlaz, Rutgers—The State University, 
New Brunswick, N. J. 08903. 


5280. Proposed by T. J. Gughelmo, Chaminade College, Hawaii 


Does the following limit exist and, if so, what is it? 


© 120 3n 
n=1 1 1 
4n Sn 
5281. Proposed by D. J. Newman, Yeshiva University 
Prove that the general solution of the VN XW algebraic system 


N’ 1 


) n=1,2,---,N 


XL, = 
t=1 Un XN; 
zn 


is given by the W zeros of (d/dx)%e-™ in some order. 


5282. Proposed by G. Di Antonio, Fresno State College, California 

Given T= (azg+))/(cz+d), ad#bc, and let I: | ce+d| =1, I’: | cz—a| =1, be 
the isometric circles of T and 7—}, respectively. It is known (Ford, Automorphic 
Functions, Ch. I) that T is an inversion in J plus a reflection on L, the radical 
axis of J and J’, for the nonloxodromic case. With this information show that, 
for the hyperbolic case, J and J’ each contain a fixed point, and that each fixed 
point is a limit point of a nested sequence of successively transformed circles 
starting with J in one case and with J’ in the other. 


5283. Proposed by D. S. Mitrinovié, University of Belgrade, Yugoslavia 
Prove the inequality 


b—a 1 ( b *) 
——_—-————————— < —|{ arc tan — — arc tan — }, 
(a? + r2)1/2(52 + rr) ile r r r 


where a <b andr+0 (arc tan x designates the principal value). 
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5284. Proposed by D. S. Mitrinovié, University of Belgrade, Yugoslavia 


Determine all functions X;, (k=1, 2, +--+, 7) each of which depends on a 
single variable x, in such a manner that 


k=1 
with X; =X },/dxx, A, = d?X,/ dx; 
5285. Proposed by A. J. Goldman, National Bureau of Standards 


Which (total) functions of one variable can be computed by a simple Turing 
Machine with only one internal configuration? (We refer to the definition of 
simple Turing Machine given in Davis, Computability and Unsolvabtlity.) 


5286. Proposed by Ralph Greenberg, University of Pennsylvania 

Let k be an integer. Prove the existence of infinitely many primes # for 
which p+ is square-free. Find an asymptotic formula for the number of such 
primes under a given limit. 


5287. Proposed by Michael Gemignant, University of Notre Dame 


Prove or disprove: Let X be a topological space. Then any covering of X 
by open sets contains a subcovering C’ which is minimal in the sense that if any 
member of C’ is removed, then C’ no longer covers X. 


5288. Proposed by R. F. Pavley and S. I. Mack, Radio Corporation of Amer- 
ica, Moorestown, N. J. 

Does there exist a continuous real-valued function f and a real number x 
such that no subsequence of partial sums of the Fourier series of f, for this x, 
converges to f(x)? 


5289. Proposed by S. E. Payne, Florida State University 
Let the odd primes be denoted by qi, go,:°-. Let ay = 1/P(q1); Gn 


= {1/b(qn)}(1—a@n_1) for m greater than 1 (¢ is the Euler totient). Then show 
that ee a, = 1. 


SOLUTIONS OF ADVANCED PROBLEMS 
Mappings of groups of matrices 


5190 [1964, 327]. Proposed by J. L. Brenner, Stanford Research Institute, 
Menlo Park, Caltfornia 


Let ¢ be a mapping of the full linear group of » Xn matrices (over the field 
of complex numbers, say) into the underlying field. It is known that if ¢(4B) 
=(A)¢(B), then @(A) is a multiplicative function of the determinant of A. In 
this Montuty [1963, 163], S. Cater proved that the same conclusion follows if 
@(ABC)=¢(CBA) for all triples of matrices, but that the hypothesis ¢(A4B) 
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=o(BA), which is satisfied by the trace function, is not enough. (1) Show that, 
even if 7=2, there are infinitely many maps ¢ satisfying this last hypothesis. 
(2) If both hypotheses ¢(A B) =¢(BA), ¢(A—') = [6(A) |“! are satisfied, how is 
the map restricted? 


Solution by the proposer. That ¢(AB) =¢(BA) gives very little restriction is 
seen from a result of H. Flanders (Proc. Amer. Math. Soc., 2 (1951) 871-874) 
that may be paraphrased as follows in case the dimension of the matrices is 2. 
Let S and TJ be similar matrices (invertible or not). Then A, B can be found 
such that S=AB, T=BA. Conversely, 4B and BA are always similar (in the 
2X2 case) with the single exception that the class representatives 


0 0 0 1 
o=(o o) #=G 9) 
0 0 0 0 
can be respectively written in the forms AB, BA. Thus the requirement $(AB) 
=@(BA) merely specifies that @ is constant on a similarity class, and that 
¢(O) = (#1). Since there are infinitely many similarity classes, and ¢ is other- 
wise arbitrary, there are 2° possible choices for ¢. The restriction ¢(A7!) 


= [6(A) |-! does not alter the situation in any essential way. To be sure of ob- 
taining the determinant function and no other, it would be necessary to specify 


are mapped into their determinants for all x, y: these sets of matrices exhaust 
the similarity classes. 


Elliptic functions with prescribed invariants 


5192 [1964, 440]. Proposed by J. M. Horner, University of Alabama 


Let e(z) be a Weierstrass elliptic function whose invariants are of the form 
go= —3r?, gg=2s58, where r and s are rational, s*0, r?—s?+0. Prove that 
e(w+w’) is real, sgn(e(w-+w’)) =sgn(s), and e(w-+w’) is irrational. 


Solution by Oswald Wyler, Uniersity of New Mexico. The equation 
f(w) = 4w® — gow — g3 = 4w*® + 372w — 25° = 0 


has exactly one real solution since f’(w) >0 for all real w. As s and f(0) have op- 
posite signs, the real solution and s have the same sign. The three solutions of 
f(w) =0 are 9(w), 9(w’), (w+) for primary half-periodsw, w’, and by a suitable 
choice of w and w’ (e.g. w, w’ conjugate complex), one can make sure that the real 
solution of f(w) =0 is indeed e(w+w’). 

Let now u=w/s, p=r/s. The equation f(w) =0 is equivalent to 


(u + 39)* + (w— $0)? = 1. 
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Since the only rational solutions of the equation x°-+ y3=1 are the pairs x=1, 
y=0O and x=0, y=1, we must haveu= +4), p= +11if pand ware rational. But 
p= +1 means r?=s?, and this was excluded. Thus 9(w-+w’) is not rational. 


Also solved by L. Carlitz and by the proposer. 


Zeros of a Power Series 
5193. Proposed by Lewis Batson, University of Southeastern Louisiana 
Find the zeros of the function 
fee) = 1+ Z| Qn» / Thar - |. 
n=] k=1 


Solution by N. J. Fine, Pennsylvania State University. More generally, for 
|r| >1, consider the entire function 


f(x) = 2 Ann”, 
where Ap=1, Angi =rAn/(r*t!—1), (120). Multiply both sides by «*t1!(r7t! — 1) 
and sum for 720, to get 
(1) f(rx) — f(x) = raf(x), 
f(rx) = (1 + ra)f(x), 
f(x) = (1 + x)f(a/r), 
(1 + x) + x/r)f(a/r?),- + -, 


lim [] (1 + 9/r")f(x/r"+), 


N-» n=0 
(2) ee) = IG + #/r), 


Thus, the zeros of f(x) are at x= —7r” (n=O). 


Also solved by I. N. Baker (England), L. Carlitz, John Doles, P. G. Engstrom, Sylvan Greene, 
Hajna Janos (Hungary), R. P. Kelisky, J. Koekoek (Netherlands), Viktors Linis, Stanton Philipp, 
D. Suryanarayana (India), J. H. van Lint (Netherlands), W. C. Waterhouse, Oswald Wyler, and 


the proposer. 
Several solvers obtain the zeros of f(x) directly from the functional equation (1) above. Philipp 


and Suryanarayana refer to Barnard and Childs, Higher Algebra, p. 490, for the identity (2). 
The Airy Equation: u”-+-tu =0 
5194 [1964, 440]. Proposed by John V. Ryff, Harvard University 


If u is a solution of the Airy equation u’’+tu=0 which satisfies u(0) =0, 
show that &, the first positive zero of u, is such that 12/8 <E << 2'/3772/8, 
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I. Solution by L. E. Ward, Sr., Escondido, California. The desired results are 
obtained by Sturm’s comparison methods. We use the comparison function 
v(t) =sin wt/E, which satisfies the differential equation v”’ + (7?/£)v=0. On mul- 
tiplying this differential equation by —w, the given differential equation by 2, 
adding and integrating, it is found that 


/; / é ‘ 2 2 
“uy — vul +f (¢ — 1?/E)uvdt = 0 
or 
g 
(1) J (t — 22/E)undt = 0, 


since u and v both vanish at t=0 and at t=&. The vanishing of this integral 
requires that the linear factor t—7?/£é2 be positive on part of the interval (0, €) 
and negative on part of the interval since neither uw nor v changes sign. This re- 
quires that the linear factor be positive at ¢=£& Hence &>7?/é?, which is equiv- 
alent to one of the desired results. 

The other result comes from looking at the same integral in a different way. 
Let this integral be written 


§/2 g 
f (¢ — 2?/&)uvdt + f (¢ — 1?/é)uvdt = 0. 
0 £/2 


In the second of these integrals change the integration variable to t’ by the rela- 
tion t=£—?’. We are then able to combine the integrals and obtain 


e/2 
(2) J [(¢ — 3?/E*)u(t) + (E — t — 2°/8)u(E — f)o(d)dt = 0. 


It is convenient to assume that u(t) is positive on 0<t<&. This is not a re- 
striction of the generality of the solution. 
It will now be shown that 


(3) u(é — t) > ud), O<t< &/2. 
For convenience let w(t) =u(£—1#), and note that w’-+(&—#)w=0. Multiply this 
differential equation by —u, the differential equation of the problem by w, 
add, and integrate, getting 
t t 
uw — wu | — f (E — 2/)uwdt = 0, 
0 0 


or, since both uw and w vanish at t=0, 


u'(t)w(t) — w’()u(t) — ix — 2t)uwdt = 0 
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In this relation let ¢ be restricted to 0<té/2. Then, since u and w are both 
positive, the integral is positive. Hence w’(t)w(t) —w’(£)u(t) > 0 and 


€/2 4)! [2 apf 
f "0 as f WO a 
t u(t) t w(t) 

equality occurring at ¢=£/2 and only there. 

It follows that log u(&/2) —log u(t) Zlog w(E/2) —log w(#), or, since u(&/2) 
=w(E/2), u(t) Su(E—2), OStSE/2, equality occurring only at t=0 and t=£/2. 

Returning to (2), suppose it were possible that &/2 =7?/é. Then, using (3) 
it is seen that 


(1?/E* — thud) < (E — t — 1/8*)u(E — 2), 0<t <é/2. 


But in this case (2) could not be true. Hence the present supposition fails, and 
it follows that £/2 <7?/&. This is equivalent to the second of the desired re- 
lations. 


II. Solution by J. Koekoek, Technological University, Eindhoven, Nether- 
lands. The nontrivial solution of the Airy equation u’’-++-tu=0, which satisfies 
u(0) =0, is 


u(t) = at}!?F 1 73($13/?) a #0. 


The first positive zero &— of this function satisfies 2.90 <2£3/? << 2.91 and leads to 
&=2.666. (Cf. Tables of Bessel functions of fractional order, The Computation 
Laboratory of the National Bureau of Standards, vol. I, Columbia University 
Press, 1948.) 


Also solved by J. J. A. Brands (Netherlands), Robert Breusch, Harley Flanders, Hajna Janos 
(Hungary), A. E. Livingston, G. H. Ryder, Sidney Spital, J. Ernest Wilkins, Jr., and the proposer. 


The equation y’” —p(x)vy=0 
5195 [1964, 440]. Proposed by A. C. Lazer, Carnegie Institute of Technology. 


Let p(x) be any function positive and continuous for x in an interval J. 
(a) Show that no nontrivial integral of the differential equation y’’’ — p(x)y=0 
can have more than one point of inflection in J, nor (b) can it be tangent to the 
line y=0O more than once in J, nor (c) can it have both an inflection point and a 
point of tangency at the line y=0 in J. 


(a) Solution by J. H. van Lint, Technological University, Eindhoven, Nether- 
lands. The example p(x) =1, y=e-*/? cos $x+/3, shows that it is possible to have 
any number of points of inflection, thereby refuting the assertion of the problem. 


(b) Solution by the proposer. If ul’ = p(x)u(x), v(x) =ul’u — [u’(x) ]2/2, then 
v(x) = p(x) [u(x) |. If p(x) is positive and u(x) does not vanish identically on 
some subinterval of J, then v(x) is strictly increasing and vanishes at most 
once in J. Thus u(x) and u’(x) can become zero simultaneously at most once. 
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(c) Solution by Oswald Wyler, University of New Mexico. The example 
p(x) = 60(«?+10)-!, v(x) =x'+10x?, x = —2, exhibits a tangent to y=0 at (0, 0) 
and an inflection point at x= —1, thereby contradicting the statement of the 
problem. 


Also solved by Sidney Spital. 
The curve 7(@) =7(6+a) 


5197 [1964, 441]. Proposed by H. Guggenheimer, University of Minnesota 


Let r=r(6) be the polar equation of a smooth, convex, simple closed curve, 
the origin being placed at the area centroid of the curve. Show that for any 
constant a the equation 7(@)=r(@+«a) has at least four distinct solutions. 


Solution by K. A. Post, Technological University, Eindhoven, Netherlands. The 
conditions about convexity and smoothness are not necessary. The fact that 
the area centroid is at the origin leads at once to the equations 


27 2a 
| 73(0) cos 6d0 = f r3(0) sin 6d6 = 0, 
0 0 


27 


2a 
J (0 + a) cos 6d6 = f 73(0 + a) sin 6d0 = 0. 
0 


0 


The function f(@) =73(0-+a) —r°(6) now satisfies the following conditions: 
2 27 27 
f f(6)d0 = 0, f f(0) cos 6d0 = 0, f f(9) sin 0d0 = 0. 
0 0 0 


By exercise 141 in Polya u. Szegé, Aufgaben und Lehrsiize aus der Analysis, I, 
f(@) =0 has at least four solutions mod 27. 


Also solved by Robert Breusch, Harley Flanders, Tudor Zamfirescu (Rumania), and the 
proposer. 


Coefficients of the characteristic polynomial 


5198 [1964, 441]. Proposed by H. S. Shapiro, New York University and the 
University of Michigan 


Let lla; be a square matrix of complex numbers, and A(A) =A*+cqA"~! 
+--+ +c, its characteristic polynomial. Show that 


| Ce, | < wn”) an, 
k 


where M= Max |aj;|. 


Solution by Sidney Spiial, California State Polytechnic College. Let the 
k-rowed principal minors of Cl be labelled D;, «=1, 2,---, G). Then 
| cx| =| >?-1 D;| So? | D; , where p=(%). From Hadamard’s inequality 
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it follows that all the minors satisfy | D,| 2< kk M%, Thus 


< pk/2 " k 
Ja] st (jae 


which implies the required bound. 


Also solved by Robert Breusch, L. Carlitz, M. M. Chawla (India), John H. E. Cohn (Eng- 
land), J. L. Ercolano, Harley Flanders, Yasuhiko Ikebe, A. E. Livingston, Marvin Marcus, Leo 
Moser and M. G. Murdeshwar, P. J. Nikolai, Joseph Reitberg, John V. Ryff, R. C. Thompson, 
W. C. Waterhouse, and the proposer. 


Subspaces of Z2[0, 1] in L?, p>2 


5199 [1964, 441]. Proposed by H. S. Shapiro, New York University and the 
University of Michigan 

Prove or disprove the following conjecture: A closed subspace of L?[0, 1] 
which is a subset of Z? for some p>2 is finite dimensional. 


Solution by James Williams, University of Michigan. The conjecture is true 
if p= o and false otherwise. 

It is well known that if >)(a?+b3) =y?< ©, then > (a, cos mtb, sin m,£) 
is the Fourier series of an Ze function f. If the series is lacunary, i.e., if Nrsi/nx 
=q>1 for all k, much more is true. Indeed Zygmund (Trigonometric Series, 
vol. 1, 1959, p. 215) proves that there is a constant B,,, depending only on p 
and g such that for every p, 1<p<o, 


1 Qa 1/p 
(— f | eat) S By,q'- 


It clearly follows from this that the conjecture is false for 1<p< oo. For 
example, the closed subspace of Z.(0, 27) spanned by the functions {cos 2*x, 
sin 2'x; k=1,2,--- } is a subspace of L,(0, 27) if l<p<o., 

Considering now the case p= ~, let M bea closed subspace of L.(0, 1) with 
the property that each function in JM is essentially bounded. In view of the 
obvious inequality ||f|].<||f||.. it follows that M is closed in L,.(0, 1). In other 
words, the vector space M is a Banach space with respect to these two (com- 
parable) norms. It follows from the Closed Graph Theorem that these norms 
are actually equivalent on M, 1.e., for some constant K>0 we have 


flo = Kilfll, all fem. 


To complete the proof we show that if ¢1, do, - +: , da is any orthonormal set 
in M, then n= K®?, 

Let a, = (at, of, -- +, ah), R=1, 2,--- be a dense set in the Hilbert space 
C" of complex n-tuples and let 


E, = {t € [0, 1]: | (x, @)| S Kea} k=1,2,---, 
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where 
(oa, $()) = Do aid,(0), — leall” = Do | ail”. 
j=l j=l 
If E=( 1 Ex, then E consists of those ¢€ [0, 1] for which 
| (ote, (t)) | s Kllaal|, k= 1, 2, - 


Using the density of the a, this means that tC Z£ if and only if 


(*) ls@ll? = 0 | oe)? S Ke. 
j=l 
Now for each fixed k the vector an ab; belongs to M and hence for almost 
all ¢€[0, 1] we have 
"Ok 2 2 
D aye) | = K 


j=1 


2 n 
2 k 12 
=K- >> |a;|. 
2 


j=1 


nk 
> XD; 
j=l 


Thus the sets E; have measure 1 and consequently m(£) = 1, i.e., (*) holds for 
almost all ¢. Hence 


n n 1 
n= >IIl¢dl2= > | | de | at S K-1. 
k=1 k=1/” 0 


Also solved by Harry Furstenberg and Charles McCarthy, M. A. Malik, M. Rajagopalan and 
A. Wilansky, and the proposer. 


Notes. See also S. Banach, Theorte des Opérations Linéaires, pp. 203-204 for the application 
of lacunary trigonometric series above. 

The proposer settles the case p< © with the closed subspaces generated by the Rademacher 
functions; see Zygmund, 7rigonometric Series, 1st ed., pp. 122, ff. 

Furstenberg shows that M (in L”) is contained in the eigenspace of a Hilbert-Schmidt operator 
on L? (0, 1) corresponding to the eigenvalue 1 and is, therefore, finite dimensional. He observes, 
too, that a closed subspace of /? consisting of sequences in /! is finite dimensional. 


A New Method of Catching a Lion 


In this note a definitive procedure will be provided for catching a lion in a desert (see [1]). 
Let Q be the operator that encloses a word in quotation marks. Its square Q? encloses a word 
in double quotes. The operator clearly satisfies the law of indices, Q7Q*=Q™t*, Write down the 
word ‘lion,’ without quotation marks. Apply to it the operator Q71. Then a lion will appear on the 


page. It is advisable to enclose the page in a cage before applying the operator. 
I, J. Goop 


1. H. Petard, A contribution to the mathematical theory of big game hunting, this MONTHLY 
45 (1938) 446-447. 
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curves, rational parametrization of some plane curves; and, as examples of 
higher dimensional objects, some algebraic groups, the Segre variety, and the 
Pliicker variety of lines in three-space are offered. 

My chief criticism is that there are only four or five theorems in the book, 
the diagonalization of a quadratic form and the existence of Pliicker coordinates 
being the deepest. My own prejudice is that mathematics books—no matter 
how small or how modestly conceived—must, like mathematics itself, aim at 
proving theorems. An intellectual diet composed largely of definitions and 
examples is as unsustaining as cocktail party chatter. 

On the technical side, the author gets into trouble early by trying to identify 
a variety with its point set, a procedure which is not possible if the ground field 
k is finite and the space is composed only of the k-rational points. For instance, 
every point set in the plane must then be called a curve, but “when everybody’s 
somebody, then no one’s anybody.” The definition of vector space given in the 
preliminary chapter is incorrect. As compensation, there are full page pictures 
of curves like y=’; the author confesses that he likes pictures, a refreshing 
admission indeed for a 20-th century geometer. 

ARTHUR Mattuck, Massachusetts Institute of Technology 


Introduction to Abstract Algebra. By Wilfred E. Barnes. Heath, Boston, 1963. 
215 pp. $6.00. 


This is a short book of 210 pages treating basic material on groups, rings, and 
fields. The text is meant to acquaint advanced undergraduate or beginning grad- 
uate students with terminology and techniques of algebra. 

The book begins with a brief discussion of sets and functions. This chapter 
is too brief for the uninitiated, however, and is inserted only to establish termi- 
nology and notation. The author actually assumes that the student has a fair 
degree of maturity. Specifically, he assumes that the reader has already com- 
pleted at least one course in linear algebra and is familiar with the algebra and 
arithmetic of the integers. 

This text contains a number of topics not usually encountered in a text 
designed strictly for undergraduates. Among the topics covered are: Groups 
with operators, composition series, the Jordan-Hélder theorem, the Sylow 
theorems, the decomposition theorems for abelian groups, finiteness conditions 
for ideals, Noetherian rings, field extensions, the Wedderburn theorem for finite 
division algebras, Galois theory, and ordered fields. Most of the proofs given are 
standard and well known. This book abounds with problems, many quite 
challenging. 

The number of examples in the text is perhaps adequate for a mature stu- 
dent, but less experienced students may feel the need of further examples. 
There is essentially no discussion of the role of algebra in other parts of mathe- 
matics. While linear algebra is assumed, there is little discussion of the inter- 
relation between it and the topics under consideration. 

D. J. Lewis, University of Michigan 
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Numerical Analysis. By Nathaniel Macon. Wiley, New York, 1963. 161 pp. 
$5.50. 


A first course in numerical analysis and high-speed computers often tends to 
be a difficult compromise between mathematical theory and practice in pro- 
gramming, especially when the course is offered at the sophomore level. Pro- 
fessor Macon’s book includes enough mathematics to be reasonably rigorous, 
and at the same time stresses the applications of the theory to high-speed 
computers. Each mathematical topic is well documented with easily under- 
standable examples, and, whenever possible, flow charts for programming use 
are included. Also, each chapter contains many good exercises, with most 
answers being supplied. 

As a first course in numerical analysis, this book covers the standard topics: 
approximation of functions by polynomials (Ch. 2), iterative methods, such as 
Newton’s method, for solving equations (Ch. 3), computational methods for 
matrix equations, and the eigenvalue-eigenvector problem (Ch. 4, 5, 6), in- 
terpolation (Ch. 7), differentiation and quadrature (Ch. 8), and ordinary dif- 
ferential equations (Ch. 10). It is rather clear that the author leans somewhat 
more toward mathematics than programming. For example, he does not hesitate 
to prove the Weierstrass theorem, as a foundation for polynomial approxima- 
tion, by means of Bernstein polynomials. Similarly, the convergence of the 
Cauchy polygon method and the Cauchy-Lipschitz method are presented in 
detail. It is thus the reviewer’s opinion that the scope of the mathematics is 
generally beyond that of most sophomores. More advanced students should 
have no difficulty with the text. 

The exposition is at all times very clear, and only a few easily corrected errors 
were found. 

R. S. VARGA, Case Institute of Technology 


NEWS AND NOTICES 
EDITED BY RAovuL HAILPERN, SUNY at Buffalo 


Readers are invited to contribute to the general interest of this department by sending news 
items to Raoul Hailpern, Mathematical Association of America, SUNY at Buffalo ( Uni- 
versity of Buffalo), Buffalo, New York 14214. Items must be submitted at least two months 
before publication can take place. 


PERSONAL ITEMS 


Professor R. Smith Park, Eastern Kentucky State College, represented the Associa- 
tion at the Centennial Year Celebration of Founders Day at the University of Kentucky 
on February 22, 1965. 
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Professor R. G. Selfridge, University of Florida, represented the Association at the 
inauguration of Robert H. Spiro as President of Jacksonville University on November 
20, 1964. 

Arlington State College: Dr. E, C. Kennedy, General Dynamics Corporation, Dainger- 
field, Texas, has been appointed Professor; Dr. Douglas Stocks, University of Texas, and 
Mr. J. R. Harvey, University of Dallas, have been appointed Assistant Professors. 

University of Colorado: Dr. G. M. Wing, University of California, Berkeley, has been 
appointed Professor; Dr. W. B. Jones, National Bureau of Standards, has been ap- 
pointed Assistant Professor. 

Eastern Michigan University: Dr. D. E. Ryan, University of Texas, and Mr. James 
Walter, Valparaiso University, have been appointed Assistant Professors; Assistant 
Professors G. D. Anderson and James Northey have been promoted to Associate Pro- 
fessors; Mrs. Nelly Ullman has been promoted to Assistant Professor. 

University of Missouri at Rolla: Professor Charles Hatfield, University of North 
Dakota, has been appointed Professor and Chairman of the Mathematics Department; 
Mr. A. J. Garver has been promoted to Assistant Professor. 

Mr. D. R. Baker, I.T.T., Paramus, New Jersey, has accepted a position as Senior 
Mathematician at the Advanced Computer Laboratories of Melpar, Inc., Falls Church, 
Virginia. 

Dr. W. O. Buschman, California State Polytechnic College, has been appointed 
Director of the Computer Center. 

Professor B. G. Clark, Vanderbilt University, retired on June 30, 1964, with the 
title of Professor Emeritus. (This is a correction of an item in the January 1965 issue.) 

Dr. R. M. Fesq, University of California, Berkeley, has been appointed Assistant 
Professor at Kenyon College. 

Associate Professor B. M. Seelbinder, Wake Forest College, has been promoted 
to Professor. 

Assistant Professor C. J. Stuth, East Texas State College, has been promoted to 
Associate Professor. 

Professor J. W. T. Youngs, Indiana University, has been appointed Professor at the 
University of California, Santa Cruz. 


Professor Emeritus W. C. Brenke, University of Nebraska, died on August 20, 1964. 
He was a charter member of the Association. 

Professor T. C. Carson, retired from East Tennessee State College, died on October 
25, 1964. He was a member of the Association for 30 years. 

Professor Evelyn W. Casner, Randolph-Macon Woman’s College, died on November 
5, 1964. She was a member of the Association for 35 years. 

Associate Professor R. S. Christian, Georgia State College of Business Administra- 
tion, died on February 19, 1965. He was a member of the Association for 15 years. 

Dean Emeritus J. W. Clawson, Ursinus College, died on October 26, 1964. He was a 
charter member of the Association. 

Associate Professor Olga Larson, retired from State College for Women, Tallahassee, 
Florida, died on July 16, 1964. She was a member of the Association for 40 years. 

Mr. Lionel London, Aerojet-General Corporation, Sacramento, California, died on 
August 29, 1964. He was a member of the Association for 20 years. 

Associate Professor Imanuel Marx, Purdue University, died on November 13, 1964. 
He was a member of the Association for 7 years. 

Associate Professor Emeritus E. J. Miles, Yale University, died on November 3, 
1964. He was a charter member of the Association. 

Professor Emeritus Mary W. Newson, Eureka College, died in December 1959. She 
was a charter member of the Association. 
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UNIVERSITY OF MONTREAL—SEMINAIRE DE MATHEMATIQUES SUPERIEURES 


Under the sponsorship of the North Atlantic Treaty Organization (NATO) and the 
Canadian Mathematical Congress, the fourth session of the University of Montreal 
“SEMINAIRE DE MATHEMATIQUES SUPERIEURES?” will be held next summer, 
from June 28 to August 6. 

This year, the Seminar will be on Partial Differential Equations. The programme will 
consist of six main courses: Shmuel Agmon, Université de Jérusalem, “Unicité et pro- 
priétés de convexité dans les problémes différentiels”; Marcel Brelot, Université de 
Paris, “Théorie axiomatique du potentiel s’appliquant aux équations aux dérivées 
partielles du second ordre”; Felix Browder, University of Chicago, “Problémes non- 
linéaires”; Guido Stampacchia, Université de Pise, “Equations elliptiques du second 
ordre 4 coefficients discontinus”; José Barros-Neto, Université de Montréal, “Problémes 
aux limites non-homogénes”; Samuel Zaidman, Université de Montréal, “Equations dif- 
férentielles abstraites.” 

Apart from these courses, the programme will include a certain number of lectures 
given by guest speakers. Registrants may make application for financial assistance to 
cover travelling and living expenses. To obtain further information and registration 
forms, please write to: Département de Mathématiques, Université de Montréal, Case 
postale 6128, Montréal 3, Québec (Canada). 


MATHEMATICAL ASSOCIATION OF AMERICA 


Oficial Reports and Communications 


THE FORTY-EIGHTH ANNUAL MEETING OF THE ASSOCIATION 


The Forty-eighth Annual Meeting of the Mathematical Association of America was 
held at the Denver-Hilton Hotel, Denver, Colorado, from Thursday to Saturday, 
January 28 to 30, 1965, in conjunction with the Annual Meeting of the American 
Mathematical Society, and meetings of the National Council of Teachers of Mathematics 
and the Association for Symbolic Logic. The session of the Association on Saturday was a 
joint session with the National Council of Teachers of Mathematics. There were regis- 
tered 2095 persons, including 1292 members of the Association. 

Sessions of the Association were held on Thursday morning, Friday morning, and 
Saturday morning and afternoon in the Grand Ballroom of the Denver-Hilton Hotel. 
Presiding officers were Professor C. E. Burgess for the Panel and General Discussion on 
the Role of Topology in the Undergraduate Program on Thursday morning, Professor 
W. T. Reid for the hour address on Thursday morning, Professor George Springer for 
the first hour address on Friday morning and Professor W. J. Thron for the second one, 
Professor F. B. Allen for the first two parts of the Saturday program, Professor R. A. 
Rosenbaum for part III, and Professor Ruth I. Hoffman for part IV. The Program 
Committee for the meeting consisted of W. J. Thron, Chairman; C. E. Burgess, Ruth I. 
Hoffman, R. D. Mayer, W. T. Reid and George Springer. 


THE AMERICAN 
MATHEMATICAL MONTHLY 


THE OFFICIAL JOURNAL OF 
THE MATHEMATICAL ASSOCIATION OF AMERICA, INC. 


VOLUME 72 NUMBER 5 
CONTENTS 
Games, An Informal Talk . . . H.Stermnaus 457 
The William Lowell Putnam Mathematical Competition: Early His- 
tory. . . G. Brrxuorr 469 
The William Lowell Putnam Competition: Later History and Sum- 
mary of Results . ... . . LE. Busan 474 


A Study of 60,000 Digits of the Transcendental er, 
Co R. G. SToNEHAM 483 
On Second-Order Recurrences to, . . .  . Oswatp WyuerR- 500 
O-Sequences and O-Nets . L.C. Roperrson AND 8. P. FRANKLIN 506 
Mathematical Notes. 
. MIcHAEL Manove, J. i. E. Conn, Q. A. M. M. Vanya, 
S. Cater, D. L. Gotpsmiru, I. Sinna 511 


Classroom N otes . . .  . H. A. GrnpuerR, WALTER JENNINGS, 
; E. O. Tuorp, O. Saisaa, Ricnarp LaatscnH 528 
Mathematical Education Notes . . . .. . . R.D. Larsson’ 538 
Elementary Problems and Solutions . . . . . . . . .. G48 
Advanced Problems and Solutions . . . . . . . . . . 654 
Recent Publications and Presentations . . . . . . . . . 664 
News and Notices ... rs 71) 
The Mathematical Association of America es Yb 
November Meeting of the Minnesota Section .. 572 

Periods of Service of Former Officers of the Association as of Feb- 
ruary 11,1965 . ... ear Y 6 
Mathematical Sciences Employment Register toe eee BTA 
Report of the Treasurer for the Year 1964 . . . . . .. ... 55 
Greenwood Fund. . EY) 
Calendar of Future Meetings oo, EY 
Future Meetings of Other Organizations rs Y 10) 


MAY 1965 


THE AMERICAN MATHEMATICAL MONTHLY 


(Founded in 1894 by Benjamin F. Finkel) 
Freperick A. Ficxen, Editor 
ASSOCIATE EDITORS 


J. BARLAZ GERTRUDE EHRLICH J. R. MAYOR 

A. A. BLANK HOWARD EVES J. M. H. OLMSTED 
J. A. BROWN RAOUL HAILPERN R. A. ROSENBAUM 
HERBERT BUSEMANN MARSHALL HALL, JR. E. P. STARKE 
LEONARD CARLITZ L. M. KELLY E. P. VANCE 

H. S. M. COXETER A. E. LIVINGSTON ALBERT WILANSKY 
J. H. CURTISS K. O. MAY H. S. ZUCKERMAN 


EDITORIAL CORRESPONDENCE should be addressed to the Editor, F. A. Ficxen, Department of 
Mathematics, New York University, New York, N. Y. 10453. 


ADVERTISING CORRESPONDENCE should be addressed to F. R. Otson, Mathematical Associa- 
tion of America, SUNY at Buffalo, Buffalo, N. Y. 14214. 


NOTICE OF CHANGE OF ADDRESS by members of the Association as well as correspondence re- 
garding subscriptions to the Monruaty should be sent to the Executive Director, H. M. Gruman, 
Mathematical Association of America, SUNY at Buffalo, Buffalo, N. Y. 14214. 


NOTICE TO AUTHORS 


The Monraty welcomes papers presenting valid mathematics, of rather general interest, at a level 
intelligible to persons with two years of full-time graduate study. Some novelty of content, viewpoint, 
or arrangement is essential. Expository articles are particularly desired. State the context and the prin- 
cipal aim of the paper early. Address yourself quite explicitly to the reader described above, communicat- 
ing your ideas to him clearly and attractively. 

The title should be brief and meaningful. Since the title will be quoted and reproduced by laymen, 
it should contain no symbols unfamiliar to laymen. 

Articles should be typewritten, double-spaced, on 83X11” paper of very good quality. Submit the 
original (and a duplicate if convenient) keeping a complete copy for yourself. To avoid loss and delay 
notify us of any change of address. 

The typescript should be prepared with extreme care. Misprints are highly obnoxious; so are 
dangling participles. Put name and address between title and text. Put references at the end with 
bracketed citations in the text. Avoid footnotes; instead, use clearly designated remarks in the text. 
Put acknowledgments at the very end, just before the bibliography. Be generous with spacing and dis- 
plays. Keep notation simple. For a matrix the notation [a] is recommended, with det[a;.] or | a,.| for 
the determinant. On doubtful questions regarding format or notation, observe practices in current issues 
of the Monru ty, or consult the applicable sections of the “Author’s Manual” of the American Mathe- 
matical Society. 


Annual dues for members of the Association (including a subscription to the American Mathematical 
Monthly) are $6.00. For nonmembers the subscription price is $8.00 
($10.00 effective August-September 1965). 


PUBLISHED BY THE ASSOCIATION at Menasha, Wisconsin, and Buffalo, N. Y. 
during the months of January, February, March, April, May, June—July, 
August-September, October, November, December. 


Second-class postage paid at Menasha, Wisconsin. Acceptance for mailing at special 
rate of postage provided for in the Act of February 28, 1925, embodied in 
Paragraph 4, Section 538, P. L. and R., authorized April 1, 1926. 


Copyright © The Mathematical] Association of America (Incorporated), 1965 


PRINTED IN THE UNITED STATES OF AMERICA 


GAMES, AN INFORMAL TALK 
H. STEINHAUS, Wroclaw 


In the first decade of our century I had the occasion as a student in Gédttin- 
gen to hear many comments about Felix Klein. He was praised as a great mathe- 
matician and, at the same time, blamed because of his proof for the existence of 
solutions of the potential equation. He considered the distribution of electricity 
on a metallic conductor as a convincing argument for such existence. Most 
mathematicians avoid such statements; nevertheless, they have played and will 
play a role in the evolution of our science. The short story of my encounter 
with the theory of games does not take into account exact principles (which I 
consider to be laudable as a rule) and is not to be considered as a lecture for 
professionals. 


1. There are two definitions of continuity: one known as Cauchy’s definition, 
another attributed to Heine. Let us call them C-continuity and H-continuity 
respectively. A function f(x) defined in (—1, +1), f(0) =0, is C-continuous at 0 
if and only if to any natural there exists a natural m(n) such that |x| <1/m 
implies | f(x) | <1/n. It is H-continuous at 0 if and only if | x,| <1 for all natural 
m and 

lim %,= 0 implies limf(%m) = 0. 

m—* m— 0 
C means that f is C-continuous at 0, H means that it is H-continuous at 0. The 
proof of C=»H is quite easy. The converse theorem H=>C can be established 
by an argument based on the Axiom of Choice (Zermelo’s Axiom); we call this 
axiom AZ. There are mathematicians who don’t like AZ but they apply it in 
class when proving that HC. 

Let us deal with this question as with a claim brought before a law court. 
The usher asks if there is anybody who does not believe that H=C. If nobody 
acts in reply to this challenge, the court assumes that everybody admits H=C 
as being true, and proclaims H=C as proved by this consensus ingentorum, in 
spite of no formal proof being submitted to the court. It may happen that things 
are different: Mr. A who has brought the question to the court believes H=>C 
to be true but a Mr. B appears as his opponent. “I know,” says Mr. B, “that 
H=>C can be proved if the Axiom of Choice is admitted but I decline to accept 
proofs based on principles rejected by some mathematicians of high rank.” “I 
share your opinion,” answers A, “as to AZ, nevertheless I believe H=C, and 
if nobody manages to define a f(x) H-continuous at 0 without being C-continu- 
ous at 0, the High Court will issue the verdict H=>C.” The judge summons 
Mr. B to define a function f(x) necessary to convince Mr. A. Let us suppose that 
Mr. B claims to have such an example and calls it g(x). Its C-discontinuity at 
0 involves the existence of a natural number WN such that every interval 
Im=(—1/m, 1/m) contains a x, such that | 2(Xm) | = 1/N whatever the natural m. 
Mr. B is obliged to propose such an JN, and he does it. Mr. A risks now the con- 
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jecture that | g(x) | <1/N for all x in 4. Were this conjecture true Mr. B’s 
situation would be disagreeable. It is not the case: he puts his finger on a point 
x, in J, and proclaims triumphantly: “g(*,)21/N.” Mr. A does not know the 
definition of g(x), but he accepts this statement as correct. Now the onus 
proband is on him and he is compelled to try his luck with J; Mr. B answers 
promptly, choosing x2 in J, and pretending | g(x) | 21/N; Mr. A has no means 
to contest it. Now it is the judge who stops the game by the question: “Mr. B, 
are you sure you will always succeed with your fixed N (‘always’ means here 
‘in every I,,’)?” Before Mr. B answers, Mr. A interrupts the proceedings: “Sir, 
whatever B answers his cause is lost !: 1° if he says ‘no’ he disavows his example 
g(x); 2° if he says ‘yes’ his answer will be equivalent to the existence of an 
infinite sequence {xm}, Xm€ Im, such that g(x,)21/N for every m, which is 
incompatible with the H-continuity of g(x) at x=0; consequently, g(x) being 
H-discontinuous at 0, it cannot be a counter-example for HC.” 

The trick applied by Mr. A is as follows: Mr. B disavows proofs for H=C if 
Mr. A would try to prove it with the aid of AZ, i.e., with the Axiom of Choice; 
Mr. A asks from B a Gegenbeispiel against H=>C, without even being interested 
in the definition of such an example. Mr. A shows that if B has a well-defined 
g(x) with H-continuity and without C-continuity he can be entangled in con- 
tradictions. In 1923 I met O. Toeplitz in Stein near Kiel and told him that I 
did not feel convinced by proofs based on Zermelo’s axiom; he answered: 
“Would you try to construct counterexamples against theorems proved with 
this axiom?” My answer was: “No!” 

The idea of appealing to a law court in such questions as the equivalence of 
two definitions of continuity is perhaps extravagant for most mathematicians 
but not for people interested in the theory of games; legal proceedings are often 
similar to games with fixed rules. Some years ago I[ told the case of A versus B 
to E. Cech, a universally known geometer who was visiting Poland. His opinion 
was a disapproval. After a couple of years I met him again—lI am sorry to say 
that it was his last visit—and he asked me about legal mathematics. He assured 
me that he accepts them as correct... “Too late!” I answered, “because in 
the meantime your objections have destroyed my belief.” 

Dr. Jan Mycielski, having read the lines above, told me that he considers 
the legal action A versus B as an argument for Zermelo’s Axiom of Choice in 
general. His are the following lines: 

Mr. A believes Zermelo to be right. Mr. B brings a counterexample. He pre- 
tends to know a family F of sets X such that no set X belonging to F is void and 
such that there is no function f(X) defined for every X belonging to F and veri- 
fying f(X)€X for every XCF. As B declares that no X belonging to F is void, 
he can find x in X for every X in F, if he cannot he has lost his case already. 
If he says that he can do it, he has a function f described above; this is a con- 
tradiction against what he has told about the family F, which means his defeat 
too. 
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2. The story of two adversaries who bring their opposite views on a mathe- 
matical problem before a law court is not a bad joke as it could be called by the 
reader of Section 1; there are in applied mathematics questions which can be 
presented as games and their solutions are the best strategies of fictitious (some- 
times of real) partners; a controversy in a court conducted in conformity with 
the rules of legal procedure being a game too, the mathematical world is not 
separated from the legal one by an impermeable wall. (For an application of 
games to pure mathematics cf. [6].) When speaking about games we mean their 
modern theory. 

The first important result of this theory is Zermelo’s lecture presented to the 
Fifth International Congress of Mathematicians in 1912 [1]. His result is the 
determinateness of such games as chess. To explain it briefly, let us consider N 
chessboards and WN pairs playing; we assume that every partner is perfect: he 
makes always those moves which are absolutely best. Then all NV results will be 
the same, which means that either White will win on N chessboards, or Black on 
N chessboards, or all NV games will end in a draw. Zermelo’s theorem is valid for 
all games sharing with chess the following properties: (a) alternate moves, (b) 
finite number of moves, (c) complete information. (a) means that White moves 
first, then Black, then White, etc. (b) means that there is a number M such 
that no game with more moves is possible, i.e., that all games yield a definite 
result after 1 moves, n being always SM. (c) means that there are no circum- 
stances having an influence on the result, except the alternate moves and the 
initial position known to both partners; all moves are made openly. 

World War I is the reason why Zermelo’s paper failed to be appreciated 
according to its merit. The second step is due to Emile Borel [2]. He found the 
minimax concept after World War I, but his papers were not duly appreciated in 
France and failed to reach Polish mathematicians. I was interested in the theory 
of pursuit. My paper of 1925 was translated in 1960 [3]. My problem was to de- 
fine the best strategies in a game older than chess and perhaps older than human 
civilization: the game of chase and escape. To define this particular game let us 
call A the partner who is trying to catch B in the shortest time possible, whereas 
B is trying to enjoy his freedom as long as possible. 

Let us treat the simplified version of this game in which A and B move always 
with velocities a, b respectively, a>b. The positions of the partners are functions 
of time, A(t) and B(t), ¢t being the time elapsed since the initial time zero. The 
initial distance, i.e., the segment A(0) B(0), has length d. The problem for A 
is to choose a function a(A, B), a being the angle between East and the course 
of A. This function is called the strategy of partner A. An analogous definition 
gives 8, the angle between East and the course of B; B has to choose a strategy 
B(A, B). It is easily seen that the best strategy for A is given by a=the angle 
between the direction East and the vector A(t) B(t); also for B, by B=angle 
between East and vector A(t) B(t). This statement is to read as follows: If A 
chooses his course in conformity with the rule above, i.e., if he keeps B always 
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ahead, he will reduce the time T of the chase to d/(a—b) or less; if B always 
chooses his course so as to see A astern, he will augment J to d/(a—b) or more. 
This is the minimax principle for the special game of “chase and escape” in its 
simplest form. It can be written as follows: 


(1) min max T(a(A, B), B(A, B)) 2max min 7(a(A, B), B(A, B)). 
a 8 8 a 


The proof of (1) is easy: It is evident that the real time T resulting from 
arbitrary choice of strategies a, 6B lies between the left and right side of inequal- 
ity (1). The replacing of 2 in (1) by the equality sign would be an improvement 
which I felt to be true but I was unable to establish the general problem of pur- 
suit in 1925—“general” means here a theory of pursuit in a limited plane or on 
arbitrary surfaces such as an ellipsoid or a torus. This inability was a conse- 
quence of the ignorance of Zermelo’s paper [1] in spite of its having been pub- 
lished in 1913. Two proofs of (1), with the equality sign, valid for the general 
theory of pursuit and evasion, are to appear in [10] and [11]. J. von Neumann 
was aware of the importance of the minimax principle (cf. [4]); it is, however, 
difficult to understand the absence of a quotation of Zermelo’s lecture in his 
publications (cf. [13]). Let us explain Zermelo’s result. 

Partner A has m purses Ai, Ao, ---, An containing counters of different 
kinds, each counter carrying a symbol; partner B has purses By, Be, ---, B, 
with counters marked with symbols; partner A knows the content of all 2x 
purses, B knows it too. Partner A chooses one counter from A; and places it on 
a table; B takes notice of the symbol a; visible on the table and chooses from 
B, a counter which he places besides a;; A reads its symbol 6; and chooses a 
counter from Az; and so on. These alternating choices stop when B has placed a 
counter from B,; the sequence aib2d1b2 + - - dnb, resulting therefrom is a “word.” 
Rules, known to A and B, define a dichotomy of the “vocabulary” S, 1.e., of 
the set of all words: S=@+@8, @@=0. If the word resulting from the finished 
game belongs to @ then A is the winner, if it belongs to @, B is the winner. 
Zermelo’s theorem applies to games of the kind specified above. It asserts the 
existence of a strategy for A, assuring him of victory whatever B does, or the 
existence of such a strategy for B, i.e., it proclaims the intrinsic nullity of such 
games when played by two partners endowed with complete knowledge relative 
to the game in question—grown up people playing “wolf-and-sheep” [14] are 
an example: they know that the sheep will win if led according to a certain 
strategy with which both of them are familiar; the behavior of the wolf cannot 
change his destiny. There are no such partners in the world of chess. Even the 
champions are very far from perfect knowledge, they play chess like children 
playing “wolf-and-sheep.” Nevertheless Zermelo’s theorem applies to chess in 
spite of our present ignorance of the result; we do not know which it is: White 
wins, Black wins, or they draw, but we know that the different results obtained 
by chessplayers of high rank are a proof that chess is a complicated puzzle. 

Dr. Jan Mycielski has found a few years ago the following formulation of 
Zermelo’s theorem, which is at the same time its proof: 
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~ { Voi A css VA (a1bidebe + + + nba) © al 
(2) ajGAy dbyEB, a,EA, bnE Bn 
=> ‘ /\ V - ee /\ V (asb1debe . ee AnDn) cE al ° 
ayjEA; b,EB, a,E€A, b,EBn 


Formula (2) is one of several connected with the name of Augustus de Mor- 
gan [5] and belongs to formal logic. Its wording does not contain letters ® and 
S—instead of writing that a word belongs to @ the author writes that it does not 
belong to @. 


3. As yet there is a gap between the formulae (1) and (2). To fill it let us con- 
sider ordinary chess problems published in newspapers; they show a chessboard 
with white and black chessmen artificially distributed; “artificially” means here 
that they display a situation which could have been observed during a real game 
but in most cases has been invented by the proposer. Most of them challenge the 
reader: “White starts and wins in k moves” k being specified as 2, 3, 4 moves; 
some of them give to k greater values. Let us assume k= 4. The problem is then 
to be read as follows: There is a strategy for White which guarantees to him a 
victory in four moves, and there is a strategy for Black which guarantees to him 
that his defeat will not happen during the first 3 moves W B W B W B. In such 
cases we define “4” to be the value of the game. Now, whatever the distribution 
of the chessmen, there is a number & (& is finite) with the following property: 

“There is a strategy for White which guarantees him a victory at his kth 
move at latest, and there is such strategy for Black which makes impossible to 
White a victory earlier than at White’s kth move.” The sentence: F is the value 
of the game defined by the distribution of the chessmen means exactly the prop- 
erty between quotation marks. The analogue of k in the game of pursuit and 
evasion is the minimum time TJ of the chase, i.e., the time which the best 
strategy guarantees to A. 

To have a perfect analogy between chess and pursuit, we must consider 
arbitrary initial positions in both games. Naval pursuit applies obviously to 
arbitrary initial positions, whereas classic chess requires an initial formation 
fixed once for all by international rules. This is the reason why chess problems, 
admitting arbitrary starting formations, are the discontinuous counterpart of 
pursuit. Let us emphasize that in both games there are so-called “solutions” — 
this name is given to the course of events resulting from the application of the 
minimax strategies by both partners; it is interesting that the usual solutions 
of chess problems, printed in newspapers, are minimax solutions; they show only 
the “point-counter-point” battle—usually no proof is given for the “principal 
variant” to be minimax. 

There is still a difference: formula (2) cannot be improved, whereas (1) 
suggests an improvement by replacing the sign 2 by =. When writing my 
paper [3] I did not know Zermelo’s lecture [1]; I have called games with = in 
(1) “closed” and with > “open,” and irrational reasons led me to the conviction 
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that the “chase and escape” game is closed. The paper of C. Ryll-Nardzewski 
[10] quoted in Section 2 is based on Zermelo’s theorem (2); its author con- 
siders the continuous game of pursuit to be a limit of discontinuous games 
which are closed according to (2). He makes use of the circumstance that the 
minimax procedure as defined in Section 3 becomes simpler when partner A, 
instead of considering his antagonist B as a human being thinking in such 
terms as “strategy,” considers all possible functions B=f(#) representing the 
itinerary of B, ¢ being the time. 

If a(A, B) are all strategies of A defined in Section 2, then the time of capture 
T becomes now a functional T(a(A, B), f(¢)) to which A applies the minimax 
operation: 

min max T(a(A, B), f(t)) 
a(A,B) s(t) 

instead of the operation min, maxg of (1). This leads to the best strategy for A. 
Of course, B can apply an analogous method. The struggle yields the same solu- 
tion as (1) but is more satisfactory from the logical point of view: the notion of 
strategy is more sophisticated than that of a trajectory; the new formula shows 
that it is not necessary to exclude the case of a partner choosing his course at 
random. 

To explain simply the difference between open and closed games, let us 
imagine a contest of a dog and a rabbit. There is a rectangular garden and the 
rabbit can choose any point in it. The dog can choose any point along the fence 
separating the garden from the street but he cannot leave the street. Dog D is 
interested in reducing his distance DR from rabbit R as much as possible while 
the rabbit would like to increase DR so as to be as far from the dog as circum- 
stances permit. The game resulting from these contradictory tendencies has two 
different mathematical models. 


Mopet 1. D and R have maps so that they can choose simultaneously the 
spots of their respective preferences; then an arbiter transfers the chosen points 
on his map and shows their respective places on it—D and R are obliged to oc- 
cupy them on the real battle-field. This model defines a game without perfect 
information. It is obvious (cf. Fig. 1) that the dog can reduce the distance DR 
so that DRS5 by choosing the midpoint M of the sidewalk. It is also obvious 
that any choice D# M implies the possibility that DR>5. Thus 5 is the value 
of the game for the dog. Things are different for the rabbit: he risks always being 
faced by the dog staring at him from 4 yards distance. The inequality 5 >4 shows 
the game to be open. The choice D = M is evidently the best solution for the dog. 
What is our advice for the rabbit? Our theory gives him no means to decide— 
whatever he does he risks DR=4 but never DR<4. There exists, however, a 
reason for R to choose one of the corners Qi,2. The minimax approach is based 
on the pessimistic hypothesis that the opponent chooses a move which proves to 
be best for him. This hypothesis does not give any advice. The new principle is 
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as follows: we assume that the partner applies the minimax principle. Our help 
for the rabbit is based on this principle, which involves that D will choose M, 
and, consequently R has to occupy Q; or Q2. Such a trick closes the game in a 
new sense, 5=QM becomes the value of the game for both partners. 


~ P D D Ds De 
Street Py M 7 * 8M Ms Street 


Fic. 1. Fia, 2. 


MOobEL 2. What happens if the animals try to play an alternating game with 
perfect information, the garden of Fig. 1 being still their battle-field? Such a 
game would degenerate in perpetual hunting, D would run along the street and 
R along the wall Q,Q2. If the initial situation has been given as D= P;, R=(Qhz, 
the course would be as follows: 

1. DP P2; RQ2Q1. 

2. DP2P1; RQiQ2, the 3rd move=1, the 4th move = 2, etc. 

Things are quite different (Fig. 2) if the garden has a semicircular back- 
ground. In this case Model 1 admits a minimax solution which places R in the 
midpoint Q of the circular wall and D in M. The distance MP =7 is the value 
of the game, the same for D and R. Model 2: Let D; be D’s first position; obvi- 
ously R, is the best reply of R, Dz is D’s answer. It is easy to prove that the game 
is infinite. Nevertheless the successive positions D,, R, yield convergent se- 
quences: 


lim D, = M, lim R, = Q. 


Although n—o, the limits M, Q are reached after a finite time if both D and R 
have a constant velocity. 

One of J. von Neumann’s important achievements in the theory of games is his 
theorem about closing open games [4]. Dr. Ryll-Nardzewski’s version of this 
theorem assumes that there are teams of players led by captains who are res- 
ponsible for the decisions of their teams. The simplest example is matching 
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pennies. It is obvious that this game, played by two adversaries A, B, is open: 
no strategy excludes the loss of a penny by A which is the worst result; the situa- 
tion of B is the same. Now, if A has a team of two subordinates, A;, As, playing 
simultaneously against B, he can order A, to bet on heads and A: to bet on tails— 
whatever B does the result A:B will be 0:0, thus 0 is the value of the game for 
A and for B. This example has the drawback that matching pennies is a game 
lacking perfect information. Nevertheless it explains von Neumann’s idea of 
closing an open game by variable strategies, the distribution of strategies being 
a superstrategy; then the minimax theory applies to the global result and the 
supergame is closed. 


4. Immediately after the publication of [3], S. Banach and St. Mazur re- 
solved to investigate infinite games to see if the minimax rule (2) applies to such 
alternating games with perfect information; in 1925 they found such games, 
refuting by their discovery my conjecture that all alternating games with per- 
fect information are closed. The simplest example of a two-person infinite game 
of A against B is as follows: The interval [0, 1] is split into two sets of points, 
@ and @. The partners A, B know for any x given in [0, 1] whether it belongs to 
@ or to ®. They have to write alternately on a strip digits ai, D1, de, bo, - ++ ad 
inf., and they see every digit immediately after its appearance on the strip. The 
symbol 0. a:bideb, + - + dnb,n + - defines a point x in [0,1] when read asa binary 
development. If x©@@, A is the winner, if x©@, B is the winner. 

How to play an infinite game? It is possible for mortals to play it really 
by writing their respective strategies on two sheets apart and the umpire who is 
given both sheets has to determine x which is perfectly defined by this informa- 
tion; he can deduce whether x belongs to @ or to @; consequently, he can decide 
whether A or B has won the game. In some cases the task of the umpire will be 
extremely difficult, but theoretically it will, in every particular case, be a well- 
defined mathematical problem. As to the rules for A and B, they are as follows: 
Partner A decides first whether a;=0 or 1. This he writes on his sheet. Then he 
must write on it the definition of a function c(k) whose values are 0 or 1 for every 
natural number k. The umpire reads this definition as an obligation of A to write 
always the digit c(R) as @ni41if the sequence a; - - - b, read asa binary expansion, 
yields &. Partner B must define d(k). His procedure is analogous to that of A, 
d(k) being used now, instead of c(k), to be written on B’s sheet; there is no 
analogy to the choice of a. 

The importance of the trivial statements above is their being a proof for the 
possibility of playing really infinite games in a finite time. 

EXAMPLE. @=set of rational points on [0, 1], ®=set of irrational points on 
[0, 1]; partner B can secure his victory by a strategy the reader will easily guess. 

On the other hand it has been shown (cf. [9]) that when @ and @ are two 
totally imperfect sets, neither A nor B can have a victorious strategy. 

I have been tempted to extend formula (2) to n= © to show that infinite 
alternating two-person games with perfect information are closed, but J. 
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Mycielski called my attention to the contradictions such extensions involve. 
The crucial point in the controversy is the appearance of Zermelo’s Axiom of 
Choice (AZ) in all examples of the Banach-Mazur kind; it is employed to define 
the sets @, ®. It is known that AZ produces such consequences as the decom- 
position of a ball into five parts which can be put together to build up a new 
ball of twice the volume of the old one, a result considered as paradoxical 
by many scientists. There is another objection: how are we to speak of per- 
fect information for A and B if it is impossible to verify whether both of them 
think of the same set when they speak of “@”? This impossibility is inherent in 
every set having only AZ as its certificate of birth. In such circumstances it is 
doubtful whether human beings will ever play really a BM (Banach-Mazur) 
game. 

. All these considerations impelled me to place the blame on the Axiom of 
Choice. Sixty years of the theory of sets have elapsed since this Axiom was pro- 
claimed, and some ideas like those in Section 1 of this talk have convinced me 
that a purely negative attitude against AZ would be dangerous to propose. 
Thus I have chosen the idea of replacing AZ by the following “Axiom of De- 
terminacy” (AD): 

All two-person alternating games with perfect information are closed. 

I have encountered difficulties; the extension of (2) to infinite games yields 
AZ; on the other hand, AZ generates B /M/-games, i.e., open infinite games which 
I will not admit. My collaboration with Jan Mycielski started at this point. It 
had such episodes as two telegrams (Berkeley-Zakopane) in summer 1961: “The 
axiom is dead,” and a day later: “Axiom still living.” A note of both authors [7] 
presented October 14, 1961 by A. Mostowski contains a formal expression of AD. 
This formulation generalizes to infinite games Zermelo’s theorem on chess: infi- 
nite games are closed too. The formula (A) on p. 3 of [7]| can be read as a gener- 
alization of (2), i.e., asa new formula of A. de Morgan’s type. It would be prepos- 
terous, however, to do it verbatem: Classic formulae apply to general sets, 
finite or infinite, under the condition that the number of quantifiers be finite, 
whereas in our case (A) has w quantifiers. If we admit general sets beneath the 
quantifiers, we get false statements. For our purpose it would be sufficient to 
consider the simplest kind of infinite games which we have described in Section 4 
and to formulate AD as follows: Either there exists a digit a1 and a function 
c(k) such that A wins whatever the function d(k), or there exists a function d(k) 
such that B wins whatever a; and c(k). 

Axiom AD and its consequences have been studied by Jan Mycielski [9]. 
He mentions there the equivalence of Cauchy’s definition of continuity with that 
given by Heine: it results from the usual system of axioms (i.e., the Zermelo- 
Fraenkel-Skolem system) with AD but without AZ. Let us call this system 
ZFSAD. The nonexistence of a cardinal number M such that No<M<2** is a 
consequence of ZFSAD. He and S. Swierczkowski [8] have shown that ZFSAD 
involves the Lebesgue measurability of every subset of the real line. Thus AD, 
our axiom, destroys many results proved commonly with the help of AZ. One 
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of them is the Banach-Tarski decomposition of the ball: the parts of the ball 
resulting from such decomposition have no Lebesgue-volume, which contradicts 
ZFSAD. Instead, AD brings positive results such as the property of Baire and 
those already quoted. Mycielski [9] writes that the conjecture of the consistency 
of ZFSAD 1s allowed in the actual state of knowledge; I am quoting here this 
opinion because our collaboration was primarily based on contradictory atti- 
tudes, his being the pessimistic one. Such caution had a serious reason: K. 
Gédel’s result about AZ being compatible with ZFS. This result involves the 
possibility of AZ turning out in the future to be a true theorem in ZFS and 
(consequently) AD being false in ZFS. This danger has lost a great part of its 
imminence: P. J. Cohen’s recent result [12] proves AZ to be independent of 
ZFS. As to the question whether AD is an improvement of mathematics, my 
answer is positive: in the modern theory of probability it is often necessary to 
prove the measurability of sets and functions; it is a gain if such proofs can be 
canceled once for all as superfluous. 


5. Most persons are interested rather in games of chance than in games with 
perfect information. Heads and tails is the simplest game of chance, called also 
“matching pennies.” Mr. A puts a dime on the table and covers it with his palm, 
Mr. B puts his dime on the table, Mr. A lifts his hand; if the dimes are showing 
the same image, i.e., head and head or tail and tail, B takes both; if they are 
discordant A puts them in his pocket. The value of the game is —10 cents for 
A and +10 cents for B, consequently the gap is 20 cents: the game is open. 
Things are different if the game consists of an infinite sequence of such trials 
as above, g, being the total gain of A in the x first trials which, however, is not 
paid to A; the score is recorded in a book and limi... gn/n is the amount to be 
paid by B to A; there are strategies for which this limit exists. The best for both 
partners is to ignore which side of the dime is visible when they put it on the 
table; the strong law of large numbers guarantees 0 as the limit. Thus the game 
is closed, 0 being its value for A and for B. This example is the simplest particu- 
lar case of the general law discovered by J. von Neumann [4]: open games be- 
come closed by repetition of successive plays. Dr. Ryll Nardzewski remarks that 
instead of repeating the game endlessly, we could arrange a simultaneous contest 
of » pairs of players, 7 being a large integer. There are 1 players A; (k=1, 2, 

- , n) led by A, and a players B, led by B; consequently there are n fields 
F,,; every pair Az, B;, has its field /;, and the rules are the same on every field. 
As to strategy the captain A dictates it to his men A; but these strategies are 
not the same for different fields. B, the captain of the team {B,}, has analogous 
rights. Let us assume that the stake s is 1/n for every field F, and that the game 
is open in every field, the gap being g,, and that A, B are the respective treas- 
urers of their clubs. Nardzewski’s result is that there is a strategy best for A (in 
the minimax sense) and best for B (in the same sense), such that the gap between 
the respective values for A and B becomes very small for great n, which makes 
the game closed as n— © although g,>0 for every finite n. 
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Games of chance can also be treated from a different point of view. To close 
them we can consider the expected gain instead of the accidental one. There is a 
mention in [3] about this point of view. At that time a two-person game called 
baccara was popular in gambling circles. The banker B takes a card from the 
pack, his opponent too. They have done it blindly and now they look at the 
cards chosen without showing them to the adversary. Then the player can take 
a second card if he likes, or resign; this second card is shown to B. Now B takes 
a second card or not: eventually both of them, B and partner P, show the cards 
to compare the points. No card has more points than 9; if s is the sum of points 
on a pair of cards and s>9, then the pair in question counts for s—9. The stake 
is fixed before the game starts; the winner is the player exhibiting more points. 
It is easy to find an approximate best strategy P for the player. Let Bi be the 
best strategy for B against a player applying P;; this relatively best strategy 
can be computed by the rules of the calculus of probability: we have to maxi- 
mize the expected gain for B. Assuming the banker’s strategy to be B, we can find 
P,, the relatively best strategy for P. Proceeding to Bz we find B.= By. Then Ps 
results as equal to Pe. Consequently P2, B, turn out to be absolutely best, by the 
general principle that two reciprocally best strategies are minimax strategies. 
Thus P2, Be, represent the minimax solution of the two-person game of cards 
called baccara. This special computation (which has never been published) is an 
illustration of a general law discovered by J. von Neumann [4] about the 
randomization of open games: because of imperfect information, every single 
play of baccara is open, the repetition of plays makes the game closed. The P», By 
solution shows that the game is not fair; the gain expected by the banker is 
positive; the repetition of plays gives in the limit a mean game equal to this 
expectation. 


6. To finish this talk about games let us admit that we don’t know if AD is 
consistent with the ZFS theory of sets. Nevertheless there are the following 
reasons to be put forward for the new axiom: 

It simplifies mathematics by cancelling some consequences of AZ which have 
always shocked many serious scientists; on the other hand AD does not destroy 
those theorems which the majority of mathematicians consider as essential tools 
in modern science and which used to be proved with the help of AZ (Zermelo’s 
Axiom); the new axiom AD takes over the job of AZ by rescuing such theorems. 
To be scrupulous let us admit that we are not sure whether this remark applies 
to the full list of such theorems. 

AZ has the advantage of being immediately comprehensible and intuitively 
clear. AD is exposed to the objection that the closedness of infinite games is by 
no means evident. On the other hand AZ involves consequences which are far 
from being intuitively clear. 

Dr. A. Mostowski’s objection against AD is as follows: AD is a proposition 
no logician would find unless he were accustomed to the gambler’s fashion of 
thinking. Let me remark that the calculus of probability has been founded too 
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on this fashion of thinking: it was considered not to be mathematics and this 
view prevailed until World War I. Now it is considered to be a chapter of mathe- 
matics. This evolution is the reason why AD belongs to mathematics: AD be- 
longs to games, games belong to mathematics, thus AD is mathematics. It is 
not impossible that the future will bring propositions exactly equivalent to AD 
and formally as clear as most principles of the ZFS theory of sets. 


Dr. Jan Mycielski contributed to this essay about games by his criticisms; I acknowledge his 
help with gratitude. 
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THE WILLIAM LOWELL PUTNAM MATHEMATICAL 
COMPETITION: EARLY HISTORY 


G. BIRKHOFF, Harvard University 


The basic idea underlying the Putnam Competition was expressed by Wil- 
liam Lowell Putnam in a three-page article in the Harvard Graduates’ Magazine 
of December, 1921 (reprinted here as an Appendix) from which the following 
excerpt is taken: “... it is a curious fact that no effort has ever been made to 
organize contesting teams in regular college studies. All rewards for scholarship 
are strictly individual and are given in money, or in prizes or in honorable men- 
tion. No opportunity is offered a student by diligence and high marks in exam- 
inations to win or help in winning honor for his college. All that is offered to him 
is the chance of personal reward. Little appeal is made to high ideals or to un- 
selfish motives. 

Is not this one of the reasons why the effort to interest the great bulk of the 
undergraduate body in their studies is such an uphill task?” 

These words expressed Mr. Putnam’s profound conviction in the value of 
intellectual competition, especially by teams whose members took pride in the 
achievements of their team as a whole and the standing of the institution which 
it represented. This conviction was shared by Mrs. Putnam, and by her brother 
Abbott Lawrence Lowell, then President of Harvard. In a letter about the 
competition some years later, Mr. Lowell referred to the importance of “the 
promotion of scholarship by contest, as athletics have been,” and of “the spirit 
of intercollegiate emulation in scholarship.” 

To give substance to the ideas expressed above, Mrs. Putnam established a 
$125,000 trust in her will, written in 1927. She directed that the trustees “shall 
have always in mind the purpose of this trust, as set out in my husband’s own 
words,” and incorporated a copy of his article in her will. 

It was some years after Mrs. Putnam wrote her will, however, before the 
Putnam Competition assumed its present form. In the meantime, various short- 
lived experiments were tried. 

The first experiment was a competition in 1928 in the field of English be- 
tween Harvard and Yale. The Yale and Harvard teams each contained ten 
senior concentrators in English. One member of the Harvard team was Nathan 
Marsh Pusey, now president of that institution. It was won by Harvard, a 
prize of $5,000 going to the winning institution. Both Yale and Princeton de- 
clined to repeat the contest, and an offer to compete in economics with Cam- 
bridge University was also declined, partly because of a fear of undesirable 
publicity. 

The second experiment was a similar mathematical competition in 1933 be- 
tween Harvard and West Point juniors. The examination stressed ability to solve 
problems in the calculus, analytic geometry, and elementary differential equa- 
tions. This close competition was won by the somewhat more mature and (ac- 
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cording to local tradition) better trained West Point cadets. Again, the com- 
petition was not repeated, though all ten West Point participants expressed 
enthuasiasm in personal letters to Mrs. Putnam. 

Mr. Lowell having retired as President of Harvard in 1933, no further con- 
test was held until after the death of Mrs. Putnam in 1935. In her will, she ap- 
pointed her sons, George Putnam and August Lowell Putnam, as trustees for 
the William Lowell Putnam Memorial Fund. These two brothers then consulted 
George David Birkhoff at Harvard as to the best use to be made of the bequest, 
a question which the latter had often discussed with Mrs. Putnam. It seemed 
natural to have the competition in mathematics, both because mathematical 
ability can better be tested by a set examination than ability in most subjects, 
and because of the strong mathematical traditions of the Putnam family. 

The possibility of discovering outstanding mathematical ability at an early 
age by set examinations had, indeed, been demonstrated conclusively in Hun- 
gary, where a competitive examination (named after the physicist Roland 
Edtvés) had been given annually (since 1894) to young people entering the 
University. It certainly contributed to the development of Hungarian mathe- 
matics; among the winners were such internationally known names as Leopold 
Fejér, Theodore von Kaérman, Dénes KGnig, Alfred Haar, Marcel Riesz, Gabor 
Szegié, Tibor Radé, and Edward Teller. 

Somewhat similarly, the Cambridge University mathematical examinations 
were used in the nineteenth century, as a means of detecting both mathematical 
and legal ability, the Senior Wrangler being considered a man “most likely to 
succeed” in either profession. 

The mathematical interests of the Putnam family were unusual, to say the 
least. Mrs. Putnam’s brother, former President Abbott Lawrence Lowell of 
Harvard, received in 1877 his A.B. summa cum laude in Mathematics at Har- 
vard, and his undergraduate thesis was published in volume 13 (1877), of the 
Proceedings of the American Academy of Arts and Sciences, pages 222-250. 
Mr. William Lowell Putnam received in 1882 an A.B. magna cum laude in 
Mathematics at Harvard, and was for many years Chairman of the Visiting 
Committee of the Mathematics Department there. George Putnam, a trustee of 
the Putnam Fund, had also majored in mathematics and was active in his turn 
on the same Visiting Committee, while the present form of the Putnam Com- 
petition was being planned. Roger Lowell Putnam also majored in mathematics 
at Harvard, graduating magna cum laude in 1915, while William Lowell Put- 
nam’s grandson, McGeorge Bundy (later Dean of the Faculty at Harvard), and 
his brother Harvey majored in mathematics at Yale. 

George David Birkhoff saw in these various facts an important opportunity 
to stimulate interest in mathematics, to establish national standards of under- 
graduate mathematical achievement, and to discover and encourage mathe- 
matical talent at a time when good fellowships for first-year graduate students 
were few and far between. With these objectives in mind he proposed, in essence, 
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the principles governing the present Putnam Competition. 

The first principle was that the competition should be open to three-man 
teams selected by the faculty of, and to individuals from, any American or 
Canadian college. This was to encourage participation by smaller colleges, who 
might have only one or two unusually able mathematical concentrators in any 
given year. The second principle was to have the competition administered by 
the Mathematical Association of America, which is the professional organization 
representing college mathematics teachers. The third principle was to distribute 
prizes and honorable mention to several teams and individuals, so that dis- 
tinguished performance would be broadly recognized. (To be one of the top 25 
or even 50 competitors in any one year, out of 1500 competitors selected from 
many thousands of mathematics concentrators, is no mean achievement.) The 
fourth principle was to offer a graduate fellowship at Harvard to one of the five 
top competitors. This choice was allowed because Birkhoff recognized that 
other evidence of talent—especially evidence of creative originality—should be 
weighed in evaluating men having nearly equal examination scores. 

Birkhoff took a very active part in making up the first examination, which 
was made up by the Harvard Mathematics Department in 1938. So as to avoid 
favoring the few schools where advanced mathematical courses were then open 
to able undergraduates, a deliberate effort was made to stress questions covered 
in standard courses in the calculus, analytic geometry, and elementary mechan- 
ics. The emphasis was correspondingly on thoroughness, accuracy, and a clear 
command of detail. 

The first competition was won by the University of Toronto, which was 
asked to set the next examination and disqualify itself from competing the fol- 
lowing year. A similar procedure was followed for about five years, the winning 
teams being alternately from Toronto and Brooklyn College. These victories 
were attributed partly to the greater maturity and more intensive concentration 
program of Canadian mathematical concentrators, partly to the British tradi- 
tion of problem-solving, and partly to the ability and devotion of Professor 
Harris MacNeish of Brooklyn in training students how to diagnose and solve 
set problems. 

During the years 1943-5 the Putnam competition was not held because of 
war conditions. After the war, it was renewed with a few minor modifications. 
Thoroughness and facility in handling standard course material was given less 
emphasis, ingenuity in devising and using algorithms and in logical analysis be- 
ing emphasized in their place. To construct an examination testing these quali- 
ties, a special committee was appointed consisting of the distinguished Hun- 
garian-born mathematicians George Pélya and Tibor Radé, and the first Putnam 
Scholar, Irving Kaplansky. Since that time, membership in the committee 
making out the examination has rotated, and institutions have been free to win 
the competition in successive years whenever the ability of their teams made 
this possible! 
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APPENDIX 


A SUGGESTION FOR INCREASING THE UNDERGRADUATE INTEREST IN STUDIES 
WILLIAM LOWELL PUTNAM 


[The following article, which appeared in the December, 1921, issue of the 
Harvard Graduates’ Magazine, and is reprinted with permission, was the genesis 
of the William Lowell Putnam Mathematical Competition. | 

The idealism of the undergraduate student, his eagerness to achieve some- 
thing for his college, for his country or for any cause which fills him with en- 
thusiasm is constantly referred to with admiration by those in charge of uni- 
versities. This unselfish impulse is recognized as one of the strongest forces in 
a student’s life, and great results have been and are being accomplished by ap- 
pealing to it. 

The most telling of these appeals at present are those made in behalf of 
athletics, where boys are asked and expected to work hard to win laurels for 
the college on the gridiron or the river or the track. They have to train regularly 
and monotonously for long periods, to give up smoking, drinking, and late 
entertainments, to keep off probation, which often requires laborious and irk- 
some study, and they make all these sacrifices willingly and even eagerly for 
the sake of their college. 

In none of these cases is the undergraduate primarily interested in winning 
honor for himself. He is anxious to have his Alma Mater win, and very glad to 
play a useful even if an inconspicuous part in the preparation of the team by 
which her victory is secured. A Harvard man prefers, for example, to be a mem- 
ber of a tennis team to play against Yale and to win a match in that contest 
rather than to be champion of Harvard, which is only an individual honor. In 
short, the undergraduate likes to work for the success of his college and par- 
ticularly likes to work for it as one of a team. 

These intercollegiate contests are not confined to athletics. There are com- 
peting debating teams which attract some attention from the newspapers and 
there are chess teams which bring victories that are noticed by those who are 
interested in this game. But it is a curious fact that no effort has ever been made 
to organize contesting teams in regular college studies. All rewards for scholar- 
ship are strictly individual and are given in money, or in prizes or in honorable 
mention. No opportunity is offered a student by diligence and high marks in 
examinations to win or help in winning honor for his college. All that is offered 
to him is the chance of personal reward. Little appeal is made to high ideals or 
to unselfish motives. 

Is not this one of the reasons why the effort to interest the great bulk of the 
undergraduate body in their studies is such an uphill task? Some few of them 
may be wise enough to realize the truth of what they are told often; namely, 
that if they work hard at their books they will lay the foundation for a future 
career which will reflect credit on their college; but this is a rather conceited view 
and the prospect is too remote to appeal to most young men. Those who distin- 
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guish themselves as students usually do so either from a desire to improve their 
own chances of obtaining assistance in college or good employment after gradu- 
ation, or else from a wish to keep up some family tradition of scholarship or to 
please some inspiring instructor or from some other similar incentive. 

Probably one reason why undergraduate teams do not contest in scholarship 
is the difficulty of fixing the terms and conditions of such a contest and arrang- 
ing the details, but in these days, when all contests are fought in the presence of 
umpires and under highly artificial and technical rules, is there any more diff- 
culty in fixing the terms of a contest of scholars than in arranging for the Inter- 
national Olympic Games or other similar events? 

I want to lay particular stress on the point that the competition to be valu- 
able should be between teams and not individuals. Undoubtedly, one reason for 
the surpassing interest in football games is that the victory is the result of an 
immense amount of cooperative work, much of it done by people who are never 
seen by the public. Some twenty-five or more men actually take part in the 
crowning event of the season, but the efficiency of the team is the result of the 
coordinate efforts of three times as many players and coaches, each of whom 
contributes an essential part to the final result. It is a very inspiring thing in 
itself to form part of such a large body working harmoniously to achieve a great 
end. 

The absence of the opportunity for team-work in undergraduate studies is 
the more noteworthy from the fact that both before entering college and after 
graduation most boys do their work as members of a competing team or orga- 
nization. The preparatory schools take a definite pride in entering their boys with- 
out conditions and in a creditable manner and a prize is given to the school 
whose candidates do best. Every boy as he prepares for his examination feels 
that he is a part of the school team competing for this prize. 

After graduation men usually get into the employ of a firm or corporation or 
similar body and become intensely loyal to its interests and eager to work hard 
for its success. Even those who continue their studies at the Law School get an 
opportunity to become editors of the Law Review, or to become members of 
law clubs which have interclub contests, so that students are able to do work 
directly connected with their studies as part of a team which wins credit for the 
club or the Review. 

But the regular work of a man’s college years—those four most impression- 
able years—must be done individually and for his own selfish advantage, and 
one can but ask whether the effort to induce the bulk of the students and their 
parents to take more interest in their studies would not accomplish more if an 
appeal were made to higher motives and an opportunity offered for teamwork 
and for winning laurels for the college. 

It seems probable that the competition which has inspired young men to 
undertake and undergo so much for the sake of athletic victories might accom- 
plish some result in academic fields. 


THE WILLIAM LOWELL PUTNAM COMPETITION: 
LATER HISTORY AND SUMMARY OF RESULTS 


L. E. BUSH, Kent State University 


It was most fortunate for undergraduate mathematics in America that the 
Birkhoffs, father (George David) and son (Garrett), were close friends of the 
Putnam family. As such, they had the opportunity of formulating the principles 
of the Putnam Competition in accordance with Mr. Putnam’s ideas as expressed 
in his article. In formulating these principles and in advising the Putnam 
Trustees on all changes in the regulations governing the Competition, they have 
always held in mind Mr. Putnam’s belief in the value of intellectual competi- 
tion and his belief that this competition should not be by individuals but by 
pre-selected teams whose members take pride in the achievement of their team 
as a whole. 

In accordance with Professor Birkhoff’s second principle, the competition 
was placed under the administration of the Mathematical Association of Amer- 
ica in the person of its secretary, Professor W. D. Cairns of Oberlin College. 
Professor Cairns published the general regulations governing the contest and 
award in this MONTHLY, 45 (1938) 64-66. These regulations have served as a 
model for all later revisions. The regulations provided that: “The president of 
the Association will appoint a committee of three (not necessarily members of 
the Association) which will select two examiners, mathematicians qualified and 
willing to undertake the preparation of the examination, and a reader qualified 
to grade the examination books; in view of the special relation of the donor of 
the Fund to Harvard University, one member of the committee shall be a mem- 
ber of the Division of Mathematics at Harvard University.” In fact, the first 
examination was prepared by the Harvard Department of Mathematics, and 
Harvard did not enter a team. The examination was held on April 16, 1938. This 
competition was won by the University of Toronto, which alternated with 
Brooklyn College in winning the first five competitions. 

The second, third, and fourth examinations were each prepared by the de- 
partment of mathematics of the institution winning the previous competition, 
and it appears that these institutions disqualified themselves from the competi- 
tion for which their department had prepared the examination. The examination 
for the fifth competition (1942) seems, however, to have been prepared by a 
committee consisting of Professor B. H. Brown of Dartmouth College and Pro- 
fessor Marie Litzinger of Mount Holyoke College. 

The original three team prizes were $500, $300, and $200, but these were 
changed for the fifth competition to four prizes of $400, $300, $200, and $100, 
respectively. In 1958 the number of team prizes was increased to five, with 
values of $500, $400, $300,"$200, and $100, respectively; in addition, the’mem- 
bers of each team received prizes of $50, $40, $30, $20, and $10, respectively, 
while the five highest ranking individuals received $75 and the next five highest 
$35 each. 
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The William Lowell Putnam Fellowship had a value during the first five 
years of $1000. The value has been gradually increased until it is now worth 
$2500 plus tuition at Harvard ($1520 for 1963-64), or a total monetary value 
of $4020. 

In the October, 1942 issue of the MONTHLY it was announced that the 
Putnam Competition was being postponed indefinitely by agreement of the 
Putnam Trustees and the Board of Governors, “mainly because of the preoc- 
cupation of both teachers and students with war courses in mathematics.” When 
the Competition was renewed after the war the Association was not able to 
resume its administration immediately, although the President of the Associa- 
tion appointed a committee of three persons to prepare the examination. Mem- 
bers of the Department of Mathematics of Harvard University were asked to 
assume the responsibility of administration. The first post-war competition, 
the sixth, was administered by Professor Garrett Birkhoff, and the examination 
was held June 1, 1946. The seventh and eighth competitions were held May 24, 
1947, and March 20, 1948, under the direction of Professor George Mackey. 

Beginning with the first post-war competition, the examination has been 
prepared by a committee appointed by the President of the Association. The 
members of this committee are appointed for three-year terms, one member re- 
tiring each year. The third-year-member of the committee serves as Chairman. 
Since the resumption of the Competition after the war, every otherwise eligible 
institution has been free to compete regardless of whether one of their staff 
members is on the examination committee or is a paper grader. It has been as- 
sumed that persons officially connected with the Competition would not take 
part in organizing or coaching a team. Some of the most distinguished mathe- 
maticians of the United States and Canada have served on the committee which 
makes up the examination, including Professors Tibor Radé, George Pélya, 
Mark Kac, Irving Kaplansky, Orrin Frink, Jr., Bancroft H. Brown, Emory P. 
Starke, Ralph G. Sanger, Andrew M. Gleason, L. M. Kelly, R. E. Greenwood, 
Leo Moser, W. R. Scott, R. E. Bellman, Ivan Niven, D. E. Richmond, John 
M. H. Olmsted, Gian-Carlo Rota, H.S. M. Coxeter, and A. M. Garsia. 

At the September 6, 1948, meeting of the Board of Governors it was agreed 
that the Association should resume the direction of the Putnam Competition 
and that the President should be authorized to appoint a director of the competi- 
tion for a term of five years. Professor Lester R. Ford, Sr., President of the 
Association, appointed this writer, then of the College of Saint Thomas, as 
director. I was reappointed in 1953, 1958 and 1963. In 1964 I asked to be re- 
lieved after the completion of the twenty-fifth competition. 

My first task was to propose a revision of the regulations of the competition 
for the approval of the Board of Governors and the Putnam Trustees. This re- 
vision was necessitated by the new administrative arrangements. It was pat- 
terned after Professor Cairns’ original general regulations and diverged from 
that pattern only where the new structure made it necessary. These regulations 
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were approved and, except for several amendments to take care of special situa- 
tions, they are the present governing instrument of the competition. 

That there has been a steady increase in interest in the competition is evi- 
denced by the steadily increasing number of inquiries, both written and oral, 
about such matters as the level of grades on the examination and the mechanics 
of operation. The increase in interest also is shown by the growth of participa- 
tion, as indicated in Table I. The figures given for the first eight competitions 
may not be exactly comparable with those given for the succeeding competi- 
tions. 


TABLE I 


PARTICIPATION IN THE PUTNAM COMPETITION 


Competition Date of Teams Indwiduals Institutions 
Number Examination Participating Participating Regtstered 
1 4/16/38 42 163 67 
2 3/4/39 41 200 69 
3 3/2/40 45 208 68 
4 3/1/41 28 146 44 
5 3/17/42 —_— 114 31 
6 6/1/46 14 — 17 
7 5/24/47 32 145 36 
8 3/20/48 24 120 29 
9 3/26/49 33 155 51 
10 3/25/50 Al 223 56 
11 3/31/51 42 209 56 
12 3/22/52 52 295 76 
13 3/23/53 49 256 63 
14 3/6/54 44 231 67 
15 3/5/55 48 256 70 
16 3/3/56 54 291 78 
17 3/2/57 65 378 103 
18 2/8/58 710 430 96 
19 11/22/58 86 506 119 
20 11/21/59 95 633 141 
21 12/3/60 128 867 166 
22 12/2/61 165 1094. 197 
23 12/1/62 157 1187 192 
24 12/7/63 170 1260 205 


The first twenty-four competitions show twenty-four institutions whose 
teams have shared in the prizes and sixteen additional ones which have won at 
least one honorable mention. Table II shows the distribution of the team honors. 
One year there was a tie for second place, and both teams were counted as second 
place winners; subsequently, ties for lower positions were treated similarly. 
Fourth place winners were not named until the fifth competition; fifth place 
winners were not named until the nineteenth competition. 


1965] THE PUTNAM COMPETITION: LATER HISTORY 477 


TABLE I] 


WINNING TEAMS IN THE FIRST TWENTY-FOUR COMPETITIONS 


First Second Third Fourth Fifth Honorable 


Name of Institution Place Place Place Place Place Mention 


Harvard University 7 5 3 2 2 
University of Toronto 4 4 2 2 4 
Brooklyn College 3 2 1 3 
California Institute of Technology 2 1 2 2 6 
Cornell University 2 1 1 1 1 5 
Michigan State University 2 1 1 
Polytechnic Institute of Brooklyn 2 1 3 
University of California at Berkeley 1 1 1 7 
Queen’s University (Kingston) 1 1 1 1 
Massachusetts Institute of Technology 3 4 2 1 5 
Yale University 3 1 5 
Columbia University 2 3 6 
University of Pennsylvania 1 1 1 1 
College of the City of New York 1 4 5 
Dartmouth College 1 1 1 
Cooper Union 2 3 
Carnegie Institute of Technology 1 1 8 
New York University 1 3 
Mississippi Women’s College 1 

Kenyon College 1 2 
McGill University 1 1 
University of Manitoba 1 1 
University of California at Los Angeles 1 3 
Case Institute of Technology 1 1 
Swarthmore College, Yeshiva University 3 each 
Oberlin College, University of British Columbia 2 each 
Brown U., Northwestern U., Princeton U., Reed College, Rice U., U. of Alberta, U. of 
Colorado, U. of Michigan, U. of Montreal, U. of Notre Dame, U. of Rochester, and 
Wesleyan U. 1 each 
40 Institutions 24 25 24 21 6 99 


Like the Eétviés Competition in Hungary, the Putnam Competition lists 
among its early winners a large number of the most creative mathematicians of 
the present day. The number of these is even more impressive when it is realized 
that the winners of the very first competition probably are still well under fifty 
years old and that the winners of the first post-war competition, the sixth, 
probably are under forty. 

There have been four contestants who have been among the five highest indi- 
vidual contestants three times. They are Edward L. Kaplan, Carnegie Institute 
of Technology; Andrew M. Gleason, Yale University; D. J. Newman, College 
of the City of New York; and J. B. Herreshoff, 1V, University of California 
at Berkeley. 
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There have been sixteen contestants who have been among the five highest 
individual contestants twice. They are Bernard Sherman, Brooklyn College; 
Maxwell Rosenlicht, Columbia University; W. F. Stinespring, Harvard Univer- 
sity; Eoin L. Whitney, University of Alberta; J. W. Milnor, Princeton Univer- 
sity; Kenneth G. Wilson, Harvard University; Trevor Barker, Kenyon College; 
Everett C. Dade, Harvard University; David Mumford, Harvard University; 
David Bloom, Columbia University; Joseph Lipman, University of Toronto; 
Alfred W. Hales, California Institute of Technology; Samuel Klein, College of 
the City of New York; Edward Bender, California Institute of Technology; 
John Hathaway Lindsey, California Institute of Technology; and William C. 
Waterhouse, Harvard University. 

The five highest ranking individuals in each of the first twenty-four competi- 
tions are listed in Table III by years in alphabetical order. Where there were 
ties for fifth place, all those tying are listed. In parentheses following the name 
of the contestant is the institution which he represented in the competition. 
Next is given his present position and his present address (whenever we were 
able to obtain this information). Those awarded the William Lowell Putnam 
Fellowship are marked by an asterisk (*); although awarded the Fellowship, 
Mr. Gleason (1940) and Mr. Shepp (1958) never actually held it. 


TABLE III 


WINNERS OF THE PUTNAM COMPETITIONS 


Abbreviations 
S=State C= College I = Institute T= Technology 
U = University a= Assistant A= Associate P = Professor 


Academic subject is mathematics unless noted otherwise. 


First Competition—1938 


Robert W. Gibson (Fort Hayes Kansas S. C.)—aP, Oklahoma §S. C. 
*Irving Kaplansky (U. of Toronto)—P, U. of Chicago. 
George W. Mackey (Rice I.)—P, Harvard U. 
Michael J. Norris (C. of Saint Thomas)}—Head, Analysis Dept., Bellcomm Inc., 1100 17th St., 
N. W., Washington, D. C. 
Bernard Sherman (Brooklyn C.)—Member, Technical Staff, Applied Math. Dept., Space Tech- 
nical Laboratories, Redondo Beach, Cal. 


Second Competition—1939 


Richard P. Feyneman (Massachusetts I. of T.)}—Physics, California I. of T. 
Abraham Hillman (Brooklyn C.)—AP, U. of Santa Clara. 
*Edward L. Kaplan (Carnegie I. of T.)—AP, Oregon S. U. 
William Nierenberg (C. of the City of New York)—P, Physics, U. of California at Berkeley. 
Bernard Sherman (See First Competition). 
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Third Competition—1940 


W. J. R. Crosby (U. of Toronto)—aP, U. of Toronto. 
*Andrew M. Gleason (Yale U.)—P, Harvard U. 
Edward L. Kaplan (See Second Competition). 
John Cotton Maynard (U. of Toronto)—Assistant Actuary, Cannon Life Assurance Co., 330 
University Ave., Toronto, Ontario. 
R. M. Snow (George Washington U.)}—(Last known address (1960): 2520 Harrison Blvd., Harri- 
son, Utah.) 


Fourth Competition—1941 


*Richard F. Arens (U. of California at Los Angeles)—AP, U. of California at Los Angeles. 
Samuel I. Askovitz (U. of Pennsylvania )}—Medicine (Ophthalmology), Albert Einstein Medical 
Center, 4900 N. Ninth St., Philadelphia, Pa. 
Andrew M. Gleason (See Third Competition). 
Edward L. Kaplan (See Second Competition). 
Paul C. Rosenbloom (U. of Pennsylvania)—P, U. of Minnesota. 


Fifth Competition—1942 


*Harvey Cohn (C. of City of New York)—P, U. of Arizona. 
Andrew M. Gleason (See Third Competition). 
Warren S. Loud (Massachusetts I. of T.}—P, U. of Minnesota. 
Harold Victor Lyons (U. of Toronto }—Actuary, State Mutual Life Assurance, 340 Main St., Wor- 
cester, Mass. 
Melvin A. Preston (U. of Toronto}—P, Physics, McMaster U. 


Sixth Competition—1946 


Felix Browder (Massachusetts I. of T.)—P, U. of Chicago. 
Eugenio Calabi (Massachusetts I. of T.)}—P, U. of Minnesota; U. of Pisa, Pisa, Italy. 
Donald A. Fraser (U. of Toronto)—P, Statistics, U. of Toronto. 
J. Arthur Greenwood (Harvard U.)—Statistics, Editor, International Encyclopedia of Social 
Sciences, 351 Park Ave. S., New York, N. Y. 
*Maxwell Rosenlicht (Columbia U.)}—P, U. of California at Berkeley. 


Seventh Competition—1947 


Clarence Wilson Hewlett, Jr. (Harvard U.)—Electrical Engineer, General Electric, Woodland 
Road, Hampton, N. H. 

Maxwell Rosenlicht (See Sixth Competition). 

W. Forrest Stinespring (Harvard U.)—aP, U. of Chicago. 

*William Turanski (U. of Pennsylvania )}—Died in automobile accident. 

Eoin L. Whitney (U. of Alberta)—aP, U. of Alberta. 


Eighth Competition—1948 


George F. D. Duff (U. of Toronto)—AP, U. of Toronto. 
Leonard Geller (Brooklyn C.)}—Chemistry; Sr. Associate, S. M. Stoller Associates, 22 Irving 
Place, New York, N. Y. 
Harry Gonshor (McGill U.)—aP, Rutgers U. 
Robert L. Mills (Columbia U.)—Physics; Sr. Engineer, North American Aviation, Los Angeles, 
Cal. 
D. J. Newman (C. of the City of New York)—AP, Yeshiva U. 
*Eoin L. Whitney (See Seventh Competition). 
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Ninth Competition—1949 


J. W. Milnor (Princeton U.)—P, Princeton U. 
*D. J. Newman (See Eighth Competition). 

W. Forrest Stinespring (See Seventh Competition). 

David L. Yarmush (Harvard U.)—Technical Research Group, Inc., 2 Aerial Way, Syosset, N. Y. 
Ariel Zemach (Harvard U.)}—Physics, U. of California at Berkeley. 


Tenth Competition—1950 


John P. Mayberry (U. of Toronto)—Operations Analyst GS-15, Hq. U. S. Air Force AFCOA, 
Washington, D. C. 
*Z. Alexander Melzak (U. of British Columbia)—AP, U. of British Columbia. 
J. W. Milnor (See Ninth Competition). 
D. J. Newman (See Eighth Competition). 
Richard J. Semple (U. of Toronto}—AP, Carleton U., Waterloo, Ontario. 


Eleventh Competition—1951 


A. P. Demster (U. of Toronto)—Statistics, Harvard U. 
*James B. Herreshoff, IV (U. of California at Berkeley)—Resuming graduate work at U. of Cali- 
fornia at Berkeley. Home address: 1862 Arch St., Berkeley 9, Cal. 
Herbert G. Kranzer (New York U.)—P, Adelphi C. 
P, J. Redmond (Cooper Union)}—Physics; 6873 Fortuna Road, Goleta, Cal. 
Harold Widom (C. of the City of New York)—AP, Cornell U. 


Twelfth Competition—1952 


Walter L. Baily, Jr. (Massachusetts I. of T.)}—aP, U. of Chicago. 
James B. Herreshoff, IV (See Eleventh Competition). 
Gerhard Rayna (Harvard U.)—Instructor, Lehigh U. 
*Eugene R. Rodemich (Washington U., St. Louis)—Address: 10405 Eastborne Ave., Los Angeles, 
Cal. 
Richard G. Swan (Princeton U.)—Instructor, U. of Chicago. 


Thirteenth Competition—1953 


Norman Bauman (Harvard U.}—Assistant Resident, Dept. of Medicine, Duke U. 

Marshall L. Freimer (Harvard U.)—AP Business Admin., U. of Rochester. 

J. B. Herreshoff, TV (See Eleventh Competition). 

Samuel Jacob Klein (C. of the City of New York)}—620 W. 116th St., Apt. 82, New York, N. Y. 
*Tai Tsun Wu (U. of Minnesota)—Physics, Gordon McKay Lab. of Applied Science, Harvard U. 


Fourteenth Competition—1954 


*James Daniel Bjorken (Massachusetts I. of T.}—AP, Stanford Linear Accelerator Center, Stan- 
ford U. 
Leonard Evens (Cornell U.)}—aP, U. of California at Berkeley. 
William P. Hanf (U. of California at Berkeley )—Staff Mathematician, General Products Division 
Lab., International Bus. Machines Corp., Endicott, N. Y. 
Benjamin Muckenhoupt (Harvard U.)—AP, Rutgers U. 
Kenneth G. Wilson (Harvard U.)}—7 Martha’s Point Rd., Concord, Mass. 


Fifteenth Competition—1955 


*Trevor Barker (Kenyon C.}—Math. and (primarily) programmer for research project in Brain 
Model Theory, Cornell U. 
Everett C. Dade (Harvard U.)—Fellow, California I. of T. 
David B. Mumford (Harvard U.)}—AP, Harvard U. 
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Howard C. Rumsey, Jr. (California I. of T.)—Sr. Research Engineer, Jet Propulsion Lab., 
Pasadena, Cal. 
Jack Towber (Brooklyn C.)—Last known address (1956): 1234 Stratford Ave., Bronx 72, N. Y. 


Sixteenth Competition—1956 


Trevor Barker (See Fifteenth Competition). 
David M. Bloom (Columbia U.)—aP, U. of Massachusetts. 
*Richard M. Friedberg (Harvard U.)}—Physics, I. for Advanced Study, Princeton, N. J. 
David B. Mumford (See Fifteenth Competition). 
Kenneth G. Wilson (See Fourteenth Competition). 


Seventeenth Competition—1957 


Richard T. Bumby (Massachusetts I. of T.}—Instructor, Rutgers U. 
David M. Bloom (See Sixteenth Competition). 

Everett C. Dade (See Fifteenth Competition). 
*Rohit J. Parikh (Harvard U.)—Instructor, Stanford U. 

J. Ilan Richards (U. of Minnesota)—aP, U. of Minnesota. 


Eighteenth Competition—1958 (Spring) 


David R. Brillinger (U. of Toronto)—Member Tech. Staff, Bell Telephone Labs., Murray Hill, 
N. J. 
Donald J. C. Bures (Queen’s U.)—P, U. of British Columbia. 
Richard M. Dudley (Harvard U.)—aP, U. of California at Berkeley. 
Joseph Lipman (U. of Toronto)}—Graduate Student in Math. and Physics, Harvard U. Residence: 
9 Vincent Ave., Cambridge, Mass. 
*Lawrence A. Shepp (Polytechnic I. of Brooklyn}—Member Tech. Staff, Bell Telephone Labs., 
Murray Hill, N. J. 


Nineteenth Competition—1958 (Fall) 


Alfred W. Hales (California I. of T.)—Instructor, Harvard U. 
Robert C. Hartshorne (Harvard U.)}—Graduate Student, Harvard U. 
John Rex Forrester Hewett (U. of Toronto)}—Graduate Student, King’s C., Cambridge, England. 
Home Address: Apt. 1407, 500 Avenue Rd., Toronto, Ontario. 
Joseph Lipman (See Eighteenth Competition). 
*Alan Gaisford Waterman (San Diego S. C.)}—Graduate Student, Harvard U. 


Twentieth Competition—1959 


Stephen L. Adler (Harvard U.)—Home Address: 32 Chambers St., Princeton, N. J. 
Donald Gorman (Harvard U.)}—Graduate Student, Harvard U. 

Alfred W. Hales (See Nineteenth Competition). 

Martin Isaacs (Polytechnic I. of Brooklyn)—Graduate Student, Harvard U. 

Samuel Klein (C. of the City of New York)—620 W. 116th St., Apt. 82, New York, N. Y. 
*Stephen Lichtenbaum (Harvard U.)}—Graduate Student, Harvard U. 

Donald Passman (Polytechnic I. of Brooklyn)}—Student, Harvard U. 

Daniel G. Quillen (Harvard U.)—178 Hayes St., Cambridge 40, Mass. 


Twenty-First Competition—1960 


William R. Emerson (California I. of T.)—U. of California at Berkeley. 

Jon H. Folkman (U. of California at Berkeley)—U. of California at Berkeley. 

Melvin Hochster (Harvard U.)}—Harvard U. 
*Louis Jaeckel (U. of California at Los Angeles)—N. S. F. Fellow, Harvard U., 1962-63. 
Samuel Klein (See Twentieth Competition). 
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Twenty-Second Competition—1961 


Edward Anton Bender (California I. of T.)}—California I. of T. 
Elwyn R. Berlekamp (Massachusetts I. of T.)}—Electrical Engineering. 
*John Hathaway Lindsey (California I. of T.)—Lecturer, U. of Toronto. 
William C. Waterhouse (Harvard U.)}—Harvard U., Perkins Hall 7. 
Barry Wolk (U. of Manitoba)—Math. and Physics. Home Address: 500 Inkster Blvd., Winnipeg 
4, Canada. 


Twenty-Third Competition—1962 


Edward Anton Bender (See Twenty-Second Competition). 
John Hathaway Lindsey (See Twenty-Second Competition). 
Robert S. Stricharz (Dartmouth C.) 
*William C. Waterhouse (See Twenty-Second Competition). 
John Wood (Harvard U.). 


Twenty-Fourth Competition—1963 


Lawrence Corwin (Harvard U.). 
*Stephen E. Crick, Jr. (Michigan S. U.). 
Robert E. Green (Michigan S. U.). 

Joel H. Spencer (Massachusetts I. of T.). 
Lawrence Zalcman (Dartmouth C.). 


Students and faculty of the competing institutions have expressed great 
interest in the details of the scoring of the examination papers. Since the ninth 
competition, the examination has always consisted of twelve questions (six ques- 
tions in the morning and six in the afternoon), each of which counted ten points. 
The graders have given partial credit for partially answered questions and for 
imaginative attempts whenever these seemed to deserve recognition. Thus the 
maximum score on each examination was 120 points. Information relative to 
the grading of the first eight examinations is not available, but since the ninth 
competition no paper has been judged worthy of the full 120 points. The lowest 
score on every one of these sixteen examinations has been zero, and on six of 
them more than ten per cent of the papers had a score of zero. Table IV gives 
for each of these examinations the scores, to the nearest integer, of contestants 
falling in the tenth, twenty-fifth, fiftieth, seventy-fifth, and ninetieth percentiles. 
It also shows the highest score on each examination. 

Some readers may wish to make deductions about the relative difficulty of 
the examinations and the relative number of easy and difficult questions in each 
examination. Since any such deductions must depend also on the grader, the 
following information is pertinent. There have been four graders involved in 
the above sixteen competitions, and since they must remain anonymous, [ shall 
call them A, B, C, and D. Where two graders graded a competition, one graded 
the morning papers and one the afternoon papers. Competitions nine through 
nineteen were graded by A alone, competition twenty by A and B, competition 
twenty-one and twenty-two by B and C, and the last two competitions by C 
and D. 
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TABLE IV 
SCORES OF CONTESTANTS IN THE NINTH THROUGH THE TWENTY-FOURTH COMPETITION 


Percentile 
Competition Highest Score 
10 25 50 75 90 
9 1 4 9 20 32 74 
10 0 2 8 22 42 100 
11 6 14 29 49 65 103 
12 6 16 31 51 69 117 
13 4 11 21 38 53 114 
14 0 5 16 31 53 86 
15 1 5 16 33 51 91 
16 1 6 15 26 45 107 
17 0 2 9 22 34 89 
18 0 1 5 22 41 97 
19 0 3 10 25 43 106 
20 3 10 21 36 55 96 
21 5 10 18 28 40 87 
22 0 6 14 26 44, 107 
23 2 6 13 25 4} 90 
24 5 9 14 21 28 62 


Many examination supervisors have written me apologetically regarding the 
showing made by their contestants. They can be encouraged by the fact that 
on six of the last sixteen competitions at least ten per cent of the scores were 
zero and that a score of six is the highest tenth percentile rank on any of these 
sixteen examinations. A contestant does not have to earn a high score to feel 
that it has been worth his while to spend six hours on the examination. He may 
derive great benefit from seeing the kind of problems that the ablest under- 
graduates are interested in. It is my hope that he may thus gain encouragement 
to delve more deeply into this kind of mathematical activity. 


A STUDY OF 60,000 DIGITS OF THE TRANSCENDENTAL “e” 
R. G. STONEHAM, City College, City University of New York 


1. Introduction. In November 1957 (see Notices AMS, 5(1958), 64) we pre- 
sented to the American Mathematical Society some incomplete statistical data 
on 60,000 digits of “e” which had been computed on the IIliac at the University 
of Illinois in 1952 by Prof. D. Wheeler. We now offer the complete results of the 
studies initiated in 1956 and, in addition, a number of new statistical studies 
as well as further information on the “normality” of “e” in the sense of Borel 
[1, p. 94]. We submit the Kendall-Smith tests for randomness, i.e. the frequency, 
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poker, serial, and gap test (we carried out the study of gaps for all pairs, 00, 
11, ---, 99; usually only the gaps between zeros are chosen), x? measures for 
all these tests, the x?’s for the accumulated frequencies of the counts of single 
digits computed every 500 digits, the x? values for 60 blocks of 1000 digits, a 
goodness-of-fit test using the x?’s for 120 blocks of 500 digits, a study of these 
120 blocks as Bernoulli trials, plots of the deviation of each separate digit from 
0 to 9 from expectation for the accumulated counts of 600 blocks of 100 digits, 
the values of Si/n and S/n, where these ratios represent relative frequencies 
of single and pairs of digits for normality studies, and finally a test of random- 
ness based on a criterion for randomness in a “collective” proposed by von 
Mises [2, p. 29] wherein one chooses subsets by some choice of place selection. 

In general, all the statistical tests support the hypothesis of pure chance 
selection in the sequence of digits in “e” but with a few anomalies and also the 
relative frequency of the single and pairs of digits in “e” are approximately 1/10 
and 1/102, respectively, thus empirically supporting normality in the sense of 
Borel. 

Since the first study of “e” to 2000 places by John von Neumann é al. in 1950, 
[3], the concern in subsequent studies was largely the hope of establishing the 
“random” character of the decimal digits in transcendentals like “e” and 7 
and possibly making such transcendentals a computer source of internally pro- 
grammed pseudo-random numbers for Monte Carlo methods. For example, in 
1961, R. K. Pathria [4, 5] offered a study of 2500 digits of “e” and in 1962, a 
study of 10,000 digits of 7. Each of these studies was motivated by the search 
for random sequences. 

H. Geiringer, in 1954, [6] discussed some of the theoretical problems in the 
statistical investigation of transcendentals. In this study, Geiringer maintains 
that since numbers like “e,” a, or y (Euler’s constant) are formed by mathe- 
matical laws, they do not form a “random” sequence or a “collective” in the 
sense of von Mises [2, p. 29] even though we are not yet able to establish any 
prevailing regularities. Such sequences can, however, exhibit some sort of “re- 
stricted” or “local” randomness. 

We would like to emphasize that our point of view in performing these ex- 
tensive calculations is not necessarily to accumulate more statistics on “e” or 
to seek sources of random numbers, but rather to search for any “prevailing 
regularities” in the decimal expansions of irrationals (if they exist!) in order to 
obtain a deeper understanding of the numerical distributions in a number 
theoretic sense. For example, in Section 8, figure 2, the plot for the sixes shows a 
consistent excess above pure chance expectation for 97.7% of the 60,000 place 
sample. It is interesting to note that in 1938, Fisher and Yates [7, p. 18] ob- 
served that there was an “excess of sixes” in their attempts to construct “ran- 
dom” numbers by selecting digits from the 15-19 places of a table of 20 place 
logarithms to the base 10. In responding to a question proposed by Henri 
Poincaré in 1899 [8, p. 224] concerning the number of even or odd digits in the 
ith decimal place of the sequence of logarithms of the natural integers 1, 
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J. Franel in 1917 [9] proved that P;(n)/n does not tend to a limit as 1 increases 
without bound if 7 is fixed and P;(”) represents the number of even digits in the 
1th place of the sequence of logarithms of the natural integers. Poincaré had 
suggested that the intuitive result was 4, yet Franel proved the contrary. Such 
results would appear to caution us against the firm conviction that “e” is simply 
normal from this 60,000 place sample even though there is strong empirical 
evidence. From the numerical data as well as the graphs of the relative fre- 
quencies of particular digits, there is the suggestion from the data that the mode 
of approach to 1/10 may be distinctive, i.e. by means of oscillating sequences 
which, for some digits, appears to approach 1/10 by sequences of values con- 
sistently above or below 1/10 and for others, by what might be called a “damped” 
oscillation toward 1/10. We shall discuss this in more detail in Section 8. 

A normal number was defined by Borel in 1909 [1, p. 94] as a real number x 
which has all possible blocks of j digits appearing with the relative frequency of 
1/10’ (or 1/g’, where g is the base of representation of x). Also, Borel defined 
an “absolutely” normal number as one which is normal to every base. He proved 
[1, p. 115 | that “almost all” real numbers are normal to every base, i.e., the set 
of those real numbers which are not normal to every base is of measure zero. 

Several theorems have been established concerning the properties of normal 
numbers from the point of view of measure theory. In 1960, Schmidt [10] proved 
that there exist numbers which are normal to one base but not absolutely nor- 
mal. Unfortunately, many of these theorems based on measure theory describe 
the properties of a given normal number but do not offer techniques which can 
decide whether a given real number is normal or not. At present, it is not known 
whether irrationals like “e,” +, or »/2 are normal to any base [1, p. 112]. 
Geiringer [6, p. 311] states, “The fact that a set of nonnormal numbers is of 
measure zero does not help in any way in the extremely difficult problem of de- 
ciding whether a given number is normal or not.” Explicit formulas for the fre- 
quency of a given digit or block of digits in any irrational within x places of 
decimals are not known at the present time. 

Recently [12], we have been able to derive analytic expressions by means of 
which we can show that the reciprocals of integral powers of primes represented 
in a base g which is a primitive root mod p?, where # is an odd prime and ” any 
positive integer will have a relative frequency of all possible blocks of j digits of 
approximately 1/g/ up to a limit on block size given by j S$ [n log, p], where [x] 
designates the greatest integer Sx. In a sense, we find that the distribution of 
digits in the reciprocal of an integral power of a prime is “approximately” nor- 
mal, i.e., up to a limit on block size, the relative frequency counts can be made 
arbitrarily close to 1/g/ for a sufficiently large prime and (or) integral power of 
the prime. Is this property of “approximate” normality in the reciprocal of an 
integral power of a prime related to that which is the apparent normality of “e” 
when we recall the structure of the factorial series for “e”? Certainly, in the 
rational approximation of “e” to 60,000 places, we could expect to find a nu- 
merically similar phenomenon (as we already will show in Section 8, at least for 


486 60,000 DIGITS OF THE TRANSCENDENTAL “e” [May 


j=1, 2),1.e.,an “approximate” sort of normality with upper bounds on the block 
size 7 for which we could expect that the relative frequencies for all possible 
blocks B; in the 60,000 places would approximate to 1/10/ with some variable 
difference depending on block size. At present, however, let us continue machine 
studies which may indicate significant trends in the various aspects of these 
expansions that may point to theoretical endeavors. 


2. Statistics, randomness and irrationals. In deciding whether a given 
sequence of digits is “random” or not, the usual practice is to set up a number 
of statistical tests designed to detect any unusual frequencies, patterns, runs, 
gaps, etc. If the null hypothesis is not rejected at confidence levels of say 1% 
and 99% on some statistical measure, usually the chi-square test, then we con- 
clude that the sequence is “random.” It is more precise, however, to say that, 
based upon the choice of a particular set of tests, the sequence tested possesses 
“locally” random properties, i.e. the sequence presents various observed fre- 
quency groupings which do not differ significantly from similar frequency 
groupings of a sample of equal size drawn from a normally distributed infinite 
discrete sample space. Thus, we define “randomness” as that quality of a par- 
ticular numerical sequence which has deviations from expectancy similar to a 
sample of equal size formed by pure chance selection. It is to be remembered, 
however, that the given sequence is “random” only with respect to a particular 
fixed set of probability measures. No doubt, order or a “prevailing regularity” 
could be found by other “tests.” It appears impossible to give a practical defini- 
tion of randomness which will meet all the philosophical subtleties of the notion 
itself, i.e., for example, the sequence contains no “prevailing regularities.” Es- 
sentially, the deeper problem is deciding that a given sequence does not possess 
certain qualities which are to be denied in making the decision, but we cannot 
deny the existence of those “regularities” for which we have no awareness. 

Von Mises [2, p. 29] stated an axiomatic concept of randomness, viz., if a 
collective (i.e., a discrete sample space) is random then every subset consisting 
of members chosen from the original collective in such a way as to be independ- 
ent of place selection should have the same relative frequency for identical 
members as in the original collective. Here the problem in carrying out this 
criterion is attaining the “independent of place selection” in some practical 
sense, which relates to our comments above. In order to test this concept of 
randomness on “e,” however, we chose 50 subsets of 1200 each taken from the 
following digit positions in the 60,000 place sequence for practical machine con- 
siderations; the Ist, 51st, 101ist, - +--+ ,; the 2nd, 52nd, 102nd, - - - , out to the 
50th, 100th, - - - , 60,000th place. 

We present in Table 10, the x?’s for the 50 subsets, and in Table 9 a sample 
of the actual frequency counts of the digits in 10 of the 50 subsets. The data 
shows that the von Mises criterion is firmly supported in the 60,000 place 
“collective” (finite!) using the indicated place selection. It would be interesting 
in testing the von Mises criterion further to have followed this same procedure 
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but to have chosen the 50 subsets of 1200 digits each based on a place selection 
which used a table of “random” numbers. 

Geiringer in [6, p. 315] develops the point of view that perhaps a sounder 
statistical basis for studying samples to 2 places drawn from the decimal ex- 
pansions of irrationals is to compare the probability expectations in the sample 
with a finite discrete sample space consisting of the 10* possible arrangements 
of m decimals chosen from the digits from 0 to 9. Thus, for example, one can 
say that the accumulated frequency count of the digits from 0 to 9 in the first 
2000 places of e—2 has the remarkably low value of y?=1.06. (The value 
x?=1.11 was reported by von Neumann ef al. in 1950 [3] for the first 2000 places 
of “e” and was thought to indicate some possible number theoretic phenomenon, 
but we reported to the Society in 1957 that this was a singular value which does 
not occur again (see our Table 1) for the rest of the 60,000 place sample of “e.”) 


TABLE 1. The accumulated frequency x? for single digits in e—2 


N x? N x? N x? N x? N x? N x2 

5} 6.72 105 7.81 205 8.38 305 5.98 405 4.49 505 6.86 
10| 4.86 110 7.83 210 7.77 310 5.82 410 5.61 510 7.19 
15} 3.56 115 7.53 215 7 44 315 4.89 415 6.15 515 7.43 
20} 1.06 120 8.42 220 7.14 320 5.62 420 6.52 520 7.14 
25| 1.96 125 10.05 225 6.30 325 5.05 425 6.52 525 7.21 
30} 3.05 130 8.78 230 6.93 330 4.72 430 6.62 530 6.77 
35} 5.00 135 7.79 235 6.72 335 5.74 435 7.47 535 6.83 
40| 2.89 140 9.19 240 6.84 340 5.50 440 6.72 540 7.17 
45) 2.73 145 7.31 245 7.48 345 5.47 445 7.26 545 6.83 
50} 9.86 150 8.35 250 7.73 350 5.41 450 7.16 550 | 7.03 
55} 9.28 155 8.17 255 7.39 355 4.74 455 7.48 555 | 6.98 
60} 7.68 160 7.85 260 7.28 360 5.38 460 7.17 560 7.42 
65} 9.56 165 9.09 265 7.88 365 5.81 465 7.62 565 7.96 
70} 9.83 170 9.01 270 7.22 370 5.25 470 8.25 570 8.78 
75| 9.49 175 10.22 275 7.50 375 6.09 475 8.78 575 | 7.97 
80| 9.74 180 10.08 280 7.51 380 5.96 480 8.42 580 8.73 
85) 9.83 185 10.12 285 7.68 385 5.74 485 7.95 585 | 7.81 
90! 8.90 190 8.44 290 6.46 390 5.27 490 8.76 590 8.16 
95} 7.68 195 8.78 295 6.56 395 4.70 495 8.15 595 8.27 
100; 8.61 200 7.87 300 5.83 400 4.82 500 7.25 600 9.03 


From these frequencies one would expect that much less than 1% of all the 
102°°° nossible arrangements of 2000 digits chosen from the digits from 0 to 9 
would show a x? less than 1.06. Further, it is proved [6, p. 311] that the average 
of all possible x? values for these 10* arrangements associated with the frequency 
counts defined by 


1=9 


x? = 10/n >) (n; — 2/10)?, 


t= 
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with 2; denoting the count of the zth digit in the first decimals, is 


y=N 


2 
x? = 1/N Di x = 9, 


Pex] 


where NV = 10" and x% is computed for each of the 10* combinations of the digits 
from 0 to 9. Also, the “variance” of these x? values is shown to be 


a(x.) = 1/N DS Og — 9)? = 18(1 — 1/2). 


ye=] 


Since 10* is large for these applications, the ordinary tables for 9 degrees of 
freedom can be used [6, p. 315]. We find from our data for “e” that the average 
x? value over the first 100 blocks of 100 digits is 9.81 which compares favorably 
with 9. The variance of the x? over the same 100 blocks is 17.97 which compares 
quite favorably with 18(1—1/100) =17.82. For 120 blocks of 500 digits, the 
average yx? value is 8.93 and the variance is 22.52 which is somewhat larger than 
the expected 17.96. It is to be pointed out that these measures for a sample 
space presupposes no infinite sequence, no randomness, and no probability con- 
cept whatsoever. 


TABLE 2. Goodness-of-fit x? for 120 blocks of 500 digits 


cemeteries | ceeeonenms | EES | ES | AS | Nas | A! | eS | IS | aii | pea RAATSAIT? 


x? | O- 4.18- | 5.39-| 6.40-| 7.37-| 8.35-| 9.42- | 10.71-— | 12.21- | x*2 
4.17 | 5.38 6.39 7.36 8.34 9.41 10.70 | 12.20} 14.70} 14.71 


re | Cet | RNS | TS | A | RTS | NS | NTE STY | SLATE | sary SRTcarandiret | pein 


3. Frequency of digits. In Table 1, we find the x? values for the accumulated 
frequency counts in e—2 of the digits from 0 to 9 in blocks of 500 digits where 
the number of places in each entry is 7 =100N. We note, after the unusually low 
value of x?=1.06 at ~=2000, that the y? values are such that 4<y?<11, ap- 
proximately, for the rest of the sample. The value of x?=1.11 reported by von 
Neumann ef al. in 1950 [3] appeared unusually low, stimulating their remark 
that more digits of “e” ought to be studied since there was the possibility of some 
number-theoretic phenomenon. The value x?=1.11 is based on the first 2000 
digits of “e” starting with the digit 2 to the left of the decimal point. The data for 
the first 2000 places of e —2 indicates an even more improbable value of y? = 1.06. 

At confidence levels of 1% and 99%, the acceptable range of x? values is such 
that 2.08 $x? 21.67. We note that all the tabulated values are acceptable ex- 
cept those for 72=2000 and 2500 places. The probability that ~?<1.15 for 9 
degrees of freedom is .001 and thus x?=1.06 is an extremely improbable event. 
The frequency counts for 7 = 2000 are “too close” to expectation, like hitting a 
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TABLE 3. Bernoulli trials 
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bull’s eye with almost every throw of a dart! We also made a study of the fre- 
quency counts of the digits from 0 to 9 in 120 separate blocks of 500 digits and 
computed a x? for each block. These 120 values of x? provided an empirical fit 
to the distribution (9 degrees of freedom). A goodness-of-fit chi-square was com- 
puted using 10 class intervals each of which was expected to contain 10% of the 
values. The results are given in Table 2, where we have set up class limits for 
the x?-distribution based on equal probability intervals, and have grouped the 
120 x? values accordingly. For convenience, we have designated the ith proba- 
bility interval 7/10<p<(4+1)/10 by column headings 7=0, 1,---, 9 with 
their corresponding x? values, f is the count of the number of x? in the given 
range, and Zf=120. 

Under the expectation that each interval should contain 12 values, we find a 
goodness-of-fit x2=8.17 with p=.48 which supports the 50% expectation for 
local randomness. 

Furthermore, we may view these 120 consecutive blocks of 500 digits as 
Bernoulli trials, i.e., in places of “e,” we may obtain k “successes” of the zth 
digit from 0 to 9 and x—k “failures.” Thus, if S, is a random variable which is 
the number of successes in trials, then 0,(k, n)=P{S,=k}, where 0,(k, 7) 
= C,9"-*/10" is the probability that we obtain the zth digit k times in 7 places. 
Our results for each digit from 0 to 9 are shown in Table 3, Bernoulli Trials, and 
we find for the whole sample 27 <k $81, where N;, denotes the number of blocks 
which contained k successes of the zth digit for some given k. For example, 
noting the values for k=50, we see that 7 blocks out of 120 contained exactly 
50 zeros or N2,=7, 9 contained exactly 50 ones or Ni,=9, etc. (After k=69, 
we entered only those k up to 81 which had nonzero counts.) First, we tested 
the hypothesis that the data in Table 3 was drawn from a normal population 
by comparing, in Table 4, the theoretical percentage expectations for the unit 


TABLE 4. Bernoulli trials in “e” as normal variates 


k(incl.) 44-36 37-63 46-54 kZ55 ks45 
Th.% 68.26 95.44 50.00 25.00 25.00 
Obs.% 68.83 95 .83 51.00 24.50 24.50 
nk) 826 1150 612 294 294 


standard deviations and quartiles of normal variates with the observed per- 
centages given by NV; summed over the ranges of 2 given by 


wb—-te< kuti, 
where t=1, 2 and .6745 and k>yw+.6745o6 or RSp—.67450 with »=50 and the 
theoretical deviation ¢ =3+/5 =6.7082. Let 2(k) be the total number of counts 


for all k in a specified range. The results in Table 4 indicate remarkable agree- 
ment. 
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Secondly, we found a mean value of k& using the totals as frequency counts 
and obtained k=49.915 and standard deviation o.)=6.5135 which compares 
quite favorably with expected values y= 50 and oy,= 6.7082. 

Finally, we computed a goodness-of-fit for the graduated frequencies com- 
pared with the observed frequencies where we grouped the data into 34 class 
intervals so that each cell frequency was about 5 or larger near the ends of the 
data. The class intervals for the & values were: 26.5-32.5; 32.5—35.5, then in 
unit intervals 35.5—-36.5 etc. up to 65.5, 65.5-67.5, and 67.5-81.5. Thus, with 31 
degrees of freedom, = 49.915, and o., = 6.5135, we found x? = 30.85 and p=.475. 

It is interesting to note the close agreement between the goodness-of-fit for 
Table 2 with p=.48 and p=.475 that we have just obtained. All of these re- 
sults strongly support the pure chance selection or “locally random” character 
of this sample of “e” from the point of view of frequency studies. 


TABLE 5. Poker test 


Hands Th. f aaaab 
acd aabcd aabbc aaabc aaabb {aeaad) 2 
Block 302 504 108 72 9 4.6 
1 316 506 98 70 5 5 3.420 
2 307 499 108 80 6 0 6.620 
3 317 503 90 72 13 5 5.530 
4 299 511 114 58 12 6 4.610 
5 299 498 99 84 18 2 5.320 
6 307 503 111 67 8 4 7.050 
7 299 509 107 72 9 4 167 
8 295 522 100 73 8 2 2.990 
9 313 505 110 56 12 4 5.070 
10 304 497 116 70 8 5 .904 
11 308 501 95 77 15 4, 6.130 
12 314 485 109 80 10 2 3.672 
Tot. Ob. 3678 6039 1257 859 124 43 Xp = 
Tot. Th. 3624 6048 1296 864 108 55.2 7.087 


4, The poker test. In the poker test, we considered 12 blocks of 5000 digits, 
each containing 1000 sets of nonoverlapping “poker hands.” In Table 5, we 
have tabulated the results. For 5 degrees of freedom, the acceptable x?’s are 
such that P(.55 <x?<15.1) =.98. We note one unusually small value x?=.167 
for which the probability that x?<.167 is .001. All the other values do not reject 
the null hypothesis, i.e. local randomness at the required confidence levels. We 
have also computed an over-all value of x7= 7.06 from the total observed fre- 
quencies and total expected frequencies indicated. This value is such that 
.20<P{x?>7.06} <.30. At the top of each column heading, we have given the 
theoretical frequency for each type of poker hand in 5000 digits and lumped the 
frequencies for the types aaaab and aaaaa. 


492 60,000 DIGITS OF THE TRANSCENDENTAL “e” [May 


TABLE 6. Serial test 


Block 2x? z p 
1 186 .16 265 3955 
2 192.16 447 .3375 
3 189.12 373 .3546 
4 248 .64 2.389 .0085 
5 244 .48 2.257 .0120 
6 222.32 1.532 .0628 
7 243.76 2.234 .0127 
8 200 .96 197 .2128 
9 208 .96 1.076 .1410 
10 181.60 .097 .4614 
11 202.32 845 .1991 
12 215.36 1.295 .0976 


5. The serial test. In the serial test, we used 12 blocks of 5000 digits and 
computed a x? for each matrix of pairs. The pairs were overlapping with the 
last digit and the first digit of each block forming the final pair. In Table 6, we 
find for each block 2x? and for 90 degrees of freedom, the normal deviate 
g=+/2x?—+/179 yields the indicated probabilities ». For each block of 5000 
digits, the expected cell frequency in the matrix for each pair from 00 to 99 
was 50, thus x?= >/(fo—50)2/50 with .01<p<.99. We note that all blocks 
satisfy the acceptable probabilities for local randomness except block 4, for 
which p=.0085. 


TABLE 7. Gap test x? 


i CREED | iaeenenee | oN RE | NTS | ENGR | niEEnreree | EROLRACREACRCRIN RRA | SEER | SGT | ey S-Sah I -—-Pn 


1 13.5 14.8 11.7 20.2 15.9 14.1 33.4 29.8 24.3 8.5 
2 22.4 14.5 29.9 13.8 18.7 10.9 18.9 12.3 8.4 16.4 
3 18.4 16.8 19.6 33.3 29.4 17.7 12.0 17.8 13.2 16.6 
4 21.0 24.7 29.0 44.8 25.3 17.2 11.0 20.0 24.0 19.6 
5 32.8 27.5 17.8 28.8 10.3 16.5 27.9 28.9 16.5 12.3 
6 16.1 29.3 19.1 8.6 18.6 33.8 16.4 19.8 17.3 18.3 
7 16.9 27.8 16.1 19.4 19.9 17.4 22.2 35.0 18.1 32.9 
8 35.6 22.8 13.5 21.3 19.2 20.4 15.5 31.7 9.5 17.1 
9 24.7 12.6 20.2 23.9 22.4 22.7 28.2 20.8 14.9 21.4 
10 18.4 20.5 11.1 17.1 20.4 19.9 18.9 21.9 25.9 21.3 
11 16.5 27.1 16.4 15.1 18.3 23.8 15.1 20.2 16.0 19.5 
12 29.2 12.9 16.6 31.3 5.9 19.9 17.5 20.6 9.9 8.9 
6. Gap test. In the gap test, we computed gap sizes 0, 1,---, 15, 16-20 


incl., 21-25 incl., and 26 and over for the gaps between all zeros, ones,..., 
nines, in each of the 12 blocks of 5000 digits. This provided us with 12 blocks 


1965] 60,000 DIGITS OF THE TRANSCENDENTAL “e” 493 


of 19X10 counts for all possible gaps in the 60,000 place sample. A x? was com- 
puted for each of the 12 blocks for 7=0, 1,---, 9. (The column heading 
00, 11, --- , etc. denotes the x? for the gaps between these digits.) We present 
this data in Table 7. At the 1% and 99% levels, the acceptable range of x? is 
7.015 Sx? 34.80 for 18 degrees of freedom. We note 4 unacceptable values, 
viz. 44.80, 5.95, 36.6 and 35.0 in the 120 values. A frequency distribution of the 
x? values using 10 equal probability intervals is given in Table 8, following the 
same format as in Table 2. 


TABLE 8. Goodness-of-fit x? for the gap test 


4 0 1 2 3 4 5 "6 7 8 9 
x? 0- 10.91-] 12.91-| 14.41-; 15.91-| 17.31-) 18.91-| 20.61-| 22.81-| x?2 
10.90 | 12.90 | 14.40 | 15.90 | 17.30 | 18.90 | 20.60 | 22.80 | 26.00 | 26.01 


eee | See ee: | OES | HRS | ARES eS | RNS | SENS | ang | sneering | <rttnsretenapeyaniantnePnaniSSaS 


Here the horizontal sum of the f values is 120. With the expectation of 12 
in each interval the x? goodness-of-fit is y2=27.16 which is acceptable since 
05 <P(x?> 27.16) <.10. 


7. Von Mises randomness and subsequences. As described in the introduc- 
tion, we computed the frequencies of digits in 50 subsets drawn by the already 
stated place selection. (Von Mises calls these “Bernoulli” sequences.) This pro- 
vided us with 50 frequency counts of the digits from 0 to 9 in the subsets, each 
consisting of 1200 digits. Instead of preparing a large table of the 500 values, 


TABLE 9. Frequency counts, subsequences 


S 0 1 2 3 4 5 6 7 8 9 
1 119 111 118 112 115 119 147 118 117 124 
5 135 129 103 120 113 125 130 116 116 113 
10 127 111 121 129 107 115 139 118 114 119 
15 111 112 114 119 124 127 102 129 150 112 
20 120 106 114 116 135 135 120 127 104 123 
25 120 105 113 121 111 124 139 126 121 120 
30 93 134 116 124 113 119 133 107 141 120 
35 126 120 134 105 119 134 109 124 117 112 
40 126 104 119 132 106 106 117 156 114 120 
45 123 116 120 131 132 96 127 133 100 122 
50 124 119 112 128 105 103 148 102 134 125 


we offer in Table 9 the total exact counts of a given digit (indicated at the top 
of each column) in the 1st, 5th, 10th, ..., 50th subsequence, and in Table 10 
we present the x? values for all of the 50 subsequences. We note that each sub- 
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TABLE 10. x? for 50 subsequences in “e” 


S x? S x? S x? S x? S x? 

1 7.78 11 14.87 21 2.41 31 9.43 41 13.17 
2 6.68 12 19.27 22 9.32 32 5.65 42 12.32 
3 11.43 13 10.92 23 5.93 33 15.07 43 13.47 
4 6.00 14 5.63 24 10.55 34 10.55 44 9.75 
5 7.08 15 13.47 25 6.42 35 7.20 45 12.40 
6 6.12 16 5.83 26 5.88 36 22.40 46 10.03 
7 4,83 17 7.63 27 7.62 37 8.62 47 1.75 
8 5.90 18 4.48 28 9.88 38 5.57 48 5.38 
9 4.93 19 7.10 29 8.60 39 4.00 49 8.70 
10 6.73 20 8.43 30 14.88 40 18.08 50 16.57 


sequence according to the method of place selection represents a fair sampling 
of the 60,000 places, not in some “local” region (say in the first part of the ex- 
pansion only), but all the way across with each of the 50 subsets having their 
last digit terminate in the last 50 digits of the 60,000 place sample. Thus, the 
subsequences are fairly representative of the density of a given digit across the 
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Fic. 1. Deviations from expectation for the accumulated frequency counts. 
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whole sample. It is easily seen that with an expectancy of 120 for each count 
that the data in Table 9 indicates remarkable agreement with the relative fre- 
quency of 1/10 in support of the von Mises concept of randomness for this sam- 
ple of “e.” The other counts not shown have approximately the same range. In 
Table 10, for 9 degrees of freedom, the acceptable range of x? is such that 
2.08 S$x?S$21.67, and we note that two subsequences, viz. S=36 and 47, have 
frequency counts whose x? values are outside the acceptable range. The good- 
ness-of-fit for the x?’s in Table 10, was x? = 6.2 which is acceptable since 
2<P(x?>6.2) <.3. 


8. Empirical evidence on the “normality” of “e.” In this section, we shall 
present data and some empirical observations on the behavior of the relative 
frequency counts for single and pairs of digits as their values approach 1/10 and 
1/10? for a large number of places. Further, we present graphical representation 
(Figs. 1, 2, 3) for each single digit which illustrates the qualitative and quantita- 
tive behavior of the distribution of digits with respect to the accumulated fre- 
quency counts as the number of digits in the expansion increases. (These inter- 
esting graphs were prepared with the kind assistance of Prof. Paul Scherer and 
students in the Industrial Arts department of the University of California at 
Goleta, California in 1957.) 

Let the deviation from probability expectation be given by D(n) =5S;, 
—n/10, where Sj, is the count of the ith digit in ” places for 7=0, 1,---, 9. 
In Figures 1, 2, and 3, we present plots for each digit from 0 to 9 of D(z) vs. n 
for n= 100, 200, - - - , 60,000 with these data points joined by a “smooth” curve. 
On the vertical axis, the deviation from expectation is plotted in units which 
are actual counts, i.e., for example, on the zero graph, in the first 8000 places of 
“e,” we find exactly 785 zeros and we expect 800, thus the data point is 
(—15, 8000). The indicated horizontal units are each equal to 2000 places and 
the “zero” level ordinate represents the fact that the total accumulated counts 
are exactly equal to pure chance expectation. Since D(n)/n = S;,/n—1/10, where 
Si/n is the relative frequency for i=0, 1,---, 9, we note that S,/n>1/10 or 
Si/n<1/10 as D(n)>0 or D(n) <0, respectively. Thus, we may study from 
these graphs the oscillatory behavior of the relative frequency and mode of ap- 
proach to 1/10, by noting whether D(n) <0 or D(n)>0 for each digit as x 
increases. 

In addition, in Table 11, we have tabulated the numerical values of the rela- 
tive frequencies of single digits for large values of n, i.e. for 7 =57,600; 57,700; 
.. . } 60,000 places. These may be studied in relation to Figures 1, 2, and 3 by 
noting D(z) <0 or D(n)>0 thus denoting a passage from below 1/10 to above 
and vice versa. We note various apparent particular types of approach to 1/10 
for these relative frequencies. Let us stress the fact that the empirical hypotheses 
which we state based on this 60,000 place sample could be radically different if 
billions of places were studied. On the other hand, it is quite possible that a 
sample of this size is sufficiently large to indicate significant theoretical trends. 
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TABLE 11. The relative frequencies of single digits 


ree eeneane | enemy | —ninarnerenenmens | aemnepenceeeeypremnrens | NED! memes | Ghana nant cemeene | wimocninramnmentirrtatnainaereennt | —n—panpemnnnnscnemeiesfuetateey | e—aimwtes wammenntanteenepertete | ayeenrmucntttetiapectneeterers | mementos nr ea 


The following possibilities are suggested by the numerical data in Table 11 and 
Figures 1, 2, and 3. 


1. The digits 0, 2, 7, 8, and 9 after some initial variations have relative 
frequency ratios which approach 1/10 through an oscillating increasing sequence 
of values less than 1/10 for the remainder of the 60,000 places. 

2. The digits 1, 3, 5, and 6 approach 1/10 from above by means of an 
oscillating decreasing sequence of values. 

3. The digit 4 appears to approach 1/10 by means of a sort of “damped” 
oscillation above and below 1/10. 

4. There appears to be a consistent “excess of sixes” as in the 1938 report of 
Fisher and Yates [7]. 

5. For a given value of n, it appears that the relative frequency of each 
digit differs from 1/10 by significantly variable amounts, i.e., they approach 
1/10 at different “rates.” For example, if »=60,000 and we choose as a unit the 
relative frequency for the 5’s (the “closest” to 1/10 at m = 60,000) less 1/10, then 
the other digits are such that we have for the zeros, — 19.4; ones, +23.0; twos, 
— 3.6; threes, +22.4; fours, +3.4; fives, 1.0; sixes, 49.6; sevens, — 14.4; eights, 
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— 28.4; nines, — 33.6. These results clearly imply that 


| S,/n — 1/10] < «(i, n), 


where e(z, 2) can be made arbitrarily small depending on the choice of digit and 
n sufficiently large. 

6. Each digit may have its own approximate “period” and for a sufficiently 
large sample (if not, the sixes show a “nonrandom” character!) perhaps they 
would exhibit an approach to 1/10 by means of a damped oscillation in all cases. 


Certainly, the data, in any case, offer strong evidence for, at least, the “sim- 
ple” normality of “e.” 


TABLE 12. Frequency table for pairs in 60,000 places of “e” 


N f N/60,000 
534-544 1 .00890—.00906 
545-555 3 .00908-.00925 
556-566 3 .00927-.00943 
567-577 15 .00945-.00962 
578-588 12 .00963-.00980 
589-599 15 .00982-.00998 
600-610 17 .01000-.01017 
611-621 15 .01018-.01035 
622-632 11 .01037—.01053 
633-643 3 .01055—.01072 
644-654 3 .01073-.01090 
655-665 1 .01092-—.01108 
666-676 1 .01110-.01127 


From the data for the serial test, we may derive two kinds of information 
on the frequency of pairs. First, in Table 12, we present a frequency table, in 
order to conserve space, for the total counts of the number of occurrences of 
all the 100 possible pairs from 00 to 99 in the 60,000 place sample. (Note: The 
actual total consecutive pairs across the whole 60,000 place sample may differ 
by a few counts out of the totals from those we tabulate since the serial test 
was based on counts in 12 separate consecutive blocks of 5000 digits in which 
pairs are counted in such a way as to neglect the possibility of a counted pair 
occurring with the last digit in one block and the first digit in the next block. 
These effects, however, will not alter the conclusions in any gross fashion.) Let 
N be the indicated ranges of the total counts of pairs in the 60,000 places and 
let f be the frequency of occurrences of those distinct pairs which fall in the par- 
ticular class. We have also indicated under V/60,000, the values of the relative 
frequencies S/n. Thus, noting the first entry, there was 1 pair out of the 100 
possible pairs which had total counts in the range 534-544 for their occurrences 
in the sample. 
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We did not prepare any particular statistical analysis of this data but one 
can see by inspection that there is an approximately “normal” distribution 
around the most frequent (and expected!) range which is 600-610. This data 
suggests an interesting theoretical question about normal numbers. Can one 
prove that the total counts in some arbitrarily chosen frequency range of all 
possible blocks B; consisting of k digits for some fixed k, are normally dis- 
tributed (in a statistical sense) about the limit value 1/g* where g is the base of 
representation in some block of digits X, chosen somewhere in the infinite 
sequence of digits in a normal number? 


TABLE 13. Normality data for pairs 


n/1000 Ss” SY /n Ss SY /n Se S/n 

5 45 .0090 57 .0114 47 .0094 
10 97 .0097 111 .0111 92 .0092 
15 138 .0092 164 .0109 143 .0095 
20 189 .0094 225 .0112 189 .0094 
25 241 .0096 276 .0110 240 .0096 
30 296 .0099 321 .0107 287 .0096 
35 342 .0098 368 .0105 361 .0103 
40 392 .0098 414 .0103 414 .0103 
45 442 .0098 472 .0105 448 .0099 
50 487 .0097 515 .0103 503 .0101 
55 537 .0098 570 .0104 563 .0102 
60 591 .0098 624 .0104 618 .0103 


Since Table 12 does not show the variation of the relative frequency with 
the number of places, we have prepared Table 13 which shows the behavior 
of S?/n as n increases for the blocks 00, 55, and 99 as a sample where n in- 
creases by blocks of 5000 digits. 

Again, we note the types of approaches to 1/10? from above, below, and the 
“damped” oscillation for the pair 99. These data give clear empirical support 
for the normality of “e” for 1/102. 

Finally, Figures 1, 2, and 3 suggest a number of other approaches to the 
search for “prevailing regularities” in a transcendental such as “e,” 1.e. perform 
a “spectral analysis” in order to detect any dominant “periods” in the distribu- 
tion, consider the digit sequence as a “random walk” with such ideas as the 
probability of long leads for a given digit, the arc sine law (use p=1/10 and 
g=9/10), the number of returns to the origin etc. [11, p. 84]. To date, little 
has been done with these techniques in either empirical or theoretical investiga- 
tions of the digits in irrationals. 


@) The data produced by D. Wheeler in 1952 were loaned to the author by R. T. Gregory, now 
at the University of Texas. On a research grant from the University of California at Goleta, Calif. 
in 1956, the accumulated frequency counts were computed for every 100 places by the IBM Corp. 
of Los Angeles. The Kendall-Smith tests were performed at the Western Data Processing Center 
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(see WDPC Rep. no. 1, 1959, p. 44) at the University of California in Los Angeles in 1957 with 
assistance of Mr. S. Dunin. 

@) Daniel Shanks of the David Taylor Model Basin, Washington, D. C., kindly madea com- 
parison check of our accumulated frequency counts with his 1961 calculation of “e” to 100,265 D. 
We found a difference of two digits in the 56,435 and 56,436th place of our hand copied sample. 
These corrections have been made throughout the various frequency studies contained in this 


paper. 
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ON SECOND-ORDER RECURRENCES 
OSWALD WYLER, University of New Mexico 


1. Introduction. Various papers and problems related to Fibonacci numbers 
and to some more general second-order recurrences of integers have appeared 
in this MONTHLY in recent years. Thus a study of the general second-order recur- 
rence of integers, 


(1) Anye = PAnit — QAn (n = 0,1, 2,--- ); 


with arbitrary “initial values” A» and A, should be of interest. 
A particular case of (1) is the sequence of Lucas numbers, given by 


(2) On+2 = PU nti — OU,, U9 = 0, U; = 1. 


If we put P=1, Q=—1 in (2), the well-known Fibonacci numbers result. 
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In the present paper, we consider P and Q in (1) and (2) as fixed. We call a 
sequence (A,,) satisfying (1) a recurrence. In the first part of the paper, we define 
addition and multiplication of recurrences in such a way that recurrences form 
a commutative ring, with the Lucas recurrence (U,) as unit element. This allows 
us to formulate some general identities, which may be new, involving two recur- 
rences and their product. Many of the known identities for Lucas numbers or 
more general recurrences follow immediately from our identities. Others may 
be obtained easily by the same method. 

If we reduce (1) and (2) modulo a positive integer 1M, we obtain periodic 
sequences. We denote the primitive period of (U,) modulo M by K(M) or just 
by K. If Qand M are relatively prime, then there is a positive integer k= k(M) 
such that U,=0 (mod /) if and only if 7=0 (mod &), and K(M) is a multiple 
of k(M). We call K(M) the pertod and k(M) the rank of (U,) modulo M. The 
second part of our paper is concerned with these numbers and their relations. 

In the last two sections, we apply our results to Fibonacci numbers, and we 
add some remarks concerning topics omitted from this paper. 


2. Preliminaries and notations. It will be convenient to consider (1) and (2) 
as relations in a commutative ring ® with unit element. We denote the unit 
element of ® by J, and we replace the last part of (2) by U1=J. In this way, we 
can distinguish between an integer u and the element uJ of @. There is a non- 
negative integer MV, called the characteristic of ®, such that uJ =0, for an integer 
u, if and only if ~=0 (mod M). Thus equations in ® replace congruences of 
integers modulo M. 

For convenience, we shall denote integers by lower case letters and elements 
of & by capital letters, except that H, K and M denote integers. 

Lehmer [3] generalized (2) by assuming only that P? and Q (instead of P 
and Q) are integers. Since all results of this paper remain valid for Lehmer’s 
generalization of Lucas numbers, we adopt the assumption that there are two 
relatively prime integers g and 7 such that Q=qI and P*=rl. 

We form an extension ®[w]| of ® by adjoining to ® an element w such that 
w?—Pw+Q=0, but A+wB0 if BX0. This can be done e.g. by considering 
the quotient ring of the polynomial ring ®[X | modulo the polynomial X2—PX 
+Q, and letting w be the equivalence class of the polynomial X in this quotient 
ring. 

Every element of the ring @lw] has a unique representation A +wB, with 
A and B in ®. We obtain a one-to-one correspondence between recurrences and 
@[w| by associating with any recurrence (4,) the binomial 41—wA, in @[w]. 
In this correspondence, the Lucas recurrence (U,) is associated with the unit 
element I of R[w]. 

We add and multiply recurrences by adding and multiplying the correspond- 
ing binomials in ®|w |. With these operations, recurrences form a commutative 
ring (in fact, an algebra over ®), with the Lucas recurrence (U,,) as unit element. 
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In this ring, we have (A,,)+(B,) =(S,) and (A,)(Bz) =(C,), where S,=A,+B, 
for all N, and Ci —wC = (A,—wA 0) (By —wBo). 

It will be convenient to put a= P—w, so that w+a=P and wa=Q. We note 
that (w—a)*?=dI=P?—4Q, where d=r—4gq. We call the integer d the dis- 
criminant of the Lucas recurrence (U,). 


3. Identities. Let (A,) be a recurrence. We call 
(3) N(A) = (Ax)? — AyAs = (Ay — wA )(A4 — @ A) 


the norm of (A,). In particular, V(U) =I for the unit recurrence (U,,). It is easily 
proved by induction that 


(4) (An41)? _ AnAnte = QO” N(A) 


for all n. We note also that N(C) = N(A)N(B) for (Cn) = (An) (Bn). 
It is easily proved by induction that 


(5) Anti — wAn = w"(Ay — wA 9) 


for all n. Similarly, An41—-@An =W"(A1— A>). 
Let (A,) and (B,,) be recurrences, and let (C,) = (41)(B,). Then 


Cmintt — OCmin = @"*"(A, — wAo)(Bi — wBo) 
= (Ami — wAm) (Bast — wBn) 
by (5) and the definition of (C,), and it follows that 
(G) Cmin = AmBnii + AmtiBn — PAmBa; 
(7) Cminzt = AmtiBazi — OAmBn. 
It is easily verified that ow” = Umii—@Um for all m. Thus we have: 
QO" (Angi — An) = (wa)"w"(A1 — wAo) 
= (Umy1 — GUm)(Aminti — wAmsn); 
and it follows that 
(8) O"An = UmpsAmin — UmAmtnt 


Among the many identities which can be deduced from (4), (6) and (8), we 
mention only a few, without proofs. 


(9) Amin = AmUnti t+ AmiiUn — PAmUn, 
(10) AmtrBn — AmBnirn = Un(AmiBn — AmBn+1), 
(11) Am+nAnth — AnAmtnth = UmU,Q*N(A), 
(12) Amt iBath — Q AmBn = UiCmentns 


where again (C,) =(An)(B,). 
Other identities which follow from the ones stated above can be found e.g. 
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in [2]. By specializing, identities for the recurrence (U,) of Lucas numbers, 
and the recurrence (V,) of Lucas numbers of the second kind, can be obtained. 
With regard to the recurrence (V,), the following facts are needed. We have 
Va =2Un41—P Uy for all n. The element of @|w] corresponding to (V,) is d—w, 
and (V,)?=d(U,) = (P?—4Q)(U,) for d=r—A4q. 


4. Rank and period. Preliminaries. We prove two theorems, and we state 
without proof some related results which we shall not need and which can also 
be found, with proofs, elsewhere (see e.g. [3]). 


THEOREM 1. If Q ts not a zero divisor in ®, then there 1s an integer k such that 
U,=0 tf and only tf n 1s a mulitple of R. 


REMARK. k=k(M) if M is the characteristic of @. 

Proof. As N(U)=TI, it follows from (4) that Um is not a zero divisor if 
Um=0. By (9), Umin = UmsiiUn if U,=0, and thus U, =0if and only if Uninz=0, 
and the Theorem follows. 


THEOREM 2. If Un=0, Umu=T, then Amin=An for all recurrences (A,) and 
all n. Conversely, 1f Q and N(A) are not zero divisors, and tf Amyn=An, Aminy 
=A,411 for some n, then Un=0, Uns =I. 


Proof. The first part follows directly from (9). If Amin=An and Amtn4i 
=Anss, then U= Un, V= Um 41 is a solution of the system 


(Anit — PA,)U + A.V = An 
(Ante — PAnii)U + AntiV = An+1y 


also by (9). The determinant of this system is O”N(A) by (4) and hence not a 
zero divisor, so that U=0, V =I is the only solution. 


CorOLuaRY. If Q is not a zero divisor and (U,) 1s pertodic, with primitwe 
period K, then any recurrence (An) has period K, and K 1s the primitiwe period of 
(A,) of N(A) ts not a zero divisor. Moreover, K 1s a multiple of k. 


This follows immediately from Theorems 1 and 2. 

If ® has positive characteristic MM, then the number of elements of ® of the 
form ul or uP, u an integer, is finite. As all U, are of one of these forms, the 
sequence (U,) must be periodic. Q=gqI is not a zero divisor in @ if and only if 
gand WM are relatively prime. If this is the case, it follows from the Corollary 
that k=k(M) is positive. If g and M are not relatively prime, it can be shown 
that k(M) =0. 

Reverting for the moment to the Lucas recurrence Unie=W/1%Unsi—qUn in 
the ring of integers, with »/7 adjoined, we make the following remarks. If 
M is the product of relatively prime factors M;, then Umsn=U, (mod M) if 
and only if Umin=U, (mod M;) for all M;,. It follows that k(M) and K(JV) are 
the least common multiples of the numbers k(//;) and K(M,) respectively. Thus 
it is sufficient to consider the case M=p* where # is a prime number. 
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If g is odd, then k(2) =3 if 7 is odd, k(2) =2 or k(2)=4 if 7 is even. R(4) 
=2K(2) or k(4) =R(2). If uw is the highest exponent such that k(2“) =k(4), then 
k(2¢) = 2°-#k(4) for wp. 

For an odd prime number p and g not divisible by », we have k(p) | 2p if 
dr =r(r —4g) is a multiple of p, and k(p)| p—(dr/p) otherwise. If pu is the highest 
exponent such that k(p*) =k(p), then k(p2) = p2-#k(p) for aZu. 


5. Rank and period. Theorems. We assume in this section that ® has posi- 
tive characteristic M, and that Q=q/ is not a zero divisor in @, i.e., that g and 
M are relatively prime. In this case, k=k(M) and K=K(M) are defined and 
positive, and there is a positive integer h such that Q"™=T, i.e. g™=1 (mod J), 
if and only if m is a multiple of #. We denote by H the least common multiple 
of # and Rk. 


LemMA. If U,=0, then Umitn=(Um41)'Un and (Um41)? = Q". 


This follows from (4) and repeated application of (9). We shall use this 
lemma and the results of §4 without further reference. 


THEOREM 3. Hither K=H or K =2H. 


Proof. (Uxs1)?=Q* =I, so that K is a multiple of k, hence of H. On the 
other hand, Usyi1= (Uni)? =O” =I, so that 2H isa multiple of K. Thus K=H 
or K =2H. 

We assume now that M is a power 2 of an odd prime number >». In this case, 
any element of @ of the form uJ or uP, u an integer, is either regular (i.e. has 
a reciprocal in ®) or nilpotent, and 2/ is regular. Any element @Uni1—b0P Un 
or aU,, is of the form uJ or uP, hence regular or nilpotent. The nilpotent ele- 
ments of ® form an ideal of @. 


THEOREM 4. Let h=2°h' and k= 2°k’, where h' and k’ are odd integers. If a¥b, 
then K =2H. If a=b>0, then K=H. 


Proof. lf a>b, then H=ki with 7 even, and Uyii=(Un41)*= (GQ) 1? =Q7!?. 
But H/2 is not a multiple of # in this case, so that Uy,1%J and hence K¥H, 
ie. K =2H. 

If b>0, let Oko = U, O (4/2) 41 = V. Then U,= U(2 V—P U) =(, Orsi = V2 
—QU?, and U0. If also 2V—PUxX0, then U and 2V—PU are nilpotent 
according to the remarks preceding the Theorem. Since 2/ is regular, it follows 
that V is nilpotent. But then U;z4: is nilpotent, contradicting (Uz41)? =Q*. Thus 
PU=2V. Now V?—PUV+ U?=(Q*/2 by (4), and thus 04/2 =QU?— V?= — Ux41. 

Let now H = hi. If b 2a, then zis odd, and Ugis = (Una)? = (— O*!") *'= — Q4!?, 
If b>a, then H/2 is a multiple of 2, and hence Uy41= —J. Thus K = 2H in this 
case. If a=b>0, then H/2 is an odd multiple of h/2. The multiplicative group 
of elements uJ of ®, wand M relatively prime, is cyclic for M = p* (see e.g. [4], 
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Theorem 65) and thus has only one element of order 2, namely —T. It follows 
that Q*/?= —TI and hence also Q7/2= —J. But then Uyg4i=J, and K=H. 


6. Applications to Fibonacci numbers. For Fibonacci numbers, g= —1, and 
hence h=2 for M>2. We have k(2)=K(2)=3, k(4)=K(4)=6, and k(22) 
= 6-228, K(2¢) =2k(2%), for a23. 

For M=p*%, where p is an odd prime number, we have: 


THEOREM 5. If k 1s odd, then K=4k. If k=2 (mod 4), then K=k. If R=0 
(mod 4), then K =2k. 


This follows immediately from Theorem 4. 

Conversely, it follows from Theorem 5 that K=k if K=+2 (mod 8), 
K=4k if K=4 (mod 8), and K=2k if K=0 (mod 8). Thus k and K determine 
each other for M =p. K(p) has been tabulated for p <2000 in [5], and this table 
furnishes also k(p) by the remark just made. 

If k(p?) ¥k(p), then k(p*) = p2-'k(p) and K(p*) = p*-!K(P) for all exponents 
a> 1. It is not known at present whether there is an odd prime number # such 
that #(p?) =R(d). 

We mention without proof the following results. If is an odd prime number, 
then k(p)| p—(5/p). If p=3 or p=7 (mod 20), then k=0 (mod 4) and K = 2k. If 
p=11 or p=19 (mod 20), then k=2 (mod 4) and K=k. lf p=3 or p=7 (mod 20) 
then & is odd and K =4k. Finally, k(5) =5 and K(5) =20. 

For p=1 or p=9 (mod 20), all three cases of Theorem 5 may occur, as is 
shown by p=29, 41, 61, with R=14, 20, 15, and K=14, 40, 60. Ward [7] has 
given criteria for determining whether k(p) is even or odd in this case, but there 
are at present no criteria to determine whether k=0 or R=2 (mod 4) if & is 
even. 


7. Concluding remarks. We have not taken up in this paper the question 
whether a given recurrence (A,) has zeros modulo a given integer M or not. 
For the case M =p, a prime number, Hall [1] has given a necessary and sufficient 
criterion for the existence of such zeros, and Ward [6] has shown that (A,) has 
zeros modulo # for an infinite number of primes p. 

We have not discussed the primitive period of (4,) if N(A) or Q 1s a zero 
divisor. For the case IM =p, we remark the following: Q is a zero divisor only if 
Q=0, and then (1) leads to A,41=P"A,. If N(A)=0 and A> is regular, then 
A,= UA» where U?—PU+Q=0, and it follows that 4,=A,U* for all n. If 
Q+0, then U is regular, and the period of (A,) is the order of U in the group of 
regular elements of @. 

Theorem 4, our main result, does not always settle the question whether 
K=H or K=2H. If h and k are both odd, or if M=22, both possibilities may 
occur. Consider e.g. the Lucas recurrence Un 2=3Un41+2U,. For p=11, we 
have h=5, k=3, and K=30=2H. For p=139, we have h=69, k=5, and 
K = 345 = H. For the Fibonacci series, we have K (2%) =2H(22) for a2 3, and for 
the recurrence Unie=7 Unii—5Un, we have K(2*) =H(2?) for a22. 
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O-SEQUENCES AND O-NETS 


L. C. ROBERTSON, University of California, Los Angeles AND 
S. P. FRANKLIN, University of Florida 


Levine [4] introduces the notion of an O-sequence and proves several theo- 
rems about their convergence, his main results being that O-sequences always 
converge in 7; spaces and are eventually constant in Hausdorff spaces. In Sec- 
tion 1 we generalize his results, in so far as possible, to nets. The fact that every 
net has a universal subnet [3] provides a characterization of compactness and a 
brief proof of the Tychonoff Theorem. Proofs based on the same basic idea, ex- 
pressed in terms of ultrafilters or ultraphalanxes are known [1], [5]. The au- 
thors wish to thank Professor R. H. Sorgenfrey for pointing them in the direc- 
tion of universal nets. 

Section 2 is devoted to spaces in which all O-sequences converge and includes 
two characterizations of such spaces, together with a corollary which helps clar- 
ify the role of 7; as a sufficient condition for convergence. Also, spaces in which 
O-sequences are eventually constant are characterized and the place of such 
spaces with respect to various separation axioms (7, 71, T2) is exposed. 


1. A net ¢: D—X from a directed set D into a topological space X is called 
an O-net iff whenever ¢ is frequently in an open subset U of X, ¢ is eventually 
in U. The following properties follow immediately from the definition. 

(a) pis an O-net 1ff whenever o 1s frequently in some closed subset F of X, bis 
eventually in F. 

(b) An O-net converges to each of tts cluster points. 

(c) @ ts an O-net 1ff every continuous image of 1s an O-net, 1.e., fod tsan 
O-net for each continuous f. 

(d) Every subnet of an O-net ts an O-net. 

Since the set of cluster points of any net is closed, from (a) and (b) we have 

(e) An O-net either converges to each point of a residual (set of elements beyond 
some element) subset of its range or else fails to converge to any potnt of some such 
residual subset. 
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A net ¢: D—X is called universal iff for each subset A of X, ¢ is eventually 
in A or eventually in X ~A, the complement of A. 

Every universal net is an O-net. The identity map from the natural numbers 
onto the natural numbers provided with the cofinite topology is a counter- 
example to the converse. (For a more interesting example let X be the set of 
ordinals less than the first uncountable ordinal and take as a base for the 
topology of X the sets B~ F where F is finite and either B= X or B= {ala<ao} 
for some ay© X. The identity map 7: X—>X is an O-net which is not a universal 
net. Note that zis an example of a nonconvergent O-net ina 7: space. However, 
Theorem 1 will show that any noncompact 7; space must provide such an 
example.) 

In marked contrast to Levine’s result on O-sequences (see Section 2), there 
exist, in every infinite topological space, O-nets which fail to be eventually con- 
stant. These are obtained by choosing a universal subnet of any sequence of 
distinct points. 


THEOREM 1. If X 1s a topological space, the following conditions are equivalent: 
(i) X ts compact (not necessarily Hausdorff). 

(ii) Every O-net 6: D—X converges. 

(iil) Every universal net converges. 


Proof. (i)= (ii) Since X is compact an O-net has a cluster point and, by (b), 
converges to it. (i1)=(ili) Every universal net is an O-net. (ii1)=(1) If ¢ is any 
net in X, every universal subnet of @ must converge. Each such limit point is a 
cluster point of ¢. 


THEOREM 2 (Tychonoff). The topological product of any family of compact 
spaces 1s compact. 


Proof. An O-net in the product space must converge since each coordinate 
projection of it is an O-net by (c) and hence converges. 


2. An O-sequence is an O-net which is a sequence. In this section we will con- 
sider spaces in which O-sequences must converge. It is clear that every closed 
subspace of such a space has this property. The proof of Theorem 2 shows such 
spaces to be productive. This property is not preserved under continuous images, 
intersections or closure, nor is a bijective map of such a space into a Hausdorff 
space necessarily a homeomorphism. Also nothing can be said of subspaces of 
such a space since an arbitrary space has a compactification. 

A sequence {S,} of subsets of a topological space X will be called a J-se- 
quence in X iff (i) each S; is the closure of a point x;C X, #;=S; and (ii) {Sn} is 
strictly decreasing. 


THEOREM 3. O-sequences must converge in a space X aff every J-sequence in X 
has a nonempty intersection. 
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LEMMA 1. Suppose that {xn} CX ts such that 

(1) {xn} has no cluster point, and 

(11) for every subsequence { Yn} of {xn}, {Fn} fatls to be a J-sequence. Then 
there exists a subsequence {Zn } of {xn} and a sequence { Un} of open sets with 2; 
the first element of {en} contained 1n U; for each j. 


Proof. Let P= {x,;€ \) | {x,} is eventually outside of #;}. If P were finite, 
then a subsequence {y,} of {xn} could be chosen with each yj41€9;. Then it 
follows from (ii) that {4,} is eventually constant. But jm=%m4; for all j implies 
that {yn converges tO ym, contradicting (1). Hence with P infinite define 
{2n} CP and {U,} by choosing U,=X, 2: an arbitrary element of P, 


j 
O y44 =x—-—U Zz, and 6Oj41 G Opi (\ P 


so that {z,} is a subsequence of {x}. 


Lemma 2. If a sequence {x,} has no cluster points, then there exists a subse- 
quence {yn} of {xn} and a sequence { Un} of open sets such that for each j, y; ts 
the last element of yn} belonging to Uj. 


Proof. This is a direct application of the definition of cluster point. 

Proof of the theorem. If {zn} is any J sequence, then f),_, #, is the set of 
cluster points of the sequence {xn} which is by (1a) an O-sequence. Hence if 
O-sequences converge, J/-sequences have nonempty intersections. 

For the converse it suffices to show that sequences without cluster points 
are not O-sequences. Since the hypotheses of the lemmas are satisfied, by suc- 
cessive applications we may extract a subsequence {yn} and open sets isolating 
each point of {y,} from the others. Then {y,} is frequently but not eventually 
in the union of the even numbered sets. 


CoroLiLary. If all points of X have compact closure, then O-sequences must 
converge. 


The above condition is not necessary as can be seen by adding to the real 
line an ideal point whose closure is the whole space. 

Davis has shown [2] that topological spaces can be characterized by means 
of filters in X XX. The next theorem provides such a characterization for spaces 
in which O-sequences converge. 


THEOREM 4, Every O-sequence in a topological space X must converge 1ff there 
exists a filter Fin XXX satisfying 

(i) ACNE (A ts the diagonal of X XX), 

(ii) for every xEX, { U(x) | UES } as the filter of neighborhoods of x, 

(iii) af f2D-! ts a function with domain X then Ny, D710 f™ ts a relation 
with domain X, where D=(\5 andf™isfofo---+of, k times. 

If an f-orbit ts defined to be a sequence { f@ (x9) } generated by a function 
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fED- with domain X and by x»EX, then (iii) 1s equivalent to 
(i1i’) every f-orbit must converge. 


Proof. There exists a filter § in X XX satisfying (i) and (ii) [2]. Suppose 
O-sequences in X converge. D~1 is the relation which maps each point of X into 
its closure, x >#. Also 


| n Dos |G) = 9 [(D*0f%)(2)} 


k=1 


But the sequence | (D> o f) (x) I k=1,2,---, is either eventually constant 
or else contains a J-subsequence. In either case 


| q D-*0f% | (x) ¢. 


k=1 


On the other hand, this condition implies that any J-sequence {a,} has a 
nonempty intersection. Let f(x;) =xj41 for all x;€ {xn} and f(x) =x otherwise. 
Then fCD- and {a} ={D-0 f(x) f. 

The equivalence of (iii) and (iii’) follows from the fact that each f-orbit is an 
O-sequence, and each J-sequence is generated by an f-orbit. 

A topological space is called an Ry space iff yE# is equivalent to x«E% [2]. 
Regular spaces (and therefore pseudometric spaces) and T; spaces are examples 
of Ry spaces. Also any topological group (not necessarily JT) is an Ro space. (If 
e is the identity, é is a subgroup, #=éx, and xGé implies eG #.) 


THEOREM 5. An O-sequence in an Ry space converges to all but a finite number 
of the points of tts range. 


Proof. Since there can be no J-sequences in an Ro space we know that O- 
sequences converge. Deleting the set of cluster points of the sequence leaves an 
Ry space whose intersection with the sequence must be finite. Although Ro is 
sufficient, it is not necessary in order that O-sequences converge to almost all 
of their range. 


THEOREM 6. All O-sequences in X have finite range iff 

(i) for every countably infinite subset A of X, there 1s an open set Uin X such 
that both A(\U and A~U are infintte. 
Furthermore, condition (i) 1s equivalent to the following two conditions: 

(ii) O-sequences in X converge, and 

(ii1) condition (1) holds for all compact countably infinite subsets of X. 


Proof. The first equivalence is clear from the definition of O-sequence, taking 
A to be the range. If O-sequences have finite range, they must have cluster points 
and (ii) follows. Of course (i) implies (ii1). Given (i1) and (111) let {xn} be an O- 
sequence converging to x. Since {xn} {x} is compact, the range must be finite 
in order that (iii) not contradict the definition of O-sequence. 
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THEOREM 7. O-sequences in X are eventually constant uff X 1s a To space and 
condition (1) 1s satisfied. 


Proof. If O-sequences are eventually constant, (i) follows from Theorem 6. 
If x and y are distinct points such that = 4, then x, y, x, y,°-+: is a non- 
eventually constant O-sequence. Hence no pair of distinct points of X can have 
the same closure, i.e. X is Ty). Conversely, an O-sequence with finite range (by 
Theorem 6) in a 7) space cannot hit each of two distinct points infinitely many 
times. 

An equivalent (and perhaps more useful) formulation of Theorem 7 can of 
course be obtained by requiring (ii) and (iii) in place of (i). 


CoROLLARY 1. Let X be a Ti space. Then O-sequences are eventually constant 1f 
and only tf condition (ili) ts satisfied. 


Proof. lf X is Ti, then it is also Ty and (ii) is satisfied. 


COROLLARY 2. Let X bean Ro space. If O-sequences in X are eventually con- 
stant, then X must be a T, space. 


Proof. Eventual constancy implies that X is JT), and Davis [2] shows that 
T) is equivalent to 7; for Ro spaces. 


COROLLARY 3. Let X be a homogeneous space (1.e., there exists a transitive group 
of homeomorphisms from X onto X). If O-sequences are eventually constant, then X 
must be a T,; space. 


Proof. There are no J-sequences, and X is a J» space, so that some point 
must be a closed set. Thus X is a JT; space, by homogeneity. 

Levine [4] has shown that O-sequences are eventually constant in Haus- 
dorff spaces. (This result can be deduced immediately from Theorem 5 by using 
uniqueness of limit points.) The above results therefore show that eventual con- 
stancy of O-sequences is a condition intermediate between 7°) and 72, and, for 
Ro spaces or homogeneous spaces, a condition between 7; and 7%. 
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NORMABILITY OF WEAKNORMED LINEAR SPACES 


MICHAEL MANOVE, Swarthmore College and Harvard University 


1. Introduction. The concept of a weaknormed real linear space is the gen- 
eralization of the concept of a normed linear space which results when the 
homogeneity property of the norm, |/ax|| =| a| -||x|| for any scalar a, is weakened 
by restricting a@ to the nonnegative real numbers. Some of the general properties 
of such spaces have been discussed by Leichtweiss [2]. Quasimetric spaces, 
which are related to weaknormed linear spaces in the same manner as metric 
spaces are related to normed linear spaces, are discussed by Ribeiro [3] and by 
Balanzat [1]. 

This note contains several theorems about topologies on weaknormed real 
linear spaces. We show that a weaknorm, in much the same manner as a norm, 
induces a topology on a real linear space, though the space with this topology 
is not necessarily a topological linear space, nor even a topological group. A real 
linear space with a topology is said to be weaknormable if a weaknorm can be 
assigned to the space such that the topology induced by the weaknorm is identi- 
cal with the given topology. We shall state necessary and sufficient conditions 
for weaknormability of a real linear space with a topology, and the conditions 
necessary and sufficient for normability of a space with a topology induced by 
a weaknorm. Two examples are given of a weaknormed linear space with a 
topology that is not normable. 

Throughout this paper, the function s denotes vector addition; that is, 
s(x, y)=x-+¥4, where x and y are members of a vector space. The function m 
denotes multiplication of a vector by a nonnegative scalar; i.e., m(a, x) =ax, 
where a is anonnegative scalar and x is a vector. R’ denotes the set of nonnega- 
tive reals. 


2. Quasi-topological linear spaces and weaknormability. A quast-topological 
linear space (X, 7) is a linear space X with a topology 7 such that the function 
s: XXX—X is continuous in the usual product topology, and the function 
m: R'’XX—X is also continuous. A set S is said to be semi-balanced if E-S=S, 
where £ is the real interval [0, 1]. The standard theorem characterizing all 
topological linear spaces in terms of local properties ([4], Theorem 3.3-F, for 
example) holds for quasi-topological linear spaces as well, with “balanced” re- 
placed by “semi-balanced.” If x.EGX,a>0, then the functions x—x)+x, x—ax 
are homeomorphisms. 

A weaknorm is a real valued functional ||-|| defined on a linear space, where 
|| -|| has the following properties: 
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(1) [lx] 20, (2) |x| +I[ol| 2[lx-tol, 
(3) a|| || =||ox|| for a0, (4) lix|| =0 if and only if x=0. 
A linear space X with its weaknorm ||-|| is called a weaknormed linear space 


and denoted by (X, ||-||). By the remarks in the preceding paragraph, a weak- 
normed linear space is a quasi-topological linear space with the sets of the form 
{x || <r}, r>0, as an open neighborhood base at 0. A linear space with a 
topology is said to be weaknormable if a weaknorm can be assigned to the space 
such that the topology induced by the weaknorm is identical with the given 
topology. 

If X is a linear space and O© K CX and K is absorbing, the well-known 
Minkowski functional of K is given by p(x) =inf {a@: a>0,x€aK}. For proper- 
ties of p, see e.g. [4], pp. 134-35. A set S in a quasi-topological linear space is 
bounded if for every neighborhood U of 0, there exists y>0 such that SCyJU. 


THEOREM 1. A quasi-topological linear space X is weaknormable tf and only if 
X is a Ty-space and there exists in X a convex and bounded open neighborhood K 
of 0. 


Proof. We prove sufficiency; the proof of necessity is standard. Let » be the 
Minkowski functional of K. It is easy to see that, as in the standard situation, 
p is a weaknorm for X. We prove that induces the given topology as follows. 
Suppose xCK. Then the pair (1, x)€@m~'(K), which is open since K is. Choose 
neighborhoods 4 of 1 and Uof x with A- UCK. A contains some a> 1 for which 
ax€K;thus p(x) Sa7! <1. This shows that K = {x: p(x) <1},sothat {yK:y>0} 
is a base for the topology induced by », which, by the boundedness of K, is 
thus identical with the given topology. 


3. Normability of weaknormed linear spaces. A weaknormed linear space 
is normable if there exists a norm for the space such that the topology induced 
by the norm is identical with the topology induced by the weaknorm. The 
major theorem of this section states necessary and sufficient conditions for 
normability of a weaknormed linear space. 


LEMMA. Let (X, | ll) be a weaknormed linear space with the following property: 
for any sequence {x_} such that ||x,||—0, we also have || —x,|| +0. Then there exists 
M>1 such that for all xEX, we have ||x|| < M|| —x]. 


Proof. Suppose that no such M exists. Then for each n>0O there exists 
XxGX with |]x,|| >| —x,|]. Let y,=(xl| —x,||)-!-x,. Then ||—y,||=1/n and 
| Yn| >1, contradicting the hypothesis. 


THEOREM 2. A weaknormed linear space (X, | ll) as normable tf and only af, for 
any sequence {x,} in X, ||xq||-+0 implies || —x,l|—>0. 


Proof. Since multiplication by —1 is a homeomorphism in a normed linear 
space, the condition is necessary. To prove sufficiency we first note that the 
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function p(x) =max {||xl|, || —x||} is a norm on X. Next, given r>0, we see 
that ||| <r/M implies p(x)<r, where M is given by the lemma; so that the 
topology induced by | || is the same as the topology induced by >. 

Note that for any weaknormed linear space (X, | ll), the functional p, as 
defined above, is a norm on X, and the p-topology is stronger than the || -||- 
topology. Later, we shall give some examples in which it is properly stronger. 


THEOREM 3. Let (X, ||-||) be a weaknormed linear space which is not normable. 
If Sis any sphere in X, the set —S= {x —xES} 4s unbounded. 


Proof. It suffices to prove that the negative of any sphere U= {x:||x|| <r} 
about 0 is unbounded. Choose a sequence {xn} in U such that ||xn|| +0 while 
|| —xn||-+20. Let yn =r(2||x,||)-!-22€ U. The sequence { —y,} is unbounded, and 
the theorem follows. 


THEOREM 4. Every finite-dimenstonal weaknormed linear space 1s normable. 


Proof. Let (X, ||-||) be a finite-dimensional weaknormed linear space, and 
let jo} (t=1,---,m) bea basis for X. Consider a function f on the real space 
I\(n) into the non-negative reals, given by f(a) = | >_a,v,||, where a denotes the 
n-tuple (a1, - + + , @). The function f is continuous, for 


| fle) — f(@)| = ||| Xi awl] — || XB. 


< max {|| 5 (a: — 8,)o4|, || 5: — asda] } 
< > | a — B:| -max | v; || —2: } <N-(>5| a: — 6), 
where 
N = max max {|la,l, ||—»,|}. 
1sSisn 


Consider the set S={a: }|a;|=1} Ci(n). S is compact, so that the non- 
negative set f(.S) has a least member, say r. Should r=0, then for some a€ $ 
we would have f(a) =|| > Saw,|| =0, implying >la;=0, a contradiction since 
\v;} are linearly independent. Therefore, 7>0. But for any >_8w;in X, we have 


|| do Bin: = r(>,| B:|) 
since, if some 8,70, || >-8.0,|| =(>.] 6: )|] 35(3-] |) 8.2: 
> CE] Bs] 8.2] € FS). 


Furthermore, V-(>>|8;|) =| >) —6,;||. The conclusion follows by Theorem 2. 

That any finite-dimensional weaknormed linear space is topologically iso- 
morphic to the Euclidean space of the same dimension, is now an immediate 
consequence of the theorem that all finite-dimensional normed linear spaces of 
a given dimension are topologically isomorphic (see [4], p. 95). 


, where 


4, Examples of nonnormable weaknormed linear spaces. 
Example 1. Let X be the set of all functions in LZ} [1, ©) (identifying, in the 
usual way, functions equal almost everywhere). For any function fEX, we de- 
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fine ||fl] =J/7f*@dt, where f*(#) =f() when f() 20, and f*() =|f@®| /t when f(t) 


<0. The space (X, ||-||) is a weaknormed linear space. To show that X is not 
normable, consider the sequence { fat, where f,(#) =0 for t<n-+1 and 
fad) = —(t—n)-? fori zn+1. 


It is clear that ||f,||—0, while || —f,|| =1 for all x, and the conclusion follows by 
Theorem 2. 

Example 2. Let (Y, w) be a nonatomic measure space with uw(Y)<o. With 
each real-valued measurable function f on Y (identifying, in the usual way, 
functions equal almost everywhere) we associate two functions f, and f_ defined 
as follows: f,(x) =max {f(x), 0}, and f_(«) =max | —f(x), 0}. Let 


pi = f fide f fan, 


Then the set K= {f: p(f)<~, p(—f)<} is a vector space; indeed, K con- 
tains the same functions as L?(Y). 

We will consider the Minkowski functional of the set S= {fEK: p(f) <1 I. 
S contains 0, for (0) =0<1. We prove that S is absorbing. Take any function 
fEK where f¥0. Pick a such that | oe] <min {1/p(f), 1/p(—f), 1}. Then, if 
a=0, we have 


(1) plaf) =a f fidutaf fdu< ap(f, 
But a<1/p(f), and thus, by (1), p(af) Sap(f) <1. If a<0, we have by (1), 
b(af) Sp(\a| (—f)) = | «| p(—f) <1. Therefore, af€S; S is absorbing. 


We shall show that S is convex. Suppose f, g— S anda+8=1, wherea, 820. 
Then, 


plof + Be) = f (af + 62)sdu + f (of + 8s)-du 


= | (af, + Bg+)?dp ++ J (af_ + Bg_)du. 

Furthermore, we have 
2 2 2 2 2 
(af, + 6g+) = afte +B gy + 20Bfre+ 

Saf, + 6g) + oBfy + abgy = af, + Bgy. 

Hence, 
plaf + Bg) S af fdute f cdvtaf fants f eds 
= ap(f) + 8p(g) = 1, 
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since p(f), p(g) $1. It follows that S is convex. By the properties of Minkowski 
functionals, we see that (K, || -||) is a weaknormed linear space, where || -|| is the 
Minkowski functional of S. 

To show that K is not normable, it is sufficient, by Theorem 2, to show that 
for any n>0, there exists an f€K such that ||f|| =x|| —f||. Given x, define f as 
follows: f(x) =n on some set of measure 1/n?, and f(x) =0 everywhere else. We 
have p(f) =1 and thus iil =1. However, p(—nf) =1, so that | —nf\| = 1|| — fll = 1 
=|| fi. Thus f is as required, and the conclusion follows. 
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HADAMARD MATRICES AND SOME GENERALISATIONS 
J. H. E. Coun, Bedford College, London 


For any given integer, 722, the matrix H, is called a Hadamard Mairix if 
H,, isan nXn matrix with elements +1 which satishes H,H,/ =nI,. It is known 
that such a matrix can exist only if either n=2 or 2 is a multiple of four. It has 
been conjectured that these necessary conditions are also sufficient, but this has 
never been proved. A list of the numerous partial results available is given in 
[1] and [4], and in [3] and [5] it has also been proved true for the cases n = 92 
and 156. 

Generalisations are possible in several directions. Following [1], we say that 
H(p; n) is a generalised Hadamard Matrix of order n, if H(p; n) is an nXn 
matrix all of whose elements are pth roots of unity and such that HH’ =nI,. In 
this notation the ordinary Hadamard Matrix is an H(2; n). 

Another generalisation, without departing from the elements +1 arises as 
follows. Let g(x) equal, for each n, the value of the greatest » Xn determinant 
with elements +1. Then it follows by Hadamard’s Theorem that g(m) Sn”??, 
where equality is possible if and only if the matrix G, associated with g(m) is an 
H(2; n). However, we may ask for all values of x, and not only for multiples of 
four, what the value of g(z) is, and also ask for the structure of G,. It is possible 
to show, in addition to the fact that g(n) =n”/? whenever an H(2; n) exists, 
that g(3) =4, g(5)=48 and g(6) =160, and also it has been proved in [2] that 
given any positive e, g(n) >“/2-© for all sufficiently large n. If the conjecture 
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about the existence of an H(2; ) for all n=0 (mod 4) were proved, then this 
could be sharpened to 


g(n) > n@-Yl2, x” odd 
g(n) > n@l2)-1, 4 = 2 (mod 4). 

It is well known that if an H(2; ”) exists for a given n, then an H(2; 2n) 
also exists. Our first result is to show that the same is true if we require merely 
the existence of an H(4; ). Secondly, it has been conjectured that it is always 
possible to obtain G,41 from G, by a “bordering process”; that is, by adding a 
suitable row and column to G,. It will be shown in Theorem 4 that this con- 


jecture is false. Theorems 2 and 3, which are used to prove this, may be of some 
interest in themselves. 


THEOREM 1. If there exists an H(4; n) then there exists an H(2; 2n). 


Proof. Since H(4; ”) contains only elements +1 and +2 we may write 
H(4;n) = X+7Y, 


where X and Y are real » Xn matrices with the following properties: 
(i) every element of each of X and Yis 1, 0 or —1, 
(ii) for each 7, sn, exactly one of x;5, rs iS zero, and so 
(ii) both X+ Y and X—Y have all their elements +1. 
Also HH’ =nI,, i.e. (X+1V)(X'—iY’) =nI,. Hence 
(iv) XX’+ VY’ =n, 
(v) XY’—YX'=0. 
We now assert that 


K ( X+V xX- ") 
™"A\-X+Y X4+Y 
is an H(2; 2n). Certainly, by (iii) all the elements of Ko, are +1. Also 
xx’ = ( X+V XxX- (xt y’ —xX'+ " 
~\exty xt+v/\r-yv x+y 
( XxX’ + VV’) 2xy'— rx) 
~ \-a(xV’ — VX’) 2(XX'+ VY’) 


2nd n 0 
= ( ) = 2nT on. 
0 2nd» 


This concludes the proof. 


THEOREM 2. If an H(2;n-+m) exists, and n>m, then no n-rowed minor is an 
H(2; n). 
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For, let Ann be any n-rowed minor. Then by rearrangement, if necessary, we 


obtain an H(2; n+), viz.: 
(“" Bum ) 
Cnn Dim! 


wronen(E MCE 8) 
meme" No pe! p'/’ 


(n + m)I, = AA’ + BB’. 


Hence, 


and it follows that 


Now if A were an H(2; n), we would have AA’=nI,, which would give BB’ 
=mI,. But since B has only m<n columns, 7r(BB’)=r(B)Sm<n, and so 
BB'AmI,. This concludes the proof of this theorem, but in fact the method 
can be used to prove slightly more, namely 


THEOREM 3. In any H(2; n-+m) with n>m, the determinant of any n-rowed 
minor does not exceed m™!?(n-+-m) om !2, 


As before, let A be the minor in question. Then 


AA’ + BB’ = (n+ m)In. 


Let the eigenvalues of BB’ be pn, pe, - * * , fn. Then since r(BB’) Sm, at most m 
of these can be nonzero. Let msit+imie= °° * =Mn=O0. Also the eigenvalues X, 
of AA’ can be so arranged that for each rSun, 


Ay = 2+ mM — py. 


Then \,=n-+m, for (m+1) SrSn. Now >%\,=tr(A4A’) =n*. Hence 
yA = 2? — (n — m)(n + m) = m?. 
1 
Hence 
m 1 m m 
I]. < {— Sat =m, 
1 m 41 
since the eigenvalues of 4A’ are nonnegative. Hence 
|A4[?=|44’| =][\ S mn + mo™ 
1 


which concludes the proof. 


THEOREM 4. It ts not always possible to obtain Gris from Gy by bordering. 
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For, if it were, then Gi. would contain Gs as a minor, and since H(2; 12) and 
H(2; 8) both exist, this cannot be so, by Theorem 2. In fact Gs does not contain 
Ge, for by Theorem 3, the highest possible value for a six-rowed minor of H(2; 8) 
is 128, and g(6) =160. 
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ON THE GENERALISATION OF HILBERT’S INEQUALITY 
Q. A. M. M. Yauya, Imperial College, London 


By the well-known extended inequality of Hilbert for finite sequences 
fant, {bn}, (see [1], ee we have 


1/2 m 9 1/2 
—_— Oy b, 
EE wensiea(E) (E*) 
We shall sharpen this result as follows. 


THEOREM. Let {an} and {bn} be two finite sequences of real and nonnegative 
numbers. Then we must have 


m 3 ' T x o\ 1/2 x 8 1/2 
2d, eis mt )sin (Da) (x :) : 


To prove this we shall need the following result. 


IIA 


Lema. Let k, u and v be integers. If k| u—v| <n, then 
{" uofurFdv 


n, fu=v. 


> exp (2ik(u — v)ra/n) = 


r=0 


The lemma follows immediately. We shall now prove the theorem. 

Let P be a closed regular polygon with an even number of sides n, (n >2m) 
inscribed in the unit circle | z| =1 and with the vertices V,=e?"7/", where 
Vn= Vo. Let C,, OSrSn—1 be the chord joining the points V, and V,4;. On 
the chord C, we have 


z = e% cos (r/n)/cos [(2r + 1)(r/n) — 6], 2r(r/n) SO S (2r + 2)(a/n), 
so that 
| dz| = [cos (4/n)] d6/cos? [(2r + 1)(a/n) — 6], 
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if 9 is measured in the positive sense of the angle. 


Let P; and Pz be the parts of P above and below the real axis respectively. 
Let 


f(z) = > Qy2" and g(z) = > bys”. 


Urx() v==() 


Thus 


Eo aiid, ones = > ff fore 


u=0 v=0 2U rm dv + 1 
by Cauchy’s theorem. Now 


1 
J s@eceae sf le | g(z) | | da| 


ss-( fi salted (fil else 
Then we have 


flsorlal = f orm ae = f oye as 


= > (x >» oust) ( >> ai") | dz| 
rex) C, \ u=0 v=0 
_ > f (2r+2)r/n m [cos (a /n) | e2*6 m [ cos?” (a /n) |e2%¥? 
09 oer/n so wad-«=S« CS (2x ++ 1)(/m) — 6] 2=9 cos” [(2r + 1)(a/n) — 6] 


cos (1/n)d6 
cos? [(2r + 1)(4/n) — 6] 
n—} (Q27+2)r/n m uid [cos? +) (a /m1) ]e2t(u-28 cos (x/n)d0 
2. J 2 py outs cos?“+») [(27 + 1)(a/n) — 6] cos?[(2r +1) (a/n) — 6] 
im [cos?2(u+o)+1 (a /n) \e2* 0) Lr /n)—4 n—1 


r=() 


— > > AyAy > est(u—v)ar/ nd d 


umd ven an cos? (to+2¢ ra0 
=n), dy Tar 
ux=) —1/n cos** v0) 


where we have used the lemma. 
Observing that 


i- do e 1 [~ do ; sin (ar/n) 
ain cost¥#2? 6 cos” (r/n) J_ajn COS? p — cogtett (a/n) 


ew 
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for 0<u<m, we obtain 


J \1@ |2| dz| < 2nsin (x/n)- > da. 


u==0 


IIA 


Similarly, 


A 


[ le@ll asl < 2msin (w/n)- 3282 


u==0 


Hence we obtain 


mem uOv 1 m 1/2 m 1/2 
p> 5 5 sin (n/n) (Lat) (X2) 


use) yx=( 2uU + 2v + 1 u==0 u=0 
for n>2m, n being even. Setting »=2m-+2, we obtain our theorem at once. 
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REMARK ON LOCALLY ALGEBRAIC OPERATORS 


S. CaTER, University of Oregon 


In this note A is a continuous (linear) operator on a complex normed linear 
space V. As in [2] we say that A is algebraic on V if p(A) =0 for some nonzero 
polynomial p (all polynomials mentioned are understood to have complex coeffi- 
cients and A° will always denote the identity operator on V). We say that A is 
locally algebraic on V if for each s€ V there is a polynomial »,+0 such that 
p.(A)z=0. It follows from Lemma 14 of [2, p. 41] that Theorem 15 of [2, p. 40] 
can be rephrased as follows: 


If V admits a continuous locally algebraic operator which is not algebraic, then 
V ts not complete. 


This note presents a much sharper result concerning polynomials in A which 
we hope is of some intrinsic interest. Observe that if A is locally algebraic but not 
algebraic we can find vectors 2,G V (n=1, 2,--- ) such that there is no non- 
zero polynomial p with p(A)z, =0 for all n (employ [2, Lemma 14, p. 41]). 


THEOREM. Let A be a continuous locally algebraic operator on a complex normed 
linear space V. If 2, (n=1, 2, +--+) are unit vectors for which there 1s no nonzero 
polynomial p satisfying p(A)an=0 for all n, then there exist polynomials pp satisfy- 
ing ||Pn(A)|| <2-" such that the series > Pn(A)&n does not converge to any vector in 
V. In particular, V 1s not complete if A is not algebratc. 


Proof. Let 2, (n=1,2, +--+ - ) be unit vectors for which there exists no nonzero 
polynomial p satisfying p(A)z, =0 for all n. For each scalar c let V, be the linear 
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manifold composed of all vectors annihilated by powers of A —c. As is proved in 
[2], V is the direct sum of the V, over all scalars c. Let Z, be the linear manifold 
spanned by the vectors A/’z, (j=0,1,--- ). The restriction of A to Z, is alge- 
braic on Z,, and Z, is the direct sum of the linear manifolds V.(\Z, over all 
scalars c. It follows that one or both of the following statements are true. (Note 
that if neither I nor II holds then there exist scalars c,, - - - , cy and an integer 
m>0O such that (4 —G)™(A —@)™ + + + (A —cy)™ annihilates all the vectors 2,, 
contrary to assumption.) 
|. There are infinitely many distinct scalars c for which 


UV. Zn # (0). 
n=1 

II. There isa scalar c for which there is no index m satisfying (A —c)™(Ve(\Zn) 
= (0) for all x. 

First we will assume I and complete the proof. Since A is continuous the set 
of all eigenvalues of A is bounded in the complex plane. We can select an in- 
creasing sequence of indices |7,] (n=1, 2,- +--+) and unit vectors mn€ V.,Zi, 
such that (A —cn)v,=0, the c, are pairwise distinct, [c,] converges, and for all 
N, CnA~limm Cm=c. Let gx be a polynomial for which v, = qn(A)2:;,. 

By the Hahn-Banach Theorem there are continuous linear functionals 
fn (n=1, 2, +++) on V for which f,(v,) =1, and f, annihilates the null space of 
(A —c)"(A —@)(A —G2) - + + (A —cn_1). Define inductively a sequence [s,] of 
positive scalars satisfying 


(a) sy <min (2-, 2-**/|[q,(A)|]), 
(b) Sn | fm( A 40a) | <2°-sm for m=1,°°--,n—-1,j7=0,-°-,m. 

We claim that >/s,v, does not converge to any vector in V. The proof is by 
contradiction; assume > SnUn =v€ V. There is then a nonzero polynomial gq for 
which g(A)v=0. Say q(x) =(x—c)'pb(x), where p(c) #0. Then p(A)v is in the 
null space of (A —c)*. Set 

P(x) — p(Cm) = reek + + + + rye + ro(m) 
and 
R(m) = | ri. | + - » | 71 | -+- | ro(m) | . 
By (b) | fon [p(A) —p(cm) | (Sadr) | <2-"SmR(m) for mZk, n>m. Consequently 
| ful(A) — p(cm)]o | <R(m)sm Dp 2-” = 2-™ Sy R(m) 
n=m+1 


for mk because x—Cm divides p(x) — p(Cm) and fm annihilates the null space of 
(A —Cn)(A —Gna) + + + (A—«) if n<m. 
Setting 7=0 in (b) we have 
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sal + 2-") > SS | safalor) | S [fal] Sse —- > De nl Suen) 


n=m+ 


> Sm — » 2-"Sm = Sm(1 — 27”). 


n=m+1 
We also have 
b(c)fn(2) = fn(b(A)v) — fn([b(4) — p(Cm)]0) — [p (Cm) — 2(0) fn), 
Sm(1 — 2-")| a(c)| < | oI | fn(2) | 
< | fm(p(A)v) | + | fnlb(A) — o(6m)]o] + | (Cm) — (0) | | far) | 


and, for mZk, 


(1) (1—2°")| p(c)| <sn | fn(p(A)o)| + 2" Rm) + | pm) — plo) | +2"). 


(The author is indebted to Mr. Bernard Kripke for the inequality (1).) 

For m2t, fm(p(A)v) =0. As mo, R(m) converges and p(¢m)—p(c) con- 
verges to 0. From (1) it follows that p(c) =0, contrary to the choice of p. This 
completes the proof that >/s,v, does not converge to any vector in V. Now set 

Pi, =SnQn and set p,=0 for all indices m not in the sequence [zn |. We have 
1 Pn(A)|| <2-",and > p,(A)z, does not converge to a vector in V. This concludes 
the proof if I holds. 

Now assume II holds and let c be the scalar required in II. Then we can se- 
lect an increasing sequence of indices [i,] (n=1, 2,---) and unit vectors 
Un GV \Z;, such that (A —C)”"v, 4#0= (A —c)"vn. Let gn be a polynomial for 
which vp =qn(A)&i,. 

By the Hahn-Banach Theorem there exist continuous linear functionals f, 
on V for which f,,(v,) =1, and f, annihilates the null space of (A —c)"—1. Choose 
inductively a sequence |s,]| of positive scalars satisfying (a) and (b) above. 

We claim that >/s,v, does not converge to any vector in V. The proof is by 
contradiction; assume )_s,v, =v€ V. There is a nonzero polynomial g such that 
q(A)v =0. Set q(x) = (x —c)*p(x) so that p(c) ~0. Then p(A)v is in the null space 
of (A —c)*. Set 


p(x) — plc) = reat + +++ + re + 70 
and 
R=|n| +---+ [nn] + [| 7ol- 
By essentially the same argument as in the preceding proof with c replacing Cm, 
R replacing R(m), we have for mZR, 
(2) (1-2)| p)| S sm | falp(A)o)| + 2°°R. 


For m>1t, fm(p(A)v) =0. Letting m—o we see that p(c)=0, contrary to the 
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choice of . This proves that > /s,v, does not converge to any vector in V. Set 
Pin =SnQn and set Pm =O for all indices m not in the sequence |i, ]. Then || pn(A)]| 
<2-" and > /pn(A)Zn does not converge to any vector in V. This concludes the 
proof. 

Finally, observe that our Theorem remains valid if K, replaces 2—", where 
[K, | is any preassigned sequence of positive numbers. To see this make (a) read 


S, < min (2-", Ki,/||qn(A)]|). 


We now present a generalization of the Uniform Boundedness Principle 
which is suggestive of our Theorem. 


REMARK. Let X and Y be complex normed linear spaces, let { Ta} be a family of 
continuous linear operators mapping X into Y such that 


supa || Ta2| = B, < w 


for each xE X, and let [K,| be a sequence of positive numbers. If xn (n=1, 2,+ ++) 
are unit vectors in X for which sup, Bz, = ©, there exist nonnegative scalars (n<Ky 
such that the series >_Cn%_ does not converge to any vector in X. 


The reader can easily prove this Remark by modifying slightly the argument 
in [1, Section 4]. 
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REMARK ON A NONLINEAR CONVERGENCE-PRODUCING SERIES TRANSFORMATION 


D. L. GoLpsmitH, Fordham University 


1. Introduction. Let >>”, a, be an arbitrary series of real numbers, with 
partial sums {A,}. Following Lubkin ([2], p. 228) and Shanks ([3], p. 9) we let 


Qn4+1 


(1.1) B,= A, + n= 0. 


oo *—" > 
1 — (@n41/@n) 


If the {Bn} are regarded as partial sums of a new series >|”. bn, then (1.1) 
represents a nonlinear transformation of series which we shall denote, following 
Shanks, by e:. While (1.1) defines a relationship between partial sums, 


B,, = €1(An), 


the relationship (which we shall denote by A) between the individual terms of the 
corresponding series is easily calculated. Writing r, instead of an41/an, we see 
that (1.1) holds if and only if 
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Tntt — Tr 


1.2 Outi = A(An41) = Ang. ——-——_ n= Q, 
(1.2) 41 = A(@n41) “GD pwd?) 
and 
a 
(1. 2’) bb = d(ao) = _ . 
1 — ay/a 


In order that (1.1) make sense we shall consider, from now on, only series an 
such that a,~0 and a,4:%a, for every n20. A series with zero terms or con- 
secutively equal terms may be treated by using higher order transforms (see 
[3], pp. 17-21). 

Our aim in this note is to apply the A transformation to certain classes of di- 
vergent series. To that end we formulate the following definition: 


DEFINITION. Let >_,". @n be a divergent series, and suppose T is a transforma- 
tion such that b,=T(adn), (n=0, 1, 2,°--). T ts said to be effective with respect 
to > 9 An provided >) Q5 bn= dipeg T'(Gn) converges. 


2. Main result. The \ transformation is a smoothing operation in the sense 
that it will decrease the oscillation of certain types of series and give as limit the 
point about which the series oscillates. More precisely, we have the following 


THEOREM. Let > 7.9 dn be a divergent real series with partial sums \A, \ and 
let An41/An be denoted by r,. Suppose that 


(1) limyr, = — 1, 
(2) {rn} is eventually monotone, 
(3) { A,} is bounded. 


Then rar A(dn) converges, i.e. \ is effective with respect to > P.5 An: 


For example, the divergent geometric series > 7.) (—1)” is summed to 3. 
Our proof will lean heavily on the following lemma. 


Lemma. If {rn} is a sequence such that (4) limns. fra=RHA¥1, (ii) {rn} om) 
eventually monotone, (iii) ran¥%1(n=0, 1, 2,-- - ), then the series 


< Tnt1 — Tn 
2, (1 — rn41)(1 — 1x) 
converges absolutely. 
Proof. For convenience, set %¥,=fnagi—fn and yn=1/(1—rayi)(1—9r,). Then 


N N 00 
>) n= fvs1— 7, and lim >) tn = Dy tn = R—- 1. 


n=0 N- oe n= n= 
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By conditions (i) and (ii) it is easily verified that yn} is eventually monotone. 
Finally, since {y,} is bounded, we may apply Abel’s theorem (see [1], page 315) 
to > .9 Xn¥n and, noting that x,y, does not change sign for large , we see that 
the lemma follows. 

Proof of the Theorem. Let us set Cn41= (fn41—1n)/(1 —Pn4i1) (1 —rn). We know 
by the Lemma that })7., cn converges absolutely. Since })7_) an has bounded 
partial sums, the convergence of 


7 (an) = 35 ancy 


n=l n=1 
is again a consequence of Abel’s theorem. This completes the proof. 
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ON GROUP-COMMUTATORS OF 2X2 MATRICES 


I. StnwA, Michigan State University 


1. A pair of matrices A, B are defined to be 2-commutative in the additive 
sense if, denoting AB—BA by [A, B], we have 


[[A, B], B] = 0 = [4, [A, Bl]. 


In other words, the additive commutator 4B—BA commutes with both A and 
B. It is well known that if A and B are 2X2 matrices, then 2-commutativity 
in the additive sense merely degenerates into commutativity. 

The purpose of this note is to prove a near analogue of this result for the 
multiplicative case. 

Throughout this note we shall limit ourselves to algebraically closed fields of 
characteristic zero. 


2. Fora pair A, B of nonsingular matrices, we define the group-commutator 
as ABA~!B-!, Then A, B, will be called 2-commutative in the multiplicative 
sense if A BA~1B-! commutes with both A and B. 

The following result has been proved by the author in [2]. 


THEOREM 1. Let A and B be nonsingular matrices such that (1) ABA71B7! 
commutes with A and B, and (ii) at least one of A and B does not have a complete 
set of the m-th roots of any scalar amongst its characteristic roots for m greater than 1. 
Then C=ABAB-!—TI ts nilpotent, where I denotes the 1dentity matrix. 


From Theorem 1 we obtain the following result. 
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THEOREM 2. If A and B are 2X2 matrices which are 2-commutative in the 
multiplicative sense, then either A and B are commutative or they are anti-com- 
mutative; t.e. either AB=BA or AB=—BA. 


Proof. By virtue of Theorem 1, either C=ABA-'!B-!—T is nilpotent or B 
has a complete set of roots of some scalar amongst its characteristic roots, 
which can then be only the two square roots of a number. Accordingly, we con- 
sider two distinct cases. 

Case (i). Let C be nilpotent. Since C and B commute by hypothesis, we may 
assume them to be simultaneously reduced to triangular form (see [1]|). Thus, 


let 

tad PN oad 
Then from BC=CB it follows that 

le C+by1 + a _ ih bie + ve) 
0 bos 0 rn 
so that 
(1) C-byy = C° doy. 
It also follows from AC=CA that 
Qi1 6°A41 + Ate Qiyy + C+Aq1 Aig + C+ Oo2 
: Cdn ia 7 a21 O29 | 

so that ¢-d. =0, and 
(2) C° A141 = C*Ae2. 


Now if c=0, then C+7=l=ABA~!B- and hence A, B are already commuta- 
tive. 

On the other hand, if we assume that c#0, then from (1) and (2) we con- 
clude that by = dee, do, =0, and a1, =a9. Thus we may assume that, 


A a uw oO 
A=| | ana B= | . 
0A O p 


Hence 
1 —a 1 —0b 
\ 2 2 
A = and Bolse| > | 
1 1 
0 — 0 — | 
v a 


so that ABA-'!B-!=T contrary to our assumption that c#0. 
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Thus, in either case, A and B commute when C is nilpotent. 

Case (ii). Next suppose C is not nilpotent. Then B must have the two square- 
roots of a scalar \ as its characteristic roots by virtue of Theorem 1. We can 
therefore assume B to be in its canonical form, 


B= S ‘|: 
0 —A 
Considering A, B to be a pair of linear-transformations of a 2-dimensional 
vector-space V, if it were a decomposable pair, then each indecomposable com- 
ponent of V must be 1-dimensional and hence A, B will be diagonable, and 
therefore a commutative pair. In that case C=ABA~!B-!~—T will be nilpotent 
contrary to our assumption. 


We may therefore assume A, B to be an indecomposable pair. Then from 
the commutativity of B and C we can assume that C is diagonable (see [1]) 


and has the form 
0 
CHI= K | 
0 Me 


where det (C+J) =1 implies that u,+0, u.+0. 

If uixp, then V is a C-decomposable space. As C and A commute, every C- 
invariant component of V is also A-invariant (see [1]|). Thus again A will be 
automatically in the diagonal form and hence will commute with B. This will 
again imply that C is nilpotent contrary to our assumption. Hence p= pe. 

Since det (C+J) =1, either w,=p.=1, or p=pe= —1. 

In the first case C is nilpotent contrary to our assumption and in the latter 
case ABA-'!B-!=—TI, so that AB= —BA. 
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“Integrals,” as shown by Cauchy, 
“Of regular functions of z 
Are really quite dull 
For their value is null 
On simple closed curves in B.V.” 
“In ten pigeon holes,” said Dirichlet, 
“Eleven fat pigeons waited.” 
The Master then went on to say, 
“At least two of them are mated.” 


James P, BURLING 


CLASSROOM NOTES 
EDITED BY GERTRUDE EHRLICH, University of Maryland 


This department welcomes brief expository articles on topics closely related to classroom 
experience in courses that are normally available to undergraduate students, from the freshman 
year through early graduate work. Items of interest to teachers, such as pedagogical tactics, 
course improvement, new proofs and counterexamples, and fresh viewpoints in general, are in- 
vited. All material should be sent to Gertrude Ehrlich, Mathematics Department, University of 
Maryland, College Park, Maryland 20740. 


A SPECTRAL MAPPING THEOREM FOR POLYNOMIALS 
H. A. GINDLER, San Diego State College and University of Pittsburgh 


Consider a linear transformation T whose domain D(T) and range R(T) lie 
in a complex Banach space X. We denote by [X | the class of all linear trans- 
formations JT for which D(T) =X and T is continuous (bounded). Also, we de- 
note the resolvent set of J by p(7) and the spectrum of T bya(T). If \ is a com- 
plex number, we write \—T instead of \J—T and if \G p(T) we write R(A; T) 
for (A—T)—!. If » is a polynomial of degree n, the operator p(T) is defined on 
D,, the domain of T”, in the usual way. 

In [1] (p. 204) one finds the fine-point spectral mapping theorem for a cer- 
tain class of analytic functions. It is interesting to see how this theorem applies 
to a polynomial p. If TE |X], then p is analytic on o(T); hence satisfies the 
hypotheses of the fine-point spectral mapping theorem. If T¢[X], then, since 
p is not analytic at «, the theorem does not apply to p. Nevertheless, a more 
general theorem is true, as we propose to show in this paper. An interesting fea- 
ture of the proof is the fact that it does not rely at all on the operational calculus. 
The author has succeeded in generalizing the fine-point spectral mapping theo- 
rem to a wider class of functions. The proof in the more general case, however, 
relies very heavily on the operational calculus. 


DEFINITION. The properties P;(t=1, 2,3) for the operator T are defined as fol- 
lows, on the assumption that T 1s linear, with domain and range in X: 

P,: T ts not one-to-one. 

P.: The range of T 1s not dense in X. 

Ps: There exists a sequence of unit vectors xp for which || Tx,||>0 as n>. 


The following lemma will be needed. We employ the notation introduced 
earlier. 


LEMMA. Let X be a Banach space and let T be a closed linear operator from 
aa to X. If {y,} 1s @ sequence of unit vectors in the domain of T for which 
(a—T)y,—-0 as ko, then, for each positive integer n and each B in p(T), 
| [R(B; T) ]°-ye|| is bounded away from zero. 


Proof. The proof is by induction. The case n = 1 is trivial, so we may assume 
n>1 and that ||/[R(6; T)]*-?y:|| is bounded away from zero. Then, writing 
x,=[R(8; T)]"-y., we have 


528 
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|| (6 — aaa] = ||(@ — T)axl| — ||(@ — Taal 
= ||[R(6; T)]°-2ynl| — ||[R@; T)]-(@ — T)yil]. 


The second term on the right hand side of this equation goes to zero, while 
the first term on the right is bounded away from zero. It follows that ||-xz|| is 
bounded away from zero, as was to be proved. 


THEOREM. Let X be a Banach space, let T be a closed linear operator with non- 
empty resolvent set and let p be a polynomial of degree n>0. If aGa(T) and if 
a—T has the property P; (4=1, 2 or 3), then p(a)—p(T) has the property P; also. 
Moreover, if wEa(p(T)) and if w— p(T) has the property P; (4=1, 2 or 3) then 
there is an aCoa(T) such that p(a) =n and a—T has the property P;. 


Proof. lf eGo(T), write p(w) — p(A) = (a—A)g(A), where g is a polynomial of 
degree n—1 in the complex number \. Then the fact that [p(a@)—p(T) |x 
=(a—T)q(T)x for all x in D, shows that the range of p(a) — p(T) is contained 
in the range of ~a— TJ. Thus, if a—T has the property P:2, then p(a) — p(T) also 
has the property P2. Similarly, [p(@) —p(T) |x =q(T) (a—T)x for all x in D, im- 
plies that [p(a@) —p(T) |x will be zero whenever (a2—T)x=0. This yields the 
corresponding assertion concerning the property P,. 

To see that the property P; is also inherited, suppose that y,, R=1,2,---, 
are unit vectors in the domain of T for which (a—T)y,—0 as kR— ~ and suppose 
BEp(T). Letting x,.=[R(B; T)]*~yz, we see that x,€D, for each k and that 


[p(a) — p(T) |x, = g(T)(a — T)x, = g(T)[R(B; T)]}-Ma — T) yx. 


By rewriting g(T) in powers of 8— T and multiplying through by [R(@; T) ]*7 
we obtain q(T) [R(G; T) |*-1 as a polynomial in R(6; T). Hence, q(T)[R(@; T) |" 
€ [|X]. Since (a—T),—0 as R-> © , by continuity so does the expression on the 
right side of the preceding equation. It follows that [p(a) — p(T) |x, 0 as R> & 
Moreover, the lemma shows that the ||«;|| are bounded away from zero. Hence, 
b(a) — p(T) has the property P3 if a—T has the property P3;. This completes the 
proof of the first assertion of the theorem. 

To prove the converse, suppose that wGo(p(T)) and write 


u — P(A) = ao(ar — A) ++ * (Qn — A), 


where p(a;) =p for all z=1, 2,---, 2 and a is a suitable complex number. 
Without loss of generality assume ay) =1 so that 


(1) lu — p(T) |e = (ar — T) +++ (em — T)x = TI (as — Ta 


i=1 


for all x«CD,. From equation (1) we see that 1— p(T) must be one-to-one if each 
a;—T is one-to-one. Hence if 4—p(T) has the property Pi, so has a;—T, for 
some 1. An operator A fails to have property P; if and only if there exists a posi- 
tive constant m such that ||Ax|| =ml|x|| for each x in the domain of A. From this 
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and equation (1) we can see that if each of ai—T,--+-,a,—T fails to have 
mae Ps, say with ||(a;—T)x|| 2mz,||x|| for each x in the domain of T, then 
| lu —p(T) |x|] 2mm - - + mai|x|| for each x in D,, so that u—p(T) fails to have 
property P3. 

It remains to show that property P. of 4— p(T) is inherited from some pre- 
image point of uw. The proof is similar to that in [1] (p. 205). For x in D,, let 
y= (8—T)"x, where BE p(T). Using x= [R(6; T)]"y, equation (1) now takes the 
form 


(2) boo = Tw - Res My = (TI a) y, 

t=x1 t=1 
where g;=(a;—T)R(G; T) for 1+=1,---, n. Each gq; is continuous, for the 
formula 


gq = (a; -6 +6 — T)RG;T) = (ai — B)RGO;T) +1 


shows that each q; is a sum of continuous operators. 

Now, if fis any continuous function and if Sis a subset of X, then f(S) Cf(S), 
where the bar denotes set closure. If, in addition, S =X and if the range of f is 
dense in X, then X =f(X) =f(S) Cf(S), so that f maps dense subsets of X into 
dense subsets of X. Hence, if each g; in equation (2) has a dense range, it follows 
by mathematical induction, from what has just been shown, and equation (2), 
that 4— p(T) also has this property. Hence, if w— p(T) has the property P2, the 
above argument shows that qg; has the property P. for some 7. From this one 
readily obtains that a;—T also has this property. 
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ON THE REMAINDERS OF CERTAIN QUADRATURE FORMULAS 
WALTER JENNINGS, U. S. Naval Postgraduate School 


The remainder terms of many formulas for numerical integration, such as 
those of Newton-Cotes and Legendre-Gauss, have as a factor a derivative of 
even order of the integrand function. Thus a polynomial of highest degree for 
which one of these formulas is exact is necessarily of odd degree. In particular, 
Simpson’s rule, while based on parabolas, is exact for all cubics. The usual 
derivations [1] of remainder formulas do not offer a simple explanation for this 
oddness. It seems not to have been remarked that it is an immediate conse- 
quence of the symmetrical nature of these formulas. 

Many procedures are available for constructing the unique interpolating 
polynomial I,(x) of degree n or less corresponding to an arbitrary function F(x) 
and n+1 distinct numbers x»)<x1<x%2< +--+ <x, of its domain of definition. 
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In particular, Lagrange remarked that 


n IL i 
I,(«) = > Li(x)F(x;), where L,(x) = Mele) 

i=0 TT (4) (#4) 

with . 
Tciy(%) = (@ — xo)(@ — H1) ++ + (H — Mi) — Hit) + + + (@ — Hn). 
Thus 
(1) F(x) = In(%) + Rnti(2), 
where R,41(x,;) =0, i=0, 1,2, -- +, . If F(x) is integrable on the interval [a, b| 
then 
b n b 
(2) i) F(«)dx = >) A,F (x) +f Risi(x) dx, 
a 4==0 a 


where A;= /?L,(x)dx. Thus the A; depend only on the numbers a, b; xo, 41, ° °° , 
Xn. The summation on the right of equation (2) is called an interpolatory quad- 
rature formula and the integral on the right the remainder. If a=x)—a, b=x,+a, 
where qa is arbitrary, and if all the x; are such that x;—x) =, —%X,_,;, the inter- 
polatory quadrature formula is said to be symmetrical. A simple calculation 
shows that A;=A,-;,1=0, 1, 2,-- +, mn, for any symmetrical formula. In par- 
ticular, all the Newton-Cotes and Legendre-Gauss formulas are symmetrical. 
An interpolatory quadrature formula is said to be exact if the remainder is zero. 
If such a formula is exact for functions f(x) and g(x) it is necessarily exact for 
af (x) +bg(x), where a and 0 are arbitrary constants. 

We now suppose a particular symmetrical interpolatory quadrature formula 
> Ly A: F; exact for all polynomials of degree <2k. An arbitrary polynomial of 
degree 2k+1 can be written in the form > /2¥4) a,(x—p)‘, where w= (xo +%p)/2. 
But 


inta 2k+1 
f (x — p)***ldy =O = D> Aj(x;, — w)?*+1, 
ro—a t=0 
Thus an arbitrary polynomial of degree 2k+1 can be written as a linear com- 
bination of functions for which the given formula is exact and so it is exact for 
all polynomials of degree 2k-+1. We shall say that a quadrature formula is of 
order N if it is exact for all polynomials of degree < N but is not exact for some 
polynomial of degree N-+1. We have thus established the following 


THEOREM. A symmetrical interpolatory quadrature formula 1s necessarily of 
add order. 
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ATTEMPT AT A STRONGEST VECTOR TOPOLOGY 
E. O. THorp, New Mexico State University 


A set A in £ 1s circled if aA CA for all scalars a such that | a| <1. A set is 
radial at 0 if it contains a line segment through 0 in each direction. A vector 
topology for £ is a topology such that addition and scalar multiplication are 
each jointly continuous. A local base is a fundamental system of neighborhoods 
of 0. 

If £ is an infinite dimensional real or complex linear space, the family of all 
circled sets radial at 0 is not a local base for a vector topology for Z. This is ob- 
served in [1, I, Section 1, no. 9, ex. 6] and the example is repeated in [2, 5D], 
where the infinite dimensionality of £ is essential to the argument. 

We offer here the sharper observation that if £ is a real or complex linear 
space, the family of all circled sets radial at 0 is not a local base for a vector 
topology for £ iff dim #22. 

First consider the case E = E?, where E? is either real or complex two dimen- 
sional Euclidean space and {1, uz} is the usual orthonormal basis. For each x 
in & such that | «| =1, let f(x) be the magnitude | (x, ur) | of the inner product 
(x, 41). Let A consist of a union of ray segments, one for each x such that | 2 | = 1. 
If f(x) is 0 or irrational, let [0, x] CA. If f(x) =p/q is a nonzero rational in lowest 
terms, let [0, x/q]CA. The fact that A is circled follows from | (x, u1) | 
= | (e%x, u) |. Clearly A is radial at 0. 

There is no set C radial at 0 with C+C CA. Suppose that there is such a C. 
Then there is an e>0 such that [0, ew:| and [0, ee] are in C. Therefore C+C 
contains all ray segments [0, x] where 


x = yy + lotta, 0 < ty, bo < é. 
Letting 
buy + bolts ty 
y= Te N? we have fly) = Te UN 
V (ty + ta) V(t + t) 


Let g be a prime such that 1/q<e. If h=e€/g and ta=e€./(1—1/q’), then f(y) 
= 1/g. Hence the ray in A in the y direction is [0, y/q]. Now | | =e€s0 y is not in 
A. But y isin C+C. Thus C+CCA. 

In the general case dim EF 22, let e, and eg be linearly independent vectors in 
E. Then the subspace F=sp(é1, é2) spanned by e: and eis isomorphic to E? under 
the map J such that Iu,=¢,, Iuza=e. If B=I(A), B as a subspace of F has all 
the properties proved above for A. Let G be a subspace complementary to F. 
Then G+A is radial at 0 in £ and 1s circled. 

There is no set Cin £ which is radial at 0 and such that C+CCA+G (and 
thus the circled sets radial at 0 do not yield a vector topology). Suppose that 
there is such a C. Then D=CY)\F, considered as a subset of F, is radial at 0 and 
D+DCA. But this contradicts our result for E?. 
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If dim £31, the family of circled sets radial at 0 is a base for the Euclidean 
topology. 

REMARK. In the real case for E? the proof is simpler and more intuitive if we 
let f(x) be the angle between x and @é. 
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ON SEQUENCES OF POWER SERIES WITH RESTRICTED COEFFICIENTS 
QO. SHisHA, Aerospace Research Laboratories, Wright-Patterson AFB, Ohio 


1. We begin with the following result, for which an elementary proof is 
provided. 


THEOREM 1. Lei S be a subset of the disk | z| <1. Fork=1,2,---, let 


(k) j 


P,(z) = » a; % 
j=0 


converge in | 2 <1, and for each ES let the sequence P;,(z%) converge to some f(z). 
Suppose also that all | a” | are smaller than a constant M(<) and that all a‘ be- 
long to some closed set C. Then there exists a power series >) 7.4 a;24, convergent in 
| 2| <1, with all a;EC, such that f(g) = eo a,;2/ throughout S. 


2. Examples. Suppose that for R=1, 2,---, 5,0" converges, and that 

ie = 2, asi converges to a function f(z) in SU{1}, where S is a subset of 
2) <1. 

A. Assume that all a are 20. Then since the sequence (> /72, a”), is 
bounded, all hypotheses of Theorem 1 hold, with C being the ray Re(z) 20. 

B. More generally, assume that all a” belong to a closed sector C with ver- 
tex at the origin, whose angular measure ¢ satisfies OS@<7. Let Mi(<) be 
an upper bound for all | 0 a® |. Let 7(20) and k(21) be given integers. 
Then a!) <M, if 6S7/2, and |a| < Mi/sin ¢ if 6>a/2, which shows that the 
hypotheses of Theorem 1 hold. In proving these inequalities we may assume 


a 40, b= Na’ #0. 


n=0 
Nj 


Let a(0Sa<7) be the angle between the vectors a\ and b. If éSm/2, then 
a<q/2, and therefore | a | <| yoo a® | <M,. If @¢>7/2 and a>7/2, then 
by the law of sines 


(k) 
an 


n=0 


/ | a; | = sina 2 sing, 
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and so |a®| <M,/sin ¢. If 6>7/2 but aSw/2, then again 


(k) 


| a; | < a, 


<= M, < M,/sin @. 


n=0 


3. Proofs of Theorem 1. Before we give an elementary proof of Theorem 1 
(using only basic properties of sequences and series) we point out that one can 
prove the theorem readily using a basic property of normal families. In fact, con- 
sider the set ® of all functions which throughout | 2 <1areofthe form )) 7.) anz", 
with all |a,| <M. Then © is clearly locally uniformly bounded in |z| <1, and 
consequently, ® is a normal family in that disk. Hence there exists a subsequence 
P,,(s) of P,(g) converging throughout | 2| <1 to some F(z)= > 1779 a;2/, uni- 
formly in every compact subset of | z| <1. Forj7=0,1,2,---, 

(nk) 


lim [P,.’(0)/j!] = lim a;"" EC. 


E— 0 E— 0 


a; = F"’(0)/j! 


Obviously, throughout S, 


f(z) = lim Py,(z) = >> aja’. 
k- © j=0 


Here is a second proof of Theorem 1. We choose, by the diagonal process, a 


subsequence (/z);-) Of (1, 2, -- - ) such that 
(hy). 0 
(a; ; imo 
converges (say, toa;) forj=0,1,2,---.Then | a;| $M,a,;,EC G=0,1,2,---). 


Clearly >), a,2/ converges in | 2 <1; we shall prove that it equals f(z) through- 
out S. Let | 2| <1, and let € be a positive number. Choose a J;(21) such that 


yt alice. 


j=Jy 4M 


Choose a ki20 such that if R2k; and OSjSJ,—1 then 
(hy) € 
, — . < ———- 
a as 2S 
If J2J, and k2h, then 


J . Ji-1 . J . 
X | a? — ae] = XO [a — asf al? + Oo | ai"? — as] | 2 
j=0 


j=0 jody 
Ji-l_ J é E 
<> —+ 2M | 2|/' <—4+— = 
j=0 1 jad} 2 2 


Thus, if R22; then 
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i°.¢] ioe) foe) 
(he) 3 j (he) j 
4 2 — Laz) S Di | (a; " —a)2| Se. 
j=0 j=0 j=0 


We have thus shown that 


lim Pr,(z) = >, a;2/ 


k— 0 j=0 


throughout | 2 <1. Since in S, limz.. Pr,(2) =f(2), therefore f(z) = Do 7.9 a;24 
throughout S. 


4. For subsequent use we prove here the following simple 


Lemma. Let C be a closed sector as in example B. Then there exists a constant 
wO<uw< 0) such that tf ao, 1, ++ +, Ap are arbitrary points of C, then 


Pp Pp 
> | ax; | > Qj 
j=0 j=0 


In fact, u can be taken as 2 4f OS7/2, and as 2/sin ¢ tf @>7/2. 


IIA 


be 


Proof. Let the rays U, V form the boundary of C, and let u, v be vectors start- 


ing at the origin and of unit length, along Uand V respectively. Let ao, ai, + + -,@p 
be points of C, and let a; = &u-+7,0(&;>0, 7;>0, 7=0,1,---,p). Then 

Dp Dp Dp 

a; = ( » és) u+(Som)e 

j=0 j=0 j=0 


If @<7/2, then clearly | D779 a;| = Dio &s, | Do?-0 @;| Z Du7-0 74, and there- 
fore 


p 
» OF 


a= () 


2 


Dp Dp 
=Liéitn) 2D lal. 
= j=0 
If @¢>7/2, then by the law of sines, 


SS a; = ( » ts) sing, 
j=0 j=0 


p 
> O45) 
j=0 


= ( > ni) sin Q, 


j=0 
and therefore (2/sin ¢)| a a;| = 0 (E;+7,;) 2 0 | ov;| . 
5. We complement Theorem 1 by the following 


THEOREM 2. Let the hypotheses of Theorem 1 hold, where C is the ray Re(z) 20 
or a closed sector as in example B. Suppose that S contains a sequence (xn) of non- 
negative reals such that x,—>1 and such that f(xn) converges (say, to f(1)). Then in 
the conclusion of Theorem 1, S can be replaced by SU} 1 \ 
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Proof. Let the power series })° a;2/ satisfy the conclusions of Theorem 1. 
We shall prove that f(1) = >072) a;. Suppose first that C is the ray Re(z) 20. If 
> j-0 2; diverged, then for some J, 


Dd % > f(1) + 1, 


j=0 


and therefore, for all 7 2some mp, 
2 a,x, >f)4+1 
i= 
and therefore 
fltn) = > on > fl) #4, 
j= 


contradicting the relation f(x,)—f(1). Thus, >), a; converges, and by Abel’s 
continuity theorem, 


(1) f(1) = lim f(*,) = lim > aj, = > aj. 


M70 jul) 


Let us now assume the more general hypothesis on C. Let u(0<p< ©) be 
such that if a, a1, -- + are points of C for which >”, a; converges, then 


fo) 
Do; 
j=0 


(see the Lemma). Again, if d>2, | a; diverged, then for some K, >-*, | a;| 
> uw(|f(1)| +1), and therefore for all mn 2some 1, 


foe) 


» | a; | Sp 


j=0 


K . oe) : 
D | a;| en > w(| f(1)| + 1) and consequently 37 | a;| an > w(|f(1)| +1). 
j=0 j=0 


Hence | f(x) | = | po a;xi| > |f(1) | +1(n=m, m+1,-- >), contradicting the 
relation f(x,)—f(1). Again (1) gives the desired conclusion. 


6. Remarks. I. Suppose that for k=1,2,--+, >.j29 a," converges, and that 


(k) Jj 


P,i(z) = > a; 2 
j=0 


converges uniformly to some f(z) on SU { 1 i where S is a subset of | 2| <1. Let 
C (containing all a) be the ray Re(z) 20 or a closed sector as in example B. 
Assume also, that 1 is a limit point of the intersection of S with the real axis. 
As shown in Section 2, all hypotheses of Theorem 1 hold. Let (x,)7, be a se- 
quence of nonnegative real points of S converging to 1. Consider the functions 


P,(g) restricted to the set T= 1, X1, Xa, °° ° \ They are continuous on J, and 
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the uniform convergence implies that f(1) =lim,..f(x,). By Theorem 2, the 
conclusion of Theorem 1 holds, with S replaced by SU {1}. 

IT. Let (Pi(x))¢_; be a sequence of polynomials whose coefficients are 20, 
converging uniformly to some f(x) on [0, 1]. By remark I, there exist a, a1, °°: , 
all 20 such that f(x) = >). a,x’ throughout [0, 1]. Thus we can conclude (the 
known fact) that f is absolutely monotonic in [0, 1], ie. continuous in [0, 1] 
and satisfying f(x) 20, f’(x) 20, f’’(x) 20, -- - , throughout (0, 1). 

III. Let f be a function with domain [0, 1], absolutely monotonic in [0, 1]. 
Then for k=1, 2,---, the Bernstein polynomial 


mea BK a0 


is known to have all its coefficients 20. Since B,(x) converges uniformly to 
f(x) on [0, 1] it follows, by Remark II, that there exist ao, a1, -- + , all 20, such 
that f(x) = >), a;x/ throughout [0, 1]. Thus we have the (well-known) result 
that f can be defined at all points of the disk |z| <1 outside [0, 1) so as to be- 
come holomorphic in that disk. 


COMPACT SPACES AND LOCALLY COMPACT SUBSPACES 
RICHARD LAATscH, Miami University, Oxford, Ohio 


In a recently published text the reader is asked to prove that an open subset 
of a compact space is locally compact (in the relative topology) [1]. The propo- 
sition is not true, but the error may well be typographical since the proposition 
is made true by making the space Hausdorff. The following space provides a 
counterexample with several additional properties. 

Using conventional interval notation, consider the set of real numbers 
K=[-—1, 1]. Let the open subsets of K be the empty set, K, and all intervals 
of the forms | —1, b), (a, 0), and (a, 1] with a<0<b. Thus every nonempty open 
set contains 0, and the closure of every nonempty set contains —1 or 1. The 
space K is compact since, given any open covering of K, any two sets which 
cover —1 and 1, respectively, will cover K; but no open set (a, b) is locally com- 
pact since the relative closure of any open subset of (a, b) 1s (a, b). 

As to other properties of the space K, K is trivially separable since {0} is 
dense in K. Thus the only continuous functions f: K—>R are constant because 
f(0) and continuity on K fix the values of f everywhere. Also K satisfies the 
second axiom of countability (using the same base as in the usual topology) but 
is not metrizable since it satisfies separation axiom JT) but not 71. 


Reference 
1. H. L. Royden, Real Analysis, Macmillan, New York, 1963, Exercise 9.16a, p. 147. 


MATHEMATICAL EDUCATION NOTES 


EDITED BY JOHN R. Mayor, AAAS and University of Maryland 
COLLABORATING Ep1Tor: JOHN A. Brown, University of Delaware 


All material for this department should be sent to John R. Mayor, 1515 Massachusetts 
Avenue, N. W., Washington, D. C. 20005 


COORDINATION OF MATHEMATICS WITH ENGINEERING CURRICULA 


R. D. Larsson, Dean of Instruction, Mohawk Valley Community College 


Wherever curricula in the sciences or engineering are offered, the problem 
of the mathematics department playing the role of a service department is a 
major concern. Viewpoints vary from institution to institution as to the re- 
sponsibilities and prerogatives of the mathematicians in curriculum develop- 
ment. 

One point of view is that mathematics is mathematics and it makes little 
difference whether the students taking a calculus course, for example, are study- 
ing to be civil engineers or physicists or even mathematicians. It is held that a 
rigorous course in calculus will prepare the student to use it in whatever type of 
application may be forthcoming in his later work in other courses. Advocates of 
this approach would ask the science and engineering departments to indicate 
the broad areas of mathematics desired and then leave it to the mathematics 
department to design the courses to be offered, without regard to applications. 

I would like to make one observation here. There is a tendency in some 
quarters to feel that a rigorous course means to eliminate all manipulative work 
and concentrate only on theory. For example, some would eliminate techniques 
of integration in the calculus. To do this renders a disservice to the student and 
his engineering instructors, as such a facility cannot be acquired overnight. To 
include it will not lower the level of any such course. 

A second point of view is that the mathematics courses must truly serve the 
other departments by being directly oriented towards the curriculum involved, 
with a maximum of applications to better motivate the work and prepare the 
student for its continuing use in other courses. It is from this philosophy that 
departments of applied mathematics, or separate service departments, have 
evolved in some cases. 

I believe that there should be extensive consultations between the mathe- 
matics department and the departments which it attempts to serve, but the 
final responsibility for the nature of the courses to be offered and the staffing 
of those courses should rest solely in the hands of the mathematics department. 

Some might argue that the professors of science and engineering know 
exactly which topics in mathematics they want their students to learn and need 
only to submit such a list to the mathematics department. Such an argument is 
not sound for several reasons. 

First, no real mathematics course is just a collection of topics. It is an orderly 
development of basic concepts with some unifying thread that binds them to- 
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gether just like a well tailored garment. Not just any collection of topics can be 
woven together in this fashion. 

Second, if one tries this approach in practice, he will find that each engineer- 
ing department will have its own idea as to the makeup of the course it wants. 
At the level following the calculus, it is quite likely that a mathematics depart- 
ment would have to offer a separate course for the students in each engineering 
and science curriculum in order to satisfy the demand. In some cases this would 
be highly impractical for economic reasons. In addition, there is a real question 
as to the possibility of inherent dangers in excessive specialization at a low level. 
Can we pinpoint, at the undergraduate level, the precise mathematical topics 
needed in the future by the students in each separate department of engineer- 
ing? I think not. 

As a matter of fact, | have observed the following through actual experience. 
Suppose a mathematics department asks an engineering department to make 
suggestions as to the makeup of a mathematics course at a certain level. You 
will find that the engineering faculty will make almost as many different sug- 
gestions of topics as if they were members of separate departments. I recall one 
man who insisted that a course in statistics was the only one of any importance 
for civil engineers. It turned out that his doctoral thesis was based primarily on 
the use of statistics. Another man in an electrical department was sold on a 
course in theory of functions of a real variable. He had taken one as a graduate 
student. In each case the man mentioned was positive and sincere in his belief, 
but his ideas were not shared by others in the same department. The final deci- 
sion on which course or courses should be offered may not be easy. One would 
hope that the decision would not go simply to the most vocal proponent of cer- 
tain topics. 

But let us face two very important facts. The professor in charge of a given 
engineering course wants to have the mathematics, which the course demands, 
available when he needs it and not later than that. The student wants to be able 
to apply his mathematical knowledge when called upon to do so. We are only too 
familiar with complaints of other departments that certain mathematical topics 
are not taught early enough or that the students cannot apply their mathe- 
matics in engineering problems. 

The real difficulty is that too many faculty members have little more than 
a superficial knowledge, at best, of the makeup of the courses in other depart- 
ments. There is too much of a tendency for departments to exist in relative 
isolation from one another in this respect. 

One of the most helpful committee experiences which I have had in education 
was to serve on a committee which was charged with studying the correlation 
between mechanics, mathematics and physics, as well as whether or not the 
mechanics courses satisfied the needs of the engineering departments of that 
college under a proposed new curriculum. I remember that it soon became 
evident that we could not arrive at any sound judgments until we had available 
weighted outlines for each course, showing not only the point at which a topic 
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was introduced, but the time allotted to it. We all had general opinions, based 
on hearsay evidence in most cases. We soon found out whether or not they were 
valid. 

I will not take time to detail the complete study, which ran over a period 
of several months, but indicate some of the items considered. 

First, two departments found evidence that there should be some additional 
work included, such as statistical mechanics. This question was referred to the 
departments concerned for specific recommendations as to the possibilities of 
including such material, how much should be included, the position in the pro- 
gram and whether it should be given in mathematics, physics or mechanics. 

Second, we found, counter to earlier general impressions, that the correlation 
between physics, mathematics and mechanics would be good. The criteria were 
that the prerequisite courses for each individual course in mechanics contained 
the desired subject matter with the proper time allotted to it and in the proper 
sequence so that, in the case of concurrent courses, the topics would be covered 
early enough in the prerequisite course to be of use in the mechanics course. 

Third, it became clear that the correlation of the mechanics courses with 
some of the engineering courses would not be good. In the revised curriculum 
dynamics would have followed fluid dynamics, which would have made it diff- 
cult to teach fluid dynamics and would have prevented the use of dynamics in 
some electrical courses offered earlier. But dynamics had been shifted in order 
to make greater use of differential equations. It appeared that the best solution 
would be to shift the dynamics back, but this probably would make necessary 
a shift in the materials testing and fluid dynamics laboratories, which might 
require changes in other departments. Problems like this are striking illustra- 
tions of why each department should be fully cognizant of the needs and pro- 
grams of the others. 

Fortunately, a few years later, a shift in the mathematics courses which 
brought calculus into the first semester of the first year, followed later by a con- 
solidation of the mechanics courses, alleviated many of these difficulties. But 
again this was not so much a unilateral decision on the part of the departments 
concerned, as a realization of the favorable impact which it would have on the 
courses in engineering and science. 

But when you come right down to it, the determining factor in the coordina- 
tion of mathematics and engineering is the professor in the classroom. Here 
coordination will rise or fall despite all the other efforts to which I have referred. 

Just a few years ago I was invited to teach a section in dynamics for the civil 
engineering department, followed by a section of mechanics of materials the 
next semester and then dynamics again the semester after that. The purpose was 
to determine whether or not these courses were making maximum and most 
effective use of the mathematics which the students had had up to that point. 

This was quite a challenge, as I had never taken a course in dynamics. In 
the case of the materials course, I had audited such a course some twelve years 
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before. I was to cover the same material as the other sections, teach it my own 
way and then have my students take a common final examination with the 
students from the other sections. 

I had the opportunity of frequent consultations with some members of the 
civil engineering department. In the case of the materials course, I used six 
different texts to give me a broad picture of the way various topics might be 
presented. It took a great deal of time to make an adequate preparation. 

There were some obvious deficiencies in the use of mathematics and the 
texts did not help matters. I hold no brief either for or against the use of vectors, 
but I do say that one should exploit them fully or not at all. To use the vector 
notation, without the tools, is misleading to the student. One might just as well 
be working with components only. Unit vectors, especially in polar coordinates 
where they are variables, are very helpful in kinematics. To struggle through 
the derivation of the Coriolis acceleration using rectangular coordinates, as 
the author did, seemed a waste of space, time and knowledge. 

It also seemed awkward, for example, to solve a homogeneous, constant 
coefficient differential equation by the use of the independent variable missing 
method, especially when the students had just studied the easier approach 
which made the problem trivial. 

I found too much evidence that problems were designed to eliminate the need 
for integration wherever possible. It certainly is true that graphical methods 
are helpful in some problems; that formulas are useful in many cases and that 
approximations are often required. But the fundamental principles are the most 
important elements of any topic and too often they are forgotten or minimized 
in the haste to simplify the examples to be used. Why do we require calculus if 
we do not intend to use it freely? 

This teaching experience was very helpful to me, but I do not recommend 
it as a general procedure. My inadequacies, especially in the engineering uses 
of some of the material, must have been a handicap to the students. In the 
work on welds and rivets, I felt that I was giving lectures that lacked depth, 
although technically correct. Any successes which I had in final grades were 
probably balanced out by some of these other factors. 

On the basis of the sum total of my experiences in the coordination of mathe- 
matics and engineering, I make the following recommendation, and I feel that 
it can be generalized to cover all departments. 

Wherever one department offers a service course to the students of another 
department, I recommend that the service department provide a faculty mem- 
ber as a part-time consultant to that other department as needed. 

He could assist the instructors who are teaching courses for which the ser- 
vice course is a prerequisite, by acquainting them with the material which the 
students should know; suggesting the best ways in which prerequisite material 
could be used for a particular topic, perhaps including a guest lecturer as needed; 
to advise in the development of the course outline as to the timing of prerequisite 
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material when offered concurrently, (calculus and physics are a good example of 
this); to aid in the selection of new textbooks, from the point of view of the best 
use of prerequisite material by the author. 

I further believe that the use of consultants can work the other way as well. 
How often we find the same tried and true applications of engineering in our 
mathematics texts, some of them rather artificial; and they are frequently taught 
with little real understanding by the instructor. A consultant from the engineer- 
ing department concerned could suggest fresh material, better motivation and 
perhaps lecture as needed. 

On the undergraduate level we expect faculty members to be fairly familiar 
with the courses offered in their own department. It is not reasonable to expect 
them to be as familiar with courses in other departments. It is no reflection on 
any engineering faculty member to say that a mathematician might assist him 
in making the best use of the mathematics needed in his work. The converse is 
also true. Wherever curricula stray across departmental boundaries, there must 
be close and continuing consultations in both directions. 


Presented at a meeting of the Mathematics Division at the Annual Meeting of the American 
Society for Engineering Education held at the University of Maine in June, 1964. 


CAREER CHOICES OF SCIENCE TALENT SEARCH HONOR STUDENTS 


The Honors Group of the nation’s top science competition, the Science Tal- 
ent Search, has been announced by Dr. Watson Davis, director of Science Ser- 
vice. The Search is conducted by Science Clubs of America, a Science Service 
activity. 

The 300 most promising science students from the 1965 high school graduat- 
ing classes come from communities scattered from the Atlantic Seaboard to 
Alaska. The 300 students receiving honors are 15 to 18 years old and go to 
school in 174 communities in 38 states and the District of Columbia. The out- 
standing student-scientists include 77 girls and 223 boys. 

Career preferences of the group cover the entire range of science from aero- 
nautical engineering to zoology. First choice of the group is medical science, 
chosen by 41 of the 300 Honors Group members. One of these plans to be a 
veterinarian and another aspires to a dental career. A close second is physics, 
with 39. Education ranks next, with 38 planning to teach at high school or col- 
lege level. Biochemistry is next with 28, and chemistry follows closely with 27 
selecting that field. Mathematics claims 26, with engineering and biology follow- 
ing with 20 and 19 respectively. The remainder are scattered in almost every 
scientific field. 

Only four are “undecided,” while 11 plan non-science careers. These include 
the ministry, politics and one writing novels. 


1965] PROBLEMS AND SOLUTIONS 543 


PROCEEDINGS OF THE INTERNATIONAL CONFERENCE 
ON MODERN SCHOOL MATHEMATICS 


Teacher training programs in mathematics, most of which are outmoded 
and inadequate in the U.S., must be radically reformed if this country is to make 
progress in developing good teachers of modern mathematics. This was one of 
the conclusions of an International Conference on Modern School Mathematics 
held in November, 1963, in Athens, Greece. The proceedings of the meeting, 
sponsored by the Organization for Economic Co-Operation and Development 
(O.E.C.D.), have been published in book form under the title, Mathematics 
To-Day: A Guide for Teachers. It is available in the U.S. through the McGraw- 
Hill Book Company, O.E.C.D. Unit, TMIS Annex, 351 W. 41st Street, New 
York, New York. Price: $3.00. 


PROBLEMS AND SOLUTIONS 


EDITED BY E. P. STARKE, Bloomfield College 


COLLABORATING EpiTors: J. BARLAz, Rutgers—The State University; L. Cariitz, Duke 
University; H. S. M. Coxeter, University of Toronto; H. Eves, University of Maine; 
A. E. Livingston, University of Alberta; and A. WILANSKy, Lehigh University. 


All problems (both elementary and advanced) proposed for inclusion in this Department should 
be sent to HE. P. Starke, Bloomfield College, Bloomfield, N. J. 07003. Proposers of problems 
are urged to enclose any solutions or information that will assist the editors. Ordinarily, prob- 
lems in well-known textbooks and results in generally accessible sources are not appropriate for 
this Department. No solutions (except those accompanying proposals) should be sent to Pro- 
fessor Starke. 


ELEMENTARY PROBLEMS 


All solutions of Elementary Problems should be sent to A. E. Livingston, University of 
Alberta, Edmonton, Canada. To facilitate their consideration, solutions for Elementary Prob- 
lems in this issue should be submitted on separate, signed sheets and should be mailed before 
September 30, 1965. 


E 1785. Proposed by Robert Bowen, University of California, Berkeley 


Let T,= { (a1, +++ Am): @; 18 a positive integer, d;=1, a; S1+maxze; ar}, 
and t(m) be the number of elements in Ty». Set g:(«) =1 and ge4i(x) = (x —1) g2(x) 
+g:(x+1). Show that t(m) =gm(1). 


E 1786. Proposed by Robert Spira, Duke University 
A rectangle can be made up of J-shaped tetrominoes (made of 


unit squares) if and only if each side of the rectangle is divisible by 4. 
(The simplest case is the 4X4.) 
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E 1787. Proposed by Kenneth Kloss, National Bureau of Standards 
Prove the identity 


n k + 1 xX + oe + Xn 2 
> (x on) | 
lsisjsn t=1 «2k k+1 


E 1788. Proposed by Joel Pitcairn, Bryn Athyn, Pa. 


Let J be the open interval |¢:0<t<1]. We call a subset of J a C-set in case 
it contains 1—z and ts whenever it contains ?¢ and s. 

(1) Let E be a C-set. Prove (a) if £ is nonvoid, then E is dense in J; and 
(b) if int(Z) is nonvoid, then E=J. 

(2) Write ¢’ for 1—¢. Suppose X is a real vector space, A CX, and f a real- 
valued function on A. (a) Let £ be the set of all those t@ J such that x, yCA 
implies tx-+t’/yGA. (Thus A is midpoint convex iff }€#.) Prove that EF isa 
C-set. (b) Suppose A is convex, and let E be the set of those ¢GJ such that 
x, yEA implies f(tx-+t’y) Sif(x) +t’f(y). Prove that E is a C-set. 


E 1789. Proposed by Richard A. Bell, Kansas City, Mo. 

Suppose that g(x) has its first n-+1 derivatives defined and continuous in 
[—1, 1]. Define y(x) =g(x)/x for x0 and y(0) =g’(0). If g(0) =0, prove that 
y (0) =d"y/dx"| zo exists and equals g@+(0)/(n+1). 


E 1790. Proposed by Alvin Hausner, City College of New York 

For what real numbers m, n+0 do there exists functions y=f(x), positive 
and having continuous derivatives for all real x, such that the mth power of the 
length of arc of the curve y=/f(x) between any two points is proportional to 
the nth power of the area under the curve between these points? Determine the 
functions in those cases where they exist. 


E 1791. Proposed by R. G. Buschman, State University of New York at Buffalo 

(a) Consider the set S of circles such that (i) the center of every circle of S 
is interior to the unit circle and (ii) the point (1, 0) is not interior to any circle of 
S. Show that the union of the interiors of the circles of the set S is the interior 
of a cardioid. 

(b) Consider the set S’ such that (i) holds and (ii) is replaced by (ii’) none 
of the points representing the mth roots of unity are interior to any circle of S’. 
What figure replaces the cardioid of (a)? 


E 1792. Proposed by A. M. Gleason, Harvard Uniersity 

Let f be a function from the reals into the reals, differentiable at every point. 
Suppose that, for every r, the set of points x where f’(x) =r is closed. Prove that 
f’ is continuous. 


E 1793. Proposed by Walter Bluger, Dominion Bureau of Statistics, Otiawa, 
Canada 
The projection of a solid body onto three mutually perpendicular planes 
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yields a unit disk and two areas with square boundaries. Describe the possible 
shapes of the body. 


E 1794. Proposed by Alan Schwartz, University of Wisconsin 
Let G be a finite abelian group, multiplicatively written; and let be the 
order of G. Then z is odd if and only if each element of G is a square. 


SOLUTIONS OF ELEMENTARY PROBLEMS 
A Skeleton Long Division 


E 1691 [1964, 553]. Proposed by the late Harry Langman, Clarkson College of 
Technology 


In the following skeleton long division each dash represents a digit and the 
eight-digit block under the brace represents a repetend. Given that the dividend 
is a multiple of three, reconstruct the division and show that it is unique. 


Solution by Burnett R. Toskey, Seattle University, Seattle, Washington. The 
first division shows that the first digit in the dividend is 1. The third division 
shows that the second remainder, and hence also the last remainder, is 1, so that 
the reciprocal of the divisor must have an eight digit repetend, i.e., must equal 
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a fraction with denominator 99,999,999 = (9)(11)(73)(101)(137). Thus, the 
divisor must be 101, 137, (9)(73) =657, (9)(101) =909, or (11)(73) =803. But 
the third division also shows that some “digit” multiple of the divisor is a 3- 
digit number 9__, and this rules out 657 and 803. Of the remaining candidates, 
101 and 909 give 1-digit remainders at the fourth division (line 10 of the skeleton 
long-division above), so the divisor must be 137 and the repetend 00729927. 
Next, the first digit of the quotient must be 7, and the second digit 8 or 9, yield- 
ing the two possible dividends 10687 and 10824. The first of these is not a 
multiple of 3, so the unique division is 137)10824. 


Also solved by A. N. Aheart, R. R. Andrews and H. R. Haman (jointly), Merrill Barneby, 
L. W. Beineke, D. N. Bloom, Walter Bluger, R. A. Carlson, D. I. A. Cohen, C. L. Dotton, D. L. 
Dye, E. T. Frankel, Murray Geller, Anton Glaser, Gregory Gruska, D. M. Hancasky, B. A. 
Hausmann, S.J., Stephen Hoffman, J. A. H. Hunter, Edgar Karst, T. M. Little, D. C. B. Marsh, 
Franklin Mohr, J. B. Muskat, Walter Penney, Donald Quiring, Azriel Rosenfeld, Robin Sibson, 
Jr., K. Soni, Ira Sterbakov, Joseph Sullivan, C. W. Trigg, Simon Vatriquant, Gary Venter, D. R. 
Wilder, R. L. Wilson, and the proposer. 

Wilder found a similar problem in W. W. Rouse Ball, Mathematical Recreations and Essays, 
Macmillan, 1942, p. 22, attributed to Professor Schuh of Delft. 


Number of Relations from One Set onto Another 
E 1692 [1964, 554]. Proposed by Roy Feinman, Rutgers University 


Let A and B be sets containing m and n elements respectively, with 1 SmSn. 
How many relations are there from A to B whose domain is A and whose 
range is B? 


I. Solution by Stephen Hoffman, Trinity College, Hartford, Connecticut. If S 
is a k-membered set, the number of relations from A to S whose domains include 
a specific member of A is 2*—1, (the empty relation is excluded!), so that the 
number of relations on A to S is (2*—1)™. If B= {bi, bo, - - +, b,} let A; be the 
set of all relations on A to B— {b;} (¢=1,2,---,n), so that U2, A; is the set 
of all relations on A to B, each of whose ranges misses some member of B. It 
follows that the number of relations on A onto B is (2”—1)”—v(U?_, A;), where 
y(T) is the number of members in the finite set 7. If 1Sa<a< +++ <a,Sn, 
then 4;,,.0A;\ - +--+ OA, is the set of all relations on A to an (n—k)-mem- 
bered set, and the number of such relations is accordingly (2”-*—1)™. Then 


( t As) == > (—1)*-} » v(Ai O Ail oe ef) Aj) 
k=1 


w=l1 Is tying + *<igsn 
n n n—1 Ww 
=D eoe(" art ye = Lene" as —ays 
k=1 k j=0 j 


and the required number of relations is then }0%.5 (—1)"-4({)(2-1)™. 


II. Solution by N. J. Fine, Pennsylvania State University. Let f(m, n) be 
the required number of relations, with m20, n20. Given a set C with MM ele- 
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ments and a set D with N elements, we count all the relations between C and 
D, that is, all the subsets of CX D. The number of these is 2”. But they can also 
be classified by the number m of elements in the domain and the number 2 of 
elements in the range. To each m and v there are (“)(*) pairs (A, B) with A CC, 
BCD, #A =m, #B =n, that can serve as domain and range. For each pair there 
are, by definition, f(m, m) relations having that pair as domain and range. Hence 


— E(Y)(")emnr= 5 ("pen 


m,nz0 \M m,nz0 \ Mm 
= (Ey + 1)"(E2 + 1)*f(0, 0), 
where £, and £2 are the shift operators: Ei f(x, y) =f(x +1, y), Eof(x, y) =f(x, y +1), 
and E”*'f(x, y) =E,;{E"f(x«, y)}. Therefore, 
f(m, n) = Ex Eof(0, 0) = { (Ex + 1) — 1}"((E2 + 1) — 1} "70, 0) 


Scene) (an + ye + 9°40,0 


M,Nz20 


corso) 3) 


Also solved by Shair Ahmad, D. M. Hancasky, R. A. Jacobson, A. M. Kriegsman, E. S. 
Langford, D. C. B. Marsh, B. R. Toskey, and the proposer. 


Most solvers observed that (2"—1)™= aan (f(m, k) with f(m, #) as in Solution II above, 
and then verified the final result by mathematical induction. 


l 


Simson Line of a Triangle 


E 1693 [1964, 554]. Proposed by F. J. Servedio, Iona College, New Rochelle, 
N. Y. 

Given three concurrent circles such that their other three points of inter- 
section are collinear, prove that their centers are concyclic with the point of 
concurrency. 


I. Solution by C. W. Trigg, San Diego, California. Let the circles with centers 
at O1, Oz, O3; be concurrent at A, and the pair (O,), (Oz) also at B, (O:), (Os) at 
C, and (Oz), (O3) at D. O30, and O30, are perpendicular to CA and AD, respec- 
tively, so 2010;0.+ ZCAD=180°. In circle (O,), ZACB=144B= ZAO,0, 
(since O,O, is the perpendicular bisector of 4B). In O., ZADB= 14B = £AO20\. 
Now C, B, D are collinear, so triangles A CD and AO,O; are similar, and Z CAD 
= £0,;A0z. It follows that Z0,030.+ Z O14 O, = 180°, and O,03;0,A is inscrip- 
tible. 


II. Solution by D. P. Ambrose, University of Colorado. Denote the circles by 
WBC, WCA, WAB, where A, B, C, are collinear, and denote the centers of the 
circles by Oa, Oz, Oc respectively. The line of centers OgO¢ perpendicularly bi- 
sects WA at A’ say. Define points B’ and C’ similarly. Then since A, B, C are 
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collinear, A’, B’, C’ are collinear. Thus the feet of the perpendiculars from W to 
the sides of the triangle O40g0¢ are collinear, and hence by the converse of the 
Simson (pedal) line theorem, W, O4, Oz, Oc are concyclic. 


Also solved by D. P. Ambrose (another solution), Leon Bankoff, J. Basile, D. I. A. Cohen, 
D. L. Dye, Geoffrey Elsten and Roberta Reiff (jointly), S. H. Greene, H. Guggenheimer, Hajna 
Janos, W. R. McEwen, D. C. B. Marsh, Walter Penney, Stanton Philipp, J. M. Quoniam, P. T. A. 
Riddy, H. D. Ruderman, Horvath Sandor, W. M. Self (two solutions), Robin Sibson, Jr., R. P. 
Soni, Helen Strassburg, Van de Vyle, Clery Vanhelleputte (three solutions), Simon Vatriquant, 
Hazel S. Wilson, and the proposer. 

McEwen and Vanhelleputte point out that the result is a theorem in section 287 of N. A. 
Court, College Geometry, 2nd ed., and Ambrose cites E. A. Maxwell, Geometry for Advanced Pupils, 
pp. 52-53. 


A Known Ratio 


E 1694 [1964, 554]. Proposed by Omar Khayyam, Jr., University of California 
at Berkeley 


Let R, r, P, p respectively represent the circumradius, inradius, perimeter, 
and perimeter of the orthic triangle of a given acute triangle. Prove that P/p 
= R/r. 


Solution by Leon Bankoff, 6360 Wilshire Boulevard, Los Angeles, California. 
The result is not new. According to N. A. Court, College Geometry, Johnson 
Publishing Co. (1925), page 89, the perimeter of the orthic triangle is equal to 
the doubled area of the given triangle divided by the circumradius of the given 
triangle. Thus, P=2A/R=rp/R or P/p=R/r. 


Other references: N. A. Court, College Geometry, Barnes and Noble, 1952, page 100, Theorem 
199; R. A. Johnson, Modern Geometry, (Dover reprint), p. 191. 

Also solved by A. N. Aheart, D. P. Ambrose, W. J. Blundon, D. I. A. Cohen, Michael Gold- 
berg, K. K. Gorowara, D. M. Hancasky, Ned Harrell, Andrew Jarosak, Geoffrey Kandall, N. F. 
Lindquist, W. R. McEwen, D. C. B. Marsh, Stanton Philipp, J. M. Quoniam, Simeon Reich, V. K. 
Rohatgi, Horvath Sandor, M.S. R. K. Sastry, C. W. Trigg, Simon Vatriquant, Hazel S. Wilson, 
and the proposer. 


Morley Triangles 


E 1695 [1964, 554]. Proposed by J. B. Reynolds, Sugar Run, Pa. 

If the trisectors of the exterior angles of a triangle are drawn so that those 
adjacent to each side intersect, prove that the intersections are the vertices of 
an equilateral triangle. 


Solution by D. C. B. Marsh, Colorado School of Mines. We need this simple 
identity: 


sin @ r—-d | x—-@ 
= 4 sin 
sin @/3 3 3 
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Denote both the vertices and interior angles of the given triangle by A, B, C; 
denote the length of the side opposite A, B, C bya, b, c; let the trisectors ad- 
jacent to sides AB, BC, CA meet at C’, A’, B’. Elementary geometry gives 
LACB' = (rf — C)/3, ZC’BA = (@ — B)/3, ZCB’A = (227 — B)/3, ZAC'B 
=(2r—C)/3, and ZB’AC’=(27+A)/3. Applying the Sine Law to triangles 
ACB’, ABC’, and ABC, we find 


_ 6b sin { (ar — C)/3} , 6 sin { (ar — B)/3} b sin B 


AB’ ; = NS 
sin { (24 — B)/3} sin { (24 — C)/3} c  ©6sinC 


These ratios, in conjunction with the identity of line 1, yield 
AB’ — sin B/3 
AC’ sinC/3 


With Z B’AC’=(27+A)/3in triangle B’AC’, it follows that ZAC’ B’ =B/3 and 
ZLC'B'A=C/3. Thus, ZB’C’A’= ZAC’B— ZAC'B’— LA'C'B=nr/3. Ap- 
pealing to symmetry, we have ZC’A’B’= ZA'B'C'=7/3 as well, showing that 
the intersection of the trisectors as described are vertices of an equilateral tri- 
angle. 


Comment by Leon Bankoff, 6360 Wilshire Boulevard, Los Angeles, California. 
To the best of my knowledge, the first published solution to this problem ap- 
peared in the Educational Times, July 1, 1908, p. 307, problem 16381. It was 
proposed by E. J. Ebden and was solved by M. Satyanarayana. The proposal 
included three other related problems, one of which concerns the configuration 
associated with what is known today as the Morley Theorem. The solution 
published in 1908 is a direct trigonometrical approach and is based on an idea 
quite a bit different from the solution I submitted. 

The reference to the Educational Times problem was sent to me some time 
ago by J. A. H. Hunter and H. S. M. Coxeter, along with an additional solution 
(indirect geometrical) by M. T. Naraniengar, published in the Educational 
Times, New Series 15, 1909, page 47. 


Comment by Robin Sibson, Sr., Sutton, Surrey, England. As long ago as Febru- 
ary, 1938, W. J. Dobbs gave an exhaustive description of the complete Morley 
figure in the Mathematical Gazette, indicating which of the triangles obtainable 
from the trisectors of the angles of a triangle are equilateral and which, in gen- 
eral, are not. An article of mine in the same journal for May 1960, gives an 
analytical method for dealing with the same question, which is easily applicable 
to the present problem. 


Also solved by D. P. Ambrose, Leon Bankoff, Leonard Carlitz, Michael Goldberg, D. M. Han- 
casky, Stephen Hoffman, Geoffrey Kandall, Simon Vatriquant, and the proposer. 
Carlitz found the problem in H. S. M. Coxeter, Introduction to Geometry, p. 24. 
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An Odd Polynomial 


E 1696 [1964, 555]. Proposed by D. I. A. Cohen, Princeton University, and 
Ralph Greenberg, Uniwersity of Pennsylvania 

Prove that a polynomial P(x) which assumes real values for real x and 
imaginary values for imaginary x must be linear. 


I. Solution by Charles Chouteau, West Virginia State College, Institute, West 
Virginia. The example P(x) =x* shows that the conclusion of the problem is 
not obtained if “imaginary” means “pure imaginary.” We therefore interpret 
“imaginary” as “nonreal.” Writing P(x) =a(x—x1)(x—x2) -- + (*—%,), it is then 
clear that the zeros of P(x) are real. Substitution of any other real x shows that 
a is real, so P(x) is a real polynomial. It is possible (translate vertically!) to 
choose a real number 0 so that P(x) —-b=0 has no more than one real root. If 
n> 1, then, P(x) =b for some nonreal value of x. 


II. Solution by M. J. Pascual, Maggs Research Center, Watervliet Arsenal, 
N. Y. The conclusion of the problem should read “must be nonzero, real, and 
odd.” If P(x) = )72_ (ax +ib,) x* with the a, and b, real, then >°%_, b.x* =0 for all 
real x, so that bb =b,;= --- =b,=0. For x=7y with y real and nonzero, 


Pliy) = Qo (—1)Fany® +i DP (—1)haseg ryt 


Q2ksn 2k+1sn 


Since P(7y) is imaginary for y real, it follows that ap) =da,.= ° - + =@jn/2}=0 and 
Qe%41+0 for some k (and P(x) has no imaginary zeros!). 

The condition that P(x) be nonzero, real, and odd is not sufficient for P(x) 
to assume real values for real x and imaginary values for imaginary x. Consider, 
for example, P(x) =x-+<3; here, P(+7) =0. 


Also solved by Shair Ahmad, E. R. Barnes, William Becker, W. Bluger, J. A. Burslem, Leonard 
Carlitz, Roy Feinman, N. J. Fine, D. M. Mead, W. D. Fryer, Anton Glazer, Michael Goldberg, 
A. J. Goldman, Victor Goodman, S. H. Greene, Fred Gross, D. M. Hancasky, Stephen Hoffman, 
Yasuhiko Ikebe, Erwin Just and Norman Schaumberger (jointly), A. J. Karson, P. L. Kingston, 
Murray Lieb, D. C. B. Marsh, Norman Miller, J. M. O’Neil, M. J. Pascual, H. D. Ruderman, Hor- 
vath Sandor, Donna Jean Seaman, Robin Sibson, Jr., Edward Thiel, B. R. Toskey, Andy Vince, 
Edward Walter, R. E. Whitney, and J. E. Wilkins, Jr. 

In the spirit of the first solution above, Gross shows that any entire function f(z) which is real 
if and only if z is real, must be linear. His argument is based on the Great Picard Theorem. Sea- 
man, on the other hand, uses the Symmetry Principle to prove that an entire function f(z) which is 
real for real zg and imaginary for imaginary z, has a Taylor Series aan An22"t1 with the a, real. 


Common Divisors of Certain Binomial Coefficients 


E 1697 [1964, 555]. Proposed by Harley Flanders, Purdue University 
Let 27S” <2"t! and OSkSn—2". Show that the binomial coefficients 


Ce) 
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have the same parity. 


Solution by E. S. Langford, Autonetics Division, North American Aviation, 
Anaheim, California. There is a misprint: 


n — 2r nm — 27 
( ) should be ( ) 
k k 


We make the following generalization: Let p be a prime and suppose that 
p'sn<p't! and OSkSn—>D'. Then p?, sz0, divides (;) 1f and only if it divides 


C1.) 
; , 
(Note that this is stronger than the stated result in case p=2.) 

Let t(n—j) G=0, 1,---, R—1) be the highest power of » dividing n—7. 
Since n—j<p't!, it is clear that t(n—j) Sr, and it follows immediately that 
i(n—p"—j) =t(n—j). Conversely, since n2p" and, hence, n—p"—j<p"t!, we 
have that t(n—p"’—j) Sit(n—j), and hence equality. But clearly ¢(uv) =t(u) 
+t(v), so that ¢((”),) =t((n—p"),) and, then, 


(CG) Ca") 


Also solved by D. I. A. Cohen, N. J. Fine, S. H. Greene, D. M. Hancasky, D. C. B. Marsh, 
Walter Penney, Stanton Philipp, and the proposer. 


10 10 
Minimum of [[ be - >, bi 
1 1 


E 1698 [1964, 555]. Proposed by D. L. Silverman, National Security Agency, 
Fort Meade, Md. 
Solve the equation 984-++ > 7°, p2= []i°, os, where the p; are primes. 


I. Solution by J. E. Yeager, Temple Uniwersity, Philadelphia, Pennsylvania. 
Let ZL and R denote the left and right sides, respectively, of the given equation. 
Furthermore, in all congruences considered, the modulus will be 8. Now, any 
prime > is either 2 or congruent to 1, 3, 5, or 7, giving p?=4 or p?=1, respec- 
tively. If x is the number of p;, = 2, then is even since, otherwise, L is odd while 
R is even. If n=0, L=2 while R=1, 3,5, or 7. Ifin=2, L=0 while R=4. Since 
8| An, 

L=984+4n+ > pp = 4n+ (10 — nn) =2—2n. 


p, odd 
If n>3, then n=10 since R=0. That ~=10 is a solution can be verified by in- 
spection. 


II. Solution by Gerald C. Dodds, HRB-Singer, Inc., State College, Pennsyl- 
vania. The equation is satisfied for pi=pe= ++: =Pig=2. For p,=2+a,>2, 
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we have 


10 10 10 
984+ S\(2+ a)? = 2° +4+22 > a4 0 a, 
k=1 


k=1 k=1 


< 210 + 295° a; + 28 D> aya; ++ + + ade + + ay 


i<j 
10 

= |] (2+ 4). 
k==1 


Also solved by A. N. Aheart, Joseph Arkin, F. W. Arcuri and P. L. Kingston (jointly), Merrill 
Barneby, Joseph Bechely, Ralph Bennett, W. J. Blundon, J. A. Burslem, W. Bluger, Allan Chuck 
and Peter Goldstein (jointly), D. I. A. Cohen, J. R. Curry, M. J. De Leon, N. J. Fine, W. D. Fryer, 
Michael Goldberg, A. J. Goldman, S. H. Greene, D. M. Hancasky, Stephen Hoffman, Hajna Janos 
and Horvath Sandor (jointly), J. E. Jean, Jr., Kenneth Kramer, J. L. Lebbert, D. C. B. Marsh, 
J. B. Muskat, W. I. Nissen, Jr., Stanton Philipp, S. W. Reyner, J. A. Schneer, J. J. Schneider, 
Robin Sibson, Jr., Joseph Sullivan, A. M. Vaidya, T. Vanden Eynden, Van de Vyle, Simon Vatri- 
quant, R. L. Wilson, and the proposer. 


Complete Residue Systems Modulo n 
E 1699 [1964, 555]. Proposed by Azriel Rosenfeld, Yeshiva University 


Let a1,°---,a, and b;,---, 0, be permutations of 1,---, ”. Prove that: 
(1) ai+01, +--+ ,a@,+0, can be incongruent modulo x if and only if x is odd, 
(2) aybi, - + - , Qnbn can never be incongruent modulo n if n>2. 


Solution by N. J. Fine, Pennsylvania State University. (1) For x odd, choose 
a;=b;=j, G=1,---, x). Then 1a;+b;} = | 237} is a complete residue system 
mod n. 

If ~ is even, then for any complete residue system \a;} mod n, 


2G en + 1) 
Las Lis 


” (mod n) 
= —- Y (mM nN). 
o 2 2. 


Thus, if {b;} is another complete residue system mod x, 
>> (a; + b;) = 0 (mod 2). 
j=1 


Since 2/2 #0 (mod n), {a;-+b;} is not a complete residue system mod n. 

(2) Suppose that {a;}, 1b, } , and { a;b;} are complete residue systems mod 2, 
n>2. lf 4| n, the n/2 odd products a,b; exhaust all the odd a; and b;, so the re- 
maining products are divisible by 4, and the residue 2 (mod ) is never achieved. 
This contradiction shows that n=qm, where g=p or g=2p, p is an odd prime, 
and m is odd. 

Now let K be the product of all those elements in a complete residue system 
mod which are prime to g. Modulo gq, K is independent of the choice of such a 
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system, and indeed 


n qd m 
K = i=( Tl i (mod 4). 
j=1 j=l 
(7,q)=1 (7,q)=1 


If g=p, Wilson’s theorem shows that K=(—1)"=~—1 (mod q). If g=2p, then 


2p 


TT j= 1:3-:5---( - 2)@+ 2p +4) +--+ 2p — 1) 
(tpt 
=2 1-3-5... (p — 2)-2-4--- (p — 1) (mod p) 
= (p — 1)! = — 1 (mod 9). 
Since the product is =—1 (mod 2), we again have K=(—1)"=-—1 (mod q). 
But 


K 


I] of = JI oa JI 3; = K* (modg). 


(a;b;,q)=1 (aj,q)=1 (b;,q)=1 
This contradiction proves the theorem. 


Also solved by W. J. Blundon, Leonard Carlitz, D. I. A. Cohen, E. S. Langford, D. C. B. 
Marsh, and the proposer. 

Carlitz points out that conclusion (2) was proved by Chowla and Vijayaraghavan, Quarterly 
J. Math., Oxford, 19 (1948) 193. 


An Almost-Defined Sequence 


E 1700 [1964, 555]. Proposed by Jon Petersen, Saskatchewan Power Corpora- 
tion, Regina, Saskatchewan 


Given that Ty>=1, Tryi= ar TiTn-z. Express T, as a function of n. 


1. Solution by William D. Fryer, 5120 Ledge Lane, Williamsville, N. Y. The 
problem is ill-defined; probably intended was 


Tn41 = > T;,T n—x- 
k=0 


Assuming this and letting F(s) = >.) Ts” be the generating function, one gets 
(1/s) | F(s)-1]=F(s), a quadratic for F(s) with one acceptable solution 
(bounded at s=0): F(s)=|[1—(1—4s)#]/2s. Expansion by the binomial form 


gives for coefficient of s” the expression 


1 4 1 /2n 
no 3(h Jeo EC) 
2\n+1 nm+1\n 


as desired answer. The problem has probability implications, and is similar to 
problems in Feller’s book. 
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II. Solution by Sylvan H. Greene, The Franklin Institute of Pennsylvania. 
Since 7; is not defined by the given recurrence formula, either that formula 
should be T,= > 7-5 TiTn-z (Interpreting > °°, as zero would give 0=T7; 
=T,= --- !) or J; should be considered arbitrary. We take the latter point of 
view and assume that 7)>=A and 7,;=yp are both arbitrary, and that Tp41 
= 977, TiT nx for n=1, 2, 3,---. 

If f(x) = Don-o IPnx”, the usual power-series manipulations lead to xf?(x) 
—(1+Ax) f(x) +A+px) =0, whence 

1+ rx — [(1 — Aw)? — 4yx?] 1/2 
f(s) = —-—-------____——_ 
2x 
(The positive square root leads to an f with a pole at 0). Now, 
[(1 — rw)? — 4ua?]t? = {1 — «20 + (4u — d2%)a]} 12 
re) p ° +. 1 24 4 —_ 2 p—j\2j+1—p 
ian Soe 41) (vec, 
p= = p/21 \P — J/ \G 2°(j + 1) 


where we have used the formulas 


vom B())em(!)- con) Jorn 


applied the Binomial Theorem, inverted the order of summation, and made 
several changes of summing index. Substituting into our expression for f(x), 


we find that 
1 n P+ 1\ /25\ (4u — A2)P AFT Io 1 
ra oh, (E(B Mes moras 
20+} ninja] \N — J Jj jt+1 
for n=2,3,4,--- (and To=A, T1=yp). 


Also solved by Randy Barron, W. J. Blundon, A. J. Goldman, R. P. Kelisky, E. S. Langford 
W. S. Lawton, Viktors Linis, D. C. B. Marsh, Stanton Philipp, H. J. Ricardo (two solutions), 
O. G. Ruehr, M. G. Murdeshwar and V. K. Rohatgi (jointly), Robin Sibson, Jr., J. E. Wilkins, 
Jr., J. Williams, David Zeitlin, and the proposer. 

Kelisky points out the similarity of this problem with Problem 5178 [1964, 217]. 


ADVANCED PROBLEMS 


All solutions of Advanced Problems should be sent to J. Barlaz, Rutgers—The State University, 
New Brunswick, N. J. 08903. Solutions of Advanced Problems in this issue should be sub- 
mitted on separate, signed sheets and should be matled before November 30, 1965. 


5225. Correction (vol. 71, 1964, p. 802): Replace “continuous derivatives” 
by “continuous derivative.” 
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5244. Correction (vol. 71, 1964, p. 1047): Replace “Marvin Marcus” by 
“Solomon Marcus.” 


5290. Proposed by Daniel I. A. Cohen, Princeton University 
Let 7(a) be the number of divisors of a, and let \(a) be the number of dis- 
tinct prime divisors of a. Prove that 


(1) r(n) = Dy Dale, 
Kin 

(2) >> (d, n/d) = >> R2rcniey , 
d\n k*\|n 


5291. Proposed by D. S. Mitrinovié, University of Belgrade, Yugoslavia 
Establish the formula 


a) 1 1 
Sk fray 
0 


na (n + 1)"+1 ~ 


and generalize to >)2"/(m+1)*t1. 


5292. Proposed by Eldon Hansen, Lockheed Missiles and Space Co., Palo Alto, 
California 
Obtain the Taylor series expansion for arcsec x about a point x =a. 


5293. Proposed by Martin J. Cohen, Beverly Hills, California 
Find a function f such that > f(d)f(n/d) =1 for every positive integer n, 
where the sum is taken over all d which divide w (including 1 and 7). 


5294. Proposed by Frank Dean, Long Beach, California 
Let f and g be functions analytic at the point p. Show that the conditions: 


IrOr> lrer'@®|, le@?> |e@e"@)| 


guarantee the existence of a point q such that: 


If@| > |f)| and | g@)| > | ge). 


5295. Proposed by M. V. Subbarao, University of Alberta, Canada 

Let a and k be arbitrary positive integers, and D, c positive integers such that 
3b25c. Let N=(kn*(n°+1))!. If #(V) denotes the number of divisors of JN, 
show that for all sufficiently large positive integers n, t(N) =0 (mod (1-+#)?). 


5296. Proposed by J. E. Weitzel, University of Illinois 

The theorem of Weierstrass asserts that any continuous function f on an 
interval [a, b] can be uniformly approximated with arbitrary accuracy by a 
polynomial. 

(a) Let x1, °°, %, be distinct points of the interval [a, b]. Show that the 
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polynomial » can be chosen to pass through all the points (x1, f(x1)),+--, 
(xn, f(%a)) in addition to approximating f uniformly on [a, b]. 


(b) Leta, «+ +, x, be distinct points not in the interval [a,b] andy, - ++, 4n 
arbitrary numbers. Show that the polynomial » can be chosen to pass through 
all the points (x1, 91), ° °°, (%a, Ya) in addition to approximating f uniformly 
on [a, bj. 

5297. Proposed by S. Lajos, K. Marx University of Economics, Budapest, 
Hungary 


Prove that any two-sided ideal of a two-sided ideal of a (von Neumann) 
regular ring A is again a two-sided ideal of A. 


5298. Proposed by S. Lajos, K. Marx University of Economics, Budapest, 
Hungary 

A subsemigroup A is said to be an (m, m)-ideal of the semigroup S ifA™SA* 
CA, where m, n are nonnegative integers and A” is suppressed if m=0. Prove 
that a semigroup S is a group if and only if it has no proper (m, )-ideal, where 
m, n are fixed positive integers. 


5299. Proposed by S. Baron, McGill Unwwerstty, Montreal 

Find a set of necessary and sufficient conditions on a topological space (X, 7) 
such that for any topological space (Y, 7’) and function f: XY, f is continuous 
if and only if: x,—x in X implies f(x,)—f(x) in Y. 


SOLUTIONS OF ADVANCED PROBLEMS 
On Polygons Similar to a Given Polygon 


5185 [1964, 326]. Proposed by Carl Evans, Cornell Aeronautical Laboratory, 
Buffalo, N. Y. 

Prove: Through any three noncollinear points of the plane there are un- 
countably many polygons similar to a given simple closed polygon, with each 
of the three points on a different side. 


Solution by Horvath Séndor, Unwersity of Technology, Budapest, Hungary. 
We prove the following equivalent proposition: On the perimeter of a fixed 
polygon P, there are a continuum of triples of points, 4, B, C, each on a different 
side of P, such that each triangle ABC is similar to a fixed given triangle 
A pBoCo. 

We observe first that there is a continuum set T of triangles ABC similar to 
AAoBoCo, no one of the triangles having sides parallel to another member of T, 
containing and inscribing P in such a way that no vertex of P coincides with a 
vertex of A ABC and such that each side of A ABC contains at most one vertex 
of P. 

To construct a member of T, start with a line Zi containing a vertex of P 
and having all of P on one side of Z;. Then find two lines Ly, L3 such that the 
triangle formed by the lines Li, Le, L3 is similar to AAoBoCo and minimal with 
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respect to the containment of P. If AL, L,L3 does not satisfy the conditions of T, 
then a slight rotation of LZ; followed by slight motions of Le, L3 will produce a 
continuum of triangles in set J. We refer to the members of T as supporting 
triangles. 

Let AABC be a supporting triangle. Let S, be the vertex of P on BC; Si, S, 
similarly defined. Let » be the part of the perimeter of P between S, and S, 
which does not contain S,. p divides ABC into two connected pieces I and II 
(See figure). Form a triangle A’B’C’' similar to AA BC with A’, B’ on each of the 


C 


«~~ the path of A’ or B’ 


sides of P which meet at S,, and with C’ in I. Now move triangle A’B’C’ parallel 
to itself by having A’, B’ move on the perimeter of P, separating with respect 
to S,. It is possible that one of the vertices A’, B’ will be retracing some of its 
path if the other vertex moves back toward AB in its path. But ultimately B’, 
say, will arrive at S, and then C’ will be in domain II. 

Thus the path of C’ isin AABC and is a continuous broken line with points 
in domains I and II. Therefore, for some position A’, B’ we will have C’ on p, and 
C’ is separated from A’ and B’ by vertices S, and Sq, respectively. If one of the 
vertices of AA’B’C’ is at a vertex of P, then a small rotation of the supporting 
triangle ABC will change AA’B’C’ into, say, A’’B’C” similar to the new sup- 
porting triangle, and A’’, B’’, C’”’ will be properly on different sides of P. This 
completes the construction and, clearly, we have a continuum set of possibilities. 


Also solved by H. S. M. Coxeter, Sylvan H. Greene, and the proposer. 


Decomposition Characteristic of Abelian Groups 


5200 [1964, 561]. Proposed by T. J. Head, Iowa State University 

If a group G is the set theoretic union of a family of proper normal sub- 
groups each two of which have only the identity in common, then G 1s abelian. 
(Abelian groups which are such unions were described by J. W. Young in 
On the partitions of a group and the resulting classification, Bull. Amer. Math. 
Soc., 33 (1927), 453-461.) 


Solution by David Appleyard, University of Wisconsin. Let G=UWN,, +E. 
First suppose aC N,, b€ Nj, 147. Let ¢=aba—1b-1 =a(ba—1b—) = (aba)b. By 
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the first representation cC N,, and by the second, cG@ N;. Hence c= 1, and ab = ba. 
Now suppose a, bE N;. Since N; is proper, let gEG, gEN;. Then gag JN; 
and, by the above, g and ga commute with every element of N;. In particular, 


1 = (ga)(ba)(ga)-*(6a~!) = aba, 
and ab=ba. 


Also solved by T. H. Brooks, P. R. Chernoff, Charles Chouteau, R. A. Cunninghame-Green 
(England), M. J. DeLeon, Charles Fefferman, N. J. Fine, G. J. Ford, G. S. Glazer, W. J. Hartman, 
Stephen Hoffman, J. E. Humphreys, A. J. Kaison, John B. Kelly, Suzanne E. Kidd, Hayon Kim, 
W. M. Lambert, Jr., Robert Levy, M. D. Mavinkurve (India), M. W. McWaters, José Morgado 
(Brazil), Azriel Rosenfeld, Camilo Schmidt, R. Sibson, Jr. (England), J. D. Tarwater, B. R. 
Toskey, Fred Wabnik, S. L. Warner, W. C. Waterhouse, J. Williams, R. L. Wilson, Jr., Robert Lee 
Wilson, and the proposer. 


No Matrix Map from Convergent to Null Sequences 
5201 [1964, 561]. Proposed by A. Wilansky, Lehigh University. 
On p. 181 of Banach’s book, an isomorphism between c and ¢) is given: these 
are the spaces of convergent and null sequences. Show that no such isomorphism 
(continuous or not) can be given by a matrix map {x,} Gc—{ doz dnaxx} Coo. 


Note. The proof of this theorem appears as Corollary 1 of the proposer’s 
article Topological divisors of zero and Tauberian theorems, Transactions of the 
Amer. Math. Soc., 113 (1964) 244. The proposer and editors had hoped a 
simpler solution would be contributed. 


A Multilinear System of Equations 


5202 [1964, 561]. Proposed by David R. Hayes, Duke University 
Let K be a field, let » be a positive integer and let { heizn 1S1,j, kSn!} bea 
set of m*? elements of K. Show that the system of m? equations 


Xx; = > hij rXk 1 S 1, J s nN, 
k=] 
has at most 7-+-1 solutions in K. 


I. Solutton by O. P. Lossers, Technological University, Eindhoven, Nether- 
lands. The theorem is obvious if 7=1. We proceed by induction. Let n>1, and 


assume there is a solution (Xi, -- +, Xn) =(@i, °° +, @n)%#(0,---, 0). Without 
loss of generality a:40. Put Xj/a,=Z1, X2—a2Xi/a,=Ze, > +--+, Xn—-AnX1/ 
=Z,. We easily derive a set of equations 
Lily = » hij Zr 1 Ss 4,] <s nN. 
pa 
A solution is (Z1, -- + ,Zn)=(1, 0, ---,0). Therefore, the equations with both 


i>1,j>1 do not contain Z;. By the induction hypothesis, this set has at most 
solutions in Zs,---, Zp». Unless (Z2,-- +, Zn) = (hei, ++ * +s Aina) there is at 
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most one value of Z; in agreement with this solution (Ze, - - - , Zn); if, for exam- 
ple, Z2% hj,,, then the equation for Z1Z, determines Z; uniquely. If (Zz, - > - , Zn) 
=(hiz1,° °°, Mimi) then there are at most two values of Z:, according to the 
quadratic equation for Z}. Thus the number of solutions can be at most n-+1. 

An example of a set { hiz,n} producing exactly n+1 solutions is provided by 
the system X ,X,;=6,,X,; (1 S71,j Sn). Thesolutions are (0, -- - ,0),(1,0,-- -,0), 
(0,1,0,---,0),---,(0,---,0, 1). 


II. Solution by N. J. Fine, Pennsylvania State University. Define the matrices 
A= ((hij,n) peer LE X =(X1, - + +, Xn)’ is a nonzero solution of the system, then 
H;X =X ;X (i=1,---,n). Thus X is a common eigenvector of all the H;, and 
its 2th component is the associated eigenvalue. Let X@™ (a=1,---,7r) bea set 
of distinct nonzero solutions. We shall show that this set is linearly independent. 
Suppose that )07_, caX@ =0, with no c,=0, and that 7 is minimal, r=2. Then 
X xX, so there is some 7 such that X!?#~ X. Then 


0 = (Hi — Xi) DocaX” = Yel X — XY)X 


a=1 ax] 


r—1 
= o(X — Xyyx™. 


a=] 
This contradicts the minimality of r. Hence r=1, and c,X =0, a contradiction. 


This proves our assertion that the X™ are linearly independent. Hence there 
are at most m of them. 


Also solved by Harley Flanders, and by the proposer. 


Unboundedness of > 1/n sin 1/n on (— ~, «) 


5203 [1964, 561]. Proposed by D. J. Newman, Yeshiva University and L. A. 
Shepp, Bell Telephone Laboratories 


Is >_p-1 (1/n) sin (x/n) a bounded function of x on the whole line? 


Solution by M. D. Mavinkurve, Siddharth College, Bombay, India. The func- 
tion is not bounded on the whole line. Let f(x) = > /(1/m) sin (x/n). The con- 
vergence is uniform on every finite interval but not on the whole line. The series 
of derivatives >)(1/n?) cos (x/n) converges uniformly on the whole line. Its 
sum function ¢(x), as the uniform limit of a sequence of periodic functions, is 
almost periodic. Therefore if f(x) were bounded on the whole line, f(x) = /j@(x)dx 
would be almost periodic; and it would have an average value 


(1) lim “ “fade = 0. 


> 0 —t 


But the average value may also be evaluated as 
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1 12 2a 4 
lim 7 f(a)dx = lim —>(1  cos-~) = lim — >> sin? — - 
0 


t— © t—> 0 n=1 nN to f n=1 2n 
By letting ¢ vary through a sequence of values km (k=1, 2, --- ), this limit is 
2 < kr 
lim — sin? — - 
k-+0 ka 2 2n 


For a fixed integer k, sin (kw/2n)>k/n if n>k. Therefore 


co kr 2k k 
Sin > DES, 
n=l uN n=k+1 n 4 


or 


2 < kr 1 
lim — >> sin?— => —, 
k-+0 RT n=1 2n 27 


which contradicts (1). 


Also solved by Paul Erdés, Sanford L. Segal, and the proposers. 

Erdés and Segal refer to Hardy and Littlewood, On Lambert Series, Proc. London Math. 
Soc., 41 (1936) 257, ff., where it is proved that the sum equals Q((log log x)*), where «24. The 
conjecture that «21 is still unresolved. 


Representation of an Irrational Number 
5204 [1964, 561]. Proposed by Ralph Greenberg, University of Pennsylvania 


Let a bean integer >1, and let qi, qo, - - - be a sequence of positive integers 
satisfying dn41>2q, for n=1, 2,---. Prove that [[-., (1+1/a%) is irrational. 


I. Solution by John B. Kelly, Arizona State Unwersity. From dati —Qn— In 21 
it follows immediately that gnii—(qitget «+--+ +dn)2n+1. 
Letting s= [[@, (1+1/a”), we have 


=1+—4(—+——)4---4 (24-4) 
_— an Qq? aut qa aut: stan 


1 1 
+ (24+ +e) + 


Each term of the series (1) yields a digit 1 at a certain place in the “decimal” 
expansion of s to the base a. All other digits are zero. It follows that there is a 
block of zeros between the (qi+ - - + +@n)-th place and the qnii-th place, and 
this block is of length 2-+1. Thus the expansion of s to the base a is nontermin- 
ating and contains arbitrarily long blocks of zeros. Thus, this expansion cannot 
be periodic and must be irrational. 


(1) 
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II. Solution by Stanton Philipp, Long Beach State College, California. This 
problem is an instance of a theorem generally attributed to Cantor. Let 
1, Q2, - + + beasequence of integers such that a1>1, dn4:207 forn=1,2,---. 
Then [[7., (1+1/a,) is rational if and only if there exists an integer N such 
that dn41=a% for all n=N. See Schlémilch’s Zeitschrift, XIV (1869) 152. 


III. Solutson by K. A. Post, Technological Unwersity, Eindhoven, Nether- 
lands. The partial products of [[7_, (1-+a~%) can be considered partial sums of 
an infinite series >_,”., (ai@2- - + @n)~! satisfying the conditions of a problem 
of Erdés, (cf. Wiskundige Opgaven met de Oplossingen, 20 (1955-1959), 
Groningen, problem 147). 


Also solved by Robert Breusch, L. Carlitz, N. J. Fine, Hajna Janos (Hungary), and the 
proposer. 


Topology on a Vector Space 


5205 |1964, 561]. Proposed by James Duemmel, Malmstrom Air Force Base, 
Montana 

For a nontrivial linear space X (over the real or the complex field) with 
algebraic dual X’, let T(X, M’) denote the weak topology generated on X by 
the subspace M’ of X’. Is there a pair (X, M’) such that T(X, WM”) is the dis- 
crete topology? 


Solution by Robert Bowen, University of California, Berkeley. Let y(¥#0)EX, 
and let X be linear over the complex field C. Now T(X, M’) is the topology 
generated by inverse images of open sets of C under elements of M’. If {y} were 
open in T(X, M’), we would have for some integer n, {y}=Mf_, Az, where 
An=fe'{e: |z—fily)| <re}, fhEM’, and r.>0. Since | fi(zy) —fr(y)| =[2—-1| 
lf.(y)|, it follows that for some s,>0, B,= {zy: |z—1| <s,} CA. Now yEB,, 
so M%_, Be={y}, and {1} =Nz_, {z: |z—1| <s:}, clearly an impossibility. Thus 
T(X, M’) cannot be discrete. 

This argument, in substance, applies to the real field also. 


Also solved by W. C. Waterhouse, and by the proposer. 


A Strictly Increasing Sum 
5206 [1964, 562]. Proposed by Robert Spira, Duke University 
Show that }07_, (—1)™(%) log m is an increasing function of n. 


I. Solution by Irving Gerst, State University of New York, Long Island Center. 
Letting s(m) represent the given sum and using the representation 


oo) (e-* — e—mt) 
logm = f ———— dt, m>0, 
0 
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we have 


s(n) = See(")\S— ae fo poet ree 


0 m=1 m t 


whence it follows that s(m) is increasing. 


Il. Solutton by W. C. Waterhouse, Harvard University. Set f(x) 
= >" _) (—1)"(%) log (m+x). Then s(n) —s(n+1) =f, (1). Now 


fi@) = O(-1)"(")—_ = 5, x > 0, 
m=0 mi>/m+x x«ae+1)---(+n) 
and 


fala) = fale) ~ S (-1)9(") tog x =O (-9(") 0g (1 +) 0 


m=0 m=0 


as xo. Thus f,(1) =s(n) —s(n+1) <0. 
III. Solution by Robert Breusch, Amherst College. We have 
s(a + 1) — s(n) = (—1)"*'A? log 1, 


where Af(x) = >>?) (—1)"-"(")f(x-+m). If f(x) is n-times differentiable it is 
known that A*f(x) =f{™(&), «<&<x-+n. Thus, for some &€>1, s(m+1)—s(n) 
=(n—1)!/&>0. 

Also solved by W. A. Al-Salam and L. Carlitz, A. J. Bosch (Netherlands), N. G. de Bruijn 


(Netherlands), N. J. Fine, Eldon Hansen, John B. Kelly, A. E. Livingston, A. E. Livingston and 
E. L. Whitney, Patricia A. Ralicki, and Mrs. K. Soni. 


Maximum of Certain Rational Functions in Unit Circle 


5207 [1964, 562, 1046]. Proposed by H. S. Shapiro, New York University and 
D. J. Newman, Yeshwa University 


Let P(z), Q(z) be polynomials with complex coefficients and degree not ex- 
ceeding 2 —1. Show that 


[z| 31 


Solution by Peter M. Gibson, North Carolina State College, Raleigh. We dis- 
card the trivial case in which Q(z) has zeros in | 2| <1. It follows from Rouché’s 
theorem that if f(z), g(z)(#0) are analytic for | z| <1 and f(z) has fewer than 
nm zeros in | z| <1, then 
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_ §@ mg(e) — f(@) 
g(2) 2g(2) 


Also solved by Robert Breusch, M. D. Mavinkurve (India), K. A. Post (Netherlands), and by 
Q. I. Rahman and Q. G. Mohammad (India). 


max | 2” = 1. 


|z|S1 


jz| =1 


Infinite Product Representation 
5208 [1964, 562]. Proposed by L. Carlitz, Duke University 


Let r(m) denote the number of divisors of m and let k2=1. Show that 


> oe = 5(s) [] 4.-), 


n=1 


where the product is taken over all primes p, and A;z(x) is defined by means of 
Ao(x) =1, (A(x) —1)*=xA*(x), where, after expansion, A*(x) is replaced by 
A,x(x). 


Solution by D. Suryanarayana, Andhra University, Waltair, India. Consider 
1 & (@)) : 
y =a ro {Det oe! = Tl Aes, 
6(s) n= n p p a=0 p 


where A;(x) = D0 {(a+1)*¥—ak} x. Now 


(4@) = = Y=") Anace 
-Een()[ Stereo 
-E[Eoo(Jerm ol} 
=D [a+ 1) ~ 1} — fa 1} Je = 2Aulo), 


as was to be proved. 


Also solved by N. J. Fine, Irving Gerst, M. G. Greening, S. E. Payne, Stanton Philipp, M. V. 
Subbarao, and the proposer. 

The original version of the problem misstated the recursion formula for A;(x). Gerst and Sub- 
barao corrected the formula to read: 1+«(A(x)+1)*=x+Ai(x), which is equivalent to the form 
above, used by all other solvers. 
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material, but the format makes it difficult for them to know where to resume 
reading. 

There are nice sequences of problems on maxima and minima, related rates, 
“Ax, Ay” notation, and the use of set language (though after introducing this 
language the author rarely uses it). The most outstanding positive aspect is 
the series of problems involving the differential equations of motion (all with 
variables separable). These make clear the relation between the constants of 
integration and the initial conditions. 

W. B. Houston, JrR., Antioch College 
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NEWS AND NOTICES 
EDITED BY RAouL HAILPERN, SUNY at Buffalo 


Readers are invited to contribute to the general interest of this depariment by sending news 
items to Raoul Hailpern, Associate Secretary, Mathematical Association of America, SUNY 
at Buffalo (University of Buffalo), Buffalo, New York 14214. Items must be submitted at 
least two months before publication can take place. 


PERSONAL ITEMS 


Professor Victor Klee, University of Washington, has been awarded an honorary 
Doctor of Science degree by Pomona College. 

Professor Rufus Oldenburger, Director of the Automatic Control Center at Purdue 
University, received the American Society of Mechanical Engineers 1964 Machine Design 
Award. 

Professor Anice Seybold, North Central College, represented the Association at the 
inauguration of V. Raymond Edman as First Chancellor of Wheaton College on January 
8, 1965. 

Humboldt State College: Associate Professor O. M. Klose has been promoted to Pro- 
fessor; Assistant Professor J. E. Householder has been promoted to Associate Professor. 

Oregon State University: Dr. R. B. Crittenden, University of Oregon, has been ap- 
pointed Assistant Professor; Associate Professor P. M. Anselone has been promoted to 
Professor. 

Professor H. S. M. Coxeter is on leave from the University of Toronto to serve as 
Distinguished Visiting Professor of Mathematics at Florida Atlantic University. 

Associate Professor V. E. Hoggatt, Jr., San Jose State College, has been promoted to 
Professor. 
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Dr. Jane A. Slezak, Rensselaer Polytechnic Institute, has been appointed Assistant 
Professor of Chemistry at the College of St. Rose. 


Professor Emeritus Edward B. Beaty, Oregon State University, died on September 3, 
1964. He was a member of the Association for 44 years. 

Professor Emeritus Philip Franklin, Massachusetts Institute of Technology, died on 
January 27, 1965. He was a member of the Association for 46 years. 

Dr. Douglas L. Guy, Silver Spring, Maryland, died on August 18, 1964. He was a 
member of the Association for 16 years. 

Associate Professor Earl C. Rex, George Pepperdine College, died on August 24, 
1964. He was a member of the Association for 23 years. 

Professor Emeritus D. H. Richert, Bethel College, died on November 28, 1964. He 
was a charter member of the Association. 

Professor Evelyn C. Rusk, Wells College, died on December 5, 1964. She was a mem- 
ber of the Association for 37 years. 

Professor Emeritus Charles H. Sisam, Colorado College, died on December 4, 1964. 
He was a charter member of the Association. 

Professor Emeritus W. T. Stratton, Kansas State University, died on December 2, 
1964. He was a charter member of the Association. 

Mr. Richard R. Swift, Racine, Wisconsin, died on October 10, 1964. He was a member 
of the Association for 7 years. 

Professor Emeritus Edwin B. Wilson, Harvard University, died on December 28, 
1964. He was a charter member of the Association. 


ARLINGTON STATE COLLEGE 


A relativity conference will be given at Arlington State College from June 14 to July 2 
(3 weeks). It is sponsored by the National Science Foundation and some stipends will be 
available. Most lectures will be restricted both in material and in presentation to that 
which could reasonably be given to undergraduates, although some lectures will go 
beyond this to give additional depth. The geometry of spacetime will be emphasized in 
establishing the fundamentals of relativity; in addition to special relativity there will be 
some cosmology and nonmathematical general relativity. 

Letters of application and inquiry should be submitted as soon as possible to the 
conference director, Dr. Jason Ellis, Department of Physics, Arlington State College, 
Arlington, Texas. 


ASSOCIATION OF MATHEMATICS TEACHERS OF NEW YORK STATE 


The Association of Mathematics Teachers of New York State is conducting a Summer 
Workshop at LeMoyne College in Syracuse, New York, August 22~—26. Three sections 
(Senior High, Junior High and Elementary) will each have two professors for six lec- 
tures. For information write to: Mrs. Barbara S. Mohan, Box 381, West Sand Lake, 
N. Y. 12196. 


THE TWELFTH-GRADE PRE-COLLEGE MATHEMATICS PROGRAM: AN 
NCTM PUBLICATION 


This booklet is a report of the joint meeting of the Association and the NCTM 
which was held at Denver on January 30, 1965. It will be available for 50 cents from 
the National Council of Teachers of Mathematics, 1201 Sixteenth Street, N. W., 
Washington, D. C. 20036. 
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PERMANENTS 
MARVIN MARCUS anp HENRYK MINC, University of California, Santa Barbara 


1. Introduction. If A is an m-square matrix then the permanent of A is defined 
by 


(1.1) per A= DF [] aeewy, 


ve Sn t=] 


where the summation extends over S,, the symmetric group of degree x. This 
matrix function appears naturally in any combinatorial setting where a count 
of the number of systems of distinct representatives of some configuration is 
required [A 14]. In general the permanent is an appropriate invariant for matri- 
ces that arise in combinatorial investigations where the problem is essentially 
unaltered by a relabeling of the items under consideration. For example, the 
total number of derangements (“le probléme des rencontres”) of 1 distinct items 
is given by per (J—J,), where J is the n-square matrix with every entry equal 
to 1, and J, is the n-square identity matrix. The initial ordering of the items is 
clearly immaterial. This is just a reflection of the more general fact that permu- 
tations of the rows and columns leave the permanent unaltered. In fact if Tis a 
linear operator on the space of m-square matrices, n>2, then per (7(A)) =per A 
for all A if and only if either 7(4) =DPAQL or T(A) =DPA'TOQOL, where P and 
O are n-square permutation matrices, and D and LZ are n-square diagonal matri- 
ces satisfying per (DL) =1. This theorem is a relatively recent discovery [B 18]. 

As we shall subsequently see, the permanent is related to other more familiar 
matrix invariants, usually via inequalities. For example, Schur [B 51]| proved 
that per A 2det A for any positive semi-definite hermitian matrix. However, as 
Pélya observed [B 46], no uniform affixing of + signs to the elements of a ma- 
trix can convert the permanent into the determinant. In fact, quite a general 
result along these lines is known [B 19]. Namely, there is no linear operation on 
matrices JT: A—-T(A) such that per 7(A)=det A for all A (again except for 
n=2). This result, of course, terminates further efforts at investigating the 
permanent by relating it in some simple way to the more tractable determinant 
function. 

The name “permanent” seems to have originated in Cauchy’s memoir of 1812 
[B 3]. Cauchy’s “fonctions symétriques permanentes” designate any symmetric 
function. Some of these, however, were permanents in the sense of the definition 
(1.1). Joachimstal [B 9] points out that the sum )Jai62... fm “tantum a deter- 
minante differt, quod omnes ejus termini sunt positivi.” Hammond [B 7] refers 
to the function (1.1) as an “alternate determinant.” As far as we are aware the 
name “permanent” as defined in (1.1) was introduced by Muir [B 38]. 

In the period 1855-1918 various results involving permanents were an- 
nounced (see references). Many of these are very special identities involving 
permanents and determinants. Of these the one which apparently created the 
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most interest is due to Borchardt [B 1]: if A= [a,;], a,;=1/(;—a,), and 
B= [b,;|, 0:;=a7, then det B=det A per A. 

Another interesting and more general identity is due to Muir [B 40]. Let @ 
be the totality of (mn)!/(m!)"n! permutations g© Sn, for which 


a(m(ti — 1) + 1) < o(mi + 1), t=1,---,n—1, 
and 
a(km +i) <clkm+j), k=0,---,n—-1, 185i<jsm. 


Let P, denote the mn-square permutation matrix corresponding to o. If X 1s 
an mn-square matrix partitioned into nm? m-square nonoverlapping submatrices 
X ;; then define B(X) to be the n-square matrix whose (7, s) entry is det Xy.. 
Then for any mn-square matrix A 


det A = >) e(c) det B(AP,) if mis odd, 
cE M 
det A = > e(c) per B(AP,) if m is even. 


oF iM 


Much of the modern interest in the permanent stems from three results ob- 
tained in this century: Pélya’s problem [B 46], Schur’s result [B51], both 
previously mentioned, and the unresolved conjecture due to van der Waerden 
[B 55]. The current status of van der Waerden’s conjecture is discussed in the 
next section. 


2. Properties of the permanent. In order to minimize the number of indices 
we introduce some notation for sequence sets. Let r and n be positive integers. 
The set I’,,, is the totality of 2” sequences w= (a, -- - , @,) for which 1 Sw;Sn, 
i=1,---,7. If rn then Q,,, will denote the subset of I,,, consisting of those 
(") sequences w for which w1<ws << +++ <w,. Theset G,,nis the totality of (°77*) 
sequences in I’, for which w;Sa.S +--+ Sw,. If A=[a,;]is an n-square matrix 
and w, TEI,,, then A [w| 7] is the r-square matrix whose (s, ¢) entry is @u,7,. If 
w, TEO;n then A [w| 7) is the rX(n—r) submatrix lying in rows w and outside 
columns r of A. Similarly for A (w| 7] and A (w|7). If wEG,,. then w(w) will denote 
the product of the factorials of the multiplicities of the distinct integers in w, 
e.g., w(2, 4, 4, 4, 5, 5, 7) = 3121. 

Permanents do possess some properties analogous to those of determinants: 


(a) the permanent is a multilineas function of the rows and columns; 
(b) per 4*=per A; 
(c) if P and QO are permutation matrices then per PAQ=per A; 
(d) if D and G are diagonal matrices then per DAG=per D per A per G; 
(e) (Laplace expansion theorem) 

per A= >) perAli,--- ,7| w] per A(r + 1,-- -,n| w); 


wEQs in 
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(f) (Cauchy-Binet theorem) if A ismxXn and BisnXm, mSn, 


per A[1, _ -,m| 7] per Bly | I,-- -,m\. 


per AB= > 
vEGm yn u(y) 


Properties (a)—(e) are immediate consequences of the definition (1.1). The 
proof of property (f) is somewhat more involved. The most useful property that 
determinants have is invariance under addition of a multiple of a row to another 
row. This property is conspicuous by its absence from the above list. Its failure 
makes the computation of any particular permanent difficult. The following 
formula due to Riyser [A 14] makes the evaluation of certain permanents feasi- 
ble by high speed computing devices. Let A be an n-square matrix and let A, 
denote a matrix obtained from A by replacing some 7 columns of A by zeros. 
Let S(X) be the product of the row sums of the matrix X. Then 


(2.1) per A = S(A) — 9) S(Ai) + DO S(A2) — ++ + (-1)™ X S(Ag_2), 


where >_.S(A,) denotes the sum over all (”) replacements of r of the columns 
of A by zeros. Formula (2.1) was used by Nikolai [B 45] for computing per- 
manents of incidence matrices for certain (v, k, \)-configurations. 

Let % be a set of v distinct items x, -- +, x», and suppose %1,---, 2, are 
subsets of 2. We define the v-square incidence matrix A = [a,;| for this configura- 
tion by a;;=1 if x,E,; and a,;=0 if x; EA; A system of distinct representatives 
is an ordered v-tuple (xea), °° * » Xo wy), Xo) EW, TES,y. Hence per A is just the 
number of such systems. In case each YX; contains exactly k items and Uj, 747, 
contains A items, 0<\ <k <v, then we have what is called a (v, k, \)-configuration. 
The matrix A then satisfies AAT = ATA =(R—A)In+AJ and it can be shown that 


(2.2) | det A| = k(k — A)o-YP, 


From (2.2) it is seen that | det A| depends only on the parameters v, k and X 
and not on the configuration. The question posed and answered in the negative 
by Nikolai [B 45] is whether per A similarly depends only on the parameters 
v, Rk, X. 

In answer to Montmort’s “probléme des rencontres” [A 14] mentioned in 
section 1 we can compute 


1 1 1 
— = 7! —_—_ —- ———- —— «© « — vo 
per (J ~ Ie) a(t 1 2 FY =): 
In fact, 


v gt 
per (J, + J) = 0! > 


r=0 Y e 


The matrix J—TI, is one of the few (0, 1)-circulants [B 35] for which an explicit 
formula for the permanent is available. We describe a few other examples of 
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permanents that can be directly computed. Let P, be the v-square permutation 
matrix with ones in the first superdiagonal. Then of course per P,=1. Also, 
per (P,+P;) =2 and [B 35] 


per (Py + Py + P,) = per (Py-a+ Py-1+ Py_-1) + per (Py-2 + Py-2 + Py-2) — 2 
1 5\? 1-— Jf5\? 
(“Sy ) + 


tr (Co) + 2, 


ll 


where 


Moreover, 

per (Py + Py + Py +P.) = per (Pya+ Prat Pot + Pra) 
++ per (Py_2 + Py-2 + Py_-2 + Py-2) + per (Pya + Py-s + Pya + Py-s) — 4 
= 2(tr (C3) + 1), 


where 
0 1 0 
C3 =|0 0 1}. 
11 1 


It is known that unfortunately no analogous recurrence formula for 
per ( >_*_, P’), k>4, exists [B 35]. It is possible to show that if such a recurrence 
were to hold for k>5 then the van der Waerden conjecture would fail. 

A remarkable result for (0, 1)-circulants was recently obtained by Tinsley 
[B 54]. Let A bea (0, 1)-circulant with k ones, R23, in each tow and column. 
Then 


per A = | det A|, 


with equality if and only if after suitable permutations of the rows and columns 
A can be reduced to a direct sum of 7-square (0, 1)-circulants of the form 
I,+P,+P2. Then 


per A = | det A| = 24°”, 


A doubly stochastic n-square matrix A = [a,;| is one with nonnegative entries 
each of whose row sums and column sums is 1. Thus J,=(1/n)J is doubly 
stochastic. These matrices appear in a wide variety of contexts ranging from 
probability theory to the theory of eigenvalue inequalities. The results on doubly 
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stochastic matrices are discussed extensively in [A 7; B 11; B 20; B 37]. Notice 
that the above (0, 1)-circulants are all multiples of doubly stochastic matrices 
as are the incidence matrices for the (v, k, \)-configurations. There is not much 
known about upper and lower bounds for the permanent of a general doubly 
stochastic matrix. The following bounds were recently obtained and constitute 
examples of results relating the permanent with the more familiar matrix in- 
variants. 
If A is an m-square doubly stochastic matrix then 


(2.3) per AS (a)", 


nN 


where p(A) is the rank of A. Equality holds in (2.3) if and only if A is a permu- 
tation matrix [B 22]. If A happens to be normal as well then (2.3) can be im- 
proved to 

A 
(2.4) per As (4) ’ 

n 
where the inequality is strict unless A is a permutation matrix or n=2 and 
A=Jz [B 22]. 

Once again if A is doubly stochastic with h eigenvalues of modulus 1 then 

[B 23] 


1 


2.5 er A 2 ———_________ 
(2.5) P (n — h-+ 1) 


If A is also indecomposable then 


(2 .6) per A = (=). 


Equality holds in (2.5) or (2.6) if and only if A is a permutation matrix. 
The best known conjecture on the lower bound for the permanent of an 
n-square doubly stochastic matrix is the van der Waerden conjecture: 


! 
(2.7) per A = — 
n” 


with equality if and only if A =J,. We list six results that represent all that is 
currently known about (2.7). Let Q, denote the set of doubly stochastic n-square 
matrices and let Z, be the subset of Q, consisting of those matrices with strictly 
positive entries. 


I. If per A=mingeo, per S then A*EZ, for some k |B 26]. 
II. If per A=mingeo, per A then per A(i|j) = per A if a;;>0 and per A (i|j) 
=per A+8 if a,;=0, where B=0 is independent of i andj [B 26]. 
Ill. Zf per A=mingeo, per Sand ACZ, then A=J, [B26]. 
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IV. If A#J, and A is ina sufficiently small neighborhood of J, then [B 26] 
per A > per J,. 


V. FornS3, mingeo, per S=n!/n" and the minimum ts assumed uniquely for 
S=J,, [B 26]. 
VI. If ACQ, ts positive semi-definite symmetric then [B 28; B 29; B 33; B 22| 


n} 
per A = — 
nm” 


with equality if and only 1f A =Jn. 


To conclude we quote a recently obtained upper bound for the permanent 


of a general (0, 1)-matrix. If A is a (0, 1)-matrix with row sums n, ++: , 7, then 
[B 34] 
rn (ritl 
per A < II (A), 
t=] 


with equality if and only if A is a permutation matrix. 


3. Recent developments. In this section we describe a relatively new ap- 
proach to the permanent function. The central idea is to represent the per- 
manent as an inner product on the symmetry class of completely symmetric 
tensors. At the outset this may seem like an unnecessarily sophisticated ap- 
proach to a matrix function which does not appear much more complicated than 
the determinant. In order that the reader may appreciate the difficulties in- 
volved we list a number of results recently obtained by these techniques. It 
seems unlikely that a frontal attack on any of these inequalities would succeed. 


THEOREM 1. If A 1s an n-square positive semi-definite hermitian matrix with 


rOW SUMS 11,° °°, %, and of r= an r;%0 then 
(3.1) per A 2 n! II | r|2/r™. 
i=l 


Equality holds in (3.1) if and only if (i) A has a zero row or (ii) p(A) =1, [B 22]. 
Notice that as a direct corollary to Theorem 1 we obtain the result VI at 


the end of section 2. 


THEOREM 2 (Permanent analogue of the Hadamard determinant theorem 
[B 21; B14; B15]). If A is an n-square positive semi-definite hermitian matrix 
then 


(3.2) per Az2z II Qi 


t=] 


with equality 1f and only if A is a diagonal matrix or A has a zero row. 
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THeoreM 3 (Schur [B 51]). If A is an n-square positive semi-definite hermi- 
tian matrix then 


(3.3) per A 2 det A 
with equality tf and only tf A ts diagonal or A has a zero row. 


THEOREM 4. Jf A 1s an n-square normal matrix with eigenvalues a1, ++ +, On 
then |B 22] 


1 
(3.4) | per A | S—) | as |". 


t=1 
THEOREM 5. If A is an mXn mairix and Bis ann Xm matrix then 
(3.5) | per AB [2 < per AA* per B*B. 


Equality holds in (3.5) af and only tf either (i) A has a zero row or (ii) B has a 
zero column or (iii) A = DPB*, where D is a diagonal matrix and P ts a permuta- 
tion matrix [B 29]. 


We introduce the preliminary material on tensor spaces that will suffice to 
exhibit the technique of proof used in establishing these results. 

Let V be an n-dimensional unitary space with inner product (x, y). We let 
Vim) denote the space of m-contravariant tensors |A 8, Chap. 16]. This is most 
easily defined as follows. Let M,,(V) be the space of m-multilinear functionals 
on V, i.e., the space of complex valued functions $(%1,°°°, %m), «ECV, 
t=1,---, m, linear in each x; separately. For example, if V is the space of 
complex n-tuples and m=n, x;= (4a, +++, Xin), then the multilinear functional 
¢ defined by f(x, °° + , Xn) =det (x:;) isin M,(V). The space V“™ is now defined 
as the dual space of M,,(V), i.e., Vo is the space of all complex-valued linear 
functionals on M,,(V). There are certain distinguished m-contravariant tensors, 
the decomposable tensors, that arise from elements of V: if x; € V, then 
f=%x%18 +++ @xXm is the element of V™ whose value on any 6€ Mn(V) is given 
by 


f(¢) = o( x1, my Xm) 


The decomposable tensor f is called the tensor product of the x;,i=1,-+°,m. 

It is easy to show that if e1, +--+ ,é,isa basisof V then the n™ tensor products 
6,8 +++ Bes, WED nn, constitute a basis of V™, An inner product can be 
introduced in V™ in terms of the inner product in V. The defining relation is 
given in terms of its values on pairs of tensor products, 


™m 


(3.6) (%1 @ +++ @ tm; 1 @ +++ @ ym) = TI (xi, yi). 


i=1 


Certain special operators P(o) on V™, called permutation operators, are 
defined in terms of elements oC S,,: 
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(3.7) P(c)%1 @ +++ @ %m = %-10) @ + + + @ %o-1¢m). 
The completely symmetric operator on V™ is now defined by 
1 
(3.8) Tn =— >, Plo). 
m! cESy, 


Thus T, maps V™ into a subspace of itself. The range of 7, is denoted by 
Vimy and is called the symmetry class of completely symmetric tensors [A 4, 
p. 217]. If x1, - ++, %m are in V we set 


(3.9) Gye Xm = Tnl(t1 @ ++ + @ Xm); 
Ny ++ ** Xm is called the symmetric product of the x;,1=1,---, m. It is clear 
from the definition of the symmetric product that if o€ S,, then 
P(c)x, * © R Nm = Hp KN, 

The operator 7°, is hermitian with respect to the inner product (3.6) and is also 
idempotent: 
(3.10) Tm = Tn = Tr 

We are now ready to bring the permanent into this picture. Let x1, -- +, %m 


and 1, °° +, Ym be arbitrary vectors in V and set a;;=(x;, y;). Then by (3.9), 
(3.10), (3.6), and (1.1) in succession we compute 


(41% + Nm, Va Vm) = (Tints @ ++ + @ Xm, Tn'¥1 @ ++ + @ Vm) 
= (Tin Tm Q-++B Xm, V1 ®-+- @ Vm) 
(TPnX1 ® . ® Xmy V1 ® . er" ® Vm) 


1 
= — 2. (P(c)%1 @ +++ @ Xm, 1 © +++ @ Vm) 
* cgESm 
1 


= > (%o-1(1) QO +++ OXe-1um)) V1 @ +++ @ Ym) 


m) cESy, 
1 ™m 
=— D) IT @-w, 9) 
m!| cESy, i=l 
1 


=— 2d) IL &s vw) 


m} gES, i=l 


1 
— per A. 
m!| 
We have then 
1 
(3.11) (G1 # +++ # Wm, 1 * + + + * Ym) = — per A, 
m! 


where A = (a,;) = ((%:, ;)). 
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To illustrate the use of the identity (3.11) we prove Theorem 1. Set m=n. 
Since A is positive semi-definite hermitian it is a Gram matrix based on some set 
of vectors %1,° °° , Xn: @jj=(x;, x;). From (3.11) and the Cauchy-Schwarz in- 
equality applied to the inner product in V™ we have 


where u is any nonzero vector in V™, Let v= )0%., x; so that 


2 


b] 


1 
(3.12) — per A == (4 #6 Hy, MLR HH) S 
n! 


0,0) = (tax) = Yiayer. 


i,j=1 i,j=l 
Since 70, v0 and in fact ||v||?=r>0. We set u=v* - - - #v and compute, by 
(3.11), that 
1 
|||]? = (VE > ++ kU UR + + + KD) = — per B, 
n! 
where 0;;=7,1,j=1,--:+,n. Hence [| |]? =r". Returning to (3.12) we have 
1 1 
— per 4 = | (CO no ee * v) [2/97 = | — per ((x:, v)) |2/r". 
n! n! 


Now (xi, v) =(ai, 2of-1 %5) = Lifer (wi, xj) = Dir aig=ri. Hence per ((x:, »)) 
=n!|[*%, 7; and therefore 


1 n 
—per A = [I | xi |?/7", 
n! i=1 


the inequality (3.1). The discussion of the cases of equality is a bit involved and 
we omit it. Notice that if A is doubly stochastic then 1 = --- =r,=1, r=n, 
and (3.1) implies VI in section 2. 

We refer the reader to [B 29] in which a very similar argument is used to 
prove Theorem 5. We illustrate the use of (3.5) in proving (3.3). Since A is 
positive semi-definite hermitian it can be factored, A=TT7*, in which T is 
upper triangular. Notice that, for such a T, per T=det T. Thus 


det A = det TT* = det T det T* 


per T per T* 
| per 77, || ver Z,7* | 
a/per TT*+/per TT* = per A. 


IIA 


IIA 


The inequality (3.3) could have been obtained from (3.2) and the Hadamard 
determinant theorem. However the proof of (3.2) is quite involved [B 14; B 15] 
and will be omitted. 
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4. Conjectures and problems. In this section we list several conjectures and 
problems that involve the permanent function. The conjectures in this field, 
that have been announced at various times, seem to separate into two quite 
unsatisfactory classes. In the first class are those statements that sound plausi- 
ble but appear at present beyond reach. In the second class are those conjectures 
that seemed for a time undeniably true and for which counterexamples were 
eventually discovered. We list some conjectures that are as yet unclassified. 


CONJECTURE 1 (van der Waerden). If A ts an n-square doubly stochastic 


matrix then 
n! 
per A 2 — 
y” 


with equality if and only if A=J, [B 55; B 26; B 28; B 33]. 
CONJECTURE 2 (H. J. Ryser). [f A ts an n-square doubly stochastic matrix then 
(4.1) per AA? S per A. 
Until just recently it was conjectured [A 14; p. 59] that 
(4.2) per AB S min { per A, per B} 


when both A and B are n-square doubly stochastic matrices. We are indebted 
to the referee for making available to us a surprising counter-example to (4.2) 
discovered by W. B. Jurkat of Syracuse University: 


,(it 5 8 ,{t 1 0 
4=>|13 11 0), B=-—|1 1 O|, 
0 8 16 00 2 


24° per A = 3808, 24’ per AB = 3840. 


Of course, if (4.1) were known then Conjecture 1 would follow immediately 
from VI in section 2. (Morris Newman recently communicated to us a counter- 
example to Conjector 2.) 


ConjeEcTuRE 3 (H. J. Ryser). If A is an mk-square (0, 1)-matrix with k ones 
in each row and column then 


(4.3) prAs<)>: J, 
1 


where >_™-J denotes the direct sum of J taken m times and J is k-square [A 14]. 
CONJECTURE 4 (H. Minc). If A ts an n-square (0, 1)-matrix with row sums 
7;,t=1,-°+,n, then 


(4.4) per A S [[ @;!)¥ rs. 


tax] 
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Clearly (4.4) implies (4.3) [B 34]. 


Conjecture 5 (H. J. Ryser). If the totality of v-square (0,1)-matrices with k 
ones tn each row and column contains incidence matrices of (v, k, \)-configurations 
then the permanent 1s minimal in this totality for one of these incidence matrices. 


CONJECTURE 6 (H. Minc). Let R, denote the class of all v-square (0, 1)- 
matrices with k ones 1n each row and column. Then for a fixed v 


1 
min per (— 4) 
AER, k 


1s monotone decreasing tn k. 


CONJECTURE 7 (M. Marcus and M. Newman). If A is n-square doubly sto- 
chastic then 


per 7, — A) 20. 
This is known to be true in case A is symmetric as well [B 29]. (R. A. 


Brualdi and Morris Newman announced the affirmative resolution of Con- 
jecture 7.) 


CoNnyjJECTURE 8 (M. Marcus and M. Newman). If A ts positive semi-definite 
n-square hermitian and 1SkSn then 


per A = per A[i,---,&l4.---,&] per A[k+1,---,n|k+1,---, x. 


This is known for k=1 [B 14, B 15]. 


CONJECTURE 9 (M. Marcus). Let A be an mk-square positive semi-definite 
hermitian matrix partitioned as follows: 


Ai Aig _.. Aim 


Ami Ama cs Anm 
in which each A;; 1s k-square. Let B be the m-square matrix whose (1, j) entry is 
per A;;. Then 
(4.5) per A 2 per B. 
If A ts positive definite then equality holds in (4.5) tf and only if A= yom Asa 


Note that Conjecture 9 implies Conjecture 8. For suppose (4.5) holds. As- 
sume without loss of generality in Conjecture 8 that kSn—k. Let C be the 
2(n—k)-square matrix: C=In_o.+A. Partition C as follows: 


eo + A, Cis | 


C= 
Co1 An—k 
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where A,=A[1,---,R{1,---,k]andA,1.=Alk+1,---,n[R+1,---,n]. 
Clearly C is poritive semi-definite hermitian and (4.5) implies 


per Jno, + Ax) per Cie 


er A = perC 2 er| 
P P P per Co1 per Anz 


per A; per An—z + | per Cie [2 


= per A, per An_x. 


ConJECTURE 10 (M. Marcus). Let A =[a,;] and aj>0, 7, 7=1,--+,”. If 
the n\ terms Tit: Aisi) n the expansion of per A take on at most r different values 
then p(A) Sr. 


This conjecture is known to be true for »<5 [unpublished results of H. 
Minc and R. Westwick ]. 


ConjJECTURE 11 (M. Marcus and M. Newman). Let A€Q,. There exists no 
positive number B, independent of 1, j, such that 


per A(i| 7) = per A, ai; #0 
and 
per A(i| 7) = per A + 8, ai; = 0. 


(See section 2, II.) 


CoNJECTURE 12 (M. Marcus). Let A, be the group of n-square nonsingular 
matrices of the form PD, where P 1s a permutation mairix and D ts a diagonal 
matrix. Show that A, 1s a maximal group on which the permanent ts multiplicative. 
In other words, A, cannot be a proper subgroup of a group G in which per AB 
=per A per B for all A, BEG. 


CoNnjECTURE 13 (M. Marcus). Zf A 1s doubly stochastic and f(z) = per (2In —A) 
then the zeros of f(z) lie in or on the boundary of the unit disc | z| <1. 


PROBLEM 1. Find the maximum value of f(U) =per (U*A U) as U runs over 
all n-square unitary matrices. Here A is a fixed n-square positive semi-definite 
hermitian matrix [B 29]. 

It is known [B 22] that f(U) Str (A”)/n, but in general this bound is not 
achievable. 


PROBLEM 2. Let H be a subgroup of S, and let x be a character of degree 1 of H. 
Under what conditions on x and H will the inequality 


n 


>» x(o) I] aio) S per A 


oCH t=] 


hold for all positive semi-definite hermitian A? [B 51]. 
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THE CONSTRUCTION OF ORTHOGONAL AND 
QUASI-ORTHOGONAL NUMBER SETS 


H. W. GOULD, West Virginia University 


1. Introduction. There has always been great interest in the discovery of 
inversion relations for series and associated orthogonality relations. The refer- 
ences at the end of this paper will give some idea of current activity in this field 
and each bears an intimate relationship to our work here. The reader will find it 
of interest to compare some of our results with the relations in Riordan’s recent 
paper [6]. Several results of Riordan were influenced by the orthogonality rela- 
tions found by the writer [2]. Theorem 3 below is in turn based on an extension 
of ideas in |2] which are not unlike some new results found by Carlitz [1]. 

We shall distinguish between orthogonality and quast-orthogonality. Such a 
distinction has been made by S. Tauber [9| and we shall follow his nomencla- 
ture. Associated with two number sets A, and BY are the polynomials 


(1.1) A, (x) = > Ane, B(x) = 5 Bax’, 
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and the number sets are called quast-orthogonal in case 


— sm m 0 MmMFz nN 
(1.2) >) A,B: = 8n = ‘ 
s=m 1, m=n. 


Tauber gives an equivalent formulation in terms of triangular matrices of the 
numbers A? and B;. Also we take AZ =0=B? for n<0, m<0, or n<m. 
By contrast, we should call the pair A and B orthogonal in case 


(1.3) >. A,B, = 8y- 


In the present paper we develop three theorems which allow one to construct 
any number of quast-orthogonal relations involving binomial coefficients. Some 
may wish to call these orthogonal relations instead. 

The distinction between A; and A}, needs elaboration. It is familiar that 


oo Beom(\()e(Q Eas) -# 


but no correspondingly simple result of the form 


0 £(*)(“)e0 


for a weight function w is evident. 
Similarly, in the case of the Stirling numbers s(m, n), S(m, n), of first and 
second kinds respectively, we have [6; (6) | 


(1.6) Dd. 5(n, k)S(k, m) = D1 S(n, k)s(k, m) = bn, 


but no correspondingly simple result for a summation with k and m inter- 
changed. 

It seems appropriate to go further and call attention to the following unsolved 
problem. For various classical polynomials P,(«) (e.g., Legendre) we have 


(1.7) [ P.)Palsuceyas = §,, 


and although one may define P,(m) for real x, little seems known about the 
possibility of having a quasi-orthogonal relation of the form 


(1.8) | "Pa() Palm)wv(a)de = $,. 


2. S-polynomials; Laguerre and Hermite numbers. We consider first the S- 
polynomials of Tauber [11], who has considered the situation when one assumes 
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the expansion 


(2.1) S(x,n) = >> Aue 
k=0 
together with the inverse expansion 
(2.2) x” = >> B,S(a, b), 
k=0 


and with the condition that B2.S(x, 0) =1. 

Since ‘1, x, 07, K8, +--+ - } forms a linearly independent set of functions, it is 
necessary to suppose that B; 0 for all integers n 20 in order to guarantee the 
expansion (2.2). Then, substitution of (2.1) into (2.2) leads Tauber to the quasi- 
orthogonality 


(2.3) > BA, = bn. 


Similarly, it is of interest to note that substitution of (2.2) into (2.1) leads 
to the symmetrical counterpart of (2.3), with A and B interchanged, 


(2.4) >> AnBs = bn. 

If we were dealing with ordinary orthogonality of the sort supposed in (1.5) 
then (2.3) would be identical with (2.4), whereby we have another general dis- 
tinction which arises in the nature of quasi-orthogonality. Examination of the 
proofs of some of the inversion relations of the author [2] will reveal that a sim- 
ilar situation holds there. This is generally reflected by variations in the method 
of proof for the relation (2.4), say, as opposed to proof of (2.3). One may con- 
sider, for example the proofs of Carlitz [1] for the general pair of inverse rela- 
tions which he has recently found. Also, cf. Riordan [6; (16), (17), (18) ]. 

Tauber [11] shows that certain recurrence relations must hold for the A 
and B numbers in the S-polynomial expansions (2.1) and (2.2). From this he is 
able to determine sets of quasi-orthogonal numbers in the case of the usual 
Laguerre and Hermite polynomials. We shall present a different approach, 
avoiding the use of recurrence relations entirely. The situation is that we may 
always arrive at new quasi-orthogonal number sets on the basis of such sets as 
we already know. Indeed, a fundamental result in this direction is found at once 
from relation (1.4). We have 


THEOREM 1. Let O, (s=0, 1, 2,---+) be an arbitrary sequence of real or com- 
plex numbers such that neither Q, nor Q5' 1s zero for any relevant value of the index 
s. Then the numbers 


(2.5) A, = ("Je B, = -"( a 
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form a set of quasi-orthogonal numbers in the sense that they satisfy both relations 
(2.3) and (2.4). 


Proof. The proof is essentially trivial for we have 


et eeo(Y(2) 
B.A, = on00'-""(")(*), 


so that by summing and using (1.4) we have the desired relations. 

The theorem may seem innocuous enough, or somewhat transparent, but has 
wide application. Thus, to apply it to the study of the Laguerre polynomials, 
we first recall [8; 99-100] that an explicit formula for Laguerre polynomials is 


a (0) 
n—k 


and 


(2.6) 1) => (—1)'( 


k=0 


When a=0 we may write (following Tauber’s notation) 


Bafa) = > (7 )= = vied 


k=0 
so that 
(2.7) A, = -y'(")= = L, (of Tauber) 
and 
(2.8) B = -9"(") s! = J, (of Tauber). 


Here the choice is easy since Q, involves only the parameter s. Thus Q,=1/s!. 
When a0 we may use a slight modification of Theorem 1 and one solution 
is afforded by the following choice: 


s  , ys(ara [a s(n\ Tatat 1) 
2-9) An = (“1 Gar oC) 
and 

m m{ § mID(a + st 1) ayn ats 
a1) we car(S)MEOHED oe ( FI 


Thus, for the general Laguerre polynomial L(x) =A,(x), the associated B, (x) 
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polynomial in (1.1) may be given by 
(2.11) B, (x) =a!d —y(2 7") a, 
k=0 n—k 


In case a =0 this has the simple form n!(1—x)”. The series in (2.11) is not sum- 
mable in closed form in general. When @ is a nonpositive integer such that 
“O0Sa+nSn, then the binomial theorem may be applied. 

It is evident how Theorem 1 or a slight modification of it may be applied 
then to deduce classes of quasi-orthogonal numbers. It is necessary only to in- 
voke the basic relation (1.4). The numbers Q, involved in (2.9) depend upon a 
as well as s. We may still choose Q;} for use in (2.10) but then B? would depend 
upon the parameter n. It is convenient to go from Q,(n) to O;1(m) in such a 
case, as we have done above. 

As we have remarked earlier, we are not concerned with recurrence relations; 
it may be of interest, however, to indicate that the Z and J numbers of (2.7) 
and (2.8) satisfy simple recurrence relations. In fact 


(2.12) kLy = Ln — Lawt 

and 

(2.13) J, = Ta — 1a 

which may be contrasted with the relations 

(2.14) nln = (2n — 1)Ly-1 — Lana — (n — 1) Lys 
and 

(2.15) T= — bat Qh+ Ina — (k++ DIa 


as found by Tauber [11]. Relations (2.12) and (2.13) follow from nothing more 
sophisticated than the basic recurrence relation 


(*) (") ") + n — ‘) 
k k (; —1 
and formulas (2.7) and (2.8). 

Now, if one examines the set of quasi-orthogonal numbers which arise in 
the case of Hermite polynomials, and in particular the final quasi-orthogonality 
found by Tauber [11] for his Hand K Hermite numbers, it appears that a varia- 
tion of (1.4) and our Theorem 1 are involved. Tauber’s discussion involves the 
parity of the various indices occurring in the summations. This naturally arises 
in the fact that the Hermite polynomial H,(«) is an even function when z is 
even, and an odd function when z is odd. But this is a special case which falls 
out from a generalization of Hermite polynomials considered in [3; 58]. 


We need a simple number-theoretic function which takes account of a natu- 
ral generalization of parity. We make the 
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DEFINITION. Let r21 be an integer. Then for any integer k 
1 ifr|k, 


(2.16) g(t) = g(B) = ‘" tule 


When r=2 one often makes use of the formula g(k) =4(1-+(—1)*) in opera- 
tions with series where certain terms are to be deleted. 

We need to observe that g(k-+rs) =g(k) for any integer s (negative, zero, or 
positive). Note that g could be expressed in terms of the roots of unity. 

We may now state our next result: 


THEOREM 2. Let Q, (s=0, 1, 2, - ++) be an arbitrary sequence of real or com- 
plex numbers such that neither QO, nor QO; 11s zero for any relevant value of the index 
s. Then the numbers 


n! 


(2.17) A= (-1)0 0" — *___ on — 5), r= 1, 
€ - *) 
—)! 
and 
m 1 —1 
(2.18) Br = 0, '4(s — m) 
Mm 


form a set of quast-orthogonal numbers in the sense that they satisfy both relations 
(2.3) and (2.4). 


Proof. To verify (2.4) we have 


“ sm id (n—s) /r n!} 
>» A,B = >, (-1) ——_____——— g(n — s)g(s — m) 
s=m s=m S—-™ n— § 
mi( ) ( ): 
7 7 
— (n—m—s) /r n!} 
= >) (-1) ——__—_—__—_—————- g(n — m — s)g(s) 
s=0 S n—-m—S 
m\{ — )\{ ————— )! 
)(—-) 
[(n—m) /7] | 
(n—m) |r 8 nN: 
= 2 (-1) (~ 1) —— (0 = m= 8) 
=“ mis! ( — 5) 
7 
(n—m) |r y\ Un—m)/r] : 1 


gin —-~m)— ) (1) 


m! 4x0 (* —m™m ) 
s! —s]! 
r 


(— 1) 


= 0 ifr{(n—m). 
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Let then n—m=phr so that n=m-+pr. The summation becomes then 


(m + pr)! 
ae si(p — 9)! 


= (—1)e EP)! typ MON! 
= (- D(- m(?) = ¢ yp ee 


which equals 0 when $0, i.e. when n>m; and equals 1 when p=0, i.e. when 
n=m. Thus our assertion is correct that (2.4) follows. 

We shall omit the corresponding steps to establish relation (2.3) because the 
general pattern is the same. Theorem 1 is implied by Theorem 2 when r=1. 

Theorem 2 is far less trivial than Theorem 1; yet is based again on the sim- 
plest kind of quasi-orthogonality flowing from the binomial theorem. 

To apply our theorem to the Hermite polynomials, we recall [8; 105] the 
explicit formula 


(—1)? 


[n/2] y| 
(2.19) H,(x) = 2 (—1)* epi ° ayn, 
Then we have 
2 1 —1)* 
H,,(x) = 2 (—1)#/2 en ce (axe Lo 


(+) =m: ? 


n n! 1+ (-—1)""* 
= >) (—1)e-)/22 —_______ (axyk tt SD" 
k=0 n— 2 


) 
——— }!k! 
= » Hx , 

ke=0 
so that we may take the coefficient of x* to be 
(n—h) /2 n} oe + (-1)"* 


Gu 


which is in agreement with Tauber’s notation. Applying Theorem 2, with r=2, 
we see that we may take Q; = 2#/k! and then a set of numbers quasi-orthogonal to 
the Hi’ will be given by 


m k! 1+ (-—1)*™ 
(2.21) Kp =". 


(2.20) H, = (-1) 
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Except that Tauber [11] states the parity in words, relation (2.21) is pre- 
cisely the same as the Ky which he found. Indeed, since the (finite) Taylor 
series expansion of H,,(x) in a linear series or powers of x and the inverse expan- 
sion of x” in a linear series of Hermite polynomials have each a unique set of 
coefficients, it is evident that our results must agree with those of Tauber. 

Now it is of interest to apply Theorem 2 in its full generality to the general- 
ization of Hermite polynomials studied in [3; 58]. There the exponential gener- 
ating function 


ioe] 


r i” r 
(2.22) etetht = DT — §n(%, h) 
Ni, 


n=0 


led to a set of polynomials with the explicit formula 


[n/r] 


(2.23) gu, h) = > (— 1) ha 
k(n i 
In Theorem 2, choose 0,=1/s!. Then we have the set of quasi-orthogonal 
numbers 
8 (n—s) /r n!} 
(2.24) A, = (—1) —_—_—_—_—_—— g(n — s) 
n-—- Ss 
( jis 
r 
and 
mn s} 
(2.25) B, = ————— g(s — m). 
sS—™m 
m!| ) 
(| 
Corresponding to (2.24) we have the polynomial 
” s 8 a (n—s) [r n!} 
An(x, 1) = D) Ane = 2) (-1) ———— «(0 — 5) 
s=0 s=0 n— §S 
( yrs 
r 
n n!| [n/r] 
= 2) (— 1)" -—______- x"*4(s) = 2d (—1)° gan, 
s=0 5 s!(n — rs)! 
—}!(n — s)! 
r 


whence we have by comparison with (2.23) 


(2.26) A, (x, 1) = gn(#, —1). 


In the same way, the polynomial B, (x, r) corresponding to (2.25) is seen to be 


1965] ORTHOGONAL AND QUASI-ORTHOGONAL NUMBER SETS 599 


(2.27) Bn(«, 7) = gn(a, 1). 
We wish to observe that the generating function (2.22) then yields 


(2.28) Erte = ~ — (7 ) A,(%, 7) By—n(%, 1) 

n=0 1! K=0 
so that the value of 7 has no effect on the value of the inner convolution on the 
right. Since A;(x, 1) =(«—1)* and By_z(x, 1) =(«+1)"-*, then we have inciden- 
tally found the convolution summation 


n 


n 

(2.29) >( 1 ) A,(%, 7) Br—n(%, 7) = (2x) 
k=0 

valid for all real x and arbitrary 7. This brings out then still another remarkable 

connection between the polynomials from which the quasi-orthogonal numbers 

Aj, and B® flow in our general example. Also, relation (2.29) may be viewed as 

a way of expanding x” in terms of the A and B polynomials. 

It is expected that other remarkable consequences flow from Theorem 2. 
Moreover, just as Theorems 1 and 2 are based upon the basic orthogonality 
formula (1.4) so we may expect to find similar generalizations which come from 
other types of orthogonal formulas, for example the orthogonal relation for Stir- 
ling numbers of first and second kinds. 


3. The Humbert polynomials. We wish to turn next to a consideration of a 
generalization of Legendre and Gegenbauer polynomials which traces back to 
a suggestion of Pierre Humbert in 1921. An account of this and a study of new 
inverse series relations implied by generalizations of the Humbert polynomials 
is given by the author in [4]. We summarize some findings from this paper and 
show how they lead to a general set of quasi-orthogonal numbers analogous for 
Legendre polynomials to the set in our Theorem 2 for Hermite polynomials. 

For our purposes we shall define the Humbert polynomial P,(r, x, p) by the 
expansion 


(3.1) (1 — rat +r)? = D0 PP, (r, x, 2), (r 2 1, integral) 
n=0 


for an arbitrary real number p. Then P,(2, x, —4) =P,(x) is the usual Legendre 
polynomial and P,(2, x, —v) =C;(«) is the Gegenbauer polynomial. Also we may 
observe that P,(2, x, —1) = Un(x) is called a Tchebycheff polynomial, so that 
expansion (3.1) is general enough to include many interesting examples. 

The Humbert polynomials P,(7, x, p) with r23 do not satisfy a three-term 
recurrence relation of the kind which is necessary [8; 42]| for the polynomials to 
be orthogonal over any interval aSxSb in the way that the Legendre and 
Gegenbauer polynomials are. However, it is still possible to obtain interesting 
expansions of functions in terms of the Humbert polynomials. In fact, it has 
been found in [4] that 
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LW (p— mt PY, 
3.2) Parr = (PONTE Form 


with the corresponding inverse expansion 


p\ tale (Ponti ee—s 
3.3) (—rx(?\= ~1)# FO Pals 2 £). 
6.3) Car?) Fem e pe Pelt) 


The derivation of (3.3) depends on a general inversion theorem which extends 
one of the results in [2]. 

Now it is clear that (3.2) and (3.3) correspond to the general class of expan- 
sions (2.1) and (2.2) considered by Tauber. Thus it is of interest to see what the 
corresponding quasi-orthogonal sets may be. Again we make use of the number- 
theoretic function defined by (2.16). There is no difficulty to see that relations 
(3.2) and (3.3) may be cast in the alternative forms 


_(p-*) (2 
(3.4) Prlt, x, p) = » na1—Rk k (—rx)*g,(n ~ k) 
k=0 7 
and 
lb—n te 
—n 
n —_ kB . __ 
(3.5) «= d (-1) err f Pak Peles &, p)grln — &) 
k=0 n—k uN —k p 
pone" (-9(*) 
r r n 


From these two relations the exact form of the quasi-orthogonal numbers A* 


and Bi as in (2.1) and (2.2) is immediately evident. However, just as was the 
case for Theorems 1 and 2 it is evident that a generalization may be stated. We 
have 

THEOREM 3. Let Q, (s=0, 1, 2, - +--+) be an arbitrary sequence of real or com- 


plex numbers such that neither Q, nor O;} 1s zero for any relevant value of the index 
s. Then the numbers 


p—s 

(3.6) A,=I\n—s O.gr(n — 5) 
r 

and 

s—™m 

post r —m 
(3.7) Br =(-1)°"" , Org(s — m) 
Ss s—™m 
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with r=1 an integer, and p an arbitrary real parameter, form a set of quast-orthog- 
onal numbers tn the sense that they satisfy both relations (2.3) and (2.4). 


The proof of this result follows from the validity of the expansions (3.2) 
and (3.3). It will be seen on a critical examination that Theorem 3 is essentially 
equivalent to the theorem embodied in the pair of inverse relations (7.5) and 
(7.6) of the author’s paper [4]. For the sake of completeness we quote them 
here: 


nirj — 
(3.8) r= EO Ne = me 
if and only if 
RA fb er k\ pt rk — 0 7 
(3.9) f(n) = 2 ( ma , PO rk). 


We remark that Theorem 3 implies (3.4) and (3.5) when 


on cn(") 


We have thus found general theorems which include special cases dealing 
with the classical Laguerre, Hermite, Legendre, Gegenbauer, and Humbert poly- 
nomials in terms of the notion of quasi-orthogonality. 

We wish to end our present discussion by showing that Theorem 3 also in- 
cludes some inversion theorems found by Stanton and Sprott [7]. Indeed, choose 
y=1and replace Q, by (—1)*Q,. Then the numbers 


(3.10) -o'(F Ye and Br = ("Po 
Nn —- S§ S ~~ Mm 


form a quasi-orthogonal number set provided that neither Q, nor 1/Q, is zero. 
In terms of (2.1) and (2.2) this means that 


n —k 
(3.11) S(x, n) = 2 (—1)! (' ) cus 
k=0 n—k 
if and only if 
n p —_ kB 4 
(3.12) v= D(-(? Jon's a, 
k=0 n—k 


Write O,x*=f(k) and F(k)=S(x, k). Then the last two relations may be 
written in quite general form as 


n ~ 
3.13) Fo) = (HP 709 
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if and only if 
n ~ i 
(3.14) fin) = (7) Few, 


where Fandf are any indeterminate number sequences in the sense that, given f, 
F is determined by (3.13) or conversely, given F, f is determined by (3.14). But 
this pair of inverse relations, when p is a nonnegative integer, is precisely the 
third theorem of Stanton and Sprott [7] which is equivalent to their first theo- 
rem. Relations (3.13) and (3.14) are also immediately evident from (3.8) and 
(3.9). 


Research supported by National Science Foundation Grant GP-482. 
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ON TWO CLASSES OF QUASI-ORTHOGONAL NUMBERS 
SELMO TAUBER, Portland State College 


1. Introduction. The definition of quasi-orthogonal numbers can be found in 
[1], p. 32. Classes of such numbers were studied in [2]. We recall that two sets 
of numbers A‘ and B*’ are said to be quasi-orthogonal if 


(1) > ALB, = bn, 


where 6," is the Kronecker-6, provided that 
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(2) A, =0, B, =0, for, 1»<0,m<0,s<0,s>n,m>-s. 


In this paper we shall study two more classes of such numbers which lead 
to some classical examples. 


2. The S-polynomials. Let 1%, and N, k=0, 1, 2,---,m be functions of the 
variable n which is either a positive integer or zero, such that N(n)0 for all 
nz0. For given p and q we define 


(3) S(%, 2) = » M;(n)S(x, 2 — k) + N(n)xS(x, n — £), 
(4) S(x, 0) = M,(0) = const. 


S(x, 2) is a polynomial of degree z and can be written 


(5) S(w,n) = 5 ATA"; 


m=(0 


conversely let 


(6) x = >) B,S(x, m), 
m=0 
with 
(7) 1 = BoS(x, 0) = BoM,(0). 


Since (2) is to be satisfied we can write 


c =>. B,S(%, 5) = >> B, > Avx = » Ba » A,x 
m=0 


s=0 s=0 m=0 s==0 


n n 
e = > >. BA, 
s=m 


m=(0 


so that 


(8) » BA; = bn 
i.e. the numbers A and B are quasi-orthogonal, since we may assume that condi- 
tion (2) is satisfied. 

According to (3) and (5) we have 


S(a,n) = 2 Ams” = > M,(n)S(x,n — 8) + N(n)xS(a, 2 — ?) 


m=0 
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-> M,(n) > ae N(n) x Ant 


k=l m==0 
q 
= > M;(n) x An‘ + N(n) > An-p mn 

k=1 m=0 

id q ” m m 

= 2a" Di Mam) Ana + NH) Do Ant " 

m=0 k=1 m=0 
Equating the coefficients of x”, we obtain 

g ——e 

(9) An =D) Mi(n) Ane + NH) Anno, 


k=1 


which gives a recurrence relation for the A-numbers. 
On the other hand, according to (6) 


(10) >> BrywS(x,m) = 2-0 => B, xS(x, m). 
But 

S(x, m+ p) = > Mi(m + p)S(x,m + p — k) + (m+ p)aS(x, m); 
hence 


(11) 2S(x,m) = Ke m+ ~) — > Milm + p)S(x, m+ p — A) | / Nim + 9). 


Substituting (11) into (10) we obtain 


n+1 
grt — > Basi S(x,m) 


= dm “| stem +9) — 2 Bln + 2)S(x, m+ p— | / Nom + 9) 


By equating the coefficients of S(x, m) we have 
m m—Dp g m—p-+k 
Bizt = By /N(m) — >) Bn Mi(m + k)/N(m + b), 
k=1 


or, changing m into n—1 
(12) By = [1/N(m)]Br-a — > [Malm + b)/N(m + B)Bra 


k=0 


which is the recurrence relation for the B-numbers. We can state these results 
as follows: 
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THEOREM I. If A} and BY are quasi-orthogonal numbers, 1.e. numbers satisfy- 
ing (1) and (2), and if the numbers Ay satisfy the relation (9) 


g ~— 
An = >3 M,(n) Ana + N(n) Ann, 


k=1 


where N(n) 40, for all positive integral values of n and n=0, then the numbers BY 
satisfy the relation (12) 


— g m — 
Br = [1/N(m)|Be” — DS [Malm + 2)/Nim + EI BeY”?. 
k=1 
Conversely, uf the numbers By satisfy (12), the numbers Ay satisfy (9). 


3. Example I: Laguerre Numbers. We call Laguerre numbers the coefficients 
of the simple Laguerre polynomials. For the properties of the Laguerre poly- 
nomials we refer to [3], pp. 200-215, and [4], Chapter V. In [3] p. 214, (18) we 
find the following recurrence relation for Laguerre polynomials: 


(13) nL,(%) = (Qn — 1 — «)Ln-1(4) — (w — 1) Ly_2(%), 


with Zo(«) =1. By writing 
L,(%) = > Lix 
m=0 


and equating in (13) the coefficients of equal powers of x we obtain 


(14) nl, = (2n — 1)Dn-1 — Le — (n — 1) Ly -2. 

We see immediately that (13) and (14) are of the same form as (3) and (9), 
provided that we assume that 2>0, which we can do since for n=0 both (13) 
and (14) are identically verified. We thus have p=1, g=2, Mi(n) =(2n—1)/n, 
M,(n) = —(n—1)/n, N(n)=—1/n. Let J? be the numbers that are quasi- 
orthogonal to the numbers L;. According to (12) the numbers J;” satisfy the 
relation 


m m+1 


(15) T= — mo, + Qm + Ina — (mt DIT, 


with L}=J}=1. It is easily verified that 


(16) r= (-"en(") [nt t= (-0"mi("); 
thus 
bet festo(*)/alfeur(’)]=« 
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Or 


(17) > (- 1D ™(a)ae( ") ( ") s\/n\ = 6. 


s=—=m 


4, Example II: Hermite Numbers. According to [3] pp. 187-196, [4] Chapter 
V, and [5] pp. 117-122, Hermite polynomials can be defined by the recurrence 
relation 


with Ho(x) =1. We set 
(19) H,(x*) = > H,% , 


where Hf? =0, for n—m=1 (mod 2), ie. for n and m not of same parity. By 
identifying equal powers of x in (18) we obtain 


m m—I1 


(20) H, = — 2(n — 1)H,-2 + 20,1. 


Comparing (18) and (20) to (3) and (9), we see that p=1, g=2, Mi(n)=0, 
M,(n) = —2(n—1), N(n)=2. Let thus KY be the numbers that are quasi- 
orthogonal to the numbers H,’, which we call the Hermite Numbers. According 
to the general theory established earlier we have, for the K-numbers, 


(21) Kn = (1/2)Kna + (m+ 1) Kuch. 
It will be easily verified that 


Be = (=1) "am / (* - ") , 


-(‘o- wun) 


Since both m and m have same parity we assume that s is even if both z and m 
are even, and odd if both ” and m are odd. Thus n, m, and s have always the 
same parity in the following expressions: 


(22) 


» HK; = bn, 


s=™7 


hence we obtain after simplifications 


29 Berio Je-wi (CCG) oe 
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SET EQUATIONS 
A. W. GOODMAN, University of Kentucky 


1. Introduction. The problem of solving a system of simultaneous equations 
in several real or complex variables, suggests the analogous problem of solving 
such a system when the unknowns are regarded as sets. Such a system will not 
always be solvable. In this paper, we consider two special systems and then pro- 
ceed to slightly more general systems. In each case we obtain necessary and 
sufficient conditions for the system to have a solution. 


2. Intersections in pairs. Let us consider first the simple system 
(1) XiC\ Xj = Gi 1si<jSy, 


where the G;; are given sets, and we are to determine the sets X;,7=1,2,+--+,n 
such that each of the n(n—1)/2 equations in the system (1) is satisfied. Observe 
that in (1) we require that 74j, because otherwise the equation X,f\X;=G,; 
would force the solution X;=G;; and the system (1) would be trivial. Further, 
since X,(\X;=Xj(\Xj, there is no loss of generality in requiring that 7<j. For 
convenience we set G;;=G;; for all pairs 1<j. 


Assume first that the system (1) has a solution. Then for each fixed index 1 


(2) X; > Gie a= 1,2,--- 4a, a 4, 
and hence 
(3) X;D VU Gia. 

a=} 

AA 


Using (3) in (1) we see that 


(4) Gi = Xi,0.\ XD U Gia \Of U Ge; 
a=1 B=1 
att Bx 
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Now each of the two unions that appear in (4) contains the set G;; and hence 
the containing sign may be replaced by the equality sign. Finally, using a dis- 
tributive law, we can write (4) in the form 


(5) Giz = U (Gia MY Gp), 


where the union is over all pairs (a, 8) such that a7 and B47. Hence (5) isa 
necessary condition for the system (1) to have a solution. But it is also a suffi- 
cient condition, because if (5) is satisfied we can obtain a solution by setting 


(6) X,;= U Gia @4=1,2,---+,m. 


The solution is certainly not unique, for we can always select a new element 
that lies outside the set 


(7) G = UG,; {sSi<jsun, 


and adjoin it to one of the sets X; defined in (6), to obtain a new system of 
solutions to (1). The containing sign in (3) shows, however, that the system of 
solutions (6) is a minimal system, t.e., each X; is as small as possible. We have 
proved the following result. 


THEOREM 1. A necessary and sufficient condition that the system of set equa- 
tions (1) be solvable for X;,1=1,2, +++, n, 4s that equation (5) holds for all pairs 
1, 7 such that 1473. When this condition ts satisfied there is a unique minimal 
solution given by (6), and these solutions are subsets of the set G determined by the 
given sets Gi; (equation (7)). 


CoROLLARY. A necessary and sufficient condition that the system (1) be solvable 
is that for each pair 1,7, with 1A], 


6 Ao) 


B=1,2,---,n, BA¥z7. 


| 
a> 
we 
bho 
we 


‘,n,a Ft, 


(8) Giy D Gia CV’ Gaz, 


The corollary allows us to test a given system by the following mechanical 
device. We arrange the given sets G;; in a matrix, thus: 


i) Gis Gi3 ses Grn] 

Goi @ Gog + + Gan 

G31 Go 6 °° * Gon 

Gni Gne Gna .e. ) | 

where for convenience we put ¢, the empty set, in the main diagonal. The con- 


dition (8) then states that the intersection of any two sets selected from G, one 
from a row and one from a column, must lie in the set determined by the inter- 
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section of that row and column (provided that they do not intersect on the main 
diagonal). In any practical problem this mechanical test is rather easy to apply. 


THEOREM 2. If the system (1) has a solution, 1t 1s unique tn the set G. 


Proof, Let Xi, Xo, X,,} be the system of solutions defined by (6). 
Suppose that for a fixed 2 we could obtain a new solution by replacing X; with 
Y, = X;U g where g © G, and g € X,. It follows from (6) that g € Gia, 
a=1,2,---,n. But, since g&G, g@G x for some suitable pair j, k¥2. This 
implies that g@X,, and hence Y;(\X;=G;,,;\Ug. Since G;; does not contain g the 
new system is not a solution. 

3. Unions in pairs. It isa simple matter to transform a theorem on intersec- 


tions into a theorem on unions. Let H,; be given sets and consider the system of 
equations 


(9) V;UY; = Hi; 1si<jsn. 
As before we assume H;;=H,;;, and we set 
(10) H=U4;; 1si<jsSn. 


We take complements with respect to H and set G;;=CH;;, X;=CY;,. Then the 
system (9) reduces to the system (1). The set G defined by equation (7) is not 
necessarily identical with H, however, for if # is an element that occurs in each 
H,; it will be absent in G;;, and hence in G. Thus we have GCH, and G=d if 


and only if 
(11) Hi; = ¢ 1Si<jSn. 
These considerations prove the following theorem. 

THEOREM 3. A necessary and sufficient condition that the system (9) be solvable 
for V;,4=1,2,--+-,n, 1s that for all pairs 1, j, with 1A], 
(12) His = (\ (Hia U Hg;), 


where the intersection 1s taken over all pairs (a, B) such that a¥i and B¥7. When 
this condition is satisfied a set of solutions 1s given by 


(13) Y; = f) A sy 
a=] 
axt 


Further, if the intersection in (11) 1s empty the solution 1s unique, but tf the inter- 
section 1s not empty then there 1s more than one system of solutions. In any case the 
system generated by (13) ts a maximal system. 


CoROLLARY. A necessary and sufficient condition that the system (9) be solvable 
ts that for each patr 1, j, with 14}, 


a=1,2,--+-, na 4, 
(14) Hi; C Hia U Hea;, 


B=1,2,---,n, BAF. 
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These conditions can be tested mechanically by using a matrix as in Section 
2, but with the obvious modifications dictated by (14). 


4, Generalizations. The generalizations seem to impose a complicated sys- 
tem of subscripts, but we can gain some simplification if we denote a set by 
X (qa) in place of Xq, the standard subscript notation. 

Our first objective is to generalize Theorems 1 and 2 to the case where each 


intersection may involve more than two sets. Let J(1), [(2),---, I(n), be n 
index sets 
(15) T(k) C {1, 2,-++,m}, 
where the members of the set may be written 
(16) I(k) = { ce} = fer, an vey an, } 
for k=1,2,---,n. Let G(k), R=1, 2,---+,n ben given sets. We wish to solve 
the system of m equations 
(17) N X (a) = G(R), k= 1, 2, sty My, 
aél (k) 
for the unknown sets X(a), a=1,2,--+-+,m, in the set 
(18) G = U G(R). 
k=l 


To this end we must introduce the new index sets J(a), 


(19) J(a) = {kw Eh} a=1,2,---+,m, 
and this amounts to examining the set of equations (17) vertically rather than 
horizontally. 


Assume now that the system (16) has a solution. If aE I(k), then we see from 
(17) that X(a) DG(k). Since this is true for each such k, X (a) contains the union 
and hence by (19) 


(20) X(az)D U Gi, w=1,2,+++,m. 
keJ (a) 
Using (20) in (17), we find that for R=1, 2,---,n, 
(21) cl) = 9 x@> 1 (uy Ge). 
aél (k) a&I(k) \BEJ (a) 


Here the containing sign can be replaced by the equal sign, because each term 
of the intersection contains G(k). Indeed for each a€I(k), equation (19) states 
that RE J(a) and hence G(R) is in the union. If we interchange union and inter- 
section signs in (21) we can write 
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where, by definition, 


(23) (\* G(B) = G(B1) CO G(B2) O + + + OG), 
where 
(24) BiEI(er), BrEIla), ++, By Ila) 


and U* denotes the union of all intersections in (23) in which the 6’s run through 
all combinations satisfying (24). Hence equation (22) together with (23) and 
(24) give a necessary condition for (17) to be solvable. The condition is easily 
seen to be sufficient, and we can take as minimal solutions 
(25) X(a) = U G(R) a=1,2,-+-,m. 
kéJ (a) 
THEOREM 4. A necessary and sufficient condition that the system (17), of n equa- 


tions in m unknown sets X(a), be solvable ts that equation (22) be satisfied for 
k=1,2,+°+,mn. 


When (22) is satisfied, the minimal system of solutions is given by (25). 


COROLLARY. A necessary and sufficient condition that the system (17) be solvable 
4s that, for R=1,2,+--+-+,n, 


G(k) D G(B1) C\ G(B2) CV + + » OV G(B:,) 
for every combination of Bi, Be, +++ , By satisfying (24). 


Just as in the simpler system (1) the solution is not unique for we can always 
add an element not in G to any one of the sets X(qa). But even if we restrict our- 
selves to the set G, the solution need not be unique, as the following example 
shows. 

For the system 


X(1) A X(2) = {a, d} 
(26) X(2) \ X(3) = {8, c, d} 

X(3) \ X(4) = {8, d, e} 
the J sets given by (19) are J(1) = {1}, J(2)= {1, 2}, (3) = {2, 3}, 74) = {3}. 
By Theorem 4, equation (25), the minimal solutions are: 
X(1) = {a, b},X(2) = {a, b, c, d}, X(3) = {d, c,d, e} and X(4) = {d,d, et. 


But the system Z(1) =X(1)U {e}, Z(2)=X(2), Z(3)=X(3), Z(4)=X(4U {a} 
is also a solution of (26). It follows that the system of equations (26) has at least 
4 different systems of solutions in the set G= a, b,c, d,e } . 

We can formulate a condition for the uniqueness of a solution but it is rather 
awkward. Let {X (a), @=1,2,+--, m be a minimal system of solutions and 
let e€G be such that e€.X(6) for some fixed 8. We examine each equation in 
(17) that contains the set X(8). If in each such equation e is not an element of 
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some X(y), y#8, that occurs in the equation, then the solution is not unique, 
for we can replace X(8) by X(8)U ie} in the minimal solution, and obtain a 
new solution. On the other hand, suppose that for each e in G, and each X() 
with e€ X(@), there is some equation involving X(@) with the property that 
every other X(qa) in that equation already contains e. It is easy to see that if 
this condition is satisfied, then the solution is unique. 

By considering complements it is easy to see that Theorem 4 and its corol- 
lary imply the following result. 


THEOREM 5. A necessary and sufficient condition that the system of n equations 


(27) U YV(a) = H(k) k=1,2,-++,2, 
aél (k) 

in the m unknown sets Y(1), Y(2), +--+, Y(m) be solvable is that for each index 

k=1,2,--+--,n, 

(28) H(k) C A(61) U H(62) U +++ U HB,) 


for every combination of the B’s satisfying the condition (24). When this condition 
is satisfied a maximal system of solutions ts given by 
(29) Via) = ff) A(R) a=1,2,---,m. 


keJ (a) 

It is clear that in general the solution need not be unique. 

5. Translation by a set. Let R be a fixed set. If {X*(a), a=1, 2,-++, m} 
is a solution of (17), then the system Z(a) =X*(a)\UR, a=1, 2,-++,m,isa 
solution of 
(30) Q X(a) = Gk)UR k=1,2,+--,n. 

a€l (k) 


We can also subtract a common set. Thus if RCG(k), for each k=1, 2, 
-, 7, then by (25) FR is contained in each set of the solution, and it is clear 


that the system Z(a)=X*(a)—R, a=1, 2, +++, m, is a solution of 
(31) N X(a) = Gk) -—R k=1,2,---,n. 
acl (k) 


Hence in solving a system such as (17) we can always simplify matters by sub- 
tracting R=(G(k), if it is not empty. This occurs in the example. 

The same type of translation, addition or subtraction of a set R, can be 
applied to the system (27) and its solution. 


6. Polynomial equations. Let p(x) be a polynomial in the variables x, 
Xe, * * *, Xm, in which each coefficient is one. Let ,(X) denote the combination 
of sets that is obtained by replacing: x. by X(q@), addition by union, and multi- 
plication by intersection, in p,(x). 

It is not easy to state a general theorem about the solution for the sets X (a) 
of a system of equations 
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(32) pr(X) = H(k) k= 1,2,-++,m, 


Our previous work gives a method, however, for solving such a system. In- 
deed, each collection of intersections 
(33) N X66) 

Bel (a) 
that occurs in (32) can be replaced by a new unknown set Y(q), and this sub- 
stitution reduces (32) to the form (27). Hence, if (32) is solvable, the system 
obtained by the substitution must also be solvable, and this can be tested by 
the criterion of Theorem 5. Assuming that we have solutions Y(a@) we proceed 
to examine the solvability of the system 
(34) N) X (8) = Y(a) a=1,2,---,4, 
BET (a) 

where g is the number of different collections of intersections that occur in (32). 
This system is of the form covered by Theorem 4. 


7. Concluding remarks. It is natural to try to introduce coefficients in the 
polynomials treated in Section 6. Here the coefficients would naturally take the 
form of known sets. It seems to be difficult to give an adequate discussion of the 
set analog of the system of linear equations 


>) Ghote = dy k=1,2,°--,n. 


a=] 


In the simple case m =1, however, we have the following result. 


THEOREM 6. Let Ax and Gz, R=1,2,-°+°+,n, be gwen sets. A necessary and 
sufficient condition that the system 
(35) An(\ X = Gy k=1,2,---,n 
be solvable 1s that Ax_G, for k=1,2,---+,n, and that 
(36) (A, — Gr) ANG = @ 


for all pairs k, 1, with RAl. If these two conditions are satisfied then the solution 1s 
given by X =UZ_, Gn, and this solution is unique in the set A =U?_, Ax. 


The proof is left to the reader. 


A SIMPLE DERIVATION OF JORDAN CANONICAL MATRICES 
OVER ARBITRARY FIELDS 


SYLVAN WALLACH, C. W. Post College of Long Island University 


1. In [1] Cater gave a rather simple derivation of the Jordan canonical form 
of a matrix representing a linear operator on a finite-dimensional vector space 
over an algebraically closed field. Cater’s derivation just missed being ele- 
mentary in that he made use of factor spaces, a tool not always available in 
first courses in linear algebra. There is presented below an extension of Cater’s 
method to finite-dimensional vector spaces over arbiirary fields. The procedure 
is completely elementary. Because the usual derivations of the Jordan canonical 
form are beyond the scope of many undergraduate courses, the method used 
here is of interest. Standard results on minimal polynomials, elementary divisors, 
and invariant factors can be derived easily as corollaries. 


2. Let T be a linear operator on an n-dimensional vector space V over an 
arbitrary field ¥, let {a} be an index set and let P={f(a, Rk, \)} be the set of 
irreducible monic polynomials of degree k in an indeterminate A, with coeffi- 
cients in §. Subspaces of V are defined as follows: V(a, k) is the set of vectors x 
such that xf(a, k, T)’=0 for some positive integer j; for each k, V(R) is the small- 
est space containing all the spaces V(a, k), a€ {a}; and V’ is the smallest space 
containing all the spaces V(R). 

Henceforth it is assumed that all spaces mentioned are not trivial. It will be 
shown that V=V’; V’ is the direct sum of the subspaces V(k); each V(k) is the 
direct sum of the subspaces V(a, k), and each V(a, k) is the direct sum of cyclic 
subspaces generated by the operator f(a, k, T). The set of dimensions of any 
cyclic decomposition of V(a, k) by f(a, k, T) is unique and suitable choices of 
bases in V(a, k) yield generalizations of the Jordan matrix representation of a 
linear operator on a vector space over an algebraically closed field. 


3. First, three lemmas are proved. 

LEMMA 1. Let W bea subspace of V. If z€ V, W ts invariant under T and there 
exist relatively prime polynomials f(r), g(A), such that 2f(T)EW and zg(T)E W, 
then 2z€ W. 


Proof. There exists a polynomial s(A) of least degree such that 2s(7) EC W. 
It is evident that s(A) divides both f(A) and g(A); hence s(A) isa scalar and z€ W. 


LEMMA 2. The set of spaces { V(k), R=1,2,--- is independent. 
Proof. The proof proceeds by induction. Assume that every collection of 
subspaces of { V(k), R=1,2,--- } containing m—1 distinct subspaces is inde- 


pendent and suppose there exists a nontrivial linear relation 
(1) Hi Hb Xm-1 + tm = 05 FE V (5), g=l,--: » Mm; ks hy lh a A 7. 
None of the vectors x; is the zero vector because of the inductive hypothesis. 
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There exists a polynomial g(A) of least degree such that xng(T) =0. Let g(A) 
=f(A)s(A) such that f(A) is irreducible. Then yn =2xns(T)E V(Rm), ¥m¥0, and 
Vnf(T) =0. Operate on (1) with s(T) to give yi-f + + + + ym—i tym =0, vjE V(R;), 
y;~#0. Because ynf(7) =0, it follows from the inductive hypothesis that y,f(T) 
=0,j=1,---+-,m-—1. Thus y,E V(h), 7=1, ---,m, where h is the degree of 
f(A). In a moment it will be shown that y,;E V(h)OV(R,;), y;40, implies h=k;. 
But h¥k; for some j=1,---,m since the k,’s are distinct. This contradiction 
will prove the lemma. 

Let xE V(R)\V() with R41. There exist relatively prime polynomials f(A), 
g(A), such that «f(7) =xg(T) =0, where f(A) is a product of irreducible poly- 
nomials of degree k, g(A) is a product of irreducible polynomials of degree /. 
Lemma 1 with W=0 implies that x=0. Thus if R41, V(R)OC\V() =0. 


Lema 3. The set of spaces { V(a, k) \ k fixed, a arbitrary, is independent. 


Proof. Suppose that there exists a linear relation 
(2) Y= tit: + 4 #0, x; € V(a;, k), ZGruOsseyr. 


It may be assumed that xofo=0, where fo =f(ao, Rk, T) and f(a, R, d) is irreduci- 
ble of degree k. There exist monic irreducible polynomials f;=f(a:, k, \) such 
that x,f7"=0,7=1,---,7. From (2) follows 

(3) Xoo = oft fo. - f, = Q. 

Observe that xof;=x0(f:—fo) =xXog; where g;=f(ai, k, \) —f(ao, R, XN) is a poly- 
nomial in A of degree 1;<k. Thus equations (3) imply that 


(4) wogi +++ & = 0. 
The polynomial gy - - - g" contains no irreducible factor of degree greater than 


k—1. This fact, (4), and x» +0 together imply the existence of a polynomial s(A) 
such that xos(T)#0 and xos(T)E V(l) for some 1<k. But xos(T)€ V(k) also. 
According to Lemma 2, V()(\V(k) =0. This contradiction proves Lemma 3. 
We will now prove 


THEOREM 1. The n-dimensional vector space V 1s the direct sum of the set of 
subspaces { Via, ky}. 


Proof. All that remains to be proved is that VC V’. Let z€ V. Let n(z) be 
the degree of a polynomial f(A) of least degree such that 2f(T) =0. If n(z) =1, 
then z(T +a) =0 for some a€G§, and z€ V’. Suppose that z€ V’ for all zg such that 
n(z) Sm—1. Let n(z) =m, and let z f(T) =0. If f(A) is a power of an irreducible 
polynomial, then z€ V’. Otherwise f(A) contains two relatively prime factors 
s(A) and t(A), each of degree greater than zero. By the inductive hypothesis 
2s(T) and 2t(T)E V’. By Lemma 1, z€ V’. 
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4. Consider now a particular subspace V(a, k). The operator f(a, k, T) is 
nilpotent on V(a, k). The following theorem is needed. 


THEOREM 2. Let N bea nilpotent operator of order p on an n-dimensional vector 
space W over a field F. Then W 1s the direct sum of cyclic subspaces generated by 
N. The set of dimensions of these cyclic subspaces is unique. 


Proof. The theorem is trivially true for p=1, in which case N=0. Assume 
the theorem true for nilpotent operators of order p—1. N induces a nilpotent 
transformation, denoted also by JN, of order p—1 on R, the range space of N. 


According to the inductive hypothesis R= Ri®--- @R;, where R; 
=D(x;, *;N,-+-+-,«*,;N-), 71=1,---, 7, x,N*=0, LO, - ++, yn) is the sub- 
space spanned by the vectors y1, -- +, yn, and 7; is the dimension of R;. Now 


x;GR implies the existence of a vector y;GW such that y;N=x;,. The set of 
vectors 


Si = {y1, 1, WV - ° *, Wi", Yo, yolV, "8 8 Vin °° - yNri} 


is linearly independent, as is evident from the following chain of implications, 
in which degree p,;(A) may be assumed equal to or less than 7%. 


DV yib(N) = 0 Yixip(N) = 0= x:p(N) = 0 
=> p(d) = cA Dey = 0 
= YicaN = 05> ¢ = 0 p,(d) = 0. 
The subset {yr} of Si can be extended to a basis 
So= [yN4, +++, iN, a+ ++, teh 


of the null space Z of N. The set of vectors S,\US¢ is a basis for W. The proof of 
linear independence follows the pattern above. It will now be shown that 
WCL(SLUS:) = W’, the subspace spanned by S,US:.. Let yeW. If yN=0, 
then yEZCW’. If yNER, then yN = > xip(N) =(doyibs(N))N=y'N and 
yECWw'. Thus (y—y’)N=0, y—y’=2EZ CW’, and y=y’+2EW’. It follows 
that W=Z1:8 +--+ @BZ,.08Wi8 --- @W;, where 


i= L(g) and W; = L(y, yi, oe > NV"), i= 1, se" J 


The decomposition of W into a direct sum of cyclic subspaces is not unique. 
However, a simple inductive proof on the dimension of W shows that the set of 
dimensions is unique. If the dimension of W is 1, the assertion is trivially true. 
Assume it true for all spaces of dimension less than n. Let dimension of W be n 
and lett W=Wi® --- ®W; be a direct sum of cyclic subspaces having dimen- 
SIONS 11, M2,° °°, %; Then WN=WiN@® --- O@W;N has dimension n—j, and 
according to the inductive hypothesis, every decomposition of WN into a 
direct sum of cyclic subspaces consists of subspaces of dimensions m1—1,---, 
n;—1. Thus every decomposition of W consists of subspaces of dimensions 
N14, °° 8 5 Nj. 
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5. Consider a subspace V= V(a, k) of V and the corresponding irreducible 
polynomial 


fA) = fla, ky dX) = N*® — ays) + +s — ao. 
Let Va be a cyclic subspace of V of dimension 7, with basis 
(x, of(Z), +++, of(T)}. 
Writing f instead of f(7), we see that the set of vectors 
{ x, wf, ++, aft} eT, eT, ++, eT fry. eT. ee eT} 


isa linearly independent set in V which spans the directsum V;=Va@ ---@OVy 
of k of the cyclic subspaces of V. The set is independent because g(A) =f(A)’ is 
the polynomial of least degree such that g(7) annihilates x, Evidently the cyclic 
subspaces into which V is decomposed can be associated in disjoint sets, each 
containing k cyclic subspaces, in the manner shown above. Thus V=Vi® -: - 
@® Vm where V;is the direct sum of k subspaces cyclic with respect to a nilpotent 
operator which is a polynomial in T. The spaces V;; are not invariant under T, 
hence are not useful in selecting bases for matrix representations of 7. Rather, 
the invariant subspaces V; must be used. Various generalizations of the Jordan 
form of a matrix over an algebraically closed field are obtained by selecting 
bases in the subspaces V,. Each rule for choosing a basis gives rise to a canonical 
matrix representation. 


6. An obvious and simple way to choose a basis {e1,- ++, ex} for a sub- 
space V; is the following 


c= 4, @ = a4T,--+,e = xT! 

Crri = Xf, Cero = “fT, +++, Cx, = af T* 
(S) 

Cor—~1yepa = af, sy Or = af TE, 


The matrix of T, restricted to the subspace V; of V, is shown in Figure 1. 


PN 0 1 QO-.--+ +++ ..Q 
PN 0 0 0 

5 ee es 

B; = . P=| 
es es 0 1 0 
N wot ee ew ee ee et 1 
>| ao a ° e e e e e e e e Ok~-1 
Fic. 1 Fic. 2 


There are r blocks P on the diagonal, where P is the kX k companion matrix of f 
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shown in Figure 2. The kXk matrix N has 1 in the lower left hand corner and 
zeroes elsewhere. The basis used by Jacobson [2, p. 71] is 


ey = af? }, cee, e. = xf? Tet 


(6) 


C(r—-Uktl = X,6°+, Cre = XT. 


The matrix of J on V; with respect to the basis (6) differs from Figure 1 only 
in having the blocks N below the blocks P instead of above them. 


7. A less refined matrix representation of T is obtained by choosing the basis 
{x, xT, s+, Tre} for V;. The matrix representing T, restricted to V;, is the 
companion matrix of the elementary divisor f(A)". The matrix representing T 
on V has the companion matrices of the elementary divisors on the diagonal and 
zeroes elsewhere. 


8. Now let f(a, ka, \), a=1, +--+, 7, be the distinct irreducible polynomials 
to which correspond subspaces V(a, ka) such that if x€ V(a, k.), then xf(a, kal)! 
=( for some positive integer 7. The space V is decomposed into a direct sum as 
follows: 


V= Vd, ki) ® cf @V(r, kr) ; V(a, Ra) = Vila, ka) B ss BVnla, Ra) ; 


and 
Vila, Ra) = (a, ka) + - SP) V ix.(a, Ra). 
The matrix representing 7’ has r blocks Ai, ---, A, on the diagonal, each 
block A. has blocks B,;,7=1, +++ ,m.,on its diagonal, and each block B,,;, has 


the form shown in Figure 1, with P the companion matrix of f(a, Ra, 4). The 
blocks N are unique only if the field & is algebraically closed in which case WN is 
the scalar 1. 


9. The essential uniqueness of the matrix representation of T described in 
the preceding paragraph is by now almost obvious. Only those blocks P can 
occur which are companion matrices of polynomials f(a, k, \) because the blocks 
determine the polynomials and conversely. The sizes of the blocks B,; occurring 
in any block A, are unique according to Theorem 2. All that remains subject to 
choice are the order in which the blocks occur and the structure of the blocks N. 
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GENERALIZED POWERS 
GLORIA OLIVE, Anderson College 


1. Introduction. The function which we shall write as 


k-—~-4 —_ 1 
(1) vA) = 7 aie HS gitt — J 
can be traced back to Gauss [4]. Various names have been given to it (e.g., 
“Gaussian expression” and “g-number” [when g replaces b]) and its properties 
have motivated several papers (e.g., Jackson [6], Szegs [9], Carlitz [3], 
Al-Salam [1], and Gould [5]). 

Theidentity N;(1) = G) motivatesourdevelopment;foritimpliesthat N;(b) isa 
generalized binomial coefficient and therefore it is reasonable tosuspect that Ni(b) 
could be used to generate “generalized powers” [i.e., )o7_oNF(b)ch) =(c+1)% | 
just as (7) can be used to generate ordinary powers |i.e., }o¥_, Gch=(c+1)*]. 

The purpose of this paper is to create and investigate the generalized power 
M% (read “M to the E to the base b”) with medial M, exponent E, and base b 
representing complex numbers. First we shall need some preliminaries. 


1.1. Notations. Unless otherwise indicated we will let b, t, x, y, 2 represent 
complex numbers; g, k represent integers; c,d, 1,7, k, g, r represent non-negative 
integers; and mu represent a positive integer. Using these symbols we now let 
0°=1 and [[i-% f(@) =0"-! when f(d) is a function of 1. 


1.2. Some properties of Ni(b). The following list of properties will prove use- 
ful in establishing some of the theorems for generalized powers: 


(1.2.1) No(b) = 

(1.2.2) Ni(b) = 

(1.2.3) Ni(bt) =0ifh<O0orh>h 

(1.2.4) Nenrcn(b) = (;,) Nawr(b) if b has period p and 0 Sh", k” < p 
(1.2.5) Witt) = (;). 


2. Generalized powers. Now that the preliminaries are over we will proceed 
to develop generalized powers in three stages. At the first stage both the medial 
and exponent will be restricted to non-negative integers, at the second stage 
the medial will be permitted to be complex but the exponent will remain a non- 
negative integer, and at the third stage both the medial and exponent will be 
complex. 
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2.1. Stage 1: cj). These generalized powers will be defined recursively by 
means of 


(I) Ow) =O 
and 
h ke k h 
(TIT) (¢ + 1)e) = Dy Ni)coy. 
h=0 


We now list some direct consequences of these definitions: 


(2.1.1) 1) = 

(2.1.2) co) = 1 
(2.1.3) Co) = ¢ 
(2.1.4) ca) =¢. 


The following property is somewhat less immediate. 


k Ek koh h 
(2.1.5) (c+ da = DY Nild)c@) da. 
h=0 

Proof. In order to establish (2.1.5) by finite induction we note that it holds 
for d=0 [by (II) and (1.2.1) ], and proceed to show that it holds for d+-1 when- 
ever it holds for d. 

Since ci) is well-defined, [c+(d+1)]% =[(ct+d)+1]}). Therefore (III) 
yields 


k ud k j 
[e+ @+1)]e = 2X N;(6)(c + d)@). 


After applying the inductive assumption on d and rearranging terms, we obtain 


[e+ @+ Dl = dX WON Bcw de. 


t=0 j=i 


If we now let j=k—h-+12, we obtain 


k 
[e+ @ + t)]o = 2 Nilb)co y Nib) de 
after rearranging terms again and factoring. Another application of (III) now 
yields the desired result and the proof is complete. 
Since (2.1.5) reduces to the binomial formula when b =1, it is a generalized 
binomial formula. 
In addition to the ordinary-looking properties above, generalized powers 
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also have laws of exponents—when the base is a root of unity. For example when 
b has period p we have: 


(2.1.6) Ce) = 6 °C) 
(2.1.7) 6.) =¢ 

(2.1.8) 6) C08) = co) 

(2.1.9) (C)e) = (Jw = co 
(2.1.10) (cd) (0) = Co *diry. 


In order to prove (2.1.6) we will need 
LEMMA 2.1. Formula (2.1.6) ts valid when r <p. 


Proof. In order to establish this lemma by finite induction we note that it 
holds for c=0 [by (II) |, and proceed to show that it holds for c-+1 whenever it 
holds for c. 

By (III), (1.2.4), and (1.2.3) we have 


qptr . q fr . 
r r qd r hp+t 
(+10 = DN; (co) = dX x ( ) wicenet 
j=0 n—0 i-o \A 
when j=hp-+iand1,r<p. If we use the inductive assumption on c and factor, 
the above equation becomes 
r g q r r 7 
(c+ )G) = > ( Je Dd, Nilb)cq). 
h=0 h a=0 
After applying the binomial formula and (IIT) the desired result is obtained, 
and the lemma follows. 
We now use the lemma by letting r=jp+2 with 1< 4 to obtain 


ap+r (at+j)p+t a+j 2% a,j 7 q ? 
Cibo) = (8) = 6 Ce) = 6 (C*C@)) = 6 Cea). 
Thus, Formula (2.1.6) is established. 
The remaining four laws of exponents (2.1.7)—(2.1.10) are corollaries of 


(2.1.6). 
2.2. Stage 2: x%. In order to establish generalized powers with complex 
medials we need the following lemma which follows from the identity 


Cy = Dayna [G+1)% — Jp | and (ITD). 


LremMA 2.2. If c and k are positive integers, then 


k k-1 k c—1 h 
(2.2.1) coy = Dy Nild) Di jo). 
h=0 j=0 
If we now let k=1, 2, 3,--- in (2.2.1) we find a pattern developing. This 


leads to 
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k Hk C 
(2.2.2) ‘=D RO(*), 
j=0 J 
where Ré(b) =0*, and Ri(b) is the sum of all products of the form 
n—1 . 
II vis @) 
i=0 


with [z] representing a nonnegative integer, [0]=0, [n]=k, and [zc] <[z+1] 
(which is proved in [8] pp. 30, 31). 

One feature of the right hand member of (2.2.2) is that it has meaning when 
c is complex. It is therefore reasonable to let 


(IV) x) = > R;(b) (*). 


j=0 


A first question is “Do the formulas of Section 2.1 remain valid when all 
variable medials are converted to complex variables?” The answer is “yes”. For 
if each generalized power with a variable medial is expressed in polynomial form 
by use of (2.2.2), an identity is obtained by [10, p. 66] which holds when each 
variable medial component is converted to a complex variable; and the affirma- 
tive answer results after an application of (IV). Thus we have 


THEOREM 2.2. The formulas of Section 2.1 are valid when c and d are complex 
variables. 


Another question is “Can (IV) be used to obtain new results?” The answer 
to this is also “yes.” For example (—1)%) now has meaning and in [8, p. 16] it 
is proved that 


(2.2.3) (—t)'y = (— 3, 


Also, by using (2.2.3) and (2.1.5) we can obtain 


k k ok . 
(2.2.4) (—x) a) = (—1) (6) ¥ (1/0) if b 0. 


In order to discover additional properties it would seem natural to investigate 
<4). This is easy to do since 


2 1+ 06 1-6 
2 


vb) = 


x [by (IV)]. 
Using direct substitution we obtain 


(2.2.5) 2006) 26) * (6) iff x(« — 1)(6 — 1) = 0, 


2 2 2 . 2 
(2.2.6) (xy) (by = Xoo) Yoo) if ay(~ — 1)\(y — 1)(6 — 1) = 0, 
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b-—1 
(2.2.7) ¢) = 0 iff x = 0 or x =——_- 
b+ 1 
(Thus in every base other than +1, there exists a nonzero number whose 
“square” is zero. Or, given any x1, there exists a b such that x§) =0.) 
(2.2.8) oe =1 iff*e=1 —? 
2. *o = 1 iff =1 or x =——- 
” 1+5 
(Thus given any x <0, there exists a 6 such that x4) =1. That is, any number dif- 
ferent from zero can be a “square root” of 1, if b is chosen properly.) Also 


(2.2.9) 2B) = 0 for all real x iff 6 = 1. 


On the basis of (2.2.5)—(2.2.9) it does not seem likely that xj) will have any 
more ordinary-looking properties. 

2.3. Stage 3: x). Just as Stage 1 was based on an extension of a binomial 
formula, this stage will be based on an extension of the binomial series. 

We first consider 


(V) S(b, t, 2) = DO NiO). 
j== 0) 
One may object to this definition on the grounds that Nj(b) has not been defined. 
To remedy this situation we replace k by ¢ in (1) and define 2 to be its principal 
value [7, p. 423]. With this extended definition (1.2.1) and (1.2.5) are valid when 
t replaces k, and (1.2.4) is valid when g replaces k. 
On the basis of (1.2.3) and the generalized binomial formula we have 


(2.3.1) S(b, ky x) = (1+ x) @». 


Therefore it is reasonable to let 


(VI) (1 + 26) ¢) = S(b, t,x”) when S(b, t, x) converges. 


At this point we would like to state the circumstances under which S(), #, x) 
converges, but we shall not do this—because we do not know. Instead, our dis- 
cussion will contain one expected result, two unexpected results, and a con- 
jecture. 

Since S(1, t, x) is the binomial series expansion of (1-+x)‘, and a convergent 
binomial series converges to its principal value, we have 


(2.3.2) (1+ a)a) = (1+) foralltiff |x| <1. 


In |8, pp. 25, 26] it is proved that formulas (2.1.6)—(2.1.10) are valid when 
gis a negative integer, provided that | C— 1| <1 and |d— 1] <1. A consequence 
of this extension of (2.1.6) (letting g= —1, r=1, and c=1-+-x) is 
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(2.3.3) (1 + x) = 1 if bd has period p and | 2 | <i. 


Thus the exponent 1—? can operate like the exponent zero. 
By observing 


(2.3.4) Oo =[La—o) iflo| >1 
j=l 


(which is proved in [8, pp. 27, 28]) we note that negative powers of zero can be 
meaningful. 
We conclude this section with 


CONJECTURE 2.3. (1+-%){,) exists for all t only if |x| <|o]. 


3. Some side results. Although our development of generalized powers has 
not yet been responsible for any practical applications, it has yielded functions 
with curious-looking properties as well as some by-products which we will now 
consider. 

3.1. An application. Since the number of subgroups of order b* in an ele- 
mentary Abelian group of order b* is Ni(b) [2, p. 111], it follows immediately 
that >of. 9NG(b) =(1+1)% =2% is the total number of subgroups in an elemen- 
tary Abelian group of order b* [by (2.1.1) and (III) |. 

3.2. A nilpotent-type property. Since a generalized power with base zero can 
exist only if the exponent is a nonnegative integer [by (VI) and (I)], a complete 
characterization for base zero is given by 


(3.2.1) (0) = oy ). 


This formula is a direct consequence of (IV), Vandermonde’s convolution, and 
elementary algebra; for they jointly yield 


“EG IG) Oe )-oG) 


Using Formula (3.2.1) we can obtain 


r q + 
(3.2.2) @+1)o = 7+ 1o = (’ ; , 
(3.2.3) (—r)o) = (-1), 
and 
(3.2.4) (=r) = 0 when k>r. 


Thus generalized powers with base zero have a property which looks like nil- 
potence. 
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3.3. Generalized Stirling numbers. If Ti(b) is a function such that 


& k i % 
(3.3.1) >> Ti(b) x0) = ( ). 

i=0 Rk 
Formula (2.1.4) can be used to establish that k!7/(1) =S? is a Stirling number of 
the first kind. Thus k!7/(b) =S/(b) is a generalized Stirling number of the first 
kind and Si(1) = Sj. By (IV) and (2.1.4), (7!)~1R7(1) =s7 is a Stirling number of 
the second kind. Thus (j!)~1Rj(b) =s4(b) is a generalized Stirling number of the 
second kind and s}(1) =sj. 

Since a generalized Stirling number of the second kind is a polynomial, one 

does not question its existence. However, in the case of generalized Stirling 
numbers of the first kind, we have [using (3.4.6), Cramer’s rule, and (3.4.3) |: 


THEOREM 3.3. If 0<isSk, then Si(b) fails to exist iff b has period p such that 
2SpSk. 


Three identities for generalized Stirling numbers (assuming Sj(b) exists 
when 7>0) are: 


(3.3.2) > si) =0 ifk>1, 

(3.3.3) S 540)s10) =X slosh) = 0° 

and 

(3.3.4) js) = oe Jie. 
i==0 4 


We note that (3.3.2) follows from (3.3.1); the orthogonality relation (3.3.3) 
from both (3.3.1) and (IV); and the inversion relation (3.3.4) from both (IV) 
and Newton’s formula. 

3.4. P-polynomials. If the terms of (IV) are juggled, we find that 


k x k k P . 
106) => Ri(8) ( P ) = >| S550) | 
i=0 j=0 LL ij 


This equation yields 
k i k j 
(3.4.1) ny = Dy P(b)a , 
j=0 
where the P-polynomzals are given by 


k : 
(3.4.2) P;(b) = >> Sjsi(b) ifO<7 58. 


tang 
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Thus a P-polynomial is a linear combination of generalized Stirling numbers of 
the second kind with Stirling numbers of the first kind as coefficients. A direct 
consequence is 


(3.4.3) P06) = DTT wa). 


t=] 


Thus all the zeros of P;(b) are roots of unity. We will next consider the question 
“Do other P-polynomials have all their zeros on the unit circle?” 

Since the coefficients of P7(b) are real (in fact, they are rational), the follow- 
ing theorem provides a necessary condition for all the zeros of P}(b) to lie on the 
unit circle. 


THEOREM 3.4. The coefficients of the polynomial P;(b) are symmetric or anti- 
symmetric according as j7-+k 1s even or odd. 


Proof. We will consider two cases: (1) 7=0 and (2) j=n. Except for the 
statement “Case (1) is trivial, for it follows directly from the formula P5(b) =0*,” 
the proof is devoted to Case (2). 

Since (3.4.1), (2.2.4), and (2.2.3) yield 


kk j k ns) & afl j 
D>, P7(b)(—*) = (—*)@) = (-1) 8 > P(—)e 


j=0 j=0 


we have 
gy 7 gyi (2) wf i 
(3.4.4) P;(b) = (—1) 6b #(—) 


after equating the coefficients of x7. By joint use of (3.4.1) and (3.2.1) we obtain 
(3.4.5) P,(0) > 0. 


Now (3.4.4) and (3.4.5) together establish that the degree of Pf(b) is (¢). Thus, 
another application of (3.4.4) completes the proof. 

As noted above, Theorem 3.4 provides a necessary condition for all the zeros 
of P&(b) to lie on the unit circle. However, it is not sufficient (e.g., consider 
b2-+-4b-+-1). 

A guess (which has been verified for n=k, n=k—1, and R<7) at an answer 
to our question concerning the zeros of P-polynomials is given in 


ConJECTURE 3.4. All the zeros of P¥(b) lie on the unit circle. 


Since Pj(b) 20, Pk(0)>0, and >-*_, P¥(b) =1 [by (3.4.1) and (2.1.1) ], Con- 
jecture 3.4 (if true) would establish that Pj(b) is a probability function when 
—1<0S81. 
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Three other properties of P-polynomials are 


(3.4.6) > P;(b)S,(b) = S; 


t=j 


which follows from (3.4.2) and (3.3.3), 


i h_k k 
(3.4.7) >> 5; Px(b) = s;(b) 
ha 
which follows from (IV) and (3.4.1), and 
eg k a ae 
(3.4.8) > Pew) => (- ) #0 
i=j i=j 


which is proved in [8, p. 19]. 


4, Conclusion. It seems likely that the development of generalized powers 
could be extended by including topics such as (1) the set of polynomials in x 
which are generated when x) is expressed as a polynomial in b; (2) the use of 
generalized powers in generalizing the various functions of powers (e.g., poly- 
nomials, series, and integrals); (3) a generalized calculus founded on a general- 
ized Taylor series; (4) the use of generalized powers in the construction of 
probability functions (e.g., (3.4.1) with x%) =1); (5) the solution of various prob- 
lems involving generalized powers (e.g., the following generalization of Fermat’s 
last theorem “If n>2, find integers x, y, g and base b such that x@ +9@ =26)”); 
and (6) an extension in which the medial, exponent, and base are not all re- 
stricted to complex numbers. 


This paper is essentially the author’s Ph.D. thesis at Oregon State University (1963) and was 
written while an NSF Science Faculty Fellow. 

The kindness of the late Professor C. C. MacDuffee is gratefully acknowledged and this paper 
is dedicated to his memory. 
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PARTIALLY ORDERED SPACES AND METRIC SPACES 
RaLtpH DEMAaRR, University of Washington 


In a partially ordered space it is possible to introduce a notion of convergence 
which is similar to that defined for real numbers. This convergence is called 
order convergence. In this note we will show that every metric space can be em- 
bedded in a partially ordered space so that convergence in the metric space can 
be obtained from order convergence. We will also show that a standard fixed 
point theorem in complete metric spaces can be obtained as a special case of a 
fixed point theorem in partially ordered spaces. 

A partially ordered space is an abstract set X with a binary relation S, called 
a partial order, which satisfies three conditions: 


1) xS~x for all xEX; 
2) xSyand ySzimply x Sz for all x, y, zEX; 
3) xSyand ySx imply x=y for all x, yEX. 


If M is a nonempty subset of X, then inf M denotes the infimum or greatest 
lower bound of Mand sup M denotes the supremum or least upper bound of M. 
Thus, inf M (if it exists) is defined to be that element v€X such that vx for 
all xEG M and if wS~ for all rE M, then wv. Similarly, sup M (if it exists) is 
defined to be that element u€ X such that x Su for all xC M and if x Sw for all 
x€ M, then usw. It is easy to show that sup M and inf M are unique if they 
exist. 

A sequence { Xn} of elements from X is said to converge to xX if there exist 
two sequences {y,} and {z,} such that w:SyS +--+ SxS +--+ SmSui, 
Vn Xn S2n, and sup { Yn} =x =inf {en}. Convergence defined in this way is 
called order convergence (o0-convergence). If the sequence {xn} o-converges to 
x, we will write o-lim x,=x. The reader should note that if X is taken to be the 
set of real numbers with the order S defined as it usually is, then o-convergence 
is the same as the usual convergence for real numbers. 

Now let S be a metric space, where d(-, -) will denote the metric. We then 
define X to be the collection of ordered pairs (, \), where PES and A is a real 
number. The set X will be made into a partially ordered space as follows: if 
x=(p, \) and y=(q, p), then x Sy iff d(p, g) Su—X. We now verify that S has 
the desired properties of a partial order. Since d(p, p) =OSA—A, we see that 
xx. Setting z=(r, 7) and assuming x Sy and ySz, we have 


d(p,r) S$ d(o,g+dqgrnSu-\)+Q-4) =9-A; 
628 
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hence, xSz. If «Sy and ySx, then d(p, g)Su—d and d(p, gq) SA—u; hence, 
A\=yand d(p, g) =0 (.e., b=gq) and, therefore, x=. 

If we define Xo as the subset of X consisting of all elements of the form 
(p, 0), then it is clear that there is a one-to-one correspondence between S and 
Xo. The correspondence p—(p, 0) embeds Sin X. 


TueoreM 1. Let {p,} be a sequence in S and let {x,}, where x,=(pn, 0), 
be the corresponding sequence in X. Then lim p,=pPpES (2.e., lim d(pn, p) =0) aff 
o-lim %,=x=(p, 0). 


Proof. Suppose lim p,=p. Define \,=sup {d(pz, p):R2n} and then set 
Vn =(P, —An); 2n=(P, An). It is clear that ywSyeS +++ SxS +--+ SeS2, and 
that Vn S%n S2n. Now if w=(q, uw) S2, for every n, then d(p, g) S\, —y for every 
n, but since lim A,=0, we have d(p, gq) SO—p, which means wSx. Hence, 
«=inf {z,}. In the same way we may show that x=sup {y,}. Thus, we have 
shown that o-lim x, =x. 

Now suppose o-lim x,=x. Thus, there exist two sequences {y,} and {zn} 
such that ywSyS +++ SxS +++ S28, YVeaSXnS2n, and sup {vn} =x 
= inf {gn}. Setting Yn = (dn; An), we see that d(p, gn) S —An and d(hn; dn) S —Mn 
hence, d(p, Pn) S —2X,. Therefore, to show that lim ,= , we need only show 
that lim A, =0. Let us assume the contrary, i.e., that lim A, =2a<0. Since 
MSAeS -:-, there must exist an integer k such that 3aSX, S$2a for allnZk. 
If we set w=(qz, a), then for all n2=k, we have 


d(qry Qn) S An — Ms S -aSa-y, 


which means that y, Sw. Since y1S42S +--+, wesee that y,Sw for all m. But 
since a<0, we see that the relation x<w is false, which contradicts the fact 
that sup {yn} =x. Thus, we must have lim A, =0; hence, lim p,=p. 

In a partially ordered space it is possible to introduce various notions of com- 
pleteness. We will be interested only in the following 


DEFINITION. A partially ordered space X 1s said to be Dedekind o-complete if 
for every sequence {nts where Wie +++ Su, sup { Yn} exists and tf for every 
sequence {en}, wherevS +++ S282, inf } 2,5 exists. 


The terminology here is due to McShane [2, pp. 9-11]. 


THEOREM 2. Let S be a metric space and let X be the partially ordered space 
constructed from S as above. Then X 1s Dedekind o-complete iff S is a complete 
metric space. 


Proof. Assume first that S is a complete metric space. Now let { Yn} be a 
sequence from X such that y,SyeS +--+ SuCxX. If we set v,z=(pn, An) and 
u=(q, w), then AuSd\eS +--+ Sp. Thus, lim \,=A exists. Since d(pz, fn) 
< |Az—An| ; {Pn} is a Cauchy sequence; hence, lim p, =. It is easily seen that 
d(p, Pn) SN—Mn, which means that y,zSy=(p, dA) for all n. Now if y,Sw=(r, 7) 
for all n, then d(pn, 7) Sn—)z for all n; hence, d(p, r) Sn —X, which means y Sw. 
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Thus, sup { yn} =y. The proof that every bounded monotonically decreasing 
sequence from X has an infimum is similar and will therefore be omitted. Hence, 
X is Dedekind o-complete. 

We will now show that if X is Dedekind o-complete, then S is a complete 
metric space. Let { ba} be a Cauchy sequence from S. By a well-known process 
we may select a sequence {bd } such that d(pisi, po) S1/2" and lim d(p,’, pn) 
= 0 (this is usually done by taking { Da } as a subsequence of { Pn } ). Therefore, if 
we define \, =2/2” and ya=(fr, —An) and 2,=(p7, An), then wSvwS--> 
<S--++ S22. Hence, inf }2,; exists; we will set v=(q, wu) =inf {Zn}. Since 
Vn SvSz, for every n, we have d(p,, q) SutAn and d(pi, g) S\n—y; hence, 
(pr, G) Sn. Therefore, lim p,, =lim p,=q, which means that S is a complete 
metric space. 

We will now show that a fixed point theorem in complete metric spaces can 
be obtained as a special case of a fixed point theorem in partially ordered spaces, 
but first we need some preliminaries. If X is a partially ordered space, then a 
chain ZL is a nonempty subset of X such that if x, yEL, then xSyor ySx. 


LEMMA 3. Let S be a complete metric space and let X be the partially ordered 
space constructed from S as above. If Lis a chain in X and 1s bounded above, then 
sup L extsts. 


Proof. Let u=(q, \) be an upper bound for LZ. Then, for each (p, uw) EL, we 
have wSdA and thus by the familiar properties of the real numbers there exists 
an increasing sequence { yn} in L, with yn, = (bn, Mn), such that lim Ma 
=sup { je: (p, p) EL}. It is clear that for each yEL there exists k such that 
yy. By Theorem 2, sup {yn} exists. By the properties of the sequence {yn} 
we see that sup L=sup {yn}. 

If X is a partially ordered space, then a mapping Ff: X—X is said to be iso- 
tone if F(x) S F(y) whenever x Sy. Now let S be any metric space and let X be 
the partially ordered space constructed from S as above. If f: S—S and is such 
that d(f(p), f(q)) Sad(, q) for all , gqES, then f determines an isotone mapping 
F: X—X as follows: if x=(p, \)EX, then F(x) = (f(p), ad). It is easy to verify 
that F is isotone. We note that if the mapping F has a fixed point, then so does 
f. In case S is a complete metric space and a<1, then it is well known that f 
has a fixed point. To obtain this result in a different way we proceed as follows: 
take any po€S and then define Xo so that d(po, f(po)) =(1—a@)Ao. Define xo 
= (po, —Ao) and x1= (po, Ao). Using the definition of Xo, we see that x») S F (xo) 
< F(x) Sx. We will now show that the above conditions guarantee that F has 
a fixed point in X; hence, f has a fixed point in S. The generalization comes from 
the fact that in the proof one only uses the fact that F is isotone. The fact that 
F and f are related as above is irrelevant. Also, the fact that F is continuous (in 
any sense) is not used. 


THEOREM 4. Let S be a complete metric space and let X be the partially ordered 
space constructed from S as above. Let F: XX be tsotone. If there exist xo, x1EX 
such that xo S F(xo) S F(x1) Sx, then F has a fixed point. 
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Proof. Define M= {x:xS F(x) andxySxSx } . since xo9E M, M is nonempty. 
By Zorn’s lemma there exists a maximal chain LCM. It is clear that »€L. 
By Lemma 3 sup LZ exists; thus, define u=sup ZL. Since x Su for all xEL, we 
have xS F(x) SF(u) for all xEL. Therefore, uS F(u). Since uSx, and L is a 
maximal chain in W/, we must have wEL. Since F is isotone and u =x, we have 
F(u) S F(x1) $%, and since F(u) S$ F(F(u)), we have F(u)€ M. Hence, by the 
maximality of Z and the fact that uS F(u), we must have F(u) =u. Q.E.D. 

We should note that fixed point theorems for isotone mappings have been 
obtained by Tarski; see [1, p. 54] or [3]. 
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ON THE ZEROS OF POLYNOMIALS 
Q. G. MoHAMMAD, Jammu and Kashmir University (India) 


The main purpose of this paper is to apply Schwarz’s lemma to the study of 
the location of the zeros of a class of polynomials. 
Throughout this paper P(z) =ao2z"-+a,2"-1+ + + + +an12-+a,n. Let 


M = max | az™!+---+a,| = max | anv +--+ ay. 
[2] =1 }z| =1 


We prove 
THEOREM 1. All the zeros of P(z) lie in |z| S$ M/|a)| if | ao] SM. 
Proof. Consider p(z) =a@o+aiz+ - ++ +a,2", then 


(1) | o(z)| & | aol — | ave + age? + +++ + ane. 
The definition of M and Schwarz’s lemma imply that 
| az ++ agg? ++ vee bt angst | <M|2| for | z| < 1. 
Hence, (1) implies that if |z| $1 then 
(2) | p@)| 2 | aol — M2]. 


Thus in | 2| <1, | p(z) | > 0 if | 2 < ao| /M (<1 since | ao| <M by hyp.); hence 
b(z) does not vanish for |z| < | ao /M. Consequently all the zeros of p(g) he 
in |z|=|ao|/M. As P(g) =2"p(1/z), we conclude that all the zeros of P(z) lie 
in |z| $M/|ao|. This proves the theorem. 

REMARK 1. If |ao| 2M, it follows easily from (2) that all the zeros of P(z) lie 
in | z| <1. 

REMARK 2. The limit in Theorem 1 is attained by P(z) = —n2z"+2""'+ --- 
+2-+1. 
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REMARK 3. The bound obtained in Theorem 1 is in general better than the 
traditional ({a:| +]as| + - + - +[a,|)/|aol. 


CoROLLARY 1. Jf a, 20, R=1, 2,--++-,n and | ao] Satae+ +--+ +n, then 
all the zeros of P(Z) lie in | z| S(Qitaet--- +4an)/| ao]. 
In particular all the zeros of R(z) = + Soz”+a12"—1+ + + + +an12-+4n lie in 


|z| $1, where Sp=aitae+ +--+ +p. 

A well-known theorem of Enestrom and Kakeya ([1], p. 106) states that if 
Qo2=a12a,= +--+ 2a, 12a,>0, then all the zeros of P(z) lie in |z| S1. 

We show that it can be deduced easily from Corollary 1. Let 


(1 — z)P(z) = (1 — 2)(aos" + ays? + ee © + Gn_ie + an) 
= — aa"t! + (ao — a1)2" + (G1 — 2)2™* + 2 + + + Gre — Gn)B + On 
— Aggrt! ++ O(z). 


The hypothesis of the Enestrom-Kakeya theorem implies that Q(z) is a poly- 
nomial with nonnegative coefficients and the sum of the coefficients is clearly ao. 
Hence by Corollary 1 all the zeros of F(z) lie in | z| <1. As all the zeros of P(z) 
are also the zeros of F(z) we have proved the Enestrom-Kakeya Theorem. 


F(z) 


THEOREM 2. Let r be the modulus of the zeros of largest modulus of P(z) and 
M' =max|zler | az"! ++ a2"? re +dn-1|. Then all the zeros of P(z) le in the 
ring-shaped region r|an|/M'S|2z| Sr if |a,| SM’. 


Proof. P(%) =Qn+ao2"--ar"1+ + + + +a@n-12 implies, by Schwarz’s lemma, 
that if |z| Sr then 
M’'l | 
| P(2) | = | an | — | aos + aye” + see + dn | > | ap, | — : . 


Hence | P(z)| >0 if |z| <rla,|/M’ (Sr since |a,| SM’ by hypothesis). Hence 
all the zeros of P(g) lie in the region r| On| /M'S | 2| <r. 

CoroLiary 2. If a,20, k=1, 2, 3,-++, 2-1, ao>0, and if |a,| Saor" 
+ayr"1+ +--+ -+a,_i7r, then all the zeros of P(z) le in 


ee K. < | z| <r. 
Gor” + ay) 4 +e § + An 


With the help of Corollary 2 we can restate the Enestrom-Kakeya Theorem 
in the following form: 

THEOREM 3. If 92012 +++ 2Qn,-12a,>0, then all the zeros of P(g) le in 
the ring-shaped region dn/(dotdai+ - ++ +@n-1)S | 2 <1. 


The lower limit is attained by P(z)=2+1. The following theorem can be 
easily deduced from the Enestrom-Kakeya Theorem ([1], p. 106). 
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THEOREM a. All the zeros of P(z) having real positive coefficients lie in | z| Sp, 
where 


1 ay Qn—1 a 
(3) p=max(™, 2... , - , ~). 


Qa a Qn—2 OAn—1 


Clearly p? 2ay,/Qo OY Aop” Zany. Hence, 


M’ = max | ag + ays? + ++ + + ania] = aop™ + ap! + ++ + + Gy 1p > an. 


|z|p 
Hence, applying Corollary 2 to P(g), we can restate this theorem in the fol- 
lowing form: 


THEOREM 4. If p is given by (3) then all the zeros of P(z) having real positive 
coefficients le in the ring-shaped region 


pan 
Gop” + ayp”"! + ++ + + Ani 


THEOREM 5. [fa@o2Q12 +++ 2Qn-120n>0, then the number of zeros of P(z) in 
|z| <4 does not exceed 


1+ log — - 


log 2 An 
Proof. Consider 
F(z) = (1 — 2)(aoa™ + aig? + + + + ayia + an) 
= — age™t! + (ao — @1)2" + (a1 — Gea?! + + + + (dn_1 — On) z+ ay. 
For |z| $1, 


e dot om ai) Ft tna Ga) + an 200 


0 


Qn an 


If f(z) is regular, f(0) 40, and | f(z) | <Min | z| <1, then ([2], p. 171) the number 
of zeros of f(z) in | 2 1/2 does not exceed {log M/|f(0)| \ /log 2. Therefore, if 
n(1/2) denotes the number of zeros of F(z) in |z| S$1/2 then from above 


2ao 1 Qo 
n(s) & log /\08 2 = 1+ log — - 
Gn, log 2 On 
As the number of zeros of P(z) in gS$1/2 is also equal to n(4) the theorem is 
proved. 
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ON UC SPACES 
W. C. WATERHOUSE, Harvard University 


Let M and M’ be metric spaces. M is called UC(M’) iff every continuous 
function from M into M’ is uniformly continuous. M is called UC iff itis UC(R), 
where R is the real line. Levine and Saunders [3] began an investigation of UC 
spaces; this note answers some questions suggested by their article. The basic 
tool is Theorem A and its corollaries. Since its essentials are already known 
[1, 4], we may state it here without proof. 


DEFINITION. A C-sequence 1s a sequence of pairs of points (Xn, Vn), XnFVn, SUCH 
that d(X%n, Vn) 0. We say tt has a cluster point 1ff the sequence {xn} (equivalently, 
{yn t) has a cluster potnt. 


THEOREM A. The following are equivalent: 

M ts UC. 

. Mis UC(M’) for some M’ containing an arc (homeomor phic image of [0, 1}). 
. Every two disjoint closed sets in M have positive distance. 

. Every C-sequence in M has a cluster point. 

M is UC(M’) for all M’. 

The metric of M induces on tt the strongest uniform structure compatible 
with its topology. 


IHOOW S 


CorOLLARY 1. A closed subset of a UC space 1s UC. 


Coro.tuAry 2. A UC space 1s complete, and hence closed as a subset of any space 
in which it 1s embedded. 


CoROLLARY 3. The derived set of a UC space 1s compact. 


The simplest UC spaces are thus: (1) the compact spaces, in which every se- 
quence has a cluster point, and (2) the UD (uniformly discrete) spaces, in 
which there are no C-sequences (1.e., a space is UD iff there is an e>0 such that 
d(x, y) Ze for all xy). This note is devoted to finding out just how far these 
simple spaces will take us. 

If a space is the union of a compact set anda UD set, we can always make 
the union disjoint, because a subset of a UD set is UD. Then since a compact 
set and a disjoint (necessarily closed) UD set can easily be seen to have positive 
distance, it follows that any space which is the union of a compact set and a 
UD set is UC. Any such space is locally compact; this suggests the proper con- 
verse. 


THEOREM 1. A locally compact UC space can be written as the union of a com- 
pact set and a UD set. 


Proof. Let M be the space. The derived set B is compact, and therefore has 
a compact neighborhood, D. Then F= M—int(D) is closed, so it is a UC space. 
If there are any C-sequences in F, they therefore must have cluster points in F; 
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but this is impossible, since any such cluster points would have to lie in B. Hence 
Fis UD, and M=DUF has the proper form. 

Since a UC subspace of a space is closed, and a closed subspace of a locally 
compact space is locally compact, every UC subspace of a locally compact space 
is the union of a compact set and a UD set. This also has a good converse, but 
to get it we first need a bit of incidental information. 


LEMMA. Any locally totally bounded space can be embedded 1n a locally compact 
space. 


Proof. Let each point x in the space M have a totally bounded open ball 
B(x, €,) around it. Then it is easy to check that the union over all x in M of the 
corresponding open balls in the completion of M is locally compact. 


THEOREM 2. Let M be a space, every UC subspace of which 1s the union of a 
compact set and a UD set. Then M can be embedded 1n a locally compact space. 


Proof. We need prove only that M is locally totally bounded. Suppose on the 
contrary that none of the open balls B(%, €) around the point p are totally 
bounded. Then for each there is an y>0 and a sequence of points { bat in it with 
d(p:, p;) Zn for 147 and also d(p, p,) 2n. Thus, in B(p, 1) we get an m and a se- 
quence { Pin}. Then in B(p, 1/2) we get nz and | Pan}; in B(p, n2/2) we get np 
and | Pon}; and so on. Let N consist of p and all the points p;,. A point p,; is at 
distance 27;/2 from all other points of N; hence any C-sequence (x,, yn) in N 
must have x,—p, and N is UC. But removing any UD set from N must for 
some k leave the entire sequence {:,}, and hence N is not the union of a com- 
pact set and a UD set. 
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SPACES IN WHICH COMPACT SETS ARE NEVER CLOSED 


NorMAN LEVINE, Ohio State University 


Let P be the set of positive integers and let 7 consist of @, P and O, 
= 1, 2, °° %, n | for n=1,2,---. Then (P,7r) has the following property: the 
empty set is the only subset of P which is both closed and compact. 

In this note we will give several characterizations of this property and list 
some of its implications. 

REMARK 1. We shall use the following form of Zorn’s Lemma: Let @ be a 
nonempty family of nonempty sets. If every chain of setsin @ has a lower bound, 
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then there is a minimal set A in @ (see [2]). 


DEFINITION 1. A topological space (X, 7) has property A iff © 1s the only sub- 
set of X which ts both closed and compact. 


DEFINITION 2. A topological space (X, 7) has property B iff every nonempty 
closed subset of X has a proper subset which 1s nonempty and closed. 


Lemma 1. Property A wmplies property B. 


Proof. Suppose (X, tT) has property A and let F be closed and nonempty. 
Then F is not compact and there then exists an open cover y= {o} of F with 
no finite subcover. Take xC@ F. Then x€O* for some O* in yy and F—O* isa 
nonempty proper closed subset of F. 


DEFINITION 3. A topological space (X, Tr) has property C iff for every non- 
empty closed set I, there exists a chain ® = \F «} of nonempty closed proper subsets 
of F such that (\{ F*: F*E@ =. 


LEMMA 2. Property B implies property C. 


Proof. Let (X,7) have property B. Let F be a nonempty closed subset of X. 
Let @ be the family of all nonempty closed proper subsets of F. Property B im- 
plies that @ has no minimal element. By remark 1 then, there exists a chain in 
@ which has an empty intersection. Then (X, 7) has property C. 


THEOREM 1. Properties A, B and C are equivalent. 


Proof. By Lemmas 1 and 2, it suffices to prove that property C implies prop- 
erty A. Let (X, 7) have property C and suppose that F is a nonempty closed 
set. There exists then a chain T= {F *! of nonempty closed proper subsets of F 
such that ()\ { F*; Feer} = @. Since I’, being a chain of nonempty sets, has the 
finite intersection property, it follows that F is not compact. Thus property A 
holds for (X, 7). 


DEFINITION 4. A topological space (X, 7) has property D iff for every open set 
OAX, there exists an open set O* such that OC O* 4X, the inclusion being proper. 


REMARK 2. Property D is clearly equivalent to property B. 


DEFINITION 5. A topological space (X, 7) has property E iff for each open set 
O#X, there exists a chain ®= |O*} of open sets such that OCO*#X, the inclu- 
ston being proper, and X=U{0*: O*E@}, 


REMARK 3. Property £ is clearly equivalent to property C. 


DEFINITION 6. A topological space (X, 7) has property F iff for each xEX 
c(x) 4s not compact, c denoting the closure operator. 


THEOREM 2. Property F 1s equivalent to property A. 
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Proof. Property A clearly implies property F. To show the converse, let Q 
be a nonempty closed set in X. Take g€Q. If Q were compact, then c(q) would 
be a closed subset of Q and hence c(qg) would be compact, contradicting property 
F of (X,7). 


DEFINITION 7. A topological space (X, 7) has property G uff for each xEX, 
c(x) has a nonempty closed proper subset. 


THEOREM 3. Property G 1s equivalent to property B. 
We omit the proof. 


DEFINITION 8. A topological space (X, T) has property H at xEX iff for 
xGO€T, there exists a closed set F such thatxC FCO. (E-.g., regular spaces as well 
as T, spaces have property H at every potnt x.) 


THEOREM 4. Property G is equivalent to property H fatling at every point X. 


Proof. Let (X, 7) have property G and suppose xG X. There exists then a 
nonempty closed proper subset F* of c(x). Then x F* Cc(x). Then xG CF*Er, 
@ denoting the complement operator. Now suppose there exists a closed set F 
such that x€© FC CF*. Then x€c(x) CF C@CF* and F* Ce(x)(M\Cc(x) = & which 
contradicts F* being nonempty. Thus property H fails at x. Conversely, sup- 
pose that property H fails at every xX. We will show that c(x) has a non- 
empty closed proper subset for each xEX. Fix x*CX. There exists an OF Er 
such that c(x) CO* and x«*€O*. Then c(x*)(\CO* is a nonempty closed proper 
subset of c(x*). 


CoroLuary 1. If (X, 7) has property A, then (X,7) ts not regular nor 1s 1t Ty. 


THEOREM 5. Let (X,7) have property A and suppose that YCX. Then (1) if 
Y ts closed, then Y as a subspace of X has property A and (2) 1f Yas a subspace has 
property A, then Y 1s not compact. 


We omit the easy proof. 


THEOREM 6. Let { (Xo, Ta)! aca} bea nonempty famuly of nonempty topologi- 
cal spaces and let (X*,7*) be the Cartesian product. Then (X*,7*) has property A 
aff (Xa; Ta) has property A for at least onea mA. 


Proof. Necessity: Suppose (X«q, Ta) fails to have property A for all aE A. Then 
in each X, there exists a nonempty closed compact set Fy. For each a€A, let 
P, denote the projection mapping from X* onto X,. Then | Po! Fa: aca} is 
nonempty and closed and by the Tychonoff theorem, it is also compact. This 
contradicts property A of (X*, r*). 

Sufficiency: Suppose that (X4*, Tax) has property A. Let x*CX™*. It suffices 
to show that c*(x*) is not compact (see Theorem 2). Now 
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ra (a { PL Pax: aE A}) 

( { Po CaP ott®: aE A} 

= 1 {Pe caf act}: a € A}, 


c*(«*) 


which by the Tychonoff theorem is not compact since Ccy*(x%+) is not compact by 
property A. 


CoROLLARY 2. Let (X, 7) be a topological space and for each a€A, let (Xa, Ta) 
=(X, 7). Let (X*, r*) be the Cartesian product of this family of spaces. Then 
(X,7) has property A uff (X*, 7*) has property A. 
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A NOTE ON MORLEY’S THEOREM 
A. VANDEGHEN, Liége, Belgium 


Let the internal trisectors of the angles of any triangle ABC meet in pairs to 
form Morley’s equilateral triangle, as in Figure 1. It is known |1] that the 
directed angle from BC to RQ is (B—C)/3. Let us compare this Morley triangle 
of ABC with the Morley triangle of another triangle A’B’C’ whose sides make 
angles a, 8, y with those of ABC, as in Figure 2. Clearly 


A'’=A+6B-—y, B’=B+y-a, Ci=C+a-— B. 


Fic. 1 Fic. 2 


A necessary and sufficient condition for the two Morley triangles to have 
parallel sides is 


B-C BY —C' 


which reduces to 
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It is easy to see that this condition is fulfilled for each of the following eight 
triangles derived from ABC: 

(1) the triangle formed by the midpoints of the sides, 

(2) the orthic triangle, 

(3) the triangle formed by the excenters, 

(4) the triangle formed by the points of contact of the sides with the incircle, 

(5), (6), (7) the triangles formed by the points of contact of the sides with 
the three excircles, 

(8) the triangle formed by the tangents at A, B, C to the circumcircle. 


A 


i\"> 


Fic. 3 


The internal Morley triangles of A BC and of these eight derived triangles are 
numbered as above in Figure 3. 
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REALIZATION OF SEMI-MULTIPLIERS AS MULTIPLIERS 
HARRIET FELL AND A. J. GOLDMAN, National Bureau of Standards 


We deal exclusively with linear associative algebras over a common field F 
of scalars. Let &[A | be the algebra of all linear transformations of (the vector 
space of) an algebra A. The left regular representation of A is the homomor- 
phism \4: A>£&[A ] given by \u(a) = Mu, where M, is defined by M,x =ax for 
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all «GA. The elements M, of the image 9%|4]=)u4(A) will be called (left) 
multipliers of A, and the elements of \y’s kernel, annth [A ], are called (left) 


annthilators of A. 
Let 90*[A ] be the subalgebra of &[A] consisting of all transformations T 


such that, for all x, yEA, 
(*) T(ay) = (Tx)y. 


The associative law in A ensures that [A | Cov*[A ], and so the members of 
yv* [4] will be called semi-multipliers of A. In [1], Buck noted that on[A] 
=9*|A | if and only if A has a left unit. 

If A is a left ideal in some algebra B, then we have a restriction homomor 
phism pz: 9[B]—-S|A ], and the associative law in B ensures that the image 
oa(M[B]) Co*[A |. When equality holds in this inclusion, we can say that the 
semi-multipliers of A have been realized as multipliers (of B). In [1] Buck 
showed how to form from A an enormous algebra B (whose dimension is at least 
the cardinality of 9¢*[A |) yielding this kind of realization. He asked for a con- 
struction giving a smaller and more tractable B. Our purpose in this note is to 
exhibit such a construction. 

We take the set B to be the Cartesian product v*[A|A. Addition and 
scalar multiplication are defined componentwise, and algebra multiplication is 


defined by 
(T, «)(T’, y) = (TT! + MT’, Ty + 2). 
This multiplication yields (0, x)(0, y) =(0, xy) as well as 
(T, «)(0, y) = (0, Ty + xy), 
so that { (0, a): acA} is an imbedding of A as a left ideal in B. Furthermore 
every semi-multiplier T of A is realized by the multiplier Mir,o) of B, since 
(T, 0)(0, vy) = (0, Ty) for ally € A. 


Verification of the distributive and associative laws for B, with the aid of (*), 


is routine. 
The kernel of the composition pz\g is one natural measure of the “tightness” 


of the construction. In the present instance this kernel is given by 
annih [B] = {(M,, —a):a€ A}, 


and so has the same dimension (i.e., “size”) as A itself. We wish to show that 
this size is minimal at least for some algebras A, in the sense that if B is any 
algebra with the desired relation to such an algebra A, then 


dim [ker(ppdz)| = dim [ A], 


or equivalently 
dim [B] = dim [ker(ps\z)] + dim [im(ppdz) | = dim [A] + dim |on*[A]]. 
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We can prove this when A is a zero algebra (i.e., \4=0). Let {a;:7EJ} be a 
basis of A and let {b;:iG€I} be a subset of B such that {psd2(b,):iEI} is a 
basis of 9v*[A ]. It suffices to show that {a;:7E€J}U{b;:iET} is a linearly in- 
dependent subset of B. Suppose that 


>, aa; + >) Bib; = 0, 
j t 


where only finitely many of the scalars a;, B; are nonzero. Since \4=0, for all 
xGA we have (>); 8,b,)x=0 and thus 


{ © Bilosd2(6,)]} («) = 0. 


The choice of the 0; implies that all 8;=0, and then the choice of the a; implies 
that all a;=0, so the independence holds. 

The construction is not minimal for all algebras A. If for example A has a 
left unit, one can simply take B=A to achieve ker(og\z) =annih[A |, which in 
general is lower-dimensional than A. We have not succeeded in finding a “uni- 
versally minimal” construction. 
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NOTE ON A THEOREM OF STONE ON JACOBI MATRICES 
T. S. CaIHARA, Seattle University 
Let (@mn) be a Jacobi matrix: 
Omn = 0 for|m—n| > 1, 

Anntt = Antin = bn ¥ 0, Qnin = Qn. 
Let {G,(x)} be the associated orthonormal polynomials determined by the 
recurrence 

Bn—1Gn(") = (4% — An—1)Gn—1(*%) — On—2Gn—2(x) (nm = 2,3,---) 

Go(x) = 0, Gi(x) = 1, 
and let dp(x) be any distribution with respect to which the G,(x) are orthogonal. 
Finally, let P denote the support of dp(x). 


In his well-known treatise, Stone [2, Theorem 10.42] obtains the in- 
equality, aSext PX3a, where 


a= sup {| dma|:m,n = 1,2,3,---} 
ext P max { | inf P|, | sup P| }. 


He also shows that the equality, ext P=3n, is possible for a suitably chosen 
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Jacobi matrix and remarks that the question of a case for which a=ext P re- 
mains open. We are not aware that this question has been settled and we there- 
fore provide below an affirmative answer. 

To this end, let P(x) =01be - - + 8pGnyi(x) (121) so that 


Pr(&) = (x ~~ On) Pr—1(x) ~ | bn—1 |?>Pn—2(%), (n — 1, 2, 3, ses ) 


() P_(x) = 0, P(x“) = 1. 


Now select two positive null sequences, {%,} and {Nasi}, such that 
nga / (RnRn+1) } is a chain sequence (e.g., let O<Anii SRaknii/4, where k, >0O and 
limy +c kn =0). Then the polynomials defined by 


Qn (x) = (x ~ kn)Qn—1(2) ~~ \nQn—2(%) (n — 1, 2, 3, se ) 
Q_1(%) — 0, Qo(x) — 1, 


are orthogonal with respect to a distribution, dé(x), whose support is a bounded 
denumerable subset of [0, ©) with 0 asits sole accumulation point [1, Theorems 
1 and 7]. Let [0, 8] be the true interval of orthogonality for {Q,(«)}. Then 
kn<B ({1], Lemma 5) and the polynomials P,,(x) =(—1)"Qn(8—x) satisfy (1) 
with @,=8 —Rn, \n= | bn1| 2 and are orthogonal on [0, B| with respect to dp(x) 
= —d¢(B—x). The support, P, of dp(x) is then a denumerable subset of [0, 6] 
with B as its only accumulation point so that ext P= 8. 

But 0 <a, <@ and limy + Gn =, while Nagi <knknis <B? (since {nsi/(Rnknsa) } 
is a chain sequence). Thus a=ext P. 
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ON LATTICES AND ALGEBRAS OF REAL VALUED FUNCTIONS 
R. G. Douctas, University of Michigan 


The purpose of this note is to give an elementary proof of the following 
theorem about linear spaces of real valued functions. 


THEOREM. Let X be a set and Xa untformly closed linear space of bounded real 
valued functions on X that contains the constants. Then XA 1s an algebra tf, and only 
af, at ts a@ lattice. (Note that in this context 1s a lattice tf, and only tf, the function 
(fg) (x) =max[f(x), g(x) | is contained in UX for every pair f and g in YU.) 


Before proving this theorem, let us remark that the theorem can be reduced 
to the case of continuous functions on a compact Hausdorff space. In this con- 
text the theorem is very closely related to the Stone-Weierstrass Theorem and, 
in fact, it was in this connection the theorem first occurred to the author. The 
proof we present, however, is quite elementary. 
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Proof. Assume that is an algebra. The binomial expansion for (1—<«)!/? 
converges uniformly on the interval [0, 1]. Thus the binomial expansion for 
[1—(1 —f2/||fl]2) ]4/2 converges uniformly on X to (f2/||fll2) 1/2 = \f| /\l?il. There- 
fore, |f| © for every fEA. The identities 


fVe=Retet |f—el} andfAg=43f+e- |f—-2l} 


now complete the proof that % is a lattice. (This is a well-known lemma that 
appears in the proof of the Stone-Weierstrass Theorem.) 

Assume that % is a lattice. The identity fe=3{G¢+22-f?-2} shows us 
that to prove % is an algebra it is sufficient to show that f?EW for every fE A. 
We shall complete the proof of the general case after first treating a special case 
of functions on the interval [0, 1]. 

Let {An ae denote a sequence of points chosen from the open interval (0, 1) 
so that the set {A,|n=1, 2, 3,--- } is dense in [0, 1]. For each positive n 
define the function 


2 
n 


ki(x) = (1 + ra) — An)t + 17d | 


and the function 
lin(%) = Rr(u) /\ Ro(x) A+++ A Rn(%), 


where (x—A,)t=(x—A,) V0. It is easy to show that the functions h, decrease 
monotonically to the function x? and therefore converge uniformly to x?. Thus 
for each fEY, the functions 


mofiad = +30 (jr) +75] 


A: -Ad+r| (F— Sieresal 


in & converge uniformly to f?/||f|/2. Therefore f?EU for every fEA and W is 
seen to be an algebra by our previous remark. 

Let us conclude with the remark that this theorem also holds for closed linear 
subspaces of Ly. 


A NOTE ON NORMAL MATRICES 
C. G. CuLLEN, University of Pittsburgh 


It is well known that the product of two Hermitian matrices is itself Hermitian 
if and only if the two matrices commute. The generalization of this statement 
to normal matrices (A is normal if d*A4 =AA*) is not valid, although it is easy 
to see that if A and B are normal and commute then AB 1s also normal. A pair 
of noncommuting unitary matrices will suffice to show that the converse does 
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not hold. In this note we discuss briefly a sufficient condition ona normal matrix 
A so that for normal B we will have 4B normal if and only if A and B commute. 
It should be observed that if 4, B and AB are normal so is BA (see [2]). 

A normal matrix A, being unitarily similar to a diagonal matrix, always has 
the spectral representation 


(1) A = iy + Nee + + ALE, 


where \y, As, « * - , Az are the distinct eigenvalues of A and the projectors E; are 
uniquely determined polynomials in A such that £;£;=6,,E;and Ei +He+ -- - 
+H,=I. The £; are always Hermitian and B will commute with A if and only 
if B commutes with each of the E; (see [1)]). 

For any complex matrix A we can find a unique positive semi-definite H 
and a unitary U (not unique if det(4) =0) such that Ad =HU. This result is a 
generalization of the polar representation of complex numbers and A is called 
the Hermitian polar matrix of A. It is not hard to see that H is the unique posi- 
tive semi-definite square root of AA*. In [2] Wiegmann proved that if A and B 
are normal then AB (and hence BA) is normal if and only if each factor com- 
mutes with the Hermitian polar matrix of the other. 

From the spectral representation of A (1) it follows that 


(2) A* = ME + Nokes free Hf Ar Lxy 

(3) AA* = didi Ey + AghoEs + + + + + MALEL, 

and 

(4) H = (AA*)*2? = |i] Ei + [do] Ze t-- > + || &. 


If (4) is the spectral representation of H then B commutes with A if and only 
if B commutes with each E£,, and if B commutes with each #; then it follows 
from (1) that B commutes with A. Only if |r| = As for 44j could (4) fail to 
be the spectral representation of H. 

We shall say that A has modularly distinct eigenvalues if unequal eigen- 
values of A have unequal moduli. Our discussion yields the following result. 


THEOREM. If A and B are normal and one of the two has modularly distinct 
eigenvalues, then AB 1s normal tf and only 1f A and B commute. 


No real matrix with a complex eigenvalue can have this property, but all 
positive semi-definite and all negative semi-definite hermitian matrices have 
modularly distinct eigenvalues; our theorem has the following consequence. 


CoroLuaRy. If A is positive (negative) semi-definite and B 1s normal then AB 
is normal tf and only 1f A and B commute. 
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AFFINITIES WHICH PRESERVE LOWER DIMENSIONAL VOLUMES 
Wo. J. FIREy, Oregon State University 


Let A be a real, »Xn, nonsingular matrix representing an affinity in Eu- 
clidean n-space. If the image under A of each p-dimensional simplex, 1S pn, 
has the same p-dimensional volume as the original simplex, then we say A is 
p-dimenstonal volume-preserving. Thus the n-dimensional volume-preserving 
matrices make up the group of unimodular affinities and the 1-dimensional 
volume-preserving transformations make up the proper subgroup of orthogonal 
matrices. 

In this note we prove the following theorem: Jf A 1s p-dimenstonal volume- 
preserving for some p<n, then A 1s q-dimensional volume-preserving for q=1, 2, 

‘1. 


Clearly we need only prove that A is orthogonal. 

Our proof depends on the isoperimetric theorem which says that, in Eu- 
clidean n-space, the sphere is the unique convex body of maximal volume for a 
given (7—1)-dimensional surface area. More precisely, we need only the weaker 
assertion obtained from the preceding by writing “ellipsoid” for “convex body.” 

First we take p=n—1. From the definition of the surface area of a convex 
body as the greatest lower bound of the surfaces of convex polyhedra containing 
the convex body, we conclude that A preserves the surface area of convex 
bodies. Let d be the absolute value of the determinant of A and let S bea sphere. 
Then, if S’ is the image of S under A, S’ is an ellipsoid of the same surface area 
as S. We cannot have d>1 since, by the isoperimetric theorem, the volume of 
S’, which is d times that of S, can be no more than that of S. Nor can we have 
d<i because A}! is also (n—1)-dimensional volume-preserving and, from the 
preceding paragraph, the absolute value of the determinant of A~! cannot ex- 
ceed one. Hence d=1. Consequently, A transforms each sphere into a sphere 
of the same radius and therefore preserves distances. 

If p<n—1, we argue as follows. Let L be any linear subspace of dimension 
b+1 and let R be a rotation which sends L’, the image of Z under A, into L. 
Then RA sends LZ into LZ and preserves p-dimensional volumes. By our earlier 
argument, RA must preserve all distances in L. Hence, so does A. The arbitrary 
character of Z shows that A is distance-preserving generally, i.e. orthogonal. 


Editorial Note (April 18, 1965): It has been pointed out by several readers 
(and doubtless, if past experience is any measure, by the time this appears in 
print the number will have grown to astronomical size) that the theorem proved 
by A. J. Insel in his “A Note on the Hausdorff Separation Property in First 
Countable Spaces,” this MONTHLY, 72(1965) 289-290, was proved more neatly 
in a Classroom Note, “A Note on Hausdorff Separation,” by Edwin Halfar, 
68(1961) 164. Dr. D. R. Andrew also called attention to the theorem in Problem 
5299, this MONTHLY, 72(1965) 194, (and undoubtedly others will also). 
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This department welcomes brief expository articles on topics closely related to classroom 
experience in courses that are normally available to undergraduate studenis, from the fresh- 
man year through early graduate work. Items of interest to teachers, such as pedagogical tactics, 
course improvement, new proofs and counterexamples, and fresh viewpoints in general, are in- 
vited. All material should be sent to Gertrude Ehrlich, Mathematics Department, University of 
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GENERATION OF IRREDUCIBLE POLYNOMIALS OVER A FINITE FIELD 
D. E. Dayvxin, Reading University, England 


1. Introduction. In this note we extend the account given by A. A. Albert 
({1], pp. 142-3) of the generation of irreducible polynomials over a finite field. 
Such polynomials have been found useful in electronic circuits (cf. [2]) and the 
new results given here will aid in tabulating them. In particular we show how, 
from a given irreducible polynomial of period e, all irreducible polynomials whose 
periods divide e may be obtained. 

Let F, bea finite field of g=p” elements, where p is a prime. Throughout this 
note all polynomials will be monic with coefficients in Fy, and by irreducible we 
will mean irreducible over Fy. Let f(x) be a given irreducible polynomial of 
degree and period e. If Cis the companion matrix of f(x), for each positive 
integer ¢ we will write f,(~) for the characteristic function of the matrix Ct. We 
now state the principal results. 

THEOREM 1. If @1, we, + + + , W: are the t-th roots of unity, then 


Fela!) = (1) TT foe). 


THEOREM 2. The polynomial f,(x) is a power [g.(x) |" of an irreducible poly- 
nomial g,(x) of degree m=n/r and period b=e/c, where cis the highest common fac- 
tor (e, t) and m 1s the least positive integer for which b divides g™—1. 


THEOREM 3. The rational canonical form of C* 1s the direct sum of r companion 
matrices D; of g:(x). Moreover D; 1s in the first m rows and columns of the matrix 
HC'‘H—', where the successive first m rows of H are the top rows of the matrices 
I, Ct, C?t, +--+, C™-*, and the last n—m rows of H are chosen from Fain any way 
which makes H nonsingular. 

Next we define a sequence of integers {7;}. We put 4 = 1 and, when 
ti, to,  - « , t;-1 have been chosen, we let ¢; be the least positive integer such that 
t;At,g° (mod e) for 1Sj7<1, OS8<m=m(,). Clearly the sequence {t;} is finite 
with 1 St; Se. 

THEOREM 4. Each irreducible polynomial whose period divides e appears ex- 
actly once in the sequence \ g1,(x) i. 
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THEOREM 5. If n>1 and f(x) ts symmetric, that ts if f(x) =x"f(x-}), then n ts 
even and every irreducible polynomial of degree d>1 whose period divides e is sym- 
metric. 


2. Proofs of the theorems. Let 6,, 02, - ++, 0, be the roots of f(x). Then 


fiw) = I (xu! — 6) = TI (-1) Tf (we — 0) = (—1)" [1 lose), 


t=] j=1 j=1 


which is the first theorem. 

The roots 0; of f(x) all have order e over F,, and so the roots 6 of f;(x) all have 
order b over F,. Hence any irreducible factor of f;(x) must have period b and 
degree m. Since the characteristic function of 6; is the same for all the roots 6; 
of f(x) the second theorem follows. 

The period of a matrix is the period of its minimal function, and the period 
of C'is b. The polynomial g;(x) is irreducible, and so if u=2 the period of g}(x) 
is at least p times the period 0 of g:(x). Hence the canonical form of C* cannot 
contain a companion matrix of gi(x) with w= 2. Since f(x) = [g,(x) |", this proves 
the first part of Theorem 3. The second part is an application of Theorem I] 
({3], p. 49). As we have just shown the canonical form of C* is a direct sum of r 
matrices D;. The characteristic function g,(x) of D; is irreducible, and so every 
nonzero 2X1 vector uw has grade m with respect to Ct. The result now follows 


by taking for u the vector (1, 0, 0,---+, 0). 
To prove Theorem 4 we fix b and vary t. The polynomial g:(x) has period 0 
if and only if (e, ¢)=c, and if ti, tf, - - + , ¢, are the distinct integers ¢ in 1SiSe 


with (e, 2) =c then a=¢(d), where ¢ denotes Euler’s function. Also the number 
of irreducible polynomials of period b is #(b)/m. Hence if m>1 some of the 
polynomials g:(x) must be the same. Now g;(x) has exactly m roots. Also for 
1<i<n the numbers 6, 1SjSe are all distinct. Hence at most m of the poly- 
nomials g;,(x) can be the same. Thus we have shown that every irreducible poly- 
nomial of period b appears m times in the sequence { gi(x)}, 1StSe. 

If ¢=sq* (mod e) then 


fe") = {6@)}" = IL @ — 6)" = IEG" — 6) = f@"), 

and so g,(x)=g.(x). This result also follows from the facts that Ce=J and 
C'a* = Ct, (Albert asserts ([1], p. 143, line 2) that if f(x) is primitive and t= spz, 
where s is prime to /, then f(x) =f,(x). On the contrary, if p=2, q=4,ande=15 
then the 4 irreducible polynomials of period 15 appear in the sequence {g.(x)} 
with gi(x) =ga(x), ge(x) = g(x), £1(X) = gis(x), gi(%) = gis(x), but go(x) ¥gi(x) and 
214(X) ~27(x).) (Editorial note: Dr. Albert says that the sentence in the middle 
of line 2 should read, “But then f;(x) =[f,(x) |S* has known coefficients c;S# 
when the coefficients of f,(«) are known.”) 

Now if ¢; =sq* and sq§= sq’ (mod e) then since (e, g) = 1 we have (e, s) = (e, é;) 
=c; g8=q’ (mod b) and B=y (mod m). Hence the residues modulo e of the num- 
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bers s,sqg,- +--+, sq”~t yield all the numbers ¢ in 1S#Se with g:(x) =g,,(x), and 
Theorem 4 follows. Notice that f,_:(x) =x"f;(x7}) for 1St<e, because 6; = (@‘)7! 
for 1SiSn. 

Finally, Theorem 5 is a corollary to Theorem 4, because if m>1 and f(x) is 
symmetric then the roots of f(x) and g.(x) occur in pairs like 6;, 07° 
and 6), 677. 
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PROBLEMS ABOUT PROBLEMS 
I. D. MAcpDoNnALD, University of Newcastle, N.S.W., Australia 


The desire to construct elementary numerical problems sometimes gives 
rise to what may be called second-level problems which have a completely differ- 
ent character. For instance Sholander [1], wishing to find three mutually orthog- 
onal 3-vectors a, B, y with integral components and the same length D, other 
than the stock text-book trio 


a= (1, 2, 2], B= (2, 1, — 2], Y= [2, —2, 1], 


was led to the Diophantine equations 


(1) at Btyw=D=antnatry 

An appeal to Dickson [3] produced the vectors 

a = [a? +b? — c? — d’, 2(ac + bd), 2(ad — bc), 
8 = [2(ac — bd), 6? +c? — a? — d*, 2(ab + cd) |, 
y = [2(ad + bc), 2(cd — ab), 6? + d? — a? — &], 


which Reiersél [2] showed by matrix methods to be essentially unique. 

The point in which we are interested here is that this procedure yields a 
window through which some fragments of advanced mathematics in the theory 
of numbers may be seen. It may therefore be worthwhile to indicate a few more 
such problems with their second-level problems in the hope of strengthening this 
bond between elementary and advanced topics. 

Let a conic in some coordinate system be represented by the equation 


(2) ax* + 2hxy + by? = k, 


1965] CLASSROOM NOTES 649 


which is to be reduced to a standard form by rotating the axes through some 
angle @. If 


x = *,coS# — 1 Sin 8, 
y = “1 sin 0 + 41 cos 9, 
as usual, substitution gives the equation Axj+2Hx19,+Byj =k, where 
A = 3(a+ 6) + 3(a — b) cos 20 + hsin 20, 
H = hcos 20 — 3(a — d) sin 28, 
B= 3(a+ b) — $(a — Bb) cos 26 — hsin 26. 


When @ is chosen so that H=0 the equation becomes 


(a+b — V(a—5? + Qh) at (atb+ Va — b+ Qh) )y, = 2k. 
Now in numerical problems free from troublesome surds we essentially want 
a, h, b, k and c to be integers, where 

(a — b)? + (2h)? = c?. 


The integral solutions to this equation are well known (cf. [3], p. 165). If we 
take 


a—b=(a— B)y, 22h = 2aBy, ¢ = (a? + B)y, 
with a, 8, y integers, and put 6=a—a?y, (2) becomes 
(3) 5(a? + y*) + y(ax + By)? = k. 
The other possibility, namely a—b=2aBy, 2h=(a?—B*)y, c=(a?+6?)y with 
6=a—i4(a+)*y, produces essentially the same equation as (3): 
5(x? + y") + 3yv((a + B)x + (a — By)? = &. 


Thus if we want numerical examples of (1) to reduce by rotation we will do 
well to give numerical values to a, 8, y, 6 in (3) and so avoid problems with 
awkward surds. 

Next, suppose that we are interested in the bisectors of the angles between 
the straight lines 


ax + by + p = 0, cx + dy+q= 0. 

As the text-books prove, the equations of the bisectors are 
ax + by +p 4 STENT 
Vere ~ Vere) 


We shall have rational coefficients here provided a, D, p, c, d, q were rational and 
in addition +/(a?+5?)/+/(c?+d?) is rational so that surds cancel out. Thus we 
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are led to the Diophantine equation 
(4) a? + 6? = ¢? + dd, 
Now there is a formula which gives some solutions of this, namely 
(a8 + 5)? + (ay — 88)? = (a8 — 75)? + (ay + 86)?, 
and according to Dickson (p. 254) the general solution is similar: 
2a = a8 + 76, 2b = ay — £6, 2¢ = a8 — ¥6, 2d = ay + £6, 


where the integers a, 8, y, 6 are such that a and 6 are even, or 6 and y are even, 
or all four are odd. 

The same equation (4) arises from problems in a quite different part of 
geometry. It may be proved, as it is in all the text-books, that the two tangents 
to the ellipse 


y2 2 
( a 


from the point (c, d) are perpendicular if and only if (4) holds. On the other hand 
tangents to the hyperbola 


a2 yy? 

ae 
give rise to 
(5) a? = §? + ¢? + @?, 


an equation similar to that treated by Sholander. 

The following problem occurs on p. 131 of [4]: “A rectangular sheet of metal 
has four equal square portions of metal removed at the corners, and the sides 
are then turned up so as to form an open rectangular box. Show that when the 
volume contained in the box is a maximum, the depth will be 


tfa+b— V(a? — ad + 0°)}, 


where a, b are the sides of the original rectangle.” Thus to make neat numerical 
examples out of this we want solutions to the Diophantine equation 


(6) a? — ab + 6? = c?, 


There is a geometrical problem which presents a very similar equation. If (2) 
with k=0 represents a pair of lines and if ¢ is the tangent of an angle between 
them, then it can be proved that 


_ 2/(h? — ab) 
a 


t 


from which simple algebra gives 
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(7) (2a? + (212 + A)ab + #02 = (2h)?2. 


The most interesting case of (7) has t=1. This and (6) and indeed the equa- 
tion a?-+b2=c? are all contained in the general case 


(8) ura? + vab + ub? = c?, 


in which uw and v are given integers. We show how to solve this by a method of 
Dickson (p. 406). We have 


a(u?a + vb) = (c + ub)(c — ub), 
so if there is a solution there are coprime integers A, w for which 
Aa = w(c + ud), (uta + vb) = X(c — ud). 
Elimination of ¢ gives 
(9) Q? — u?p?)a = (2udAu + o?)d. 
Now suppose that A and pw are any coprime integers with \?—u?u?0 and 


2udrp-+up? 4 0—we ignore the solutions arising when one of these numbers is 0. 
Then we can find coprime integers a and 8 for which 


(A2 — wu?) = (2udu + vu)B, 


and we take a=ay, b = By, where is arbitrary. Substitution for cin\a =pu(c+ub) 
gives 


c=-—a-— ub, 
M 


and we note that pu divides a. It may be verified that we now have a solution 
of (8). 

Finally we point out a problem stated by Dickson (p. 502) to be unsolved. 
This is to find a parallelepiped with integral sides, face diagonals and long 
diagonal; in number-theoretic terms, to find integers a, b, c for which each of the 
following is a square: 


b? + 0, c? + a*, a? + 0?, a® + Bb? + Cc’. 
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THE LIPSCHITZ CONDITION AND UNIQUENESS 
GEORG AUMANN, Technische Hochschule, Munich, Germany 


The standard interpretation of the Lipschitz condition for a differential 
equation y’ =f(x, y), namely, that the difference quotient of f with respect to y 
is bounded, does not directly show up the connection with the uniqueness of 
the solution to the initial value problem. But there is a simple consequence of the 
Lipschitz condition which reveals its influence on the uniqueness. 

Let us assume that f is defined and continuous in the rectangle aSxSb, 
cSysSd. If a=x<u< +++ <x,=5) is a subdivision of the x-interval and 
Xn41>b, then by the family of approximate solutions of the differential equation 
y’ =f(x, y) belonging to this subdivision we mean the family of curves y=y,(x), 
cn Sd, defined by 


(x) = Mi + (x _ ai) f (xe, yi) for’, <#s Vids t= 0, myn, 
with 
Yo = 0, Ve = Virb i — taf, ¥i-1), a=1,-°: n 


and y,(x) defined in x» SxSxz, k being the smallest natural number such that 
(xz, Y_(%2)) is outside the rectangle. 


PRopPosITION 1. Jf f satisfies an L-condition 
|f(«, ») —f%,9)| SMly— 95] 


for all x, y, § with a positive constant M, and tf the subdivision xo, - + * , Xn41 1S SO 
fine that x;—%;1<1/M for all 1, then the family of approximate solutions belonging 
to this subdivision contains no intersections, thus covering the covered region simply. 


It is illustrative to check the situation in the example f= —y (using the sub- 
tangent property of the exponential curve y=e7* with an L-condition present) 
and in the examples f=y1/? and f= —y!/3 without L-condition. 

We get a converse of Proposition 1 by using not only the approximate solu- 
tions defined above which for distinctiveness we now call “progressive,” but also 
the “regressive” approximate solutions y=y7(x), by introducing a number 
X%4<% 9 and defining 


Va (x) = Mi + (x — vif (xs, yi) for %1S%< Vis t= MN, ++, 1, 0, 


with y,=, ¥i1= Vit (1-42) f(4i, Vs), T=, > ++ , 0, andcSy Xd, stopping the 
construction in a similar way as for the progressive case. 


PROPOSITION 2. If there is a positive constant r such that for every subdivision 
with steps x;—X;1<r the family of progressive approximate solutions as well as 
the family of regressive approximate solutions of the differential equation form sim- 
ple coverings, then f satisfies an L-condition with a constant M=1/r in any region 
which 1s covered by each of all these families. 
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The proof of the propositions is based on the following property, verified 
by means of elementary analytic geometry: if M>0, then | f(x0, 91) —f(xo, ye) | 
<M | Wi yo if and only if the lines Z; through the points (xo, y;) with slope 
m;=f(x0, ¥;),7=1, 2, do not intersect for x satisfying | x —xo| <1/M. 

REMARK. The approximate solutions considered in Proposition 1 define a 
differential equation “to the right” 


(*) v4. — f(x, y)s 
arbitrarily close to the original equation y’ =f(x, y), and possessing the unique- 
ness property if the subdivision is fine enough. 


Though f is discontinuous, equation (*) has proved to be very useful for 
investigations of continuity properties of the solutions of y’ =f(x, 9). 


ON SUBADDITIVE AND SUPERADDITIVE FUNCTIONS 
S. P. S. RATHORE, Lucknow University, India 
A real-valued function f is said to be superadditive on an interval J = (0, a) 
if it satisfies the inequality 
(1) f(a + y) 2 f(x) + fy) 


whenever x, y and x+y are in J. If the inequality (1) is reversed, f(x) is called 
subadditive. In this paper we prove two theorems. The first theorem gives a 
sufficient condition for f(x) to be superadditive. The second theorem establishes 
the monotonicity of the derivative of a subadditive function under certain con- 
ditions. In what follows, I, refers to the interval (0, ©) and J refers to the inter- 
val (— 0, ), 

Lemna 1. Jf f’(x) exists on T=(a, ©), a20, then f(x)/x is decreasing on I if 
and only if f'(x) <f(x)/x on I. 


Proof. lf f'(«) <f(x)/x, then 
xf" (x) — f(x) <0. 
x 


Hence, 


a po _f@) -10) 4 


axl. x x? 


The converse can be established by reversing the steps of the argument. 


THEOREM 1. If f’(x) exists on I=(a, ©), a20, then f(x) is subadditive if 
f' (x) <f(x)/x on I, and f(x) is superadditive if the inequality is reversed. 


The theorem follows from Lemma 1 and the elementary result that f(x) is sub- 
additive if f(x) /x is decreasing ([1], p. 239, Theorem 7.2.4). 
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Examples. 1. f(x) =x? defined on (0, ©). This is superadditive. 
2. f(x) = —x' defined on (0, ©). This is subadditive. 


THEOREM 2. Let f(x) be subadditive on I, and let f'(x) exist on IT=(a, ©), 
a0. If f(x) +f(—x) $0 for «El, then f'(x) is monotone nonincreasing on I. 


Proof. Let x1, x2 be any two points of J. Then, for #>0, there exists e>0 
such that 


f (41 + #2 + h) — f(x + 2) 


f' (41 + #2) —e< i 


where lim;,.9 €=0. Hence, 


1 
f' (41 + 12) —~e< > [f(r + we ar + h — 21) — f(a1 + x2)] 


IIA 


1 
y [f(a + a2) + f(aa +h) + f(— 41) — fer + 22)] 


IA 


1 
— [fea + &) — flor) 


Therefore, f’ (a1 +2) Sf’ (x1). 
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AN EXTENSION OF OLIVIER’S THEOREM 
FRANTISEK STEPANEK, Caroline University, Prague, Czechoslovakia 
It is easily established that for any convergent series > ),°.4d, of real numbers, 
lim inf ma, S 0 S lim sup nay. 


This means that to prove lim na, =0, it is sufficient to show that the sequence 
(nd) is convergent. We make use of this result to obtain a theorem which is an 
extension of a very old result of L. Olivier [1]. Our proof makes no appeal to the 
Cauchy criterion for convergence. Olivier’s theorem is obtained from ours by 
setting B=0. 


THEOREM. Let >.” ,d, be a convergent series of real numbers, and suppose that 
there exists a constant B such that one of the following conditions holds for every 
nonnegative integer n (we define ay =0): 


(a) NOn 2 (n + B)an-1 (b) Nan < (n + B)an—1- 


Then lim na, =0. 
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Proof. The two conditions are equivalent as can be seen most easily by multi- 
plying either one of them by —1. Thus it is sufficient to prove the theorem in the 
case that (a) holds. We define the following symbols: 


n—I1 


71 = 5, = 0, Yn = NAn, Sn = —~ (1+ 8) doa, for 


1 


IV 
i) 


hn =tn+5n, for all n. 
Condition (a) may then be written in the form 


NOn = (n — 1)dn_1 + (A + B)Qn-1 for n = 2, 


and this reduces at once to hy =hn_1. Thus the sequence (h,) is nondecreasing. 
But, by our convergence assumption, the sequence (s,) has a finite limit. Ac- 
cordingly, since rz =h,—S»n for each n, it follows at once that (7,) is convergent. 
This completes the proof of the theorem. 


The author has benefited from discussions with Professor J. Marik. He also acknowledges 
gratefully the referee’s help for improving the exposition of this note. 
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AN APPROACH TO IMPROVING THE TEACHING 
OF ELEMENTARY SCHOOL MATHEMATICS 


J. H. Zant, Oklahoma State University 


Is there anything new in the teaching of elementary school mathematics 
or arithmetic? There may be, in spite of all the volumes which have been written 
about it! 

For a long time psychologists and measurement specialists have told us that 
objectives must be stated in terms of performance-based behavioral patterns. 
Has this been done for elementary school mathematics? Almost always the 
answer is, “No.” We do find objectives listed in courses of study and teachers’ 
manuals on “Content material,” such as, “Understanding addition and sub- 
traction with two-, three- and four-digit numerals, with and without regroup- 
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ing,” “Learning what the number 7 means,” and the like. Many textbooks say 
nothing, but plunge into a series of activities for the children, which are per- 
formanced-based, and by which they apparently expect the child to “learn what 
the number 7 means,” or some other vaguely implied objective. They do want 
and expect a modification of behavior, but it is difficult to guess exactly what 
modification is expected. 

Furthermore, the psychologists or learning theorists suggest a definite pro- 
cedure for designing and creating blocks or units of learning material for ele- 
mentary school mathematics, or for any other subject matter. This may be 
summarized as follows: 


Specify the objectives of the materials in terms of behaviors which can be 
measured. 

When this has been done, materials should provide for individual differences 
so that students of varying abilities can achieve the objectives. 

Materials should be tested and revised, if necessary, until data can be pro- 
vided to insure that the objectives are attained with the intended audience. 


It is important, of course, that the objectives of elementary school mathe- 
matics be considered very carefully, and stating them in terms of behaviors 
which can be measured is difficult and time consuming. This task will take the 
best efforts of all those interested in improving the teaching of elementary school 
mathematics. 

Given a sound set of objectives, a program or set of materials for teaching 
any segment of mathematics is considered successful if the children’s behavior is 
modified in terms of the stated objectives. It is considered unsuccessful if be- 
havior is not so modified. 

Is such a procedure for constructing teaching material acceptable to mathe- 
maticians, teachers and mathematics educators? It was considered acceptable 
to a widely representative group of 36 such people in a recent meeting [1]. 
Though the project which sponsored this conference was organized to study 
the use of new educational media in the improvement of the teaching of ele- 
mentary school mathematics, it recognized that it must first establish objec- 
tives, a way of stating them and some procedure for developing the teaching 
material to be presented by some media. 

The term “new educational media” is not specifically defined and limited in 
the National Defense Education Act of 1958. For the purposes of this project, 
however, it is considered as limited to media of communication, and to include 
television, motion pictures, single concept films, film strips, projectuals, pro- 
grammed instruction, and the like. 

The conference also considered the most effective use of various ways of 
presenting mathematics in the elementary school classroom. The group was 
unwilling to accept the use of a single medium or mode of presentation con- 
tinuously, even through a single class period, as the most effective teaching 
procedure. Of course, good teachers came to the same conclusion long ago. In 
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the use of new media then, it makes sense to use whatever is most effective for 
different things the teacher must do. Among the things used will be his own 
presentations at appropriate times. 

It is expected, therefore, that if teaching material tested for effectiveness of 
student learning is available, the classroom teacher can make intelligent choices 
as to what to use during the time a student or a class is studying a particular 
lesson or topic. The things the teacher uses might be television, films (long or 
short ones), programmed instruction, film strips, overhead projectuals, and the 
like. This may be called an instructional system, and it is sometimes referred to 
as the systems approach to teaching, The systems approach to teaching allows 
the flexibility which every teacher needs to provide for the specific problems of 
his own class. We refer here to such things as the background of the students, 
individual differences, their abilities and capabilities, needs of the local commu- 
nity and the like. 

A systems approach also implies that there will be available a number of 
elements and media dealing with various parts of the topic or lesson and so de- 
signed and tested that the teacher can make use of those elements which will 
produce learning most effectively. Such material does not exist to any great ex- 
tent at present, and its development must be based on much wisdom, experi- 
mentation and research. This project agrees to this scheme as a working pro- 
cedure, however, and accepts the responsibility of exploring specific ways to 
accomplish the task. 

Programmed instruction itself is one element which has proved useful in 
producing learning in the classroom. It does represent a new concept of com- 
mitment and responsibility for learning. It is based on a careful statement of the 
objectives desired, and if the pupil does not learn from the program presented, 
it is not considered that this is his fault, but that the fault lies with the program 
or the programmer. Hence, the program is revised or it is rearranged; it may 
even be discarded and a new one written. 

This does not mean that all programmed instruction which now exists is 
good or even that this will be so in ten years. The technology exists, however, 
and good programs can be produced if objectives are stated clearly in behavioral 
terms, and if the needed development, experimentation and research are care- 
fully planned and executed. 

The careful research, development and experimentation that have been done 
in recent years have produced a technology of programmed instruction which 
provides a model or a basis for developing effective learning programs through 
other media as well. It has been said that “the flurry of activity during the first 
decade of teaching machines and programmed learning has obscured the central 
issue: the impact of the experimental analysis of behavior on education.” 

Since programmed instruction is based on experimental analysis, then what 
we may call programmed instruction based media become a way of developing 
effective learning programs through any media. 
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In this manner, good teaching programs using media or other teaching mate- 
rials can be produced. This project also accepts the responsibility of making 
this procedure explicit. It will take the best efforts of mathematicians, teachers, 
learning and measurement specialists, and media specialists, working as a team, 
to develop these materials, but we are convinced that it can be done. 
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AN UNTAPPED SOURCE FOR MATHEMATICS TEACHERS? 
NORMAN LockKsLEY, Alma College 


When the need for college teachers in mathematics is projected, say, to 1970, 
all reports agree on a great increase over current demand. One forecast predicted 
a rise from 11,100 mathematics teachers in universities, colleges and junior col- 
leges in 1961 to a total requirement for 24,950 by 1970. Additionally, the produc- 
tion of mathematics Ph.D.’s is expected to be 694 for the year 1969-70; short 
some 756 of the total requirement for that year alone [1]. Who will fill the gap? 

Obviously, the non-Ph. D. The purpose of this paper is to describe one source 
of such mathematics teachers. As G. S. Young points out, “Is it not time for 
the mathematical community to face up to the fact that for a long time most 
undergraduate teaching will be done by non-Ph.D.’s, and to begin a study of 
means of identifying competence among such persons?” [2]. 

Recognizing this need seven years ago, Duke University began a special 
mathematics teaching program in 1958, designed for retired officers of the 
armed forces. The project has been supported since that date by the National 
Science Foundation. Since I completed the course in 1964, my views may be 
helpful to others as an assessment from within by one who has tried the pro- 
gram, and then put the results to work. 

The object is to prepare selected retired officers of the armed services to 
teach mathematics in high school, or mathematics through calculus in college. 
By “selected” I mean selected from among those who apply. The basic entrance 
requirement is a bachelor’s degree, with mathematics through calculus. Each 
participant is expected to earn the degree of Master of Arts in Teaching (Mathe- 
matics). 

As a member of the 1963-64 group, I was one of 14 who began in July, 1963. 
Thirteen of us finished exactly a year later, July 15, 1964. The summer program 
gave us a quick review, a heavy dose of fundamentals in analysis, a little set 
theory, some finite mathematics, and a lot of calculus, emphasizing theorems. 
These topics were covered in two courses for a total of nine credit hours: Mathe- 
matics for Teachers, and Fundamental Conceptsin Algebra, Analysis and Geom- 
etry. 


1965] MATHEMATICAL EDUCATION NOTES 659 


With the fall semester, we were each assigned a freshman section in either 
college algebra or calculus, scheduled for three class hours a week. By means of 
a weekly class with the Director of Freshman Studies, we reinforced the topics 
to be discussed before our own classes met. There was no difference in the mate- 
rial covered or conduct of the class from those taught by other instructors. We 
used a mimeographed page-and-problem outline in order to be sure that all 
freshmen received about the same emphasis on the topics in our text. Occasional 
visits were made to our classes by the Director and other professors, and a com- 
mon examination was given to all freshmen in the non-honors classes. The results 
of these examinations were quite comparable, indicating that our guidance and 
supervision were effective. 

In the fall term we also studied Intermediate Analysis, Theory of Equations, 
Teaching of Mathematics and Secondary Education Principles. Then, in the 
spring, those of us who had started with an algebra class moved into Calculus I 
with their freshmen; the rest of us continued into Calculus II for our teaching. 
Our own courses were Differential Equations, Intermediate Analysis and Educa- 
tional Psychology. I substituted Digital Computers for the latter offering. 

All of our courses were staffed with top professors who gave us the benefit of 
their experience and study. For example, the Chairman of the Mathematics De- 
partment and originator of the program, Professor J. J. Gergen, handled all the 
initial summer teaching himself. In general, most of the mathematics courses 
were taught in “our” classroom and to the retired officer group. There were some 
exceptions, but not a great many. 

Our part-time instructing ended in May, while we continued our own studies 
into the first summer school term. A split was made between those planning to 
teach in secondary schools and those headed for college appointments. The 
secondary school contingent took two courses in education, while the others 
studied a course in solid analytic geometry and another in modern algebra. 

The requirements for the degree of M.A.T. (Mathematics) may be sum- 
marized: 


SECONDARY SCHOOL COLLEGE 
Mathematics 21 hours 27 hours 
Education 15 hours 9 hours 
Freshman Teaching 3 hours 3 hours 


Although individual programs vary slightly from this pattern, the overall 
design of the course has remained relatively fixed. The current group, for exam- 
ple, is taking six hours of modern algebra and may elect two courses from these 
four: Digital Computer, Statistics, Elementary Differential Equations, and Solid 
Analytic Geometry. 

What are the results? 

Seventy-three retired officers have completed the program since 1959. Of 
these, 63 were teaching during the 1964-65 academic year—47 in colleges and 
universities and 16 in secondary schools and technical institutes. Another 13 
retired officers are currently enrolled in the 1964—65 course. 
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From all reports, the results have been very satisfactory. Although one year, 
however crammed, is a relatively short time to prepare for mathematics teach- 
ing, most of the participants have had some previous preparation along the way. 
This ranged, for my own group, from full-time college courses and secondary 
school mathematics teaching to night classes and correspondence study. After- 
wards, many graduates continue the road of self-study, summer institutes and 
further university work. 

All of the graduates with whom I have discussed the program agree on its 
two most valuable aspects. These are felt to be first, the teaching experience 
and, next, the grouping of the retired officers into a single class. 

I might point out that the term “retirement” is somewhat broader in military 
usage than its usual connotation—of a man who has completed long and honor- 
able service and, at about 70 or so, lets go of the reins to enjoy his hobbies. In the 
armed forces, one may retire after 20 years of service and musi retire after various 
periods—20 to 35 years—depending upon the rank attained. Thus, when I speak 
of the retired officers group, I refer to a group in their 40’s and early 50’s, 
mostly, with a median age of about 50. 

With a decade or two of service expected, what are the advantages in pre- 
paring this kind of a group for college teaching? 

1. Through careful selection, one can be assured of above-average intelli- 
gence, aptitude and stamina. 

2. Since these men are quite mature, their interest in mathematics teaching 
is likely to be quite stable. The fact that fewer options are open to older people 
would also add to this stability! 86% of these men going into teaching is a con- 
siderably higher proportion than the 40% of mathematics Ph.D.’s from a much- 
younger age group [3]. Even 64% into college teaching represents a better 
“take.” 

3. Because of their varied experience, these men are able to contribute in 
other ways. Teaching itself is not new to them; most officers have done a lot 
of it. Many have attended graduate school, too, so that all their other experience 
may be quite valuable to smaller colleges where contact between students and 
faculty plays an important rdéle. 


There is only one major disadvantage—age. Is two decades or more of pro- 
ductive work worth the expense, in time and money and skill, of their educa- 
tion? I don’t think there is any easy answer to this question—it would depend 
upon an individual assessment for each person. There certainly seems to be a 
need for competent non-Ph.D. mathematics teachers. Even if programs for older 
people don’t produce a Weierstrass, we are assured of a steady demand for 
“journeyman” mathematicians. These men can contribute, therefore, if they 
provide good teaching at the lower levels while leaving upper level and graduate 
courses for the smaller number of Ph.D.’s. 

It is a neat problem in operations research. How long a “half-life” is required 
to equate the value of greater commitment to teaching of an older group in 
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comparison with a smaller percentage of teachers obtained from a younger 
group? Since there are too many built-in uncertainties, we might leave it for 
the time being. 

We are certain that the decade of the 60’s represents a peak in the availabil- 
ity of officers retiring from the armed forces. This results, of course, from the 
fact that so many officers now in the forces entered around the World War II 
period. At least several thousand of these have the interest, ability and back- 
ground to become effective mathematics teachers. Their availability coincides 
with a decrease in the number of trained mathematics teachers available for 
expanding classes. Yet, it appears that Duke University offers the only operat- 
ing program directed specifically at this particular group of prospective instruc- 
tors. 

The predicted and actual shortage of mathematics teachers is so great that 
any qualified source should be investigated. In view of the comparatively early 
retirement age, high level of motivation and results achieved to date, the armed 
forces would seem to offer a promising pool for mathematical manpower. 
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COMMENTS ON MASANI’S “INDIAN MATHEMATICAL MISEDUCATION” 
M. M. Rao, Carnegie Institute of Technology 


1. In a recent issue of the MONTHLY, an interesting article on the present 
and recent mathematical (mis-) education in the Indian universities has been 
published by P. Masani, [3]. The treatment focuses on various defects existing 
in the system and it also contains some generalizations together with some 
recommendations. Here I shall point out a few other (related) problems and 
correct some conclusions of Mr. Masani’s article on the subject, lest some 
American schools may think that it gives the whole story. 

As in many other countries, the Indian educational system is complex and 
does not admit of any quick or easy solutions. It has several of the defects de- 
scribed in [3]. It should also be stated that among the educators and admin- 
istrators who oppose the changes and who frustrate the younger generations 
(discussed at length in [3]), perhaps a majority of them are the “foreign-re- 
turned” whose research talents appear to produce little more than their theses. 
Therefore, the (common) teachers alone should not be blamed. 


2. Now I shall comment briefly on other aspects of the problem. To under- 
stand the workability and shortcomings of the system it would be desirable to 
make, from time to time, a statistical (or objective) evaluation of the perfor- 
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COLLABORATING EpiTors: J. BARLAZ, Rutgers—The State University; A. E. Lrvineston, 
University of Alberta; L. Cartitz, Duke University; H. S. M. CoxEerTer, University of 
Toronto; H. Evss, University of Maine; and A. WiLansky, Lehigh University. 


All problems (both elementary and advanced) proposed for inclusion in this Department 
should be sent to E. P. Starke, Bloomfield College, Bloomfield, N. J. 07003. Proposers of prob- 
lems are urged to enclose any solutions or information that will assist the editors. Ordinarily, 
problems in well-known textbooks and results in generally accessible sources are not appropri- 
ate for this Department. No solutions (other than proposers’) should be sent to Professor Starke. 


ELEMENTARY PROBLEMS 


Solutions of Elementary Problems should be sent to A. E. Livingston, Dept. of Math., Uni- 
versity of Alberia, Edmonton, Alberia, Canada. To facthitate their consideration, solutions for 
Elementary Problems in this issue should be submitted on separate, signed sheets and should 
be matled before October 31, 1965. 


E 1795. Proposed by N. D. Kazarinoff, University of Michigan 


Let A BCDEF bea convex hexagon such that the perimeters of the triangles 
ABF, BCD, DEF, and BDF are the same. Show that the hexagon must be a 
triangle, that is, it must have three 180° angles. Compare 4964, [1962, 672]. 


E 1796. Proposed by Louts Comiet, Boulogne, France 

Show that, asn— », s(n) = 17 + 27+ 3° ++ +--+ +n” is asymptotic to 
en” /(e—1). 

E 1797. Proposed by W. J. Blundon, Memorial University of Newfoundland 


Find all solutions in integers of the equation 
y? + y = ett x? + 4? + x. 
E 1798. Proposed by Pete Said, Fresno State College, California 


A chain has z links and each link weighs one unit. p cuts are to be made in 
the chain in such a manner that the resulting subchains, together with the p cut 
links and a balance scale, can be used to weigh every multiple of the unit weight 
from 1 to 2. Find # in terms of n. 


E 1799. Proposed by Joseph Langr, Prague, Czechoslovakia 


On the sides BC, CA, AB of the triangle ABC=T are chosen points Ay, Ag; 
By, Bo; Ci, Cz in such a way that AC; =AB,=BC, BA, =BC,=CA, CBi=CA,z 
= AB. (1) Show that the orthocenters Hi, H2, H3, H of the triangles A B.C, 
BC,A1, CA2B, and T lie on the Euler line of the triangle formed by the lines 
B2Ci, C2A1, AeBy. (This Euler line is parallel to the line joining the incenter and 
circumcenter of 7.) (2) Show also that HH,: HH.: HH3;=cos A: cos B: cos C. 
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E 1800. Proposed by Joseph Langr, Prague, Czechoslovakia 


Given a circle (O), a point C on it, and two points A, B not on the circle. 
Find a point S on circle (O) such that SC bisects the angle ASB. 


E 1801. Proposed by Ralph Greenberg, University of Pennsylvania 
Prove that 


So £(28)/2(288 + 8) = log (a/e), 


where ¢(n) = op 7-”, the Riemann zeta function. 
E 1802. Proposed by Dov Avishalom, Tel-Aviv, Israel 
For functions of class C, prove that 
1 2 n 
f(a) = lim \- » [-y+( ) Aa + ay | . 
h—-0 hn k=0 k 
E 1803. Proposed by F. P. Callahan, Blue Bell, Penna. 
Find the most general form of f(x), defined for all real x, such that 
fv) — fv) 
u 


Vv— 


= fi (pu + qr) 


holds for all u, v; where , g are positive with p-+q=1. 


E 1804. Proposed by Carmen Artino, John Carroll University, Cleveland, 
Ohio 

Let 0 be the vector space (over the real field) of all polynomials of degree 
less than n. Let D denote the differentiation operator on U and I the identity 
transform on VU; i.e., f(x) EV, f(x)D=f'(x) and f(x)I=f(«x). Let T be a linear 
transformation on U given by f(«)T =f(«+1). Show that 


T=I¢ot— te $—— 
4b al (n — 1)! 


SOLUTIONS OF ELEMENTARY PROBLEMS 


E 1663 [1964, 204]. Proposed by H. D. Ruderman, Hunter College High 
School 


What is the maximum number of regions into which u spheres can partition 
space? 


Comment by C. Stanley Ogilvy, Hamilton College, Clinton, New York. I believe 
it is possible that the solution to problem E-1663 submitted by J. D. E. Kon- 
hauser and published as II in this MONTHLY 72 (1965), p. 79, may have been 
misinterpreted by the editor. 
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A careful reading indicates to me that Mr. Konhauser intends to say that 
inequality for P, cannot be sharpened, and that the maximum number of re- 
gions is therefore in fact n(n?—3n-+8)/3. If this is so, the word Partial could 
be deleted from the first line of page 79, loc. cit. 

Incidentally the above solution agrees with that derived in a somewhat 
different fashion on pp. 105-6, problem 45b, Challenging Mathematical Problems 
with Elementary Solutions, Yaglom and Yaglom, Holden-Day, Inc., 1964. 

Editor’s Comment. Professor Ogilvy’s phrasing of the first paragraph above 
is too kind! To set the record straight, the Editor erred in his refereeing of Mr. 
Konhauser’s submitted solution. 

F. G. Schmitt also calls attention to the Editor’s mistake here. 


A Triangle Inscribed in a Parabola 
E 1701 [1964, 679]. Proposed by R. F. Jackson, University of Toledo 


Prove that for any three points on a parabola with vertical axis, 


Mm, = My + M13 — M23, 


where m, is the slope of the tangent at the first point and m,; is the slope of the 
chord through the corresponding pair of points. (This is an occasionally useful 
formula for numerical differentiation with irregularly spaced points.) 


Solution by Sister M. Stephanie, Georgian Court College, Lakewood, N. J. A 
parabola with vertical axis has an equation (x—h)*=4a(y—k) with a40. De- 
noting the given points by P;(x,, y;), we see that m=(«#,—h)/(2a) and mi; 
= (x;+x;—2h)/(4a), and the required relationship follows immediately. 


Also solved by Jack Abad, H. D. Abramson, A. N. Aheart, R. W. Aldrich, Brother U. Alfred, 
D. P. Ambrose, J. E. Archer, Winifred Asprey, Raymond Balbes, Leon Bankoff, Merrill Barnebey, 
Sister Marion Beiter, E. D. Bender, Len Bertain, M. T. L. Bizley, Walter Bluger, W. R. Boland, 
A. J. Bridgman, J. A. Burslem, Jim Campbell, Leonard Caners, R. E. Chandler, M. M. Chawla, 
P. L. Chessin, Allan Chuck and Peter Goldstein (jointly), D. I. A. Cohen, Jack Dix, O. O. Dixon 
and R. H. Fletcher (jointly), C. L. Dotton, Neil Driscoll, Ragnar Dybvik, E.S. Eby, F. M. Eccles, 
J. H. Edmonston, H. K. Fallin, Jr., M. S. Fineman, David Forthoffer, H. T. Freitag, Richard 
Fritsche, J. A. Fuchs, Michael Goldberg, K. K. Gorowara, Nicholas Grant, R. M. Grassl, S. H. 
Greene, George Gruber, B. Gupta, D. M. Hancasky, J. R. Hanna, Ned Harrell, C. T. Haskell, 
H. A. Heckart, M. H. Hayamizu, Stephen Hoffman, J. E. Homer, Jr., R. A. Jacobson, P. W. M. 
John, Ken Johnson, M. Jones, J. P. Jordan, Erwin Just and Norman Schaumberger (jointly), 
Roman Kaluzniacki, B. W. King, B. G. Klein, E. F. Knapp, Kenneth Kramer and Steven Minsker 
(jointly), E. S. Langford, J. C. Lazzara, Harry Lewis, Murray Lieb, Graham Links, W. R. 
McEwen, R. E. Maas, D. C. B. Marsh, Gus Mavrigian (two solutions), M. R. Meck, R. J. Miller, 
E. J. Miranda, David Moe, T. M. Morrisette, H. L. Mourer, M. G. Murdeshwar, S. A. Naimpally, 
Amos Nannini, W. I. Nissen, Jr., T. L. O’Brien, Margaret Olmsted, Robert Patenaude, P. R. 
Pennock, Wayne Pfeiffer, Stanton Philipp, G. L. N. Rao, L. A. Ringenberg, Charles Rockland, 
V. K. Rohatgi, Evelyn B. Rosenthal, Alan Saleski, Chris Samelson, Horvath Sandor, M.S. R. K. 
Sastry, P. A. Scheinok, Camilo Schmidt, G. R. Schubert, Robin Sibson, Jr., R. P. Soni, Sidney 
Spital, Junior Stein, D. V. Strimling, J. S. Sullivan, M. N.S. Swamy, P. D. Thomas, Lee Thoresen, 
Michael Tiller, Roseanna Torretto, Andy Vince, Daniel Warner, William Wernick, John Wessner, 
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Brother T. C. Wesselkamper, Charles Wexler, D. A. Wood, Jeffrey Woolf, Hazel S. Wilson, K. P. 
Yanosko, K. L. Yocom, Brother L. F. Zirkel, and the proposer. 

Just and Schaumberger observe that if Pi, Pe, +--+, P, are distinct points on a parabola and 
Pri =P, then a (—1)**! slope PzPri1 is the slope of the tangent to the parabola at P, if n is 
odd and is zero if 1 is even (provided of course that none of the lines is vertical). As a consequence 
of this result, if m, is the slope of the tangent to the parabola at P;, then >-}_, m= )_;.., Slope 
P BP k-+1 (Wernick). 


Wilson’s Theorem Thinly Disguised 
E 1702 [1964, 680]. Proposed by Douglas Lind, Falls Church, Virginia 
Prove that an integer p divides > 7-3 j(j!) if and only if p is a prime. 


Solution by Kenneth Kramer, Columbia College, and Steven Minsker, Brooklyn 
College. Since j(j!) = (G+1)!—j! for 7=1, 2, 3, - - - , we are required to show that 
pb divides (b—2)!—1 if and only if » is a prime. But (6—1)!=(p—1)(p—2)! 
= —1=p—1 (mod )) if and only if p isa prime (by Wilson’s Theorem), and the 
result follows upon noting that (p, p—1) =1. 

Also solved by Jack Abad, Dean Adams and Michael Haley (jointly), A. N. Aheart, Shair 
Ahmad, Brother U. Alfred, Joseph Arkin, Winifred Asprey, Joe Bechely, Gyula Bereznai, M. T. L. 
Bizley, Bob Blum and Steve Imbeau (jointly), W. J. Blundon, J. A. Burslem, Leonard Carlitz, 
P. L. Chessin, John Christopher, Allan Chuck, Allan Chuck and Peter Goldstein (jointly), D. I. A. 
Cohen, M. J. De Leon, G. C. Dodds, Ragnar Dybvik, L. S. Evans, N. J. Fine, N. H. Fisher, David 
Forthoffer, Michael Fried, J. A. Fuchs, Michael Goldberg, Jerry Goodman, Nicholas Grant, 
R. M. Grassl, S. H. Greene, B. Gupta, James Hale, D. M. Hancasky, M. H. Hayamizu, D. R. 
Hayes, Sidney Hendricksen, Stephen Hoffman, R. F. Jackson, Hajna Janos, J. P. Jordan, Roman 
Kaluzniacki, T. M. Little, Andrzej Makowski, D, C. B. Marsh, M. R. Meck, Eric Mendelsohn, 
Steven Muchnick, A. A. Mullin, W. I. Nissen, Jr., Michael Olinick, C. B. A. Peck, Stanton Philipp, 
Donald Quiring, Simeon Reich, S. W. Reyner, Henry Ricardo, V. K. Rohatgi, D. P. Roselle, Alan 
Saleski, J. P. Samson, M.S. R. K. Sastry, Ralph Schreiber, C. P. Seguin, Robin Sibson, Jr., D. L. 
Silverman, Henry Snyder, J. S. Sullivan, M. B. Suryanarayana and M. V. Tamhankar (jointly), 
G. C. Thompson, A. M. Vaidya, Emanuel Vegh, Andy Vince, Brother J. C. Wesselkamper, 
Charles Wexler, K. L, Yocom, and the proposer. 


The Plank Problem 


E 1703 [1964, 680]. Proposed by Gydrfés Andrés, Eétuvés University, Buda- 
pest, Hungary 


A circle of radius R is completely covered with strips of scotch tape of various 
widths. Prove that the sum of the widths of the strips is not smaller than 2R. 


Solution by Roy O. Davies, The University, Leicester, United Kingdom. Regard 
the circle as the cross-section by a plane of a sphere S of radius R, and regard 
each strip as the cross-section of a slab whose faces are perpendicular to the 
strip. By an elementary theorem (area cut out on sphere S area cut out on cir- 
cumscribing cylinder), a slab of width w cuts out an area not exceeding 2rRw 
on the surface of S; and together the slabs completely cover S. Therefore 
> 2rRw24rR?, that is, )pw22R. 

Also solved by H, D. Abramson and P. R. Pennock (jointly), James Archer, Roy O. Davies 
(second solution), Michael Goldberg, H. V. Kronk, and the proposer. 
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Davies and Goldberg call attention to H. Moese, Parametr, 2 (1932); A. Tarski, Uwagi o 
stopniu réwnowaznosci wielokatéw, Parametr, 2 (1932) 310-314; Th. Bang, On covering by parallel 
strips, Mat. Tidskrift B (1950) 49-53; Th. Bang, A solution of the “blank problem,” Proc. Amer. 
Math. Soc., 2 (1951) 990-993; W. Fenchel, On Th. Bang’s solution of the plank problem, Mat. 
Tidskrift B (1951) 49-51; and M. Bognar, On Fenchel’s solution of the plank problem, Acta Math., 
Budapest, 12 (1961), 269-270. 

Abramson and Pennock point out that “circle” in the problem must be interpreted as “disk,” 
the result being false for (geometric) circles. 


Number of Unit Squares Covering a Diagonal of a Rectangle 


E 1704 [1964, 680]. Proposed by Stephen Hoffman, Trinity College, and R. B. 
Kullgrove, San Diego State College 


If R is an m Xn rectangle formed from unit squares, find the number of 
squares containing a segment of one diagonal of R. 


Solution by C. B. A. Peck, State College, Pennsylvania. Let S(m, n) be the 
desired number. If the diagonal passes through an interior corner, then, by 
similar rectangles, k=(m, n)>1. For R=1, then, the diagonal passes through 
the sides but not the interior corners of the unit squares. There are m—1+n—1 
of these to be crossed, the abutting sides of m+n—1 unit squares, so that 
S(m, n)=m+n—1 if R=1. By similar rectangles, 


S(m, n) = bS(m/k, n/k) = (= 4 — ~ t) —m+n— (m,n). 


Also solved by Jack Abad, Brother U. Alfred, James Archer, Raymond Balbes, R. E. Ball, Jr., 
Merrill Barnebey, M. T. L. Bizley, Walter Bluger, Maxey Brooke, J. A. Burslem, Allan Chuck and 
Peter Goldstein (jointly), D. I. A. Cohen, Jack Dix, G. C. Dodds, E. S. Eby, R. B. Eggleton, N. J. 
Fine, David Finkel, E. T. Frankel, Michael Goldberg, Cornelius Groenewoud, B. Gupta, S. B. 
Guthrey, Michael Haley, D. M. Hancasky, Ned Harrell, M. H. Hayamizu, J. A. H. Hunter, R. F. 
Jackson, Roman Kaluzniacki, E. T. Knapp, John Koelzer, J. L. Lebbert, Harry Lewis, R. A. Little, 
T. M. Little, W. R. McEwen, D. C. B. Marsh, P. E. Merriman, Norman Miller, Gary Moore, T. M. 
Morrisette, Amos Nannini, Margaret Olmsted, Robert Patenaude, W. E. Patten, C. B. A. Peck 
(second solution), Wayne Pfeiffer, W. E. Philpott, S. W. Reyner, L. A. Ringenberg, V. K. Rohatgi, 
Charles Rockland, J. C. Roper and W. M. Self (jointly), Alan Saleski, Camilo Schmidt, J. J. 
Schneider, C. P. Seguin, D. L. Silverman, T. R. Smith, Sidney Spital, John Stout, J. S. Sullivan, 
M. B. Suryanarayana and M. V. Tamhankar (jointly), Vis Upatisringa, Andy Vince, P. S. Voigt 
(two solutions), Sandra White, J. C. Williams, P. O. Wood, Jr., and the proposers. 

Marsh found Diy, (m—k+1)(n—k+1)—2 Dor, Do7y’ max {0, [jn/m]—k+1} for the num- 
ber of & by & squares meeting the diagonal in a segment. Peck obtained m+n+p—(m, n)—(m, p) 
—(n, p)-+(m, n, p) for the corresponding problem with an m by n by > rectangular parallelepiped, 
a result which Brooke, Hunter, and Philpott point out, appears in Recreational Math. Mag., 
2 (1961) 38-39. 


Skewness of a Triangle 


E 1705 [1964, 680]. Proposed by David and Geralda Singmaster, Berkeley, 
California 


Given a triangle with sides a, 0, c, with aSbsSc. Define the skewness of the 
triangle to be 
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S = max (a/8, b/c, c/a) min (a/b, b/c, c/a). 


Find the maximum and minimum skewness of a triangle. What triangles achieve 
the maximum and minimum? 


Solution by Norman Muller, Queen’s University. For an isosceles triangle $= 1. 
Suppose now thata<b<c. Then Sis the smaller of (c/a) (a/b) =c/b and (c/a) (b/c) 
=b/a. Hence, for a scalene triangle, S>1. Given a and c, the value of b that 
makes S greatest is the one for which c/b=b/a. Then a, b, ¢ are in geometric 
progression and can be written a, ar, ar?, where r>1. Then S=r?r7-1=r, The 
triangle inequality requires that 1+7>r7? or r?—r—1<0. Hence r<(1+-/5)/2 
~ 1.618. The required range for Sis 15S<(1+-+/5)/2. S attains its minimum 
for an isosceles triangle; it has no maximum, but the upper bound (1++/5)/2 
is approached arbitrarily closely by a thin triangle whose sides are in geometric 
progression and whose greatest side is arbitrarily close to the sum of the other 
two. 

Also solved by R. A. Adams, Merrill Barnebey and Dean Phelps (jointly), Sister Marion 
Beiter, Walter Bluger, A. J. Bridgman, J. A. Burslem, Allan Chuck and Peter Goldstein (jointly), 
D. I. A. Cohen, Gil de Bartolo, M. J. De Leon, F. M. Eccles, N. J. Fine, Michael Fried, Philip 
Fung, Michael Goldberg, S. H. Greene, D. M. Hancasky, Stephen Hoffman, R. F. Jackson, Hajna 
Janos and Horvath Sandor (jointly), E. S. Langford, Roman Kaluzniacki, E. F. Knapp, Kenneth 
Kramer and Steven Minsker (jointly), Harry Lewis, D. C. B. Marsh, T. M. Morrisette, M. G. 
Murdeshwar and V. K. Rohatgi (jointly), W. I. Nissen, Jr., Robert Patenaude, C. B. A. Peck, 
Stanton Philipp, S. W. Reyner, L. A. Ringenberg, Alan Saleski, Robin Sibson, Jr., D. L. Silverman, 
Harry Snyder, R. P. Soni, Sidney Spital, M. B. Suryanarayana and M. V. Tamhankar (jointly), 
Michael Sydlaske, Andy Vince, K. P. Yanosko, and the proposers. 

Not all of these solutions were complete. 


Convex Subarea of a Convex n-gon 
E 1706 [1964, 680]. Proposed by Michael Fried, University of Michigan 


The convex subarea of a convex n-gon is the area in the plane in which a point 
may be placed such that this point plus the vertices of the n-gon form a convex 
(n-+1)-gon. If S represents the perimeter of a convex n-gon, what is the mini- 
mum possible value for its convex subarea? 


Solution by the proposer. The convex subarea of an n-gon is the union of the 
“triangles” formed by a side of the m-gon and the two adjacent sides produced. 
For those convex n-gons with finite subarea and perimeter S, the convex sub- 
area is 

y 1 2 2 (tan a,) tan assy 
= aa | 
2 fal tana; + tana 
where S; is the length of the side at whose ends the exterior angles are a; and 
00441(On41=01) and, hence, S= 50%, S; and 2r= >07., a; We extremalize A by 
the method of Lagrange multipliers and find that Sj;= +--+ =S,=S/n and 
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Qy= +++ =A,=2r/n. There clearly being no maximum subarea, this gives 
A =S? tan (27/n)/(4n) as the minimum. (Of course, triangles and convex quad- 
rilaterals do not have finite subarea.) 


Also solved by J. A. Burslem, Allan Chuck and Peter Goldstein (jointly), R. F. Jackson, and 
D. C. B. Marsh. 

All these solutions arrived at the regularity of the minimizing n-gon by unexplained “sym- 
metry considerations” which escape the Editor. 


A Vandermonde-like Determinant 
E 1707 [1964, 680]. Proposed by D. P. Roselle, Duke University 
Prove that the mth order determinant | Aye(x)|, where Ap.(x) =xO—Dr-8), 
has the value [[#7} (1—x4)*-4, 


Solution by Sidney Spital, California State Polytechnic College, Pomona, Cahi- 
fornia. The assertion is clear for x =0. For «+0, extraction of the common factor 
xG-)(@—r) from the rth row gives 


| Are (x) | = 4-°Vn (“73 e7-?, + + aw, 1) 
with o= >0%, (r—1)(n—r) and V,(x1, x2, °° +, %n) the Vandermonde deter- 


minant |x$~"| of order n. Thus 


V (47-1, yn? ee 1) — II (ars — an—t) = II xn—s(4 — xs—t) 


s>t a>t 
n—1 n—t n—1 
=o TIT 2) =a [T(t — 2, 
t=1 j=1 j=1 


where p= oy Doe (n—5) = 90%, 22! (n—s) =o, and the result follows. 


Also solved by A. N. Aheart, Gyula Bereznai, W. R. Boland, J. A. Burslem, M. M. Chawla, 
C. F. Evans, N. J. Fine, Nicholas Grant, S. H. Greene, Stephen Hoffman, R. F. Jackson, Roman 
Kaluzniacki, P. G. Kirmser, E. S. Langford, D. C. B. Marsh, Gus Mavrigian, Norman Miller, 
David Moe, M. G. Murdeshwar, Stanton Philipp, V. K. Rohatgi, M. S. R. K. Sastry, P. A. 
Scheinok, R. P. Soni, M. B. Suryanarayana, Elias Toubassi, Van de Vyle, and the proposer. 


Inverse of an Integral Matrix 


E 1708 [1964, 680]. Proposed by J. F. Ramaley, University of California at 
Berkeley 

Call a matrix M integral if and only if the entries of the matrix are all 
integers. Given m integers a1, ---, a, show that there exists an n Xn integral 
matrix M whose first row consists of the ” given integers and whose inverse is 
also integral if and only if g.c.d. (a1, +--+, @n) =1. 


Solution by R. F. Jackson, University of Toledo. The determinants of the 
integral matrices M and M-' are reciprocal integers and therefore +1. This is 
incompatible with any common factor, other than unity, of the elements of the 
given row. 
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A matrix with determinant +1 can be constructed in the following manner: 
Reduce in magnitude all elements of the given row which are definitely larger 
than the smallest, adding or subtracting the smallest as needed. Continue the 
reduction until one element becomes the g.c.d. of the original set, i.e., +1, ac- 
cording to hypothesis. Move this element to the first position, and complete a 
matrix with +1 in each diagonal position and zero elsewhere. The desired M is 
constructed by reversal of the previous steps, now applied to complete columns. 
This restores the original first row while preserving the magnitude of the de- 
terminant. The elements of M™! are, except for sign, the corresponding minors 
of det M and hence are integral. 

Also solved by D. I. A. Cohen, C. F. Evans, N. J. Fine, Michael Fried, D. C. B. Marsh, J. B. 
Muskat, Stanton Philipp, V. K. Rohatgi, D. J. Samuelson, C. P. Seguin, D. A. Smith, Sidney 
Spital, M. B. Suryanarayana and M. V. Tamhankar (jointly), and the proposer. 

Philipp found a problem equivalent to E1708 as Exercise 24 at the end of Chapter 1 in 
L. Mirsky, An Introduction to Linear Algebra. Smith and Seguin found the sufficiency on page 770 
of Eugene Schenkman, The basis theorem for finitely generated abelian groups, this MONTHLY 67 
(1960) 770-771. Suryanarayana and Tamhankar point out that the problem is a corollary of the 
THEOREM: Jf G is a lattice with base ai, +++ , an and B=gioit +++ +£nanCG, then B can be com- 
pleted to a base if and only tf g.c.d. (£1,+°*, 8n)=1. (C. L. Siegel, Lectures on Quadratic Forms, 
Tata Institute of Fundamental Research, Bombay, (1955-56; reissued 1963), p. 12.) 


Consecutive Non Square Free-Integers 


E 1709 [1964, 680]. Proposed by Jack Winter, System Development Corpora- 
tion, Santa Monica, California 


Show that, for any positive integer n, there exists a sequence of a least » con- 
secutive integers each of which contains a squared factor. 


Solution by Andrzej Makowski, Powsiriska 9c, Warsaw, Poland. A simple 
proof follows from the Chinese remainder theorem: The system of congruences 
x+k=0 (mod p;) (k=1, 2,---+,) has a solution (p, are consecutive prime 
numbers). Another solution was presented by W. Sierpinski in his note On the 
products of different primes (in Polish, Wiad. Mat., 2 (1959) 204—206). The proof 
is by induction on n. For n =1 the theorem is trivial. Suppose that there exist n 
consecutive integers 1+k (k=1,---,m) each having a squared factor: mi| 1 
+k(m,>1). Put m=mym.--++ my. We have m;|m?2(m?—2)(1+n+1)+1 
+k (k=1,---, ) and (m+1)?|m?(m?—2)(1+n+1)+1+n+1=m?(m?—2) 
+1(1+n+1) =(m—1)?(m+1)2(1+2+1). Thus there exist 2-+1 such numbers: 
m*(m?—2)(1+n+1)+1+k (R=1, 2,---,n2,n+1). 

Of course, either argument can be modified for arbitrary powers. 

Also solved by Jack Abad, Paul Aizley, Brother U. Alfred, R. W. Ball, S. F. Becker and P. K. 
Subramanian (jointly), W. J. Blundon, J. A. Burslem, Leonard Carlitz, John Christopher, Allan 
Chuck and Peter Goldstein (jointly), D. I. A. Cohen, R. H. De Vore, R. B. Eggleton, N. J. Fine, 
Gerard Finley, David Forthoffer, Michael Fried, P. R. Halmos, D. M. Hancasky, R. F. Jackson, 
Bernard Jacobson, Ray Jurgensen, Erwin Just and Norman Schaumberger, Roman Kaluzniacki, 


D. C. B. Marsh, T. M. Morrisette, J. B. Muskat, Robert Patenaude, Stanton Philipp, D. A. 
Prener, Donald Quiring, J. P. Samson, C. P. Seguin, Robin Sibson, Jr., D. L. Silverman, G. C. 
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Thompson, Roseanna Torretto, A. M. Vaidya, Emanuel Vegh, Andy Vince, P. O. Wood, Jr., and 
the proposer. 

Aizley, Jacobson, and Seguin found E1709 as Exercise 9, page 32, in Niven and Zuckerman, 
An Introduction to the Theory of Numbers, Wiley (1960), and the Editor recalls its having been 
assigned as an exercise in Niven’s number theory class of 1951 or thereabouts. Kaluzniacki points 
out a similar problem in the William Lowell Putnam Mathematical Competition of March, 1955. 


Powers in {an+b} 04 


E 1710 [1964, 681]. Proposed by D. I. A. Cohen, Princeton University, and 
Ralph Greenberg, Unwersity of Pennsylvania 


If a and 0D are relatively prime integers, prove there are infinitely many per- 
fect powers of the form an-+b. 


Solution by D. A. Klarner, University of Alberta, Edmonton, Alberta. An obvi- 
ous necessary and sufficient condition that the arithmetic progression jan+b: 
n=0,1,-°-- } contains infinitely many perfect pth powers is that b be a pth 
power residue of a. The necessity follows on definition of “pth power residue of 
a,” and if an integer A exists such that 4? =b (mod a) then (A +an)? =b (mod a) 
for every integer n, so that the sufficiency of the condition is equally trivial. 
Since we have (a, 0) =1, 0? =1 (mod a) and hence 07#+!1=6 (mod a); thus 
{an-+b; n=0,1,--- } contains infinitely many perfect pd(a)+1 powers. 


Since 14n+3: n=0,1,°--- } contains no squares, some arithmetic progres- 
sions are free of certain classes of perfect powers. 

Also solved by Jack Abad, Shair Ahmad and K. L. Yocom (jointly), Brother U. Alfred, W. J. 
Blundon, Leonard Carlitz, Charles Chouteau, Allan Chuck and Peter Goldstein (jointly), R. B. 
Eggleton, N. J. Fine, Michael Fried, Michael Goldberg, Jerry Goodman, D. M. Hancasky, R. F. 
Jackson, Erwin Just and Norman Schaumberger (jointly), Andrzej Makowski, D. C. B. Marsh, 
T. M. Morrisette, S.S. Muchnick, J. B. Muskat, B. J. Parshall, Stanton Philipp, Donald Quiring, 
C. P. Seguin, W. M. Self, Robin Sibson, Jr., J. S. Sullivan, G. C. Thompson, Emanuel Vegh, Andy 
Vince, Brother T. C. Wesselkamper, Charles Wexler, and the proposers. 


ADVANCED PROBLEMS 


All solutions of Advanced Problems should be sent to J. Barlaz, Rutgers—The State Univer- 
sity, New Brunswick, N. J. 08903. Solutions of Advanced Problems tn this issue should be 
submitted on separate, signed sheets and should be mailed before December 31, 1965. 


5300. Proposed by A. M. Vaidya, Pennsylvania State University 


Prove that every positive integer can be expressed as a difference of two 
square-free integers. Compare E 1627 [1964, 686]. 


5301. Proposed by Hermann Simon, McGill University 


Let H be a subgroup of the finite group G. Let g be a prime which divides 
the order of G but does not divide the index of H in G. Show that A is an invari- 
ant subgroup if and only if the index of the normalizer of H does not exceed gq 
and, for every xCG, Hf \(x—!Ax) is either 11} or A. 
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5302. Proposed by Pat Garrett, New Mexico State Uniwersity 


Show that the null manifold of a compact linear operator on a Banach space 
need not be complemented, i.e., need not be the image of a continuous projec- 
tion on the domain. 


5303. Proposed by H. S. Shapiro, University of Michigan 


Let p be a finite measure on the Borel sets of E, (Euclidean k-space) such that 
p(£,) =1, and which is rotation-invariant: p(£) =p(OE) for every Borel set E£ 
and every orthogonal transformation O. Show that, if u(x) is harmonic in FE, 
and {|u| |dp| <, then «(0) = fu(x)dp. 


5304. Proposed by William Kolakoski, Carnegie Institute of Technology 
Describe a simple rule for constructing the sequence 
12211212212211211221211212211211212212211---. 
What is the mth term? Is the sequence periodic? 
5305. Proposed by Frank Dapkus, Seton Hall University, South Orange, N. J. 


Is it true that of all surfaces of revolution only spheres and circular cylinders 
have the property that areas of zones of equal thickness are equal? 


5306. Proposed by Fred Gross, National Bureau of Standards 


Let @(x) and (x) be any two entire functions with #(x) nonconstant. If Y(x) 
is of finite order and in particular of order less than k whenever $(x) is a poly- 
nomial of degree k, then sin d(x) =¥(x) must have infinitely many solutions. 
(Compare 5102 [1964, 564].) 


5307. Proposed by Martin J. Cohen, Beverly Hills, California 


Let { Pat be the sequence of primes in ascending order, $;=2. Let F be any 
polynomial of degree =2 with integer coefficients. Let a, be the integer defined 
by F(n) =a, (mod p,), OS@,Sp2—1. Prove (or disprove) that the sequence 
{an} is unbounded. 


5308. Proposed by Louis Comtet, Boulogne, France 


Let A = | 1, Qo,+-: \ B= { bi, bo, + +: \ be two sequences of real numbers 
with the a; all different and the b;40. Define the function f(x) by f(x) =), if 
x=a, and f(x) =0 if xGA. (1) Show that f(x) is of class <2 (of Baire). (2) Is it 
true that the two following conditions are equivalent? 

(i) limnz.s. b,=0, 

(ii) f(x) belongs to class 1. 


5309. Proposed by E. H. Feller, Unwersity of Wisconsin, Milwaukee 
Let M be a finitely generated unitary right R module, where R satisfies the 
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ascending chain condition for right ideals. Find an example to show that the 
collection of all R-homomorphisms from M to M does not satisfy the ascending 
chain condition for right ideals. [The elements of Homg(M, M) are written on 
the right. | 
SOLUTIONS OF ADVANCED PROBLEMS 
Density of m+né, (m, n) =1 


5151 [1963, 1106]. Proposed by L. Ehrenpreis, New York University, and 
D. J. Newman, Yeshwa University 


If € is an irrational number and x any number, it is well known that integers 
m and n can be found such that m+n is arbitrarily close to x. Show, further, 
that the m, n can be chosen to be relatively prime. 


Solution by Harvey Friedman, Highland Park High School, Illinois. We prove 
the 

THEOREM. Let £ be an trrational number. Then the set of all numbers of the form 
a+bé, (a, b) =1, ts dense in R. 

Proof. Select integers c, dso that 0 Sc+dé <e and writey =c/(c,d),d6=d/(c, d); 
then (vy, 6) =1. Let x’, y’ be integers selected so that yy’—déx’=1. From the 
relation —6(x’+ty)+y(y’ +16) =1, it follows that, for an arbitrary integer ¢, 
the numbers x’+#y, y’+¢6 are relatively prime. 

Given an arbitrary real number x, determine the integer ¢ by the relations 
x — (x! +y'£) =t(y+66) +7, OSr<y+d6é Thus O0Sx—[x’+ty+(y’+t0E] <y 
+ 65£, and the result now follows from the fact that 0<y+6& Sc+dé <e. 

Also solved by the proposers. Paul Erdés points out that his paper with J. H. H. Chalk also 
contains estimates for | m+ni—x F (m, n) =1. See Erdés and Chalk, On the distribution of primitive 
lattice points, Canadian Math. Bull., v. 2, p. 91. 


The Convergence of >) (un/Sn)%, a>1 
5167 [1964, 98]. Proposed by P. D. Barry and W. K. Hayman, University of 
London, England 
Let 0<mSuoS +++, UnSn, Sn= > 2, u;. Show that >) (un/Sn)* converges 
for all a>1. 
Solution by D. Borwein, University of Western Ontario. More generally, it 


will be shown that if xf(x) is positive and nonincreasing for x 2a and /?f(x)dx 
<o, then 


(1) De F(Sn/ tn) < ©, 


p being a sufficiently large positive integer. 
We first prove that if d, 20 and D,= ae d,-—>o, then 


(2) 3 dyf(Ds) < > (Dp 2 a). 


n=) 
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In fact, (2) holds when the first hypothesis of f is replaced by the weaker one 
that f(x) is positive and nonincreasing for x 2a, for then 


duf(Dx) 3 J "de (Daa = a) 


nal 
and (2) follows. 
Suppose first that lim u,<o«. Then S,/u,> $n for all large m and (1) isa 
consequence of (2) with d, =. 
Suppose now that lim u,= «©. Let 
Sn Sn—1 _ Ny — Sn 


n n-1 n(n —1) 


Consequently, by (2), 


2. [Un 1 Sn Sr S'p 
8) x (e-)AZ) <% (Fee): 


Let N; and Nz be the sets of positive integers n =p such that 


Sn nN Sn n 
—2— when CGM; —<— when 2€ Nz. 
Un 2 Un 2 
Then 
Sn [Sn 1 n 
(4) > (")s > (=) < 00 , 
N, Un \Un 2 ™ 2 


and, by (3), since u,/S,—1/n>1/n when nC No, 


(5) > Sn s(*2) < oO, 


No NUn Un 


(1) follows from (3), (4) and (5), and the proposition follows upon taking 
f(x) =1/x*,a>1. 


Also solved by George Bergman, Robert Breusch, N. G. de Bruijn (Netherlands), Paul Erdés 
(Hungary), and J. E. Littlewood (England). 

Notes. De Bruijn proves the convergence of (1) above with the hypothesis of f(x) decreasing to 
zero, but requiring f(x) log xdx< ©. 

Borwein’s theorem above also includes the conjecture submitted by Erdés_ that 
> tn/Snb(Sn/Un) < © if (x) isan increasing function for which ¥(x)/log x © and >>1/mp(n) < ©. 
Specifically we would also have the convergence of > un/Sn(log Sn/uUn)!**. 
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Bergman shows that the result of the problem is still true if 4,/S, is replaced by un14/S,, but 
he shows by example that the result becomes false if the condition u,Sn is replaced by u,Sn!t/* 
for a fixed positive integer . 

There remains the unresolved question raised by Littlewood as to the consequences of replac- 
ing Uy, Sn by Un<nwn, where w,— © sufficiently slowly. 


Inverses of Matrices with Restricted Entries 
5209 [1964, 689]. Proposed by Bezalel Peleg, Hebrew University, Jerusalem 


For each matrix B whose entries are rational numbers, let m(B) be the least 
common denominator of the entries of B. Show that, for each n, there is a non- 
singular Xn matrix A all of whose entries are 0, 1 or —1, such that 


(1+ V5)" = (1 — V5)" 
Qnr-14/5 


Hadamard’s formula yields m(A~!) Sn"/?, Can either estimate be improved? 


m(A-') = 1 ~ 0.9(1.6)”. 


Solution by the proposer. Let G be the constant sum homogeneous 1-person 
game whose weights wi,°-+-, W, are given by: w=u,=—1, w;=W;1+Wi_2, 
4=3,- ++, m—2, Wa-1=Wn-2, aNd Wa=Wa1r+Wn-_2 (this game appears in Isbell, 
A class of majority games, Quar. Jour. Math., 1956, 183-7). G has exactly n 
minimal winning sets, S;,---, S,. Denote by e; the characteristic function of 
S;, and let e9=(1, ---, 1). The matrix A whose rows qi, --- , a, are given by 
Q;=Ci1—41, 7=1,°++,n—1, and a,=6éo, satisfies 


ma) 2 Bo 


since the only solution of A4x=b, b=(0, 0,---, 1)’, is the vector 


I, 


n —l1 
x = k(wi, We, +++, Wn), k= | ws . 
g==] 


Distributivity and (—1)x=—x 
5210 [1964, 689]. Proposed by T. J. Kaczynski, Evergreen Park, Illinois 


Let K be an algebraic system with two binary operations (one written 
additively, the other multiplicatively), satisfying 

(1) K is an abelian group under addition, 

(2) K—- {o} is a group under multiplication, and 

(3) x(y+z) =xy-+-xz2 for all x, y, zEK. 
Suppose that for some nm, 0O=1+1+----+1 (m times). Prove that, for all 
xEK, (—1)x=—x. 


Solution by R. G. Bilyeu, North Texas State University. The last part of the 
hypothesis is unnecessary. If z denotes —1, then z+2-++-2sz=2(1+1-+2) =2, so 
2zg=1. Now 2(x+2x) =sx-+x=x+2x, so either x-+2x=0 or g=1. Jn either case 
BX = —X, 
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Also solved by Carol Avelsgaard, Richard Bourgin, Robert Bowen, Joel Brawley, Jr., F. P. 
Callahan, M. M. Chawla (India), R. A. Cunninghame-Green (England), M. J. DeLeon, M. Edel- 
stein, N. J. Fine, Harvey Friedman, Anton Glaser, M. G. Greening (Australia), A. G. Heinicke, 
Sidney Heller, G. A. Heuer, Stephen Hoffman, K. G. Johnson, A. J. Karson, Max Klicker, 
Kwangil Koh, C. C. Lindner, C. R. MacCluer, H. F. Mattson, C. J. Maxson, R. V. Moddy, José 
Morgado (Brazil), W. L. Owen, Jr., P. R. Parthasarathy (India), Harsh Pittie, Kenneth Rogers, 
Toru Saité (Japan), Camilio Schmidt, Leonard Shapiro, Frank A. Smith, George Van Zwalenberg, 
W. C. Waterhouse, Kenneth Yanosko, and the proposer. 

Evaluating u when > u?,<1 

5211 [1964, 689]. Proposed by R. M. Redheffer, University of California, 
Los Angeles 

A function uw€ C? attains a minimum of value 0 at an interior point of a re- 
gion B. If the second partial derivatives satisfy >/u?,<1, and if every pair of 
points of B can be joined by a string of length »/2 lying wholly in B, then u<1 
throughout B. 


Solution by W. C. Waterhouse, Harvard University. Let x=(x1, +--+, Xn) be 
the minimum point; then du/dx;=u,(x) =0 for all z. Let y be any other point in 
B. Since x is an interior point, the hypothesis implies that there is a smooth curve 
T' of length a< 4/2 joining x to yin B. Let T be 1 :(é) } , where ¢ is arc length, so 
that >.7., ¢/()?=1. We have 


u(6) = JX walo(s)04 (ds, 


and 


uo) = fo z( f : X ms ( 66) ds os (bd 
< J J | X | malo os (as (0 | daa 
< f f | > wsto(y | | D 6) (0 co] sa 


a t 
< f f dsdt = a?/2 <1. 
0 0 


Also solved by M. Edelstein, M. D. Mavinkurve (India), Stanton Philipp, and the proposer. 
The Legendre Symbol in Summation 
5212 [1964, 689]. Proposed by L. Carlitz, Duke University 
Let p be prime and let y(a) =(a/p), the Legendre symbol. Show that, if 
abcd 40 (mod p), then 


p-1 
S= > Vlayz + bex + cxy + dxyz) = — [¥(—abc)]>. 


Z,Y,z=0 
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Solution by J. B. Muskat, University of Ptitsburgh. lf p is an odd prime, then 
774 W(ru-+s) =0, provided r 40 (mod p). Thus 


p—1 pl pl 


S= >) DD v(slay + ba + dxy] + cxy) = p » v(cxy). 


z=0 y=0 z=0 ay+bxe-+-dzy=0(mod p) 


For each y there exists a unique x (mod p) satisfying ay-+bx-+dxy =0 (mod p), 
unless b-+dy =0 (mod ), and x= —ay(b+dy)—! (mod p). Thus 


S=> = We(—ay) (6 + dy)y) = PL o(—acy"o + dy), 


b--dy# 0(mod p) 
since at b-+dy =0 (mod p), ¥(b-+dy) =0. Then finally 


p-1 


$= pL v(—acy"(0 + dy) = 2 Lv(—aets + dy)) 


= pS W(—ae(b + dy)) — pp(—acb) = 0 — py(—abe). 


y=0 

Also solved by N. J. Fine, Harley Flanders, Irving Gerst, M. G. Greening (Australia), D. R. 

Hayes, J. B. Kelly, Kenneth Rogers, K. S. Williams, and the proposer. 
Proximity of Points in Banach Space 

5213 [1964, 689]. Proposed by T. I. Seidman, The Boeing Co., Seattle 

Let X be a Banach space, S'a closed convex set in X, x€G(X —S), mES. Let 
d =inf {||xo—x||: xES} and let «ES be such that ||29—x'|| <d+e. Prove or dis- 
prove that ||x,—x’|| <||21—«ol| +e. 


I. Solution by J. P. Aligeld, University of Illinois. The proposed inequality 
fails. Example: Let X = R? with the norm ||(x, y)|| =max {|x|, |y|} and let S 
be the convex set i(4, y): || <1 Every point in S has distance 1 from (0, 0) 
but the distance between (1, —1) and (1, +1) is 2. 


II. Solution by J. M. Shaw, National Institute of Health. The inequality is 
incorrect. For, let X be Euclidean 2-space, S the closed lower half-plane, x 
=(0, 10), x1=(100, 0), x’=(—4, 0), e=1. Then d=10, ||x’—x)| = 1/116 <11 
=d+e, but 

Il — 2 = 104>101+1> || 271 —_ 2¢ql| + €. 
Also solved by Bruce Bailey and Bertha Thompson, Duane W. Bailey, R. G. Bilyeu, Richard 


Bourgin, Melvyn Ciment, J. N. Deverman, M. Edelstein, J. R. Isbell, Ben Klem, W. C. Water- 
house, Tudor Zamfirescu (Roumania), and the proposer. 


Discrete Topological Subgroups 
5215 [1964, 690]. Proposed by A. Wilansky, Lehigh University 


Prove that a topological group (with more than one element) has the dis- 
crete topology if and only if it has a compact open subset which includes no 
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right translate of itself. 


Solution by Duane W. Batley, Amherst College. If eis the identity of a discrete 
group, then {e} has the required properties. Conversely, suppose V is such a 
subset. We may assume that V contains e. For each x€ V there are open subsets 
V,and U, of V containing x and e, respectively, and such that V,U,C V. Since 
the sets V,, xG V, cover V there are points x1, %2,°°-, x, in V such that 
V=UZ, V,,. Let U=N, Uz, Then U is open and VUCV. Since Va. V for 
axe, U= fe}. Consequently, the group has the discrete topology. 

Also solved by J. E. Arnold, Jr., Robert Bowen, P. R. Chernoff, R. G. Douglas and C. R. 


MacCluer, M. Edelstein, Murray Eisenberg, H. B. Keynes, B. G. Klein, M. D. Mavinkurve (India), 
John Rainwater, P. S. Schnare, Said Sidki, Bertram Walsh, W. C. Waterhouse, and the proposer. 


Residues of Fibonacci Numbers 
5216 [1964, 690]. Proposed by Oswald Wyler, University of New Mexico 


Let p be a prime and let F, be the mth Fibonacci number (fy= Fe=1, Faas 
= F,+F,_1). Show that 

(a) Fp1=0 (mod p), F,=1 (mod p), if p= +1 (mod 5). 

(b) F,=—1 (mod 9), Foi1=0 (mod p), if p= +2 (mod 5). 


Solution by D. W. Robinson, Brigham Young University. The result is well 
known (see Hardy and Wright, An introduction to the theory of numbers, 4th ed., 
London, 1960, p. 150) and has been extended to other quadratic recurrent 
sequences (see Dickson, History of the theory of numbers, vol. 1, p. 394). 

More generally, however, we may prove the following: Let uo, m,---, 
Un, °° + be a sequence of integers satisfying the linear recurrence Unse=tuays 
— du,» for n20 where uo, m1, t and d are given integers. If p is a prime such that 
pidi and D=#2—4d, then 

(1) Upa=Uo, Up=M (mod p) if (D/p)=1, 

(2) p= (t/2)u0, Ups =(t/2)ur (mod p) if (D/p)=0, 

(3) Upy1=dU0, Upy2=du, (mod p) if (D/p)=—1, 
where (D/p) is the usual Legendre symbol. (In the last case it is clear from the 


recurrence that u,=tuo—u (mod p).) 
To prove these results let 
(;) 
A= ; 
1 t 


Clearly (un, Un4i) = (uo, u1) A”. It may be shown by some elementary graph the- 
ory (see D. W. Robinson, The Fibonacci matrix modulo m, The Fibonacci Quar- 
terly, 1 (1963) 33-34) that 


Ap-(Dip) = sT (mod p), 
where s is an integer depending upon p. Also, since A —iIJ-++dA-!=0, it follows 
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that A?—-t[+dA-?=0 and tr A?—2t+d(1/d) tr A?=0 (mod p). Thus, tr A? 
= (mod p42). Furthermore, we note by direct calculation that this last con- 
gruence is also valid for p=2. 

Consequently, if (D/p) =1, then A?=sA and tr A?=t=st (mod p). Since 
pit, s=1 and A?-'=I (mod p), which implies (1). 

If (D/p) =0, then A?=sI and tr A?=t=2s (mod p). Since pit but p| D, it 
follows p#2 and s=t/2 (mod p). That is, A? =(t/2)I (mod p), which yields (2). 

Finally, if (D/p) = —1, then A?=sA-! and tr A?=t=(s/d)t (mod p). Thus 
s=d and A?t!=dA (mod p), which implies (3). 

Also solved by Joseph Arkin, G. Di Antonio, Brother Alfred, J. H. E. Cohn (England), A. J. 
Bosch (Netherlands), D. I. A. Cohen, Harley Flanders, Sylvan Greene, M. G. Greening (Australia), 
A. W. Johnson, Jr., A. J. Keeping, Douglas Lind, H. F. Mattson, S.S. Muchnick, M. G. Murdesh- 
war, S. Parameswaran (India), Stanton Philipp, Simeon Reich (Israel), Henry Ricardo, M. N. S. 


Swamy, Van De Vyle, Emanuel Vegh, W. C. Waterhouse, and the proposer. 
See also D. D. Wall, Fibonacci series mod m, this MONTHLY, 67 (1960) 525-532. 


Uniform Polynomial Approximation 

5217 [1964, 690]. Proposed by Otomar Hajek, Prague, Czechoslovakia 

Given a real-valued function f on a compact interval J CE! of class Lip, 
li-e., | f(x) —f(y)| <A | x— yl for x, yEJ], prove that there exist polynomials p, 
with p,—f uniformly on J, p, in the same class Lip4 on J. 

Using this, one may show that for Lip, maps from a compact parallelepiped 
of E? to E4, there exist uniform polynomial approximations in Lip4,, (in the 
Euclidean norm). Can this be sharpened to Lip)? 


Solution by the proposer. Taking J=[0, 1], the Bernstein polynomials have 
the required property. If 


oO‘ [kh 
B,(x) = 2 ci(—) ak(1 ~ x)-*, 
then 
Ok k+1 B 
ney 9E (EE) -1(D)) 2-2 


and B,(x)—/f(x) uniformly (see I. P. Natanson, Theory of Functions of a Real 
Variable, p. 108). The Lipschitz assumption on f implies that 
1 n—1 n—1— 
max | By | <n-A—y, Craw (1 — x) —— A, 
nN k=0 
which provides the required Lipschitz condition for B,(x). 


No contributions were received on the final sharpened result sought for the higher dimensional 
case. 
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Theory of Numbers, 2nd ed. By B. M. Stewart. Macmillan, New York, 1964. 
383 pp. $8.50. 


The first edition of this book appeared in 1952 and was reviewed in this 
MonTHLY, 60 (1953) 274. In this second edition, much new material on modern 
algebra has been added, and the resulting union has been reorganized into two 
parts. Part I, labelled An tntuttiwe approach, is longer than Part II, An axiomatic 
approach. In reality, Part I represents a traditional course in elementary number 
theory while Part II consists mainly of an introduction to abstract algebra. 

The arrangement of the number theoretic material in this edition is more 
natural and represents a strengthening over the first edition. The presentation 
is not rushed, the author providing, in general, detailed and full arguments. Con- 
sidering the type of student to whom the text is directed, the problems are well 
chosen, ranging from the routine to the challenging. Certain arguments and 
proofs could be simplified. For example, the proof given for the Mébius inversion 
formula is quite clumsy. On balance, however, Part I provides a good text for a 
one-semester undergraduate course in number theory, especially useful for stu- 
dents who are unable to read an abbreviated style of writing. 

The subject matter of the second part ranges over such topics as groups, 
matrices, rings, fields, unique factorization, etc. The connection with the strictly 
number-theoretic portion of the text is mainly in providing motivation and 
examples. Nonetheless, Part II may not appeal to many as a follow-up to Part 
I. Also, the presentation of the material in the second part is not as successful 
as in the first. Example: One chapter is entitled “Modular Fields,” but no defini- 
tion of a modular field is given. The author appears not to have in mind a field 
of characteristic +0. 

Considered as a whole, the abundance of interesting material and the rela- 
tively complete explanations make the book a useful undergraduate text. 

GERALD FREILICH, College of the City of New York 


Vector Geometry. By Gilbert de B. Robinson. Allyn and Bacon, Boston, 1962. 
176 pp. $6.95. 


The geometric objects discussed in this book are, for the most part, the lines, 
planes, conics and quadric surfaces of Euclidean two and three space. Some of 
the treatment is in terms of vectors; most is not. Projective, affine, elliptic and 
hyperbolic geometries are mentioned briefly—so briefly, in some instances, as to 
render the text almost meaningless to a reader who does not already know the 
subject. The topics from Eulidean geometry receive a more detailed exposition, 
but the result is not very different from the chapters on analytic geometry in 
dozens of American calculus textbooks which make a nod in the direction of vec- 
tors. The book also contains a chapter on groups and linear transformations, 
which does not seem to tie in with the rest of the book. 

HowArRbD LEvI, Hunter College, City University of New York 
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Fourier Analysis on Groups. By Walter Rudin. Interscience, New York, 1962. 
ix-+285 pp. $9.50. 


This is a compact book. In its short span it covers the main body of knowl- 
edge about harmonic analysis of the group algebras L'(G) and M(G) over the 
locally compact abelian (LCA) group G. M(G) denotes the algebra of bounded 
regular measures on G, and L(G) is the ideal in M(G) of measures absolutely 
continuous with respect to Haar measure (or functions summable with respect 
to Haar measure). Under the influence of Beurling, Bochner, and Zygmund 
some ten analysts, including the author, have accomplished the central core of 
results. 

Chapter 1 outlines Fourier analysis in the setting of LCA groups. Chapter 2 is 
devoted to the principal structure theorem for LCA groups, the algebraic- 
topological connections between dual groups, and Fourier relations between 
subgroups and annihilators. 

The problem of finding all idempotents in the algebra M(G), with Cohen’s 
solution, appears in Chapter 3. This leads to the description in Chapter 4 of all 
homomorphisms from L1(Gi) to M(Gz), with related results like extensions of 
homomorphisms and the invariance of £1(G) under all automorphisms of M(G). 

Chapters 5 and 7 give the most famous “negative” results of the theory. 
Chapter 5 explores the possible behavior of measures concentrated on sparse 
subsets of G: Kronecker sets, Helson sets, and Sidon sets in discrete groups. Sam- 
ple theorem: In every nondiscrete LCA group, there exists a Cantor set whose 
elements are algebraically independent. This sets the stage for Williamson’s 
theorem that M(G) is a self-adjoint algebra if and only if G is discrete. 

If f is a Fourier transform and g is a function whose domain contains the 
range of f, when is g of a Fourier transform? The complete solution of this prob- 
lem (for transforms of functions) is given in Chapter 6. Chapter 7 centers around 
the problem of spectral synthesis, viz., the problem of injectivity of the cor- 
respondence between closed ideals in Z'(G) and closed sets in the dual group. 
Wiener’s Tauberian Theorem can be regarded as a special positive result (only 
L(G) corresponds to the empty set). The chapter includes Schwartz’s example 
of the impossibility of spectral synthesis in R* and Malliavin’s general theorem 
for all noncompact groups. 

Chapter 8 is concerned with groups whose duals can be ordered, e.g., any 
compact connected abelian group. This gives rise to functions and measures of 
“analytic” type, whose Fourier transforms vanish on the negative part of the 
dual group. The theorem of F. and M. Riesz on the circle is an archetype, but 
the general theory roams considerably. 

The final chapter faces the problem of closed subalgebras of L1(G), and re- 
sults are still of an exploratory nature (though Theorem 9.2.3 has one of the 
nicest proofs in the book). The last section determines those groups G for which 
the Gelfand representation of Z(G) is an algebra with the Stone-Weierstrass 


property. 
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There seem to be very few mistakes. One occurs in the proof of the Pontrjagni 
duality theory (part (b)). In the Appendix, where the abstract analytical tools are 
assembled, a few inexact statements occur, like the omission of hypotheses from 
the Radon-Nikodym and Fubini theorems. In the proof of Cohen’s homomor- 
phism theorem, equation (2) on page 86 seems doubtful. The proof can be 
sewn together by a detour. 

All in all, the author has assembled a first-rate treatise. It is one of the 
finest examples of classical analysis in the sense that abstract methods have 
been used effectively for an intense investigation of important concrete algebras. 

S. E. PUCKETTE, University of the South 


A Course of Mathematics for Engineers and Scientists. By C. Plumpton and 
B. H. Chirgwin. Pergamon Press, New York, Oxford, London, Paris, 1964. 
Volume 4, vili-+353 pp. $5.00, Volume 5, viii-+-202 pp. $3.75. Distributed 
by Macmillan, New York. 


Volumes 4 and 5 are part of a seven volume series written to cover the mathe- 
matics required by science and engineering students preparing for a first degree 
at British and Commonwealth Universities. 

Volume 4. This volume generalizes and develops the ideas and methods con- 
tained in the earlier volumes, so that the student can appreciate and use the 
mathematical methods required in more advanced aspects of physics and engi- 
neering. The techniques of vector analysis, matrices, and methods for finding 
solutions of ordinary and partial differential equations are considered. Chapter I 
on vector analysis is concerned with the development of differential and integral 
operations with vectors. The idea of a vector as an entity, defined by its trans- 
formation properties, is used. Included are: transformation of coordinates; 
scalar fields, gradient, vector fields; line and surface integrals, divergence and 
Stoke’s theorems; applications; Green’s theorem; surface derivatives; Green’s 
function; variation with time; orthogonal curvilinear coordinates; Cartesian 
tensors. Chapter II considers Laplace’s equation; series solution of ordinary 
differential equations, singularities; the behavior of the solution of a differential 
equation; Sturm-Liouville theory, eigenvalues, orthogonal functions. Chapter 
III considers Bessel, Legendre, Hermite and Laguerre functions, and links them 
with solutions of boundary and initial value problems. Methods of solution of 
differential equations which arise in connection with vector and scalar fields are 
considered in Chapter IV. Lagrange’s partial differential equation and associ- 
ated ordinary differential equations; field lines and level surfaces are considered. 
Chapter V is concerned with matrices. The definitions given are motivated well. 
Included are: matrix algebra, rank of matrix, reciprocal matrix, partitioned 
matrices, solution of linear equations, vector spaces, orthogonal matrices, eigen- 
values and eigenvectors, quadratic forms, canonical forms, hermitian and unitary 
matrices. The treatment would be improved by the inclusion of better definitions 
for the product of two matrices, equivalent matrices, and elementary operations on 
matrices. 
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Iniroduction to Linear Algebra. By Frank M. Stewart. Van Nostrand, Princeton, 
N. J., 1963. 281 pp. $7.50. 


This is a thorough, intuitive, elementary introduction to linear algebra. 
While the points are taken from n dimensional space, each idea is discussed in 
detail as it appears in three dimensional geometry. There are many diagrams. 
Definitions and proofs are not only clearly given, but the intuitive reasons be- 
hind them are delightfully spelled out. 

Because of the care with which the basic ideas are introduced and explained, 
some more advanced ideas are left for a later course. The author discusses linear 
transformations, matrices, two approaches to determinants (one based on linear 
algebra, the second the traditional approach via minors) and ends with inner 
product spaces, eigenvalues, and the spectral theorem for symmetric transforma- 
tions. Such topics as similarity and congruence of matrices, arbitrary fields and 
various canonical forms of matrices are not discussed. 

There are lots of problems. Many difficult ideas are keyed to more complete 
explanations in the appendix. The author writes as though he wants the student 
to understand the ideas, and not merely be impressed with how much can be 
crowded into a single symbol. 

Calculus is not a prerequisite. This text should prove very useful for students 
ranging from good high school seniors to college juniors. It could also be used 
for in-service institutes for high school teachers. 

P. B. JoHNSON, University of California, Los Angeles 


NEWS AND NOTICES 


EDITED BY RAOUL HAILPERN, SUNY at Buffalo 


Readers are invited to contribute to the general interest of this department by sending 
news tems to Raoul Hailpern, Mathematical Association of America, SUNY at Buffalo 
(University of Buffalo), Buffalo, New York 14214. Items must be submitted at least two months 
before publication can take place. 


PERSONAL ITEMS 


The following mathematicians have been elected to membership in the National 
Academy of Sciences: Professors R. H. Bing, University of Wisconsin; D. H. Blackwell, 
University of California, Berkeley; Mark Kac, Rockefeller Institute; and Alfred Tarski, 
University of California, Berkeley. 

Professor Rufus Oldenburger, Director of the Automatic Control Center at Purdue 
University, has been elected an honorary member of the Japan Society of Mechanical 
Engineers. 

Dr. Warren Weaver, Alfred P. Sloan Foundation, has been selected as the 13th win- 
ner of the international Kalinga Prize of 1,000 pounds sterling for the popularization of 
science, according to an announcement by UNESCO. 

Professor James N. Eastham, Queensborough Community College, represented the 
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Association at the inauguration of Jacob J. Hartstein as President of Kingsborough 
Community College on March 25, 1965, 

Professor Emeritus Lester R. Ford, Illinois Institute of Technology, represented the 
Association at the inauguration of Wayne F. Geisert as President of Bridgewater College 
on April 3, 1965. 

Professor W. L. Graves, Drury College, represented the Association at the inaugura- 
tion of Arthur L. Mallory as President of Southwest Missouri State College on March 26, 
1965. 

Professor L. H. Lange, San Jose State College, represented the Association at the 
inauguration of Frederic W. Ness as President of Fresno State College on April 30, 1965, 

Professor H. D. Perry, Texas A & M University, represented the Association at the 
inauguration of Arleigh B. Templeton as President of Sam Houston State Teachers 
College on April 5 and 6, 1965. 

Professor Irving Sussman, University of Santa Clara, represented the Association 
at the inauguration of Robert B. Clark as President of San Jose State College on May 4, 
1965. 

Professor W. L. Williams, University of South Carolina, represented the Association 
at the inauguration of Gordon W. Blackwell as President of Furman University on 
April 20, 1965. 

Associate Professor Brian Abrahamson, University of Toronto, has been appointed 
Professor of Mathematics in the School of Physical Sciences at the University of Ade- 
laide, Australia. 

Mr. D. R. Beuerman, University of Kansas, has been appointed Instructor at Purdue 
University. 

Associate Professor John Dyer-Bennet, Carleton College, has been promoted to 
Professor. 

Mr. B. L. Fincher, Texas Woman’s University, has been promoted to Assistant 
Professor. 

Dr. B. E. Goodwin, University of Maryland, has been appointed Assistant Professor 
at the University of Delaware. 

Dr. R. T. Herbst has been promoted to Director of the Mathematical Analysis and 
Military Apparatus Design Laboratory of Bell Telephone Laboratories in Winston- 
Salem, North Carolina. 

Assistant Professor Donald Koontz, Elizabethtown College, has been promoted 
to Associate Professor. 

Professor John M. Perry, Clarkson College of Technology, has been appointed 
Chairman of the Department of Mathematics at Wells College. 

Professor Hazel Schoonmaker Wilson, Jacksonville University, retired at the end of 
the 1963-1964 academic year with the title of Professor Emeritus. 


THE THREE COLLEGE CONTEST 


Each year for the past five years, mathematics students from Antioch College (Yellow 
Springs, Ohio), Denison University (Granville, Ohio), and Ohio Wesleyan University 
(Delaware, Ohio) have participated in a two and a half hour written exam constructed 
and graded by a referee chosen by the mutual consent of the participating institutions. 
The exam generally takes place on some Saturday morning in April and is followed by 
a lunch and a general get-together of the participants, with the institutions rotating the 
role of host from year to year. 

This year’s referee was Professor Nathan J. Fine of Pennsylvania State University. 
The contest took place at Antioch College on April 17. 

Referees in previous years have been Morton L. Curtis, L. M. Kelly, E. J. Mickle, 
and Leo Moser. 
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SOUTHEASTERN CONFERENCE 
THEORETICAL AND APPLIED MECHANICS 


The Third Southeastern Conference on Theoretical and Applied Mechanics 
(SECTAM) will be held on March 31 and April 1, 1966, at the University of South 
Carolina. All research workers in the field of mechanics are invited to submit papers for 
consideration. All papers accepted will be presented at the conference and will be pub- 
lished, in full, in the proceedings volume. 

The deadline for submission of papers has been tentatively set as November 15, 
1965. Prospective authors should contact the Executive Chairman: Prof. J. D. Waugh, 
University of South Carolina, Columbia, South Carolina, or the Editorial Chairman: 
Prof. W. A. Shaw, Auburn University, Auburn, Alabama. 


MATHEMATICAL ASSOCIATION OF AMERICA 


Oficial Reports and Communications 


MAY MEETING OF THE ALLEGHENY MOUNTAIN SECTION 


The 38th annual meeting of the Allegheny Mountain Section of the MAA was held 
at Lazear Hall, Washington and Jefferson College, Washington, Pennsylvania, on 
Saturday, May 2, 1964. In the absence of President Allen Strehler of Carnegie Institute 
of Technology, Wray G. Brady, Secretary, presided in the morning session. In the 
afternoon session, Evan Johnson, of Pennsylvania State University, presided. There 
were 92 persons in attendance of which 67 were members of the Association. The listing 
from the Employment Register was available to the persons attending the conference. 
A tea was held by the ladies of Washington and Jefferson College following the meeting. 

At the business meeting a report from the president, Allen Strehler, was read by the 
acting Chairman, Wray G. Brady. Reports were heard from Lawrence Romboski and 
I. D. Peters to the effect that the high school mathematics contest continues to grow 
in both Western Pennsylvania and West Virginia, their respective areas. A call for 
charter members of the Association to rise was answered by Otto F. H. Burt, Professor 
Emeritus, of Washington and Jefferson College. 

The program was as follows: 


1. Minimizing bolynomials by geometric means, by R. J. Duffin, Carnegie Insitute of Tech- 
nology. 

In optimizing engineering designs it often is required to minimize a generalized polynomial 
whose variables are the design parameters. Moreover, the minimization is to be carried out subject 
to inequality constraints on functions which are also generalized polynomials. By use of the in- 
equality relating the arithmetic mean to the geometric mean, it is possible to transform this mini- 
mization problem to a related maximization problem termed the dual. The dual problem has several 
advantages both from an algebraic and a numerical point of view. For instance, the constraints 
of the dual problem are linear rather than nonlinear. The method of Geometric Programming was 
developed in collaboration with Dr. Clarence Zener and Dr. Elmore Peterson of the Westinghouse 
Research Laboratories. 


2. Characterization of exponential-type distribution in terms of conditional moments, by E. M. 
Bolger and W. L. Harkness, Pennsylvania State University. 

Let f(x; 8, \) be a two-parameter family of exponential-type densities such that the distribution 
of the sum of 2 independent random variables X1,--+ , Xn is reproductive in one parameter and 
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THE TWO-POINT BOUNDARY PROBLEM 
R. H. COLE, University of Western Ontario 


1. Introduction. This paper contains a new treatment of the classical two- 
point boundary problem associated with a linear differential equation of order 
n. The significant features include a parametric definition of the adjoint bound- 
ary conditions, a definition of Green’s function in terms of matrices, and an ex- 
plicit development of the relationship between the scalar equation and its 
equivalent matrix equation. 

Parametric adjoint boundary relations were initially formulated by Langer 
[5] for a system on a complex domain. Haltiner [3] adapted these to the real 
two-point problem without using matrix notation. The present use of parametric 
adjoint relations is suggested by results [1, 2] obtained for general boundary 
conditions. The definition of Green’s matrix given here is a special case of the 
definition for the general problem, and it is used to suggest a convenient form 
of Green’s function for the scalar system. 

Matrix notation is used throughout the discussion, but no matrix theory 
beyond the elementary algebra of matrices is involved. It is thought, therefore, 
that these results should make this portion of the theory of differential equations 
available for elementary courses. 


2. Notation. Matrices will be represented by German capital letters and 
their components by the corresponding letters in lower case italics. Matrices of 
one column will be called column vectors and will be represented by lower case 
German letters. The transpose of a matrix 9 will be represented by {, and in 
particular, a row vector will be designated as the transpose of a column vector. 

Let u(x), u(x), -+ +, Un(x) be any set of m functions, each having n—1 
derivatives on a fundamental interval [a, b|. The vector having these functions 
as components will be represented by u(x) and the Wronskian matrix of the 
functions by &(u(x)) or &(u). That is, 


u1(2) u(x) U(x) +++ Un(x) 
u2(2) ui (x) = ug (%) + + + ttn (*) 
u(x) = and §(u(x)) = 
ttn () ur (we) ua" (x) ++ tty (2) 
Also, if u(x) is any function with n—1 derivatives on [a, b], the vector f(u(x)) 
or f(u) is defined by E(u(x))=(u(x), u’(x),---, u@Y(x)). If u(x) =i (x)c, 


where ¢ is any constant vector, it is clear that 


E(u(x)) = R(u(x))c. 


The identity matrix will be represented by 3. The vectors bi, bo, ° ++, Dn 
and the matrix § are defined by 
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0 0 0 1 0---0 

0 0 0 0 1 - 0 

d1 = » Do= ; 1 On = , = 
00 0---1 

rz 0 1 0 0 0---0 


It may be noted that, if § is used as a left multiplier of any matrix, it has the 
effect of raising each of its rows one stage and replacing the last row by a row 
of zeros. Similarly, as a right multiplier, § shifts the columns of any matrix one 
stage to the right. The corresponding effect of § is easily inferred. 

The differential form L(u) is defined by 


(2.1) Liu) = u™ + pyue-Y +--+ + pan, 
where p;€ C*~i on |a, b]. The vectors » and q are defined by 
b= (pn, Pr-ty ++, Pt) and G = (pn-1; pra, +++» fr, 1). 
The first of these relations permits the representation, 
(2.2) L(u) = u™ + p(w), 
and the second is convenient for subsequent developments. 


3. The differential equation and its adjoint. The differential equation to be 
considered is 


(3.1) L(u) = 0, 


where L(u) is defined by (2.1). Any vector whose components form a funda- 
mental set of solutions of (3.1) will be called a fundamental vector for that equa- 
tion. The vector equation 


(3.2) ’ = Ah, 


where the components of the Xn matrix % are continuous functions of x on 
[a, b], is equivalent in an obvious sense to a system of first order linear equa- 
tions. Any matrix 9)(x) whose columns, considered as vectors, form a linearly 
independent set of solutions of (3.2) will be called a fundamental matrix for 
(3.2). A variety of first order systems are equivalent to the mth order equation 
(3.1), but one of these may be considered as a canonical system. It is represented 
by (3.2) with YW given by 


0 1 0 0 
0 0 1 0 
3.3 Y= 
(3-3) 0 0 0 1 


—Pn —Pn-1 — Pn—2 -e —p1 
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It will henceforth be assumed that the matrix Y in (3.2) is the one defined by 
(3.3). The distinction of (3.2), in relation to (3.1), arises from the fact that, if 
u(x) is a fundamental vector for (3.1), then ®(u(x)) is a fundamental matrix for 
(3.2). On the other hand, the equations which follow from (3.2), yiui=y/, 
4=1,2,---+,n-—1, and the structure of 2, make any fundamental matrix for 
(3.2) a Wronskian matrix and insure that its first row forms a fundamental 
vector for (3.1). 
The obvious identity, 


d 
(3.4) ay + 3) = in (3), 
x 
or its equivalent 
d 
a(y’ — Wy) + GB + 3)y = ” (3h), 


may be called the Lagrange identity associated with (3.2). The latter relation 
suggests the definition of the equation 


(3.5) f= — 72 


as the adjoint of (3.2). A fundamental matrix for an equation of this form is, by 
definition, one for which the rows form an independent set of solutions of the 
equation. From (3.4), it is clear that if 9)(x) is a fundamental matrix for (3.2), 
its inverse, J)-!(x), is a fundamental matrix for (3.5). It is reasonable to suspect 
that the adjoint of (3.1) will be equivalent, in some sense, to the vector equation 
(3.5). It is, in fact, known [6] that the last component in any vector solution 
of (3.5) is a solution of the familiar adjoint of (3.1). The following derivation 
of this result yields, as a by-product, the useful relation (3.11). 


THEOREM 3.1. The last component of any vector solution of (3.5) is a solution of 
the equation adjoint to (3.1). 


Proof. The scalar relations corresponding to (3.5) are 


(3.6) 21 = Pr&n 
and 
(3.7) ad = — 2-1 + Pn+1—i2ny i= 2, 3, re (2 


From (3.7), we obtain 


i—1 (4) + (t—1) 


(—1)" "2; = (—1)'enn” + (—1) bag itrn) 


(71) 


whose sum is 


(3.8) —2i + Prtn = L* (Zn), 
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where L*(v), the familiar adjoint of Z(u), is defined by 
L¥(a) = (—1)0 + (—1)1(py0)OrD evs + pad, 


In view of (3.6), we infer that L*(z,) =0. This proves the theorem, 
The relations (3.7), with 0 = —z,+2, adjoined, may be written as 


(3.9) $3) = — $b 2nd. 
From this, we get 
(—1) GED = (—1) GF + (—1)'GiQ, =O. 
The sum of these relations is 
n—1 
(3.10) 3= Dy (—1)'Gi(znq). 
i=0 


Since (3.10) exhibits the components of 3 as linear combinations of 2, and its 
first n —1 derivatives, it may be written as 


(3.11) 3 = PE(z,). 


The matrix % will be called the concomitant matrix. It can be verified that its 
components are given by the following relations where /, is defined to be 1. 


nai k (b—t41) 
by = > (—e(, 1) ee ; jin-it+i 
ij" Vk=i-—1 —™ 
0, jo>n—-it+il. 


All the components below the secondary diagonal are zero and the components 
on that diagonal are alternately +1 and —1 with +1 in the upper right hand 
corner. The matrix § is, therefore, nonsingular. 

If j is a solution of (3.5) we have, by transposing (3.11), 


3 = F(z.) 8. 
Substitution in (3.5) yields the fact that f(z,) is a solution of 
(3.12) wy’ = HS, 
where 
Y= — PAP? — PP. 


Further, if 3 is a fundamental matrix for (3.5) and » is the vector whose com- 
ponents form the last column of 3, then 


(3.13) Z=RK(v)B. 


The matrix #(») is a fundamental matrix for (3.12) and, by Theorem 3.1, b is 
a fundamental vector for L*(v) =0. Since % is uniquely determined by &(»), 
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it is clear that the system corresponding to (3.12) is the canonical system associ- 
ated with L*(v) =0. These results suggest the following theorem. 


THEOREM 3.2. If u is a fundamental vector for L(u) =0, there extsts a funda- 
mental vector » for L*(v) =0 such that 


(3.14) R(v) BR(u) = 


Proof. Let u be any fundamental vector for L(u) =0. The matrix &-1(u) 
is a fundamental matrix for (3.5) and, therefore, may be substituted for 3 in 
relation (3.13) to yield (3.14). This is the desired result, and it is pertinent to 
note that the components of the fundamental vector » are the components of 
the last column of &-!(u). 

It is of some interest to note that the Lagrange identity for the scalar case 
can be obtained from the identity (3.4). Let u and v be any two functions with 
continuous derivatives of order 2, and let the vectors y and 3 be defined by 


h = E(u) 
5 = Fo)§. 


The second of these relations identifies z, with v and 1s equivalent to relation 
(3.9). Also, f’(u) = Hf(u) +u™d,. Hence we may write 


(3.15) ay + 9p = [FH + 20g} [GE@) + ud, + Zt). 


Since }/SHf(u) = 7/f(u) —2{ u and 3/Sd, =0, the right side of the above relation 
reduces to 


21 U + 2nGDE(u) + engd.u™. 
If p,2,u and its negative are added to this expression, we get for (3.15) 
iy +p = taf + pl(u) f+ uled — pata}. 
Substituting in (3.4), we have, in view of (2.2) and (3.8), 


aL (u) — uEA(e) = — {FBI}. 


This is the Lagrange identity for the scalar differential forms. 


4, Two-point boundary conditions. The classical two-point boundary problem 
arises when the solutions of the equation, 


(4. 1a) L(u) = 
are required to satisfy the relations 


you) + we uO) =0,  §=1,2,---5 0. 


j=l j=l 
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These relations can be written as 
(4.1b) YB OL(u(a)) + WOE u(b)) = 0, 
where %@ = [w ] and WO = [w?]. 
The adjoint equation, 
(4. 2a) L*(v) = 0, 


was defined in section 3. We shall define the boundary relations adjoint to (4.1b) 
by 


E(o(a)) B(a) = BO 

£(v(b)) BG) = — IW, 
A function v(x) will be said to satisfy these relations if any nontrivial parametric 
vector t exists for which the two relations are simultaneously satisfied. This 
definition of the adjoint boundary conditions is a special case of the definitions 


given in references [1] and [2]. It assumes the form of (4.2b) because of the 
relation (3.11). 


(4.2b) 


THEOREM 4.1. The system (4.1) and its adjoint system (4.2) have the same index 
of compatibility. 


Proof. If u(x) is a fundamental vector for (4.1a), the general solution of 
(4.1a) is u(x)c, where ¢ is an arbitrary constant vector. This solution satisfies 


(4.1b) if 
Oe = 0, 
where the characteristic matrix © is defined by 
D = BWORK(U(a)) + BORK(U)). 


Thus, the system is 7-ply compatible (has 7 independent solutions), if D is of 
rank n—r. 

If v(x) is a fundamental vector for the equation (4.2a) and &(v(x)) is its 
Wronskian matrix we may, by Theorem 3.2, assume that »(x) has been chosen 
so that 


(4.3) (v(x) Ba) R(u(e)) = 

If the general solution, »(x)c, of (4.2a) is substituted in (4.2b), we have 
é®(v(a)) B(a) = IW 

c®(v(b)) B(b) = — 7W, 


Multiplying the first of these on the right by ®(u(a)) and the second by K(u(d)), 
we obtain by subtraction, in view of (4.3), 


tD = b. 


(4.4) 
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This relation is valid for a nontrivial t, only if D is singular. Conversely, if D 
is of rank n—r, there exist 7 independent vectors orthogonal to it. These, 
through either of the relations (4.4), will yield r independent determinations of 
¢ which, in turn, will provide 7 independent solutions of the adjoint boundary 
system. This proves the theorem. 

The familiar Green’s formula, 


J {220s — ut4@} ax = FOO) BOLUO) ~ Fo) BO)tula), 


is obtained by integrating the Lagrange identity. 
THEOREM 4.2. If u and v are any two functions with continuous derivatives of 
order n on [a, b|, such that u satisfies (4.1b) and v satisfies (4.2b), then 
b 
f {oL(u) — uL*(v)}dx = 0. 


Proof. Since v satisfies (4.2b), the right side of Green’s formula reduces to 
—t{ WOu(a)) + BKUE))}. 
Since 4 satisfies (4.1b), the latter expression is zero, and the result follows. 


5. Green’s function. The nonhomogeneous system, 


(5. 1a) L(u) = r(x) 

(S.1b) WOL(ula)) + WOE(u(b)) = 0, 
corresponds to the matrix system, 

(5. 2a) yb = Wy + r(x)dn 

(5. 2b) WOny(a) + Wyo) = ov. 


Under the assumption that the homogeneous system corresponding to (5.1) is 
incompatible, the Green’s function, G(x, s), may be derived by obtaining a 
solution of (5.1) in the integral form, 


(5.3) u(x) = f “G(x, s)r(s)ds. 


The Green’s matrix, @(x, s), associated with (5.2) can be similarly derived. Both 
derivations can be achieved by using the method of variation of parameters as 
set forth in reference [2]. The derivation of Green’s function will be given here 
for the sake of completeness. 

Let a solution, w(x), of (5.1a) be written in the form 


(5.4) w(x) = u(x)h(a), 
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where u(x) is a fundamental vector for Z(u) =0. Then, 
w) = GOH G=1,2,---,n—-1 if FOE’ 
wm) = Tp + r(x) if @e—-Dp’ 


I 
oO 


r(x). 


Hence, 
wm) + Hf(w) = r(x) if R(u)h’ = dar(x). 


The latter relation is valid, if 
h(x) = f K-1(u(s))Dar(s)ds. 


It may be verified that, if this evaluation of h(x) is used in (5.4), w(x) is a par- 
ticular solution of (5.1a). Hence, the general solution of that equation is 


ula) = HGe+ [ a(e)P~(a(s))bar( sas. 
This solution satisfies (5.1b), if ) 
c= — DIVE J “§2(11(B)) —1(w(s)) dar (sds. 
Thus, u(x) is a solution of (5.1), if 
u(x) = — J “G(x) DG (u(6)) ul s)) bar (s) ds + J “fi(x) ®-1(a(s)) dar(s) ds. 
By inserting D-1{ WO R(u(a)) +WR(u(b))}, which is equal to the identity 


matrix, between i(x) and &-1(u(s)) in the second integral and simplifying, we 
get 


u(x) = [ s@d-BWOKM@) SHU) ded 


— f i()D- BWR UH)| Ral) drab. 


In the interest of symmetry, ii(x) may be replaced by 5:18(u(x)). Hence, the 
solution is given by (5.3) with Green’s function defined by 


G(%, s) = ‘ D1 K (u(x) DW K(u(a)) K-M(u(s)) dn, s<a 
7) V—5W (u(x) DW & (1(B)) K-1(u(s)) de, > a. 
Green’s matrix for system (5.2) is given by (see [1], p. 465) 
Y) (x) DW Y (a)Y-*(s), s<a 
GG, 9) = 4 Or " 
—Y)(«x)D 19 (9) (5) 9) (5), s> x, 


where 9)(x) is any fundamental matrix for ’ = Wy. 
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Green’s function is independent of the specific choice of the fundamental 
vector u(x). This can be seen by replacing u(x) by Cu(x) in the formula for 
G(x, s). Since ®(u(x)) becomes &# (u(x))€ and D-! becomes G-!H-!, the C’s cancel 
out leaving G(x, s) unchanged. Green’s matrix is similarly independent of the 
choice of 2)(x). It is of particular interest to note that, since ®(u(x)) is a funda- 
mental matrix for y’=%y, the formulas show that 


G(x, s) = d1G(x, 5)d,. 


Therefore, Green’s function is the upper right hand corner component of Green’s 
matrix. 

The representation of G(x, s) in terms of matrices has substantial advantages 
over the classical representation in terms of determinants (see Ince [4], p. 259). 
For example, the basic properties [4, p. 254], which are definitive for Green’s 
function, are established easily in the following theorem. 


THEOREM 5.1. (a) Regarded as a function of x, Green's function 1s a formal 
solution of the boundary system (4.1). It fails to be a true solution because its 
(n—1)-st derivative has an upward unit jump at x=s. 

(b) Regarded as a function of s, Green’s function 1s a formal solution of the 
adjoint boundary system (4.2). 


Proof. Since 518 (u(x)) =t(x), the formula for Green’s function is 


5.5) G(x, s) = oe s<ix 


u(x)a_, s> x, 
where the vectors a; and qa. are independent of x. It follows that 


R(u(x))a,, s<x 


(5.6) t.(G(“, s)) = Leute soa 


where the subscript x on f indicates differentiation with respect to x. Therefore, 
since a, —a_=—1(u(s))dz, 


f.(G(st, s)) — f.(G(s7, s)) = dn. 


Thus, G(x, s) and each of its first »—2 derivatives has a removable discontinuity 
at x=s, and the (n—1)-st derivative has an upward unit jump at that point. It 
is obvious that G(x, s) is a solution of L(u) =0 for any value of x except s. Em- 
ploying (5.6), an expression for W#,(G(a, s)) + Wr, (Gb, s)) may be written 
down and reduced to zero. This completes the demonstration that G(x, s) is a 
formal solution of the homogeneous boundary system. 

To prove part (b) of the theorem, let the fundamental vector v(x) for 
L*(v) =0 be chosen, as in Theorem 3.2, so that 


(5.7) R(v) BR(u) = &. 
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We may therefore, by observing that $b, =1, rewrite the formula for G(x, s) 
in the form 


D1K (u(x) DW © K (u(a)) K (v(s))d1, s<4 
— 5, K(u(x))D WO K(u(b)) K(v(s))d1, ss > x. 
As in part (a), this may be written as 
b_v/(s), s<x 
6,0(s), s> 4%, 


G(«“, s) = ‘ 


G(x, s) = ‘ 


where b_ and b, are independent of s. Thus, 
b_R(b(s)), s<Xx 
64.8 (v(s)), s> x. 
Since 6, —b_= —d19(u(x)), the use of (5.7) yields 
(5.9) (G(x, xt) — E(G(@, «-)) = — i B@). 
Since the first row of $~"(x) consists of zeros, except for the component (—1)"7? 
in the last place, the right side of (5.9) reduces to (—1)"b,. Hence, regarded as 
a function of s, G(x, s) and each of its first m —2 derivatives has a removable dis- 
continuity at s=x, and the (n—1)-st derivative has a unit jump at that point. 
It follows that Green’s function is a formal solution of L*(v) =0. 
From (5.8), using (5.7) again, we get 
E(G(x, a)) B(a) = BO 


t.(G(«, b))P(b) = — 1B, 


(5.8) £(G(x, s)) = ‘ 


where 
t = u(*)D-1. 


Thus Green’s function satisfies the adjoint boundary conditions, and the proof 
of the theorem is complete. 


6. Remarks. The developments given here are easily extended to m-point 
or to integral boundary relations, since they are patterned after the correspond- 
ing developments for the general case [2]. On the other hand, they may be 
specialized readily to the one-point or initial value problem. This is achieved by 
imposing the restrictions, %3 = and W =. In particular, Green’s function, 
under these restrictions, becomes the one-sided Green’s function used by Miller 
[6| as a prelude to the introduction of Green’s function itself. 

The fundamental identity, @(v) BR(u) =8, shows clearly the reciprocal rela- 
tion between the original equation and its adjoint. If the original boundary con- 
ditions (4.1b) are written in the parametric form, 


WOu(a)) = +t, WH ub) = —t, 


1965] A NEW PROOF OF THE TYCHONOFF THEOREM 711 


the same identity reveals their relation to the adjoint boundary conditions. 
Heretofore, no such simple and direct exhibition of the adjoint relationship has 
been available. 
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A NEW PROOF OF THE TYCHONOFF THEOREM 
PETER A. LOEB, Stanford University and University of California, Los Angeles 


1. Introduction. One of the most important theorems in general topology is 
the Tychonoff theorem, which states that the product of compact spaces is com- 
pact. We shall give here a relatively simple proof of this fundamental theorem, 
a proof which does not need the axiom of choice for some special cases such as 
the countable product of unit intervals. 

Recall that if we are given a topological space X, for each element pv of an 
index set J, the cartesian product [],er X, is defined to be the set of all functions 
x on J such that the value of x at vy, which we denote by x,, is a point in X,. An 
element O of the standard base for the product topology of [],<rX, is defined by 
taking a finite subset J of the index set J and open sets U, in X, for each p in 
J, and setting O equal to the set 


{6 Il xX, 


vel 


x, € U, for each vy © i . 


By a product space we shall always mean a cartesian product with the product 
topology, and by the base for the product topology we shall always mean the 
standard base. 

An example which is helpful to keep in mind when working with product 
spaces is given by the set of all nonnegative real valued functions on the real num- 
bers R. For this space J=R and each X, equals the set {rE R|r20}. The 
product topology for this space is the topology of pointwise convergence. Each 
base set O for the topology is defined by open sets U,,,---, U,, ina finite num- 
ber of spaces X,,,-° +, X»,. For each 2, U,, looks like a set of vertical slits over 
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the real number »v,, and O is the set of all functions which “go through” the U,, 
at the points v;. (See Figure 1.) 
Uy, 


VP} WD) V3 


Fic. 1 


2. The use of the axiom of choice. The standard proofs of the Tychonoff 
theorem show that the product [],er X, of an arbitrary collection of compact 
spaces is compact by imbedding a collection of open or closed subsets of [],er X, 
in a collection of sets which is maximal with respect to a property of finite char- 
acter. The proof which we shall give shows that such a product space is compact 
by using a well-ordering on the index set J and a choice function on the collec- 
tion of all nonempty closed subsets of all the spaces X,. Instead, however, of 
using the axiom of choice in the body of the proof to give the existence of such 
a well-ordering and choice function, we shall hypothesize their existence and 
prove the following theorem without using the axiom of choice: 


THEOREM 1. Let {X,|vEI } be a family of compact spaces which 1s indexed by 
a set I on which there 1s a well-ordering =. If I 1s an infinite set, let there also bea 
choice function F on the collection { C | C ts closed, CH @, CCX, for some v \ Then 
the product space [Ler X, 1s compact in the product topology. 


Since the axiom of choice implies that any family of compact spaces satisfies 
the conditions of Theorem 1, the axiom of choice and Theorem 1, together, 
imply that the product of an arbitrary family of compact spaces is compact. 
There are, however, families of compact spaces which can be shown to satisfy 
the conditions of Theorem 1 without using the axiom of choice; that is, families 
for which a well-ordering 2 and, if necessary, a choice function F can be ex- 
plicitly defined. For example, if the index set J is countable, then the ordering 
of the natural numbers induces a well-ordering on J; if each space X, is a com- 
pact subset of the real numbers, then we may have F choose the least element in 
each closed subset of the spaces X,. Clearly, Theorem 1 is applicable to the prod- 
uct of any finite collection of compact spaces. 

There are several results which make it desirable to localize the use of the 
axiom of choice in this way. P. J. Cohen [1] has shown that the axiom of choice 
is independent of the other axioms of set theory. J. L. Kelley [2] and L. E. Ward 
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[6] have shown that the Tychonoff theorem and even a weak Tychonoff theo- 
rem (the product of mutually homeomorphic compact spaces is compact) imply 
the axiom of choice. It is interesting to compare our assumption that a choice 
function exists on the closed subsets of the spaces X, with Ward’s proof in which 
he takes a disjoint family § of sets for which he is to find a choice function, puts 
each factor X, of a product space equal to the union of the sets in ¥, and then 
makes each element of § a closed set in X). 

Finally, we note that the assumption that a well-ordering exists for the index 
set J is equivalent to the assumption that a choice function exists for the collec- 
tion of nonempty subsets of J ([3], p. 273). 


3. The proof. To prove that a topological space Y is compact, it is sufficient 
to show that any covering of Y by open sets from a base for the topology 
can be reduced to a finite covering. For if this is true, then any covering of Y 
by open sets can be replaced by a covering of base sets each of which is contained 
in some open set of the original covering; the new covering can be reduced to a 
finite covering, and each set in this finite covering can be replaced by one of the 
original open sets which contains it. A space Y is compact, therefore, if any col- 
lection of base sets which has no finite subcollection covering Y does not itself 
cover Y. With this viewpoint in mind we make the following: 


DEFINITION. A collection © of open sets in a topological space Y will be called 
“admissible in Y,” or simply “admissible,” tf no finite subcollection of © covers Y. 


Our proof of Theorem 1 consists of taking an arbitrary admissible collection 
of sets from the base for the product topology and finding a point x which is in 
none of them. Our method is an extension of the simple proof that the product of 
two compact spaces is compact. A slight variation of that proof gives the follow- 
ing lemma for the product of topological spaces X and Y. Px and Py denote the 
projection of X X Y onto X and Y respectively. 


LemMa 1. Let X be compact, and O be an admissible collection of base sets in 
X XY. There exists a point x in X such that tf Oo 1s the collection 
{0 € 0| «€ Px(0)}, 
then the collection 
{Pr(0)| 0 € eo} 


4s admissible in Y. Furthermore, the set of all such points xGX forms a closed 
subset of X. 


Proof. The elements of © are of the form VX W, where V is open in X and 
W is open in Y, (see Figure 2). Let U be the collection of all open sets UCX 
for which there is a finite collection 


@vuCoO with U= \ Px(O) and Y= VU Py(O). 
oeQu oeQu 
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For each U in U, @y covers UX Y. Since no finite subcollection of © covers 
X XY, no finite subcollection of WU covers X, for if X were covered by a finite 
collection {Ui,---, Un} of setsin U, then X X Y would be equal to U%_, (U;X Y) 
and would be covered by a finite collection U?7_; @u, of sets in 0. Thus WU is an 
admissible collection of open sets in the compact space X, and consequently UW 
does not cover X. Therefore X —Uvey U is a nonempty closed subset C of X. 
Let x be any element in C, and 


Oo = {OE ol|xe Px(0)}. 


The collection {Py(O)|O€0o} is admissible in Y, for if @ is a finite subcollection 
of Oo, then Noc@ Px(O) EU since «EM ocg@ Px(O), and so Y¥Uoeg Pr(0). 


Before using Lemma 1 to prove Theorem 1 for the general case, it will be 
helpful to see how we can use it to prove the theorem for the products of two 
and three compact spaces. For two compact spaces, we simply let the space Y 
of Lemma 1 be compact. Then, since the collection { Py(O)|O€G0o} is an admis- 
sible collection of open sets in the compact space Y, there is a point y in Y such 
that y€Py(O) for any O in Oo. Clearly, the point (x, y) is in none of the sets O 
of the collection 0. (See Figure 2.) On the other hand, if Z is the product of three 
compact spaces X, S, and T, then letting Y=SXT, we see that Z is homeo- 
morphic to X X Y. Since we know that the product of two compact spaces is 
compact, we know that Y is compact and therefore that Z is compact. This 
method of proof, however, will not generalize to the product of an infinite num- 
ber of compact spaces. To give a proof that will generalize we must again start 
with an arbitrary admissible collection © of sets from the base for the product 
topology of Z. Each set O in © is the product of an open set U in X and a base 
set VX W for the product topology of Y. Using Lemma 1, we choose a point x 
in X such that if Oo is the set 


{0 € o|x € Px(0)}, 


then the set of projections { Py(O)|O€0o} is an admissible collection of base 


1965] A NEW PROOF OF THE TYCHONOFF THEOREM 715 


sets in Y= SXT. Again using Lemma 1 we choose a point s in S such that if © 
is the set 


{0 € o| x € Px(0) and s € Ps(0)} 


then the collection of open sets { Pr(O) | 0€e;} is admissible in the compact 
space 7. Finally we choose a point ¢ in the nonempty set 
T— U P,(0). 
0cQ, 
The point (x, s, ¢) is in none of the members O of the collection 0. 

Clearly, in order to show that the product [],<r X, of an infinite collection 
of compact spaces X, is compact with the above method of proof we must as- 
sume the existence of a well-ordering = on the index set J. For convenience we 
shall also assume that there is a last index in J under the well-ordering =. We 
can always make this assumption, since if ~ is a well-ordering on J for which 
there is no last index, then we may take the first index A in J under the ordering 
= and define a new well-ordering = on I by setting ~=8 when a7 § for alla 
and Bin I—{d} and Ae for all ain J. 

In proving Theorem 1, we shall use Lemma 1 as in the above examples to 
choose a point x, in a closed subset of each space X,. When J is an infinite set, 
an infinite number of choices will have to be made. It is for this reason that we 
must assume the existence of a choice function F on the nonempty closed sub- 
sets of the spaces X,. 

Let {X VEL } be a family of compact spaces for which such a choice func- 
tion F and well-ordering = exist, and let Y denote the product space [],er X,. 
For each index a in I we let P, denote the projection of Y onto Xq; i.e., Po(x) 
=x, for all x in Y. We denote the product Tee X, of all spaces X, with index 
yzaby Y,, and the projection of Y onto Ya, by Pree. If x isin Y, then P,2.(x) 
is the point x’ in Y, such that x,=x, for ally2a. Given a subset S of Y, P,2.(S) 
is the set {aE Y,.| x’ = P,s(x) for some xES}, In particular, P,..(Y)=Y.. By 
a-+1 we shall always mean the first index greater than a in J. There is a natural 
homeomorphism of Y, onto XeX Yas which takes P,.4(x) onto (P(x), Pysa41(X)) 
for each x in Y. 

Let © bea collection of base sets in Y. We shall say that 0 is admissible on Y, 
it the set of projections { Piz a(O) | OE} is admissible in Y,. If O is an element 
of 0, then P,..(O) is clearly a base set in Y,. More important, however, is the 
fact that the homeomorphism which takes Y, onto XaX Ya4 takes P,2.(O) 
onto the product of an open set P,(O) in X, and an open set Py2a41(O) in Vos. 
Lemma 1 implies, therefore, that when 0 is admissible on Y,, there is a closed 
subset C of X, such that if x,=F(C) and O)= {OE 0|x.EP.(0)}, then Oo is 
admissible on Y.4;. In order to apply Lemma 1 in this way, we shall need to 
know that 0 is admissible on Y, if © is admissible on Yui; for every u<a. The 
following lemma proves this fact for every index a>o, where o denotes the first 
index in J. 
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LemMA 2. If a>o and @1s a finite collection of base sets in Y such that 
Vo = U Pyz(O), 
oc 


then there is an index y<a such that Vys1 = U = Pyzy41(0). 
oct 


Proof. lf there is an index y in J such that a=y-+1, then the lemma is quite 
trivial. However, there may be no such y. In this case, let G be the set 
{uEl| u<e and P,(O)#X, for some O€ @}. There are no more than a finite 
number of elements in G. If G#@ let y be the largest index p in G; if G= @ let 
y=o. Now P,(O)=X, for each index uw with y<u<a and for each set O in @. 
For every «€ Y, there is an OC @ such that P,2.4(x) is in Py2(O); since P,(x) is 
in P,(O) for every w with y<u<a, Pyeyyi(x) is in Pyeyyi(0). Thus Yj41= 
Uoeg Pyz741(0). 

Using Lemmas 1 and 2, we now prove Theorem 1. 

Proof of Theorem 1. Let the product space [],<r X, associated with the fam- 
ily {xX vel } be denoted by Y, and let Y, be defined as above for each a@ in J. 
Assume that J has a last index \ under the well-ordering 2. Let © be an admis- 
sible collection of base sets in Y. Using induction on the well-ordered set J we 
shall define the coordinates x, of a point x which is in none of the members O 
of ©. When x, has been defined for ally less than an index a, we shall let ©, denote 
the set {OG0|x,€P,(0) for all »<a}. The coordinates x, are defined as follows 
so that for each wE J, 0, is admissible on Y,: that is, so that no finite subset of 
the set of projections { Pz a(O) | O€O0 and x,€P,(O) for all p<a} covers the 
product space [ [sz X>: 


(1) © is admissible in Y,, where a is the first index in J. Applying Lemma 1 
to O and XX You, we let C, be the closed subset of X, given by Lemma 1 and 
Xq= (Cz). Oo41 iS admissible on Yo41. 


(2) Let a be an index in J with o<a<xX. Assume that we have defined points 
x,ECX, for ally <aso that for each u<a, O,411s admissible on Yysi. Oe =Oyca Oust: 
Therefore 0, is admissible on Y,4; for every u<a. By Lemma 2, 0, is admissible 
on Y,. Applying Lemma 1 to the collection { Prza(0)|OE0.} and XX Yas, 
we let C, be the closed subset of X, given by Lemma 1 and xg= F(Ca). Oa41 is 
admissible on Voy. 


Since J is well-ordered (1) and (2) define x, for all y<X so that O,41 is ad- 
missible on Yy41 for all u<vA. Now 


0, = {0 € e| x, € P,(O) for ally <A} = A Oygr. 
u<r 
Thus by Lemma 2, 0) is admissible on X,. Since X, is compact, 
X,—- U P,(0) 


ocO, 


is a nonempty closed subset Cy of X,. Let x,=F(C,). The point x in Y defined 
by the coordinates x, is in none of the sets O in 0. 
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Using the axiom of choice, we have the following corollary of Theorem 1: 


THEOREM 2 (TycHONOFF). The product of an arbitrary collection of compact 
spaces 1s compact in the product topology. 


4. The product of N-compact spaces. A weaker notion than compactness is 
given by the notion of countable compactness. A topological space Y is said to 
be countably compact if any countable open covering of Y can be reduced to a 
finite covering. A space is countably compact iff each sequence has a cluster 
point. (See [5], pp. 138-141, and [3] pp. 162-163.) A generalization of countable 
compactness is given by the notion of S-compactness, where a topological space 
Y is said to be N-compact if any open covering of Y of cardinality <N has a 
finite subcovering. J. Novak [4] has constructed two countably compact spaces 
whose product is not countably compact. On the other hand, Professor F. S. 
Cater of the University of Oregon has pointed out to the author that a slight 
modification of the above proof of the Tychonoff theorem proves the following 
theorem for N-compact spaces in general and countably compact spaces in par- 
ticular. 


THEOREM 3. Let Y= | J, er X, be the product of N-compact spaces X,. Then any 
covering of Y of cardinality SS by open sets in the standard base of V has a finite 
subcovering. 


5. The dual proof. It is an interesting exercise to put the above proof of the 
Tychonoff theorem in the dual form, that is, in terms of closed instead of open 
sets. There is no standard terminology, however, which one can use. Instead of 
open base sets, one takes the Cartesian product [[,<«r @,, where each ©, 
= {A | ACX,and A is closed } ,and works with the set of all elements Cin ILe 1@, 
such that C,= @ for all but a finite number of indices y€ J. If O is a base set in 
Y and C is given by C,=X,—P,(O) for all vE J, then a point x in Y is in the 
complement of O iff x, isin C, for some v€J. The dual form of Lemma 1 must be 
proved directly for Xa Ya41 instead of for arbitrary spaces X and Y. 


I am indebted to Professors Halsey Royden and Hans Samelson for several suggestions which 
simplified the presentation of this proof. The material in this paper was presented to the American 
Mathematical Society in Pasadena on November 23, 1963. 

This work was supported in part by U.S. Army Research Contract DA-31-124-ARO (D)-170 
and by National Science Foundation Research Contract. 
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GENERALIZED DROZ-FARNY TRANSVERSALS 
S. T. KAO anp ARTHUR BERNHART, University of Oklahoma 


1. General considerations. We consider an arbitrary triangle ABC cut by 
two transversals. Set up an oblique (..e., affine) coordinate system using these 
transversals as axes. The x-axis intersects BC at Xi(a, 0); CA at Xo2(de, 0); and 
AB at X3(a3, 0). Similarly, the y-axis intersects the three sides of triangle ABC 
at Y1(0, bi), Y2(0, be) and Y3(0, bs). The directed segments X1Vi, X2,V2 and X3YV3 
will be called “dorf” chords. The coordinates of the “dorf” points P, Q, R which 
divide the respective dorf chords in the ratio r: 1—r are 


P({1 — rai, rb1), 
Q([1 _ r| a2, rbe), 
R({1 — ras, rds). 


These points are collinear iff their determinant vanishes. 


(1—~r)a, rb, 1 a, by 1 
(1—r)ag rho 1) =(1—7)ri a. be 1)/=0. 
(1 — r) a3 rbs 1 a3 bs 1 


This dorf condition is satisfied for r=0 by the x-axis, and for r=1 by the y-axis. 
We demand that it be satisfied by some third value of 7. Then 


a1 by 1 
(1) O* = ae be 1 = Q, 
23 b3 1 


and the dorf condition is satisfied for all values of r. We may interpret (1) as 
requiring that the points Ji(a1, b1), J2(d2, be) and J3(as, bs) must be collinear. 
This result invites an alternate approach to the configuration, (see Fig. 1). 


be 
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Let 1, l, and J] be three nonconcurrent lines. On / choose arbitrarily three 
points Ji, J and Js. The line through J; parallel to l, intercepts 1, at Y;; and the 
line through J; parallel to , intercepts }, at X; The segments X;Y; form the 
sides of a triangle, unless 

a1b4 a1 b1 
(2) T* = Aybs ao bo = 0. 
a3b3 a3 bs 


For, the intercept form of X,Y; is x/a;+y/b;=1and T*=0 is merely the condi- 
tion that the three lines 6,;«-+-a;y —a,b;=0 be concurrent. 

An approach through projective geometry is helpful. Let range l, and range I, 
be connected by a projectivity which transforms X, into Yi, X2 into Y2,and X3 
into Y3. These ordered pairs determine the bilinear transformation 


xy x y 1 


(3) a1b4 ay b1 1 =, 


dob, de be 1 
asb3 a3 63 1 
which is, in general, an equilateral hyperbola 
(3*) O*xy + R¥x + S*¥y + T* = 0. 


The triangle condition 7*40 means that this hyperbola (3) does not pass 
through the origin. The dorf condition (1) means that the transformation (3) is 
linear, R*¥x+S*y-+T*=0. Moreover, the Pappus configuration of X1X2X3 and 
Y,Y2Y3 determines three cross-points Z;= (X2Y3, X3Y2), Z2=(X3V1, X1Y3) and 
Z3=(X1Y2, X2Vi), and the points Z,Z2Z3 are collinear. This line, called the axis 
of homology, or the Pascal line, has the equation 
0 « y I 

(4) ayo, ay by 1 =, 

Aybs ao bs 1 

a3b3 a3 bs 1 


which coincides with (3) iff condition (1) is satisfied. Consequently the require- 
ment that P, Q, R be collinear is intimately connected with the basic concepts 
of projective geometry. 

It is interesting to note that the collinear points J;, Je, J; lie on the Pascal 
line. For example, testing Ji(q1, 01) in (4) and expanding by the first column we 
get a,b,0*, which vanishes by virtue of (1). 

We may summarize these general considerations in three theorems: 


THEOREM 1. When two transversals intercept three segments on the sides of a 
triangle, if the points which divide these segments in a given ratio are collinear, then 
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equation (1) is satisfied. Conversely, if (1) is satisfied, then the points of division are 
collinear for every ratio. 


THEOREM 2. Three vectors OJ; are resolved into components OX;, OY; along 
lines l, and |, intersecting at O, so that OJ; 1s the vector sum of OX; and OY;. The 
segments X;Y; are divided by the points P; with a common ratio. Then the points of 
division P, Ps, Ps are collinear iff Ji, Jo, Jz are collinear. 


COROLLARY. Theorem 2 is valid for n vectors. 


THEOREM 3. The projectivity which transforms X1X2X3 into Vi Y2Y3 1s affine 
(1.e., Q* =0) aff the midpoints of X1V1, X2V2, X3V3 are collinear. 


(Since the parallelogram OX,J;Y; has diagonals X;Y; and OJ; which bisect 
each other this is equivalent to saying that Ji, Jo, Js are collinear.) 


THEOREM 4. If the segments X1VY1, X2Yo, X3Y3 satisfy the dorf condition, equa- 
tion (1), then each point (a,, b;) lies on the Pascal line, equation (4), of the projectiv- 
aly (X1X2.X3; Y; Y, Ys). 


2. Dynamic transversals and their envelopes. By Theorem 1 the division 
points P, Q, R on dorf chords are collinear for each ratio, r = X1P:XiV; 
= X20: X2Y,=X3R: X33, whenever (1) is satisfied. Let us find equations for the 
lines PQR and determine their envelope as the parameter r varies. 


Fic. 2 


For this purpose we introduce an auxiliary triangle CDE, (see Fig. 2). Choose 
Don CA so that X1V1: ¥1C=X2Y.: Y2D, and choose F on CB so that £.X1:X1¥; 
= CX: X2Y2. This makes the position of X1Y; on EC similar to that of X2YV2 
on CD. Let EX;:EC=CX2:CD=h, and EY;:EC=CY.2:CD=th. Let point P 
move uniformly from £ at time t=0 to C at time t=1, while point Q moves uni- 
formly from C at time ¢=0 to D at time t=1. The moving segment PQ has the 
position X,X_ at time t= and the position Yi VY, at time t=/. At any time ¢ 
the ratio X,P:P Y, is (¢—#): (t2—#) which is the same as X20: QY,and X3:R: RY3. 

Choose affine coordinates with origin C(0, 0) and unit points D(1, 0) and 
E(0, 1). Then line POR intercepts CD at Q(#, 0) and CE at P(0, 1—1). The inter- 
cept form of PQ becomes 


(5) x/t + y/(1 — 4) = 1. 
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The dorf condition may be interpreted dynamically: As P moves uniformly 
along Xi Yi and QO moves uniformly along X2Y2s0 also the point R, collinear with 
PQ, moves uniformly along X3Y3. Condition (1) constrains three points moving 
uniformly on the sides of a triangle to remain collinear at all times! Our time 
scale is chosen so that $=0 as Q passes C, and ¢=1 as P reaches C. 

We exploit this dynamic viewpoint by relabelling 


X1 = P(t) = Pi, VY, = P(t.) = Po; 
Xo = Qh) = Q1 VY, = Q(te) = Qs; 
and 
X3 = R(1) = Ri, Y3 = R(t) = Ro. 
Point P, divides EC in the ratio EP1:P,:,C=t:1—# and has coordinates 
(0, 1—f#) determined by the vector equation 
Py = (1 — i)E + iC. 


Similarly Q, divides CD in the same ratio and has coordinates (é, 0) as deter- 
mined by 


O1 = t1D + (1 — t1)C. 


The points P,(0, 1—t) and Q1(, 0) are simply the intercepts of (5) for the para- 
metric choice t=. 

Now consider the point W which divides P,Q, in the ratio P}\W:WQ, 
=t):1—tf,. We have the vector equation 


W = t.01 + (1 — te) Pi, 


whence the coordinates of W are (ft, [1—#:][1—t]). As this is symmetrical in 
t; and ¢, we note that W also divides P2Q, in the ratio P,W: WQ.=h:1—4. 


THEOREM 5. Any two lines PiQ, and P2Q2 of the dynamic system (5), corre- 
sponding to respective times ti and te, intersect in a point W such that P\W: PiQ\=ts 
and PW: P2Q.=h. 


Consider the point T which divides PQ in the ratio PT: TQ=i:1—t. The 
vector equation 7=:0+(1—2)P gives the coordinates (x, y) of T: 


(6t) += t?, y= (1 ~ t)?, 


which are the parametric equations of the conic Wx+/y=1. From y=1—2t 
+2? we have x—y+1=2t. Squaring, we obtain 


(6) ( — y + 1)? = 4a. 


The quadratic terms are a perfect square, (x—y)?, indicating that the conic is a 
parabola, with its axis of symmetry parallel to («—y) =0. This is the direction 
of the median through C of triangle CDE. We call the 7-locus given by (6) the 
dynamic parabola. 
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Differentiating (6t) gives dx = 2tdt, dy =2(t—1)dt, indicating that the tangent 
line has the slope dy:dx =(t—1):t. Since this is also the slope of (5) we may 
announce: 


THEOREM 6. Every line PO in the dynamic system (5) ts tangent to the parabola 
(6). The point of contact T divides PQ in the ratio PT: PQ =t, where t is the common 
value of EP: EC and CQ: CD. 


Since the 7-locus is an envelope of the family of lines (5) it could also be ob- 
tained by taking its ¢-discriminant. Since (5) is quadratic in ¢, the envelope can 
be obtained by elementary algebra without calculus. Thus (1—#)x+?ty =t(1—2) 
can be written #?—(x—y—1)t+-x=0, for which (6) expresses the quadratic dis- 
criminant relation. 

When the dorf condition (1) is satisfied, the third side AB of triangle ABC 
is also a member of the dynamic system (5). For, three transversals correspond- 
ing to times 4, tg and t=4(4+#.) mark off dorf segments X,Y; with their mid- 
points M,. The dynamic system (5) includes an element PQ which has the same 
slope as BA. Let the transversals X1Xe, Yi V2 and M,M2, which intercept AB at 
X3, Y3and M3, also intercept PQ at X, Y and M. (See Figure 3.) By Theorem 5, 
point M is the midpoint of PQ, just as M3 is the midpoint of X3Y3. We show that 
X3Y3 must coincide with PQ. 


P X3 


AM My, 


Fic. 3 


Otherwise, X;Y3; and PQ are parallel. If these segments are also equal, they 
form a parallelogram, so that X,X,and YiY, as well as M1 M2, would be parallel. 
Such parallel lines would intercept any transversal proportionally, so the dorf 
condition would be trivially satisfied. (In introducing dorf segments we ex- 
cluded this contingency by postulating that the two transversals J; and /, inter- 
sected, and could be used as coordinate axes.) 

Suppose that X;Y3 and PQ are parallel but not equal. Then PX3 and QY3 
intersect, say at N,and MN is a median of triangle PON. Applying the law of 
sines to PMN and QMN we obtain the cevian lemma, 


PM/MQ = (PN/NOQ)(sin PNM/sin MNQ). 
For the median case, PM = MQ, the lemma becomes 


sin MNQ:sin PNM = NP: NOQ. 
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Since NM intersects X1 VY, at Mi, and NM, is also a median in triangle X1ViN, 
therefore the median form of the lemma requires that NXi1:NYi1= NP: NO. Ac- 
cordingly X1Y; is parallel to the base PQ. (The same argument applies to X2Y2.) 
But this is contrary to our assumption that the dorf chords lay along the sides 
of a triangle. 

The foregoing contradiction shows that, indeed, X3Y3 coincides with PQ, 
and BA is tangent to parabola (6). 


THEOREM 7. Under the dorf conditions (1) the sides of triangle ABC and the 
transversals X1X2X3 and YiVY2V3 are each tangent to the dynamic parabola (6). 
Conversely, the dynamic parabola 1s determined by these five tangent lines. 


COROLLARY 7.1. Let five lines be tangent to a parabola. If we treat any pair of 
lines as transversals of the triangle formed by the other three, the segments cut off 
satisfy the dorf condition. 


COROLLARY 7.2. Let five lines be tangent to a conic. Then a dorf configuration 
(as in 7.1) may be formed in ten different ways iff the conic 1s a parabola. 


With respect to the original triangle A BC, the T-locus (6) is the parabola of 
Artzt inscribed in angle C. The locus of points J’ isogonally conjugate in ABC 
to T isa straight line tangent to the circumcircle of ABC. This result is given by 
W. Fuhrmann in his Synthetische Bewetse, (p. 159). 

To locate the focus of the dynamic parabola we need Euclidean geometry. 
If two directly similar figures are constructed on two arbitrary segments AB 
and CD the center of similitude S is such that triangles SAB and SCD are 
similar. 

For a graphical determination of S note that if AB and CD intersect at S’, 
then circles ACS’ and BD’ intersect again at S. For an analytic treatment we 
will employ the same letter for a point and for its Gaussian coordinate. Then 


(7) S = {° ot = G| A, B;C, D}, 


where the symbol in braces indicates the quotient of the determinant (A D— BC) 
by the sum of its cofactors (A+D—B—C). The symbol 


G{ A, B;C, D} = (AD-— BOC)/(A+D-B-O 


represents the critical value of the corresponding 22 game. A one-dimensional 
projectivity (X1X2X3; YiY2Y3) is an involution iff 


G{X1, Xe; V1, Vo} = G{ Xs, Xs; Vo, V3}. 


In the notation of (3*) this means R* = S*. 

In our current application we seek S=G{X, Yi; Xo, Y,} =GI{E, C; C, D}. 
Choose S as the origin of Gaussian coordinates. Then -£:C=C:D, therefore 
C?= DE. 
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Since triangles EC'S and CDS are similar their altitudes from S are propor- 
tional to the bases EC and CD, (see Fig. 4). Therefore CS lies along the sym- 
median of triangle CDE, and bisects angle D.SE, which is twice angle DCE. Since 
both S and the circumcenter O of triangle CDE subtend the same angle with the 
chord DE, the points DOSE are cyclic. 


Fic. 4 


But C’ = —C also satisfies the proportion E: C’ = C’: D. So triangles EC’ S and 
C’DS are similar, C’S is a symmedian of triangle C’DE. The quadrilateral 
CDC'E is cyclic, for the angles at C and C’ are supplementary. The line SO is 
the perpendicular bisector of chord CC’. Since the products of opposite sides are 
equal, CD:C'’E=CE-C’D, the quadrilateral is harmonic with symmedian point 
at the intersection of CC’ and DE. (See “Polygons of Pursuit,” Scripta Mathe- 
matica, vol. 24, p. 35.) 

The point S has been defined, by (7), with respect to the auxiliary triangle 
CDE, formed by two particular tangents to the dynamic parabola. We next 
show that any pair of tangents will suffice. 

We observe that G\E, C;C, D} = S=G\E, P;C, Q}. This follows geometri- 
cally since the center of similitude S is determined by any corresponding pairs. 
It also follows algebraically from (7) since P ='C+(1—)E and Q=iD+(1—2)C. 
If rows and columns are interchanged, S=G { E, C; P, Q} , which, by a repetition 
of the foregoing argument, reduces to S=G {E, P; P, R}. The tangent at D has 
been replaced by the tangent at R. 


(8) G{E, C;C, D} =S = G{E, P; P, R}. 


Replacing first one tangent and then the other we can make the point S depend 
on any two tangents of the dynamic system. It remains but to show that S is 
the focus of the dynamic parabola. But this is evident by selecting the tangents 
at the ends of the latus rectum. 

Finally, triangle SPC is similar to SOD so that angle SPC is supplementary 
to SQC. Accordingly SPCQ is a cyclic quadrilateral, and the circumcircle of tri- 
angle PCQ passes through S, 
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Fic. § 


THEOREM 8, The focus S of the dynamic parabola (6) ts the center of similitude 
G{E, C;C, D} for the segments EC and CD formed by two tangents in the dynamic 
system (5). Also S lies on the symmedian from C of the auxiliary triangle CDE, 
and on the circumcircle of every triangle, such as ABC, formed by any three dynamic 
transversals. 


COROLLARY 8.1. Three directed segments X1 V1, X2V2 and X3Y3 satisfy the dorf 
condition iff they have a common center of similitude: 


G{X1, Vi; Xs, Yo} = G{ Xo, Vo; Xa, Vot. 


These cumulative considerations form a beautiful generalization of the in- 
stance considered by Droz-Farny [Mathesis, (1899) 162]. 


ON THE DISTANCE SET OF THE CANTOR 
MIDDLE THIRD SET, III 


N. C. BOSE MAJUMDER, Calcutta University, India 


Introduction. Steinhaus [1] was the first to prove that the Cantor middle 
third set CC |0, 1] contains all the distances from —1 to 1, ie. if d€[—1, 1], 
then the set 


(1) Aa = {(x, 9) |" EC, yEC, and y—« = dh, 


is not empty. Alternative proofs of this theorem have subsequently been given 
by Randolph [2] and Utz [3]. For other properties of Aa see [4], [5], [6], and 
7]. 

From the results found in the papers [4] and [5], we are in a position to 
conjecture that Ag is finite for some d, and has the power c of the continuum 
for the other d’s, but there is no d for which Ag is countably infinite. 

In this paper we show that the conjecture is true and give a direct proof of 
this property of Ag. Another proof of the Steinhaus’ theorem is an incidental 
result. 
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We shall use A to represent the power (Cardinal number) of a set A. Hence, 
if S)=the power of the rational set, then we shall show that, either, 1<Aa<No, 
or Ag=2%0=c, (for proof of 2%»=c, see [8]). 

We first prove 


THEOREM 1. Let d€[—1, 1]. Then d is such that 


d oo”: 
2 —=y) = .= 4 of. 
(2) 5 ire Y 


t=] 


Also, tf there 1s another such representation then one of them ends in only —1’s, 
the other in only +-1’s, one of them has a single zero more than the other, and there 
4s no other such representation. 


Proof. We use the ternary representation of 


0 
o 6; 
(3) 0<3(¢d+1)=rA= BR 6;= 41 
t=1 y 
Then 
d 1 2h B11 B-1 2y - 
—=)\—-—= — = — _ = 0 
2 pga tyra a Hag 7 
The first part of the theorem is thus proved. 
If \ has another ternary representation, 
0 
00 6; 
A= > —) bf = 414, 
i-1 3° 
2 
let & be the first value of 7 for which 6/ ¥6,, so that, 6 =6,;,7=1,2,---,R—1, 
but 6, X~ by. Then 
k=l 6] an Ta =. 8s 
A= +o 4 = —_ +— + —) 
ire 3% xs 3? 2, 3% 3% tah 3? 
and hence 
, = oe, Skt 
(4) + DU = 0% -F > 
j= 3? jar 3? 


As 6% #*6;, we consider 6, <6, without loss of generality, so that 6/ + 156,. 
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With L the left side and R the right side of (4), we have 


Ls & +> i= 4158-84) eR = L. 
j=l 34 j=l 37 
Therefore all equalities hold so that 6f + 1=6, and 6/ =2, 6;=0, for 1+=k-+1, 
k+2,-+-+. Hence in ternary notation, either 


. ftir 202 22 
8152°+ Op-1 1000---, 


or else 
{does ober 222 
6100 °°°bh12000--- 


Consequently d/2 =A —4 can have at most two representations of the form (2) 
and the further conclusions of the theorem are seen to hold. 


Tueorem 2. If d€[—1, 1], then the set Aa defined in (1): 

(i) ts nonempty (Steinhaus’ Theorem), and 

(ii) as either finite or has the power c of the continuum (1.e. there 1s no d for which 
Aa is countably infinite). 


Proof. Express d, from Theorem 1, as 


—1 
oe) 2 ; 
(5) =p, y=] Ob. 
t=1 3? 
1 
With each y; thus determined, set 
a=1, 6=0, UW ¥: — i, 
a =0, B=1, ff y=1 
and 
(6) ‘th _ = t \" = i; f 0 
either or i ;=0. 
B; = 0 g=1f? 7 
For any of the choices in (6), then 
20; 26; 
t=1 3° t=1 3° 
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and (i) is established. Conversely if 


© Jaf 0 © 26; 0 
xe = DE) at = | \ and y= or ai = | \ 
1 in1 3° 1 


i-1 3* 


are such that y’ ~x’=d, then x’€C, y’EC and 


206! al) _ Df 


/ | 
, %=£6Bi -—a = 


co) 


7 @=> 


j=1 3? i=1 3° 


Hence either y/ =y, and (x’, y’) is one of the pairs (x, y) obtained above, or else 
(7) is the alternate representation of d and all other pairs (x, y) satisfying xE C, 
yEC, y—x =dare obtainable by using 7; instead of y; in the recipe involving (6). 
If in (5) y;=0 for an infinity (No) of 2, then (5) is the unique representation of 
d in this form, there are 2%°=c choices satisfying (6) and thus Ag=c. 
If (5) is the unique representation of d in this form and if also (5) has y;=0 


for a finite number (say m) of i, then Ag=2”. 
Finally, if (5) and (7) are different representations of d then one of them 


has m (finite) and the other m+1 zeros and 
Ag = 2" + 241 = 3,2", 


Hence the theorem is completely proved. 
Another property of the Cantor set C is that each point XE [0, 1] is midway 
between two points of C (see [2]). Incidentally we have in the following an 


alternative proof of this property and we also prove the 


COROLLARY. With O=AX1, the set 
x + 
rn = {| tEC, vEC, == at 


is either finite (nonempty) or has the power c. 
Proof. As C is symmetric in [0, 1], then (1—x) EC if and only if «EC. Thus 
Tr, = {1 —«,9)|Q—2) SC, ySC and y— (1 — #) = 2 — J}. 


Since —152\A—1 381, this set is (by Theorem 2) either finite (and nonempty) or 
has the power c. 
I am thankful to the referee for his very helpful suggestions. 
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A CLASSICAL THEOREM IN COMPLEX VARIABLE 
E. H. CONNELL, Rice University 


This is an expository paper designed to illustrate some known techniques 
in topological analysis. The goal of the paper is to show that if f is a function of 
a complex variable such that f’ exists, then f’ is continuous and, in fact, f” 
exists. Although complete proofs are not included, the basic outline is complete 
and essentially self-contained. Most of the paper is taken from [1]. 

Let R be a region (a connected open set) in the complex plane C. The state- 
ment that f: R-C is differentiable means that if z.C FR then 


lim f(z) — f(20) 


Z—2Z0 2 — &o 
exists. When f is differentiable at zo, the symbol 
f(z) — f(%0) F(z) — f(e0) 


represents the function h(z) = 
Z— Zo 3 — &o 

when 22) and h(z) =f’ (0) when z=29. The function hf will be continuous at 2p. 
If S is a circle in C, then J(S) represents the interior of S. 

Let pEC, let S be a circle, and let f: S-C—>p be a continuous function. Let 
S, be a circle with center p and of the same radius as S. Let g; bé the natural 
radial projection of C—p onto S; and ge: Si—S be the function which translates 
S, onto S. Then gogif: S—S is continuous and its homotopy class is represented 
by an integer n, called the index or winding number of f and written  =ys(f, p). 
If g: S-C—p is homotopic to f and the homotopy misses p, then us(f, p) 
=ps(g, ). If g—C—f(S) and there exists an arc from p to g in C—f(S), then 


us(f, P) =s(f, @)- 


Lemma 1. Suppose Sis a circle, f: SUI(S)—>C is continuous, and pE C—f(S). 
Tf us(f, p) 40 and W is the component of the complement of C—f(.S) containing p, 
then f(I(S)) DW. 


Proof. Suppose q2W and g€f(I(S)). Since there exists an arc from p to q 
in W, us(f, g) #0. This is a contradiction because S may be shrunk to a point in 
SUTI(S). This defines a homotopy from f | S toa constant map, which has index 0. 
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LEMMA 2. Let RCC be a region, 2oER, f: R-C be continuous and let f'(z0) 
exist with f'(%o) 40. Then there exists 6>0 such that if S is a circle with center 
Zo and radius less than 6 then us(f, f(%o)) = 1. 


Proof. (p. 72 of [1]). Let h(z) =f(e0) +f'(20)(g—Z0). Then pus(h, f(20)) =1. 
When 2 is close to 2, f is close to # and thus has the same index as h. 


LemMaA 3. Let pEC, S be a circle and Sy, So, - + + , S, be a collection of circles in 
I(S) such that they and their interiors are pair-wise disjoint. If 


us(f, p) — 2X us; J, p). 


Fic. 1. 


Proof. (p. 68 of [1]). Let T be the simple closed curve of Figure 1. Then 
ur(f, p) =0. (This requires the definition of index to be extended to simple closed 
curves, but this is not difficult.) This is true because T bounds a closed 2-cell 
D such that p€ f(D). Now traversing T is essentially the same as traversing S 
and then traversing S,, Se, - + -, S, in the opposite direction. Thus 


us(f, p) _ 2 us:(f, p) = ur, p) = 0. 


LEMMA 4. Suppose OCC 1s open, ECO, f: 0-—-C 1s continuous on 0 and for 
each 2o0€E, f'(%o) exists and f'(%o) =0. Then f(E) has measure 0. 


Proof. (p. 72 of [1]). Note that f(z) —f(z0) is approximated by f’ (20) (¢ —%0) =0 
when 2 is close to %. Thus if Y is any small set containing 2, the ratio of the 
diameter of f(Y) to the diameter of Y can be made as small as desired. The proof 
is constructed by covering E with a collection of small sets such that the sum of 
the diameters of their images is <e. 
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THEOREM 1. Suppose that Sis a circle and P CI(S) ts a finite set. If h: SUIS) 
—C 1s continuous and h| I(S)—P ts differentiable, then | 2 (20) | Smaxzes | h(z)| 
for any 2€I(S). 


Proof. (p. 73 of [1]). Suppose zo € I(S). If h(go) € A(S) then | (20) | 
< maxzeg | i(z)| and the proof is immediate. Suppose that h(z) ECS). Let W 
be the component of C—f(S) which contains h(z,). Since # cannot be constant 
on h-1(W), there exists a point 2,€J(S) such that h’(2) exists, h’(#) 40, and 
h(z1:) € W. By Lemma 2 there exists a small circle Sy with center 2, and ys,(h, h(21)) 
=10. Let V be the component of C—A(.S1) containing h(a). By Lemma 1, 
h(I(S1))D V. By Lemma 4, there exists a point pC V1\W such that if z€A-1(p), 
h'(z) exists and h’(z) 40. If z€h-(p), 2 is not a limit point of 4—1(p), else h’(z) 
would be 0. Since h—1(p) is compact, h~(p) is finite, having k elements where k 
is a positive integer. Combining Lemma 2 and Lemma 3, ps(h, p) =k40. Now 
from Lemma 1, h(I(S)) DW and the theorem follows immediately. 

Hypothesis H: Let S; be a circle with radius 27 and center 2. Let S be a circle 
with radius 7 and center 2. Let f: S\UJ(Si1)—->C be continuous with f| I(S1) 
differentiable. 


THEOREM 2. Assume Hypothesis H. If e>0, then there exists a 6>0 such that 


f(*) — fl) . =f (2) | _ 


f(® - when 2€SUI(S), and |z—x| <6. 


(Thus the difference quotient uniformly approximates the derivative on com- 
pact sets.) 


Proof. There exists a 6>0 such that 


fe) ~f0) _ f@) ~ FO), wheny ES, wands ESUI(S), 
Z—-y x—y ° and |x —2| <6. 


This can easily be shown in the same manner as continuous functions on com- 
pact sets are shown to be uniformly continuous. Now for any fixed x, z€ SW/J(S) 
with | «—2| <6, define h(y): SUIS) C by 


-“- fly) f® —-fb) 


Let P be the set composed of x and zg. Then / is differentiable on I(.S,) —P and 
thus by Theorem 1, | hcy) | <efor all y. The proof is completed by letting y =z. 


THEOREM 3. Assume Hypothests H. Then f’'(%o) extsts. 


Proof. Suppose that a, is a sequence of complex numbers converging to zero 
with 0< | an| <r for n=1, 2,---. Define g,(z): SUIGS)-C by 


f(% + an) — f(2) 


an 


gn(Z) = 
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The proof will be completed by showing that 
f'(@ + Gn) — f’ (20) 


Qn 


Sn (Zo) = 


is a Cauchy sequence and thus converges. Suppose that e>0. From Theorem 2 
it follows that there exists N such that | 2n(Z) — Lm(2) | <re/2 for any s€ SUJ(S) 
whenever n, m>N. Thus 
| Sato) = 8x2) _ Bm(Z0) — &m(2) 
2zES 20 — & 20 — 2 


<eée when n,m> N. 


By applying Theorem 1 and letting z=20, it follows that | g,/ (20) =g'n(20) | <e 
when n, m>WN and the proof is complete. 
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THE WILLIAM LOWELL PUTNAM MATHEMATICAL COMPETITION 
L. E. BUSH, Kent State University 


The following results of the twenty-fifth William Lowell Putnam Mathe- 
matical Competition held on December 5, 1964, have been determined in ac- 
cordance with the regulations governing the Competition. This competition is 
supported by the William Lowell Putnam Intercollegiate Memorial Fund left 
by Mrs. Putnam in memory of her husband and is held under the auspices of 
the Mathematical Association of America. 

The first prize, five hundred dollars, is awarded to the Department of Mathe- 
matics of California Institute of Technology, Pasadena, California. The mem- 
bers of the team were Norman Hyde Camien, Kenneth Kunen and Vern Sher- 
idan Poythress; to each of these a prize of fifty dollars is awarded. 

The second prize, four hundred dollars, is awarded to the Department of 
Mathematics of Massachusetts Institute of Technology, Cambridge, Massa- 
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chusetts. The members of the team were Bruce Appleby, Michael R. Rolle and 
Joel Spencer; to each of these a prize of forty dollars is awarded. 

The third prize, three hundred dollars, is awarded to the Department of 
Mathematics of Harvard University, Cambridge, Massachusetts. The members 
of the team were Lawrence G. Brown, Gregory W. Brumfield and Daniel M. 
Fendel; to each of these a prize of thirty dollars is awarded. 

The fourth prize, two hundred dollars, is awarded to the Department of 
Mathematics of Case Institute of Technology, Cleveland, Ohio. The members 
of the team were W. Stuart Clary, Philip J. Erdelsky and Lawrence S. Evans; 
to each of these a prize of twenty dollars is awarded. 

The fifth prize, one hundred dollars, is awarded to the Department of Mathe- 
matics of the University of California, Berkeley, California. The members of 
the team were Robert Bowen, Tom Pittman and Michael Vandeman; to each 
of these a prize of ten dollars is awarded. 

The five persons ranking highest in the examination, named in alphabetical 
order, are Robert Bowen, University of California at Berkeley; Roger Howe, 
Harvard University; Barry MacKichan, Harvard University; Vern Sheridan 
Poythress, California Institute of Technology; and Fred William Roush, Uni- 
versity of North Carolina. To each of these a prize of seventy-five dollars is 
awarded. The William Lowell Putnam Prize Scholarship at Harvard has been 
awarded to Mr. Roger Howe, of Harvard University. The value of this scholar- 
ship is $2500 plus tuition at Harvard. 

The six persons ranking second highest in the examination, named in alpha- 
betical order, are Robert Lawrence Elgin, Pomona College; Robert Heil, Yale 
University; Peter Michael Kohn, Knox College; Kenneth Kunen, California 
Institute of Technology; Robert MacPherson, Swarthmore College; and R. L. 
Penner, University of Toronto. 


The following teams, named in alphabetical order, won honorable mention: Michigan State 
University, East Lansing, Michigan, the members of the team being Stephen Elliott Crick, Jr., 
William A. Webb and James R. Whitney; Princeton University, Princeton, New Jersey, the mem- 
bers of the team being James K. Bauer, Daniel I. A. Cohen and Leopoldo Toralballa; University 
of California, Davis, California, the members of the team being David H. DuBois, Robert D. Hall 
and Larry A. Ryan; University of Pennsylvania, Philadelphia, Pennsylvania, the members of the 
team being Leslie Cohn, Larry Goldstein and Ralph Greenberg; and the University of Waterloo, 
Waterloo, Ontario, the members of the team being Roger Alfred Kingsley, Rodney Clare Wilton and 
Charles Robert Zarnke. 

Honorable mention is given to the following twenty-four individuals, named in alphabetical 
order: William Ackerman, Massachusetts Institute of Technology; Bruce Appleby, Massachusetts 
Institute of Technology; Robert J. Bobrow, Massachusetts Institute of Technology; Fred L. 
Bookstein, University of Michigan; Charles Brenner, University of California at Los Angeles; 
Sylvian Cappell, Columbia University; Peter Van Zandt Cobb, Pomona College; Daniel I. A. 
Cohen, Princeton University; Victor Wayne Daniel, University of North Carolina; Philip J. 
Erdelsky, Case Institute of Technology; Lawrence Evans, Case Institute of Technology; Daniel 
M. Fendel, Harvard University; Roger Alfred Kingsley, University of Waterloo; Robert E. Maas, 
University of Santa Clara; T. D. MacLulich, University of Toronto; Hugh L. Montgomery, Uni- 
versity of Illinois; Julius Z. Nadas, Case Institute of Technology; Carl Pomerance, Brown Uni- 
versity; Michael R. Rolle, Massachusetts Institute of Technology; Milton Rosenberg, Illinois 
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Institute of Technology; Helen Skala, Mundelein College; Joel Spencer, Massachusetts Institute 
of Technology; William A. Webb, Michigan State University; and R. J. Weber, Princeton Uni- 
versity. 


A total of nineteen hundred fifteen contestants from two hundred twenty- 
five colleges and universities entered the Competition. Fourteen hundred thirty- 
nine contestants from two hundred nineteen colleges and universities partici- 
pated in the examination on December 5, 1964. 

The individual rankings of contestants (except for the relative ranks of the 
first five) may be obtained by any department of mathematics for the purpose 
of selecting graduate students. 

Those participating in the competition were given the following problems to 
solve: 


Part I 


1. Given a set of 6 points in the plane, prove that the ratio of the longest distance between any pair 
to the shortest is at least +/3. 
2. Find all continuous positive functions f(x), forOSx«S1, such that 


f toa = j 
fonds =a 


J. (a)aede = a? 


where a is a given real number. 

3. Let Pi, Pe, - - - be a sequence of distinct points which is dense in the interval (0, 1). The points 
P, Pe, +++, Pn—1 decompose the interval into m parts, and P, decomposes one of these into 
two parts. Let a, and b, be the lengths of these two intervals. Prove that 


5 dnba(dn + Bn) = 1/3. 


nN=1 


(A sequence of points in an interval is said to be dense when every subinterval contains at least 
one point of the sequence.) 
4, Let pn (n=1, 2,- +--+) be a bounded sequence of integers which satisfies the recursion 


_ Pa-1 + Pn—2 + Pn—shn—4 


Pn Pn—1pn—2 + Pn~3 + Pn-4 


Show that the sequence eventually becomes periodic. 
5. Prove that there is a constant K such that the following inequality holds for any sequence of 
positive numbers a, @2, a3, ° °°: 
< _ 


not atdet:+>+adn n=l Qn 


6. Let S be a finite subset of a straight line. Say that S has the repeated distance property when 
every value of the distance between pairs of points of S (except for the longest) occurs at least 
twice. Show that if S has the repeated distance property then the ratio of any two distances 
between two points of Sis a rational number. 
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Part IT 


1. Let u, (k=1, 2,---+) bea sequence of integers, and let V, be the number of those which are 
less than or equal to 2. Show that if 


>, 1/ite < ©, 


kal 
then 
lim V,/n = 0. 
1-300 
2. Let S be a set of »>0 elements, and let A1, Ao, ---, Ax bea family of distinct subsets, with 


the property that any two of these subsets meet. Assume that no other subset of S meets all 
of the A,;. Prove that k =2"7}. 
3. Let f(x) be a real continuous function defined for all real «. Assume that for every e>0 


lim f(ze) = 0, (where x is a positive integer). 
ne 
Prove that 
lim f(«) = 0. 
I> 


4. Into how many regions do 7 great circles (no three concurrent) decompose the surface of the 
sphere on which they lie? 


5. Let uw, (n=1, 2, 3, +++) denote the least common multiple of the first ” terms of a strictly 
increasing sequence of positive integers (for example, the sequence 1, 2, 3, 4, 5,6, 10, 12,---). 
Prove that the series 

de 1/tn 
N=] 


is convergent. 
6. Show that the unit disk in the plane cannot be partitioned into two disjoint congruent subsets. 


Solutions. Part I 


1. If three of the points are collinear, the ratio is at least 2. If not, the convex 
hull of the six points is either (a) a hexagon, (b) a pentagon, (c) a quadrangle, 
or (d) a triangle. In case (a), the convex hexagon, having angle-sum 720°, has 
average angle 120°. 

In the other three cases, the six points include four consisting of a triangle 
with an interior point at which the angle sum is 360° and therefore the average 
angle is 120°. For, in case (b), the pentagon can be dissected into three triangles 
with a common vertex, and the remaining point is inside at least one of these. 
In case (c), either diagonal dissects the quadrangle into two triangles, at least 
one of which contains at least one of the remaining points. Case (d) is obvious. 

In every case three of the points form a triangle with one angle at least 120°. 
The longest and shortest sides of this triangle have the desired ratio. 


2. Multiplying the first equation by a?, the second by —2a and the third 
by 1 and summing we obtain 


icc la — x]2dx = 0. 
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Thus there are no such functions f(x) for any a. 


3. The identity to be proved can be rewritten in the equivalent form 


~(a1 + 1) + [lan + bn) — an — ba] = 0. 


n=1 


Consider the partial sum 


~a; — by + (ag +2) — a2 — bo + (a3 +53) —a3— 3+ °° 
+ (dn + bn)3 — an _ bn. 


Each of the positive terms cancels one of the preceding negative terms. Because 
the sequence Po, Pi, P2,-+-- is dense, every negative term eventually gets 
cancelled out. If we choose n sufficiently large, the only terms that are not can- 
celled out in the above sum are the cubes of the lengths of disjoint intervals, 
each of which is of length e at most. The sum of the terms that are not cancelled 
out is therefore majorized by e. It follows that the above sum is at most e¢ in 
absolute value for large. Now let n>. 


4. The same could be said about any bounded sequence of integers satisfy- 
ing any recurrence relation whatever 


Pn — f (pr; Pn—2) my Pn—N)- 
For, if | f»| <M, then in a block of 
NQM+1)¥+N 


consecutive p,’s there must be at least two blocks of length N that have 
identical entries. 

A solution (perfectly legitimate) can also be obtained by showing that in 
our particular case all sequences #,’s satisfying the equation must end up with 
a string of ones. 


5. Assume first that the sequence a, is nondecreasing. We may assume that 
Qn— ©, otherwise the inequality is trivial. The left side can be split into the 
sums corresponding to even and odd n’s: 


0 2k 24+ 1 00 n 
Ya ee. 
k=l Ay bt HH Ox 1 Abtee et Qoi41 n=l G++ ' an 


Now, if a, is nondecreasing, then 


2k 2k 2k 2 
< 


IA 


= a 


Qt+---tat--+-tan atat---+tatka ka oy 


and similarly, 
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2i+ 1 e 2i + 1 
ates baton tes tag ates tat Gt la 

21+ 1 3 

<_< — - 

G@+1)a; a; 

Therefore, 

20 2k 60 21 + 1 o 62 o 63 ee | 
4 9 — = sy 45 <sd-, 
pal 41 +++ Hf Oy i= Qi t+ + Gory k=1 s=1 2G; n=1 Q; 


as was to be shown. 

Now drop the assumption that the sequence a, is nondecreasing, but a,— ©. 
Let a* be the nondecreasing rearrangement of the sequence a, Clearly >)7., 1/a* 
= >)".,1/a,, and moreover, a*+ay+ --+ +a¥Sa;+a,+ +--+ +a, as is easily 
verified. Hence, using the above, 


ive) n (oe) n (ve) 1 (re) 1 
——"___ s )} —-*—_. <5) -2=sy— 
n=l 437 °° * + ay n=l 5 +++ + an n=l On n=1 Qn 


6. We can assume that the largest distance is unity. Suppose that all dis- 
tances between points of S can be expressed in the form 


(1) rot origi My tbe-1 + be 

where fo, 11, °° * , 7» are rationals and &, &,---, & are some of the distances 
between points of S. For convenience denote by R any expression of the form 
rotneit+ - +--+ +7,-1&)-1. Assume that, if possible, the numbers 1, &,---, & 


are independent over the rationals. Let m be the largest of the absolute values of 
the 7,’s which appear in expressions of the form (1) representing distances be- 
tween points of S. Let A and B be two points of S whose distance is of the form 


tm, + RK 


but is also the largest possible. Let C and D denote another couple having the 
same distance, and assume that our labeling is such that the segment AD con- 
tains all four points ABCD. Thus if we set AB=CD=pé,+R, (with |u| =m) 
AD=aé,+R, BC=Bé,+R, we get 

(a) Either AD=AB+BC-+CD and thus a=2u-+8, 

(b) Or AD=AB+CD-—BC and then a=2yu—8. 
However, since we have | ox] <m, we see that neither (a) nor (b) can occur. And 
thus we reach a contradiction. 


Part II 


1. For any N <n we have the estimate 


Vz—wN Vo 


nN k=N+1 
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limsup Vn/n S >) 1/u. 


nro k=N41 
This implies the assertion. 


2. Since any system of more than 2”—! subsets would include two comple- 
mentary sets, kS<2"—!. Suppose, if possible, k <<2”~!. The remaining subsets, be- 
ing more than 2”~!, include at least one pair of complements, say A and A’. 
Either A or A’ has a nonempty intersection with all of Ai, ---,Az;forif A has 
nothing in common with Ai, then A’ contains Ai, and each of Ao, ---,A,hasa 
nonempty intersection with A, and so also with A’. 


3. We prefix the following 
REMARK. Let (a, b) be any interval on the real line, where a, b>0. Then the 
set 


U (na, nb), n= 1,2,3,--- 
naz] 
always contains a whole half line [A, ). 

Proof. If n is chosen so large that a/b<n/(n-+1), then (n+1)a<nb, and 
therefore the intervals (na, nb) and ((n-+1)a, (n+1)b) overlap. 

Now to the proof of the statement. Suppose the assertion is false. Then we 
can find an e>0 and a sequence of intervals (a;, b;), where a,—-, with the 
property that f(x) 2e for a; <x <b;. We now define a sequence of closed intervals 
Ci, Co, > +--+ as follows. Let C= (ai, b,|. By the Remark, we can find a closed 
subinterval C,CC,; and integers m, and 12 such that, for all «CG C2, we have 
nx € (ai, b;,). Proceeding in this way, we can inductively define a sequence of 
closed intervals C,, where C,C C,_1, and integers m, and 2,, such that 1, >%,_1 and 
Ny, > Nx-1, With the property that 2,x«€ (a:,, b;,) for all eG C,. The intersection of 
all the closed intervals C, is nonempty, and for xCf)z~1 Ci, we have m,x€ (ax, b;,) 
for all k. It follows that f(m,x) 2e for all k. But this contradicts the hypothesis 
of the theorem. 


4. Let f(n) be the number. Clearly f(1) =2 and f(2) =4. After n—1 of the 
circles have been drawn, yielding f(z —1) regions (occurring in antipodal pairs), 
the nth circle, being cut twice by each of the n —1, is dissected into 2(m—1) arcs, 
each lying in one of the f(n—1) regions. Thus 2(”—1) of the f(mn—1) regions are 
dissected while the rest of them are untouched. Hence 


f(n) = f(n—1) + 2m— 0), 
f(n — 1) = f(n — 2) + 2(n — 2), 


f(2) = f1) + 2. 
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Adding and cancelling, we get 
fm) =f) + 2d +2+---+n-1) 
= 2+ n(n — 1) 
=n? —n-+ 2. 


5. Taking the hint first, any divisor of a positive integer u is either of the 
form v, where vS +/u or of the form u/v where vX+/u. Therefore the number of 
divisors of u is at most 2+/u. This number is an integer only if u is a square, and 
then +/u has been counted twice. Therefore the number of divisors of a is strictly 
less than 2+/u. 

Now let ai, d2,- + - be the given sequence, so that 0<a;<a,< +--+ and u, 
is the L.C.M. of ay, do, - - + , Qn. Clearly, all of ai, do, - - + , a, are distinct divisors 
of u,. Therefore n <2+/up, and u,>n?/4. The convergence of >>1/u, follows by 
comparison with 4 >01/n?. 


6. Say C=AWB, where C is the unit disk and A, B are disjoint congruent 
subsets. Let p—p* be the congruence of A onto B, and say the center O belongs 
to A, so that O*CB. Let pg be the diameter perpendicular to the line OO*, 
where the points p and g lie on the circumference. Denote by |ab| the length of 
a segment ab. Clearly, | pO*| >1 and | ¢O*| >1. But all points of A lie at a dis- 
tance at most one from the center O, hence all points of B lie at a distance at 
most one from O%*. It follows that the points p and g belong to A. Since | pq| =2, 
we have | p*q*| =2, and this implies that the points p* and q* lie on the circum- 
ference. Therefore, either | p*O*| or |q*O*| is greater than one, and this con- 
tradicts | pO| =1= | gO| , completing the proof. 


Erratum. This MONTHLY, 72(1965) 477-478. Mr. Samuel Klein should have 
been included with the persons who have been in the highest group of winners 
of the Putnam Competition three times instead of two times as given. 


CORRECTIONS FOR ‘‘CROSS-EXAMINING PROPOSITIONAL CALCULUS 
AND SET OPERATIONS” 


Joun F. RANDOLPH, University of Rochester 
Volume 72, No. 2, February 1965, pages 117-127. 


1. In Figure 5b. the dot in the bottom quadrant was all but lost in printing. 
2. Page 126 change 


ABCU (ABU AB)C to ABCU(ABU AB)C 


MATHEMATICAL NOTES 


EDITED By J. H. Curtiss, University of Miami 


Material for this department should be sent to J. H. Curtiss, 
University of Miami, Coral Gables, Florida 33146 


RATIONAL POWERS OF POWER SERIES 
R. E. von Hoipt, Lawrence Radiation Laboratory, University of California, Livermore 


1, THEOREM. If, for n a rational number, 


(1.1) (x ast) = c.(n)x*, ay > 0, 


k=0 k=0 
and 
(1.2) S(m,n) = >> [n+ Dk — ml anem-x(n), m = O, 
k=0 
then the c,(n) satisfy 
(1.3) co(n) = ao, 
(1.4) S(m, n) = 0, m = 1. 


The special case of this theorem for n a positive integer and a)+0, appears 
in Ryshik-Gradstein, “Tables of Series, Products, and Integrals,” Deutscher 
Verlag der Wissenschaften, Berlin, 1957. 


2. Lemmas. 

LEMMA 1. Jf { sx 4-1 1S @ Sequence such that each subsequence of the form { Se an 
satisfies a linear dependence relation with nonzero coefficient of sy, then s,=0 for 
all k. 


The lemma is obvious by mathematical induction. 


LemMa 2. If a(t, j) = —a(j, 4) then 


m ms 


> > a(i,j) = 0. 


i=x0 j= 


Interchanging the order of summation and interchanging the dummy indices 7 
and 7 makes the sum equal to its negative and therefore equal to zero. 


3. Verification of the theorem for n=0. 


From (1.1) 
(3.1) c (0) = 1, 
(3.2) Cm(0) = 0, m = 1. 


740 
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From (1.3) 


(3.3) c,(0) = ay = 1. 
From (1.4) with (1.2) 


(3.4) Ss (k —m)axtm2(0) = 0, m21. 


(3.1) and (3.3) verify (1.3) while (3.2) and (3.4) with Lemma 1 verify (1.4). 


4, Proof of the theorem for z an integer. From (1.1) 


l==0) 


DS cx(r + Adak = DS aye! DS cp (r)x?. 
k=0 p=0 


Reordering the double sum so that the outer sum is over powers of x, we have 


> on(r + 1)et = > ak > aiCz—1(1) 


Ieox0 k=O Ime 
or 
k 
(4.1) cx(r +1) = >> arcr_s(r) 
1=x0 


and, in particular, 
(4.2) Cor + 1) = aoco(r). 
From (1.2) and (4.1) 


S(m, Y + 1) = > [(r + 2)R — m| ay, >> @16m—1—(1). 


Interchanging the order of summation, we have 


m m—I 


S(mr+1)= Dad [e+e -— (m—D] + —D} aecmp_i(r). 


[==0 


From (1.2) 
° m m m—l 
S(m,r+1) = D> aS(m —1,n + 5 >> (B — Dayaiem1z_1(1). 
[=0 l=0 k=O 


By Lemma 2 the double sum is zero, hence 


m 


(4.3) S(m,r +1) = >> aS(m — I, 1). 


l=0 
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From (4.2) and (4.3) with Lemma 1 we see that the theorem is true for 
n=r-+1 if and only if the theorem is true for n=r. Since the theorem is true 
for n=0, by mathematical induction the theorem holds for an integer. 


5. Verification of the theorem for n a rational number. From (1.1) 


(x ast) = Dials/ds, 9x0 


k==0 k=0 


for » and q integers. Since the power p/g will not be needed in the argument 
we will replace c,(p/q) by c,. Taking the gth power of both sides of the above 
relation we have 


sed Pp 0) a 00 
( » at) = ( > at) = >> b,x, 
k=0 k=0 


k=0 


where: 
(5.1) by = ay = Co, 
l 
(5.2) Dd [e+ 1)k — Labia = 0, 
. k=0 
l 
(5.3) Dd [q+ 1k — Wabi, = 0. 
k=0 


(5.1) verifies (1.3). 
Let T(l, m) be the difference between c,, times (5.2) and ad» times (5.3), then 


} 1 
0 = T(l, m) = >> (& — D)(aucm — amex)b1-~ + >) B(panCm — GOmCx)b1-x- 


k=0 k=0 


From this we have 


I—s 


0O= > Til — S, 5) = > > (k - } + S) (Ax6s — AsCx) 01-s—% 


s=0 s=0 k=0 
Ll ls 


+ » » R( parC ~~ Gar) 01x. 


s=0 k=0 


By Lemma 2 the first double sum is zero. Reordering the second double sum 
such that the outer sum is on m=s-+k, we have 


l m m 
0o= >») bn >) RpaxCm—-z — >, (m — S)adsen-a} . 
m=0 


k=0 s=0 


Replacing the dummy index s by &, we have 


l m 


O= du bim 2. [(p + gk — mg) ancms, 


m=0 k=0 
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or 


O=¢q >» bi-mS(m, p/q). 


m=0 


From (1.2) S(O, 2) =0; hence our last relation is equivalent to 
L 
0= » bi_mS (m, b/Q)s 12 1. 
m=1 


Using this with Lemma 1 we have S(m, p/q) =0, m2 1; thus (1.4) is verified. 


This work was performed under the auspices of the U. S. Atomic Energy Commission. 


AN INTEGRAL INVOLVING TURAN’S EXPRESSION 
FOR BESSEL POLYNOMIALS 


S. K. CHATTERJEA, Bangabasi College, Calcutta, India 
1, Krall and Frink [1] introduced the polynomial 
rn (a+r)! ( x ) 
1.1 n xX) = J -——- ; 
(1) In) 2 ND 


it satisfies the differential equation 


(1.2) wry! + 2(4 + 1)y’ — n(n + 1)y = 0, 

and they established among other properties: 

(1.3) Yn4i(x) = (2n + 1)xyn(#) + Yn—s(*), 

(1.4 —— f yala)ya(aderttede = Oe 
dri d ¢ 2n + 1 


where c is the unit circle or any contour surrounding x =0 and 6n,=0, 1 accord- 
ing as Mn, M=N. 

Burchnall [2] found additional properties of these polynomials with the 
definition: 


(1.5) On(%) = x"y,(1/x). 


In the present note we derive a recurrence relation for the Turan expression 


(1.6) An = Yn(%)¥n42(%) — Yn4s(2), 


which readily yields the explicit evaluation of A,, and finally we evaluate the 


integral 
1 A, 1 
Jf (Lesa 
207i .\x? x 
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2. From (1.3) we easily derive 


(2.1) An + Ani = 2¢Yn(4)Yn11(%). 
Again, 
(2.2) An—-1 + Ano = 2%Yn—1(%)Vn(%). 


It follows from (2.1) and (2.2) that 
An = Ana + 2%yn(2)[Yn41(*) — Yn—1()] 


(2.3) 2 
= A,-2 + 2(2n + 1)x*y,(x). 


Now, putting »=2m, and applying (2.3) repeatedly, we obtain 
— 2 
(2.4) Nom = % + 2x? ° (44 + 1)yoi(x). 
i=0 
Similarly, putting 7 =2m—1, we derive 
m P 
(2.5) Nom—1 = % + 2x? D> (44 — 1)yoe_-1(2). 
isl 
It may be noted that (2.4) and (2.5) can be combined into a single formula 
[n/2] 9 
(2.6) n= at 2x? SY (Qn +1 — 4i)yn-2:(x), 
$20 
which, when written in Burchnall’s notation, reads thus (cf. [3]) 
n/2} 


[ : 
+2 >> (Qn +1 — 4j)xO,-9;(x). 


j=0 


(2.7) On(%)On+2(%) — 6,,41(x) _ nt 


Carlitz [4] obtained (2.7) in a different manner in order to prove that 


(2.8) On(%)Onse(%) — 6, 41(2) = 0, x= 0. 


Here we remark that our method furnishes a shorter proof of (2.8). Szegé [5] 
initiated the study of the Turan inequality. It is interesting to note from (2.6) 
that 


(2.9) A, —* 2 0, for all real x. 


Lastly by means of the orthogonality relation (1.4) and the explicit evaluation 
(2.6), we obtain the integral relation 


(2.10) _ (= — —) eed = (—1)"*1{[n/2| + 1}. 


Sit x? 
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A PROPERTY OF THE 7-FUNCTION 
N. C. Scnotomitt, University of Illinois, Chicago 


The function 7(x) in number theory represents the number of positive inte- 
gral divisors or factors of the positive integer x. The word divisor is used here 
in the usual sense according to which the statement that “the positive integer b 
is a divisor of the integer a” means that a/b is an integer or a@=0 mod B. 

We shall prove here by mathematical induction a property of 7(«) which 
was first derived and given by M. Lerch, in the year 1887, who made use of 
generating functions defined by power series. For an account of work relating 
to Lerch’s formula the interested reader may consult L. E. Dickson’s A History 
of the Theory of Numbers, vol. I, p. 307, and succeeding pages. 

This property (Lerch’s formula) can be stated as follows: 


(1) r(n) =n — Sn — b B), 


where ¢ is given in definition (1) below. 


DEFINITIONS. (1) Let t(n—k, k) be the number of divisors of n—k, each of 
which is greater than k, n and k integers, n>k20. Specifically t(n, 0) =7(n). 

(2) Let E(n, x) =1 tf n=0 mod x, and E(n, x) =0 tf n 40 mod x; 2 and x 
positive integers. 


An immediate consequence of these. definitions is the property: 
Dont E(n+1, u) =7(n+1) =t(n-+1, 0) and thence follows: 
n n+1 
>, E(n + 1, u) = (E20 + 1, »)) —~Eau+i,n+1), 
ux] u==1 


or 
(2) > E(n + 1, 4) = i(n + 1,0) — 1. 
u=1 


Another property is the following: 


(3) n=n' mods implies E(n, x) = E(n’, x). 
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Next observe that 
(4) in—k,k) = En—kh,k+1)+it(n —k, k +1). 


This is an immediate consequence of the definitions (1) and (2) given above. 
(4) may be written thus: 


i(n — kh, k) = En —h, k+1)+int+i—(k+1),e+1) 
and since n—k=n-+1 mod (k-+-1) we have, using (3): 
(5) in—-k,k) = En+1,k +1) +iaw+1—(k4+1),k +1). 


We state now the theorem: 


n—1 


(6) n= >, i(n — k, k). 


k=wQ 


The proof by mathematical induction is easy. (6) holds when x =1, because 
then k=0 since n>k20: 1=1(1, 0). 
Next we prove that 


n= Fin — bE) implies 2+1= 2 Hn + 1—k,k). 
k=0 ~0 
This is the inductive step. To prove it we effect a summation over (5): 
Tie 48) = Txt ety + Diwti- (k-+1),&+ 1). 
The left hand member is 2 by (6). On the right we shift indices, putting k+1=u: 
n= > E(w 1,4) + > H( +1— 4,4). 


Substituting from (2): n=t(n+1, 0) -1+ 0%.) t(m+1—u, u), or 


n+1= >i tun+1—4, u). 


u=0 


This completes the proof of the theorem. 
Equation (6) may be written thus: 


n—1 n—1 
n = >. t(n — k, k) = t(n, 0) + >, i(n — k, B) 
k= k=1 
or t(n, 0) =7(n) =n— > Ri t(n—k, k). But this is (1) and our result is proved. 
As an example we have: 
7(17) = 17 — (16, 1) + 2(15, 2) + 2(14, 3) + --- +209, 8)) 
or 7117) = 17 —- 44+3424+14+2+4+1+1+1) 
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or 7(17) = 17 — 15 = 2. 


Observe that 
n nN 
x x 


where [uw] means, as usual, the greatest integer not greater than u. Further 


roo = Rad ¥ (| ]+|-F)) 


TRANSFORM METHODS FOR DIFFERENCE EQUATIONS 
C. A. GRIMM AND W. WALTHER, South Dakota School of Mines and Technology 


The Dirichlet series transform, which has been discussed at some length in 
[1] and [2], may be written in the form: 


Di f(n)} = > a—*"F(n), a>i,s>1. 


Index values, 0 and , and the function a~* have clearly been chosen by 
analogy to the Laplace transform. The generating function transform, 


ve) 


Gif(m)} = D2 sf(n), 


n=0 


is also well known (see |3]), as is the Laurent series transform (see [4]), 


Lif} = Levy), [2] >R 
n=1 
The intent of this paper is to examine transform methods for difference equations 
subject only to the initial requirement that the transform of f(m+1) should be 
expressible in terms of the transform of f(m). The goal will be to determine a 
“most suitable” transform. 


We let 
q 
(1) T{f(m)} = Lo g(s, mf) = 4(s) 
n= 
in which n, p and q are nonnegative integers, s is a real variable, g(s, 2) is de- 
fined for all s on some range R and for n= p. In addition, g(s, p) #0 for any s on 


R. Then 


(2) Thin + D} = Kgs, fn +1) = 0s). 


ne p 
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The sum (1) does not contain f(g+1), which appears in the sum (2), but does 
contain f(p), which does not appear in (2). Taking into account the coefficient 
function which would multiply f(¢+1) if (1) were extended to one more term 
we are led to consider the expression 


o(s) + g(s,qg + 1)f(¢ + 1) — gs, pf), 


and we have the following theorem: 


THEOREMI. A necessaryand sufficient condition that T {f(n+1)} =¢(s)[T{f(n) } 
+2(s, g+1)f(q+1) —2(s, p)f(p) | for every s on Rand all n= p and every function 
of n defined for n= p ts that ¢(s)g(s, n +1) =g(s, 2). 


Proof. Sufficiency. Let ¢(s)g(s, n+1) =g(s, n). 


Tila + 1} = Lels, w\fln +1) = Do e(s)gls, m + tf + 1) 


= S()[TIF@)} + gg + Df@+ 1) — als, o)f(o)I. 


Necessity. We now have 


els, w)fln +1) = ¢(s) | X g(s, n)fln) + els, q+ FQ +1) — als, pte) 


= (5) Dale, n + tile + 1). 
Hence >0%_, [¢(s)g(s, n +1) —g(s, 2) |f(2+1) =0 for each f(n), n=p and g=p. 
Thus for f(z) =1 and all g2p, 


q 


(3) Dd [s(s)g(s, 2 + 1) — g(s, n)] = 0. 

n=p 
In (3), with g=p, we have ¢(s)g(s, +1) —g(s, p) =0. Further, since (3) is to 
be zero for every value of ¢2 >, it follows for g>> that 


q—l1 


0= D7 [s(s)gs,m + 1) — es, 2)] + [G)g, 9 + 1) - gs, 9] 


0=0+¢(s)g(s,¢ + 1) — gs, 9). 
Hence, for every n2 p, 
(4) £(s)g(s, a + 1) = g(s, n). 


We consider next the type of kernel functions available under the condition 
(4). Since we have assumed g(s, p) #0 for all s on R it follows that ¢(s)g(s, 1-1) 
~0 for all s on R and further that ¢(s) #0 and g(s, 2) #0 for s on R and all 
integers n= p. If we let gi(s, m) and go(s, n) be any two solutions of (4), then 
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together with the above remarks we may write g1(s, 2)/go(s, n) =g1(s, +1) 
/go(sn-+1) for all s on Rand nZ2p. Thus, 


(5) gi(s, b)/ gels, p) — gi(s, p +r h)/ga(s, p + h) 


for all integers h 21. But (5) shows that the ratio g1(s, 2) /ge(s, 2) is independent 
of n, for n=p, and hence may be regarded as a function of s alone. Thus it is 
seen that 


(6) gi(s, n) = a(s)go(s, nN). 
Any two solutions of (4) are then related by a functional multiple as shown by 
(6). To find a solution of (4) we let g(s, 2) =A” where A isa function of s. Hence 
A*=(¢(s)A*t! and therefore A =1/¢(s). By (6), the general solution of (4) is 
g(s, 2) =a(s)¢(s)—", a(s) arbitrary. Thus we are led to consider transforms of 
the type, 

q 
(7) Ti f(n)} = as) Do $(s)*f(n). 


From the proof of Theorem I we have 
(8) Tif + 1} = SOTO} + als)e)- FG + 1) — a(s)$(s)-2F(0)]. 


To simplify (8) it seems desirable to take p=1, rather than zero, and a(s) =1. 
A further simplification is obtained if ¢(s)-@tf(q¢+1) =0. Since this cannot be 
expected to happen in general for any finite g we impose the additional require- 
ment that >>”, ¢(s)-*f(n) converge, and hence that lim, +. ¢(s)-*f(n) =0. With 
these considerations, the transform given by (7) has been specialized to 


(9) rio} = Deo). 


The Dirichlet series transform, with the exception of the lower limit, results if 
we take ¢(s) =a; the generating function transform is obtained by taking ¢(s) 
=1/s. The more natural course, however, is to take {(s)=s, the most simple 
nontrivial function of s. Thus we have the Laurent series transform as our 
“most suitable” transform and we have further specialized (9) to 


(10) Pifn)} = Qi sf(n). 

Although we apparently lost analogy to the Laplace transform in the choice 
of the lower limit, 1, in actuality we have gained analogy immensely, in some 
cases, as can be seen by an examination of the listed results (a) through (j), 
given at the end of the paper. 

From the ratio test, if lim,.. | f(m-+1)/f(n) | =[,, then (10) converges ab- 
solutely and uniformly for all s2r>Z. Thus 


(11) lim | f+ 1)/fm)| =L< 
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is a sufficient condition for the existence of a transform. Another condition for 
convergence is the usual exponential order condition. That is, if there is an 
S>0O such that for all s=S>0 


(12) s—"| f(n) | <M forn> N, 


where M is a constant, then (10) converges. Condition (11) can be shown to 
imply condition (12). The converse is not true as can be seen by considering 
f(n) =cos(n7/4) for which (12) holds but (11) does not. 

We conclude by listing some results obtainable for this transform: 

(a) lime. T{f(n) } =0, 

(b) lim, .. sT{f(m) } =f(1), 

(c) if T{f(n)} =T{g(n)}, then f(n) =g(n) for every n=1, 

(d) T{Ef(n)} =T{f(n+1)} =sT {f(n) } -f(4), 

(e) TY E4(n)} =T{f(n—1)} =sT f(a) } +5-4f(0), 

(f) Tyref(m)$ = TY LO) } | eer 

(g) T\nf(n)} = —s(d/ds)T if (n) }, 

(h) Tif(n)/n} =fPsT{f() fds, 

(i) Tif) }Tig@)} =sT{ Lea feem—k+1)}, 

Gj) if T {f(n)} =(s), then f(m) = d"h(s) /ds*| 2-0/n! where h(s) =@(1/s). 

It is a simple matter to construct a useful table of transforms. Only a few 
basic functions need to be transformed and then the more elaborate transforms 
are then obtained by (f), (g), and (h). 
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BOUNDED LINEAR FUNCTIONALS ON ZL, 
W. FuLks, University of Colorado 


There is an elegant argument due to F. Riesz (see, e.g. F. Riesz and B. Sz.- 
Nagy, Functional Analysis, New York, 1955) which establishes the representa- 
tion theorem for bounded linear functionals on the space L, of measurable func- 
tions f whose gth powers, | f | q, are integrable with respect to Lebesgue measure 
on the real line. It seems not to have been observed that the same argument 
applies to the space L, of an arbitrary totally o-finite measure space (X, S, p). 
This note is a transcription of Riesz’s argument to the more general situation. 

We follow the notation and nomenclature of Halmos (Measure Theory, 
Princeton, 1950). Since we are concerned with a fixed measure y, all references 
to measurability and integrability refer to uw. In particular any statement quali- 
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fied by the remark, |u|], means that the statement holds pointwise except on a 
set of measure zero (e.g. fi=f2[u]). 

We discuss the case where 1<q<o, the case g=1 being handled analo- 
gously. Thus p and g are assumed without further comment to be conjugate in- 
dices: they are positive numbers for which 1/p+1/q=1. 


LEMMA. Let (X, S, u) be a totally o-finite measure space and let v be a set func- 
tion defined on measurable sets of finite measure which defines on each such set a 
totally finite signed measure. A necessary and sufficient condition that v be the in- 
definite integral of a function fEL,(X, S, w) is that every finite sum of the form 


| »(E,) |? 
2 [u(E,) |? 


where the E;’s are disjoint sets of finite nonzero measure, be uniformly bounded. 
Furthermore, if B? is the least upper bound of these sums, then B=\|\f\| p. 


Proof. Necessity. lf fEL,, then by Hélder’s inequality 


=| fi sf 


(Be) | 
© pms s hf, isha s f isla =e 


so that the sums are uniformly bounded and BS\|f\|>. 


< f _ | fledulu(e)] 


Then 


Sufficiency. For u(F) < © we have |»(£) | ? < BP? |u(E) |?-! for every measura- 
ble set ECF if u(Z)>0. Thus v(Z)—0 as p(£)—0 so that v is absolutely con- 
tinuous with respect to uw. By the Radon-Nikodym theorem there is a function 
f, integrable on F, for which »(Z) = fzfdu for every measurable ECF. If Fi and 
F, are two sets of finite measure and f; and f, are the corresponding Radon- 
Nikodym derivatives, then f;=fo[u] on Fi F2, since for every measurable 
ECFi\F, we have v(E) =/zfidu=Jzfodu. Now X can be represented as the 
limit of an increasing sequence of measurable sets F; of finite measure, so that 
we can define f uniquely [u| on X with the property that v(E) = /xfdp for every 
measurable E of finite measure, 

Now let F be any set of finite measure and define E,,,= {x F: k/2" f(x) 
<(k+1)/2"},k = — n2",---, —-1,0,1,2,---, 27-1 


E_nt149., = { 2 CF: f(x) < —n}, Enon = { 2 CF: f(«*) 2 nt, 


and 


_ v(Ex.n) 
In = 2a og yx 


where xz is the characteristic function of A, and where the sum is extended over 
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all k from —n2"°—1 to 2” except those for which pu(Fx,,) =0. Clearly | Fn(X) 
— f(x)| <1/2" for all admissible k (i.e. u(Ex..) 40) except possibly when 
k= —n2"—1 or n2”. For these terminal values of k we have u(FExz,,) 0 as n> © 
since | fi=e rf at most a set of measure zero. Thus f,—f |u| in F, consequently 
|fn|?—> fl? lu |in F. But 


1 \?dn = —__—____— = B?, 
fils Pa = [u( Ein pas 


and by Fatou’s lemma { P| f | du <= B?, which holds for every F of finite measure. 
If | F,} is an increasing sequence of sets of finite measure for which lim F; 
= X, we set ;= | f |? Xr,,and apply the monotone convergence theorem to con- 


clude | f | P integrable and 
J |f |?du < Be 
x 


This completes the proof of the lemma. 


THEOREM. Let (X, S, mw) be a totally o-finite measure space and let A bea 
bounded linear functional on L4(X, S, uw). Then there is a function fEL,(X, S, pw) 
such that for every gin L,(X, S, w) we have 


Ag= {fed 
x 
were |LAl|=|ljl 


Proof. If E has finite measure, then yz@L, by Hélder’s inequality, so that 
A acts on xz. The set function so defined, i.e. v(Z) =Axz, is clearly a totally 
finite signed measure on the measurable subsets of any set F of finite measure. 

Let \E;} be a finite collection of disjoint measurable sets of nonzero finite 
measure, and define ¢ by 


_ | >—1 son v(E,) 
a 2. [u(E,) |? 


XE; 


Clearly GEL, and 


| 3) |? _ | .) |p 1-1/2) 
D pea 7 46s lalllle= [alll DT 


or 


Ses lb. 


<lall the lemma, p is the indefinite integral of a function fEL, and |||, 
S||A 
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If g is a simple function, g= > QiXz, Where \E;} is a finite collection of 
sets of finite measure, then 


Ag= 2 aw(Ei) = J sw = J sta 


the last step being by the lemma. 
If g©L, then there is a sequence { Zn} of simple functions converging to gin 
L,:||g,—g||.—0. Thus 


| Ag — Ag| = | Alem — g)| S[[Alllle — ella 0, 


| f suit — J fas = | JG — g)fdu 


We conclude Ag=/xgfdu. And | Ag| = | fxfedu| <|lf\l allel: so that | 4|| <||f\lp, 
which completes the proof of the theorem. 


and 


S |[go — gllallfll,— 0. 


This paper was prepared at Oregon State University under an NSF grant. 


TWO DIMENSIONAL SPACES ARE QUADRILATERAL SPACES 


L. M. Ketty, D. M. SMILEy, AnD M. F. SmiILey; Michigan State University, 
Riverside, California, and the University of California, Riverside. 


In [2] some of us conjectured that if X is a real normed linear space and 
x, y, 2 are linearly dependent in X, then 


(1) |e] + ly) +]2| +l*tyte2| = le+y| + lots] + [e+el. 


Joram Lindenstrauss has observed that (1) is a minor consequence of his result 
[1] that every normed linear space of dimension two is isometric to a subspace 
of L1[0, 1]. Two of us have given a geometric proof of (1) based on the convexity 
of the unit ball of X (unpublished). Here we give a very simple algebraic proof 
of (1). 

Since x, y, 2 are linearly dependent we have px-+oy-++7z =0 for real numbers 
p, 0, T not all zero. 

Case 1. p, o, tT are all nonnegative (or all nonpositive). We may choose our 
notation so that p,¢,720, p20,7 and 7>0. For, if s=7=0 then x =0 and (1) is 
trivial. We may then write z=ax-+6y where—a = —p7r-!S —1,68 = —o7r'! SO and 
a<8. With k=(a—B)a! and 1=a™! we have 


O<k<1, OSI151, by-k=xty 
as well as (1—k)y—(1—2J) z= —(g+<). Then 
Jety| Skly| +22], [ete] sa-|y| +G-Dl2| 
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and we get |x + y| + |z +2] S |y| + |z|. But we also have |y +2| < |x| 
+|x-+y+z| and (1) follows by addition. 

Case 2. One of p, o, 7 is negative and the other two are nonnegative (or one 
of p, ¢, T is positive and the other two are nonpositive). We may choose our nota- 
tion so that 7<0, p, 720 and o2p. Here we have z=ax+y with a, 820 and 
a=6. With k=(6—a)(1+6)—1, /=(1+86)—! we verify that 


OSk S51, OS/81, ke +le+y+2) =4+4, 
1—kAcetada-Dwtyts) =a+a. 
Manipulations like those used for Case 1 then prove that (1) holds. 
M. F. Smiley’s research was partially supported by NSF grant GP-1447. 
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THE HOLOMORPHS OF FREE ABELIAN GROUPS OF FINITE RANK 
N. C. Hsu, State University of New York at Buffalo 


1. Introduction. A group is called complete if it has no outer automorphism 
and has no central element except for the trivial one. The automorphisms of the 
holomorphs of certain groups have been studied by several authors (see the 
references), and it is known that the holomorph of the infinite cyclic group, i.e., 
the free abelian group of rank 1 is not complete (see [2] page 1010). In this note 
we prove 


THEOREM. The holomorph of a non-cyclic free abelian group of finite rank 1s 
complete. 


Hence, a non-cyclic free abelian group of finite rank is an example of an 
abelian group, in which x—x? is not an automorphism, that has a complete 
holomorph. (See [6| page 609.) 


2. The proof of the theorem. It suffices to show that the holomorph under 
consideration has no outer automorphism. Let F, be the free abelian group of 
rank n, and U, be the automorphism group of F,. The elements of F, are n- 
tuples of rational integers and the elements of U, are n by 1 matrices of rational 
integral coefficients whose determinants are +1. The image of an element 
(C1, Co) + * +, Cn») Of F, under the automorphism (x;;) is 


1965] MATHEMATICAL NOTES 755 


(c1, C2, °° 4 Cn) (43) = (ee » Cikiag 8 8 y > cin). 
t t 


3 


The holomorph G, of the group F, is defined as follows: The elements of G, are 
the pairs (&, x) with EC U,, «EG F,; the multiplication of elements of G, is given 
by the rule (&, %1)(&, x2) =(&i&, x1£-+x2), where ££, x1£-+x«. are ordinary 
matrix operations. We imbed F, into G, in an obvious way. The first cohomology 
group H1(U,, F,) of Un over F, is the factor group of the subgroup of the prin- 
cipal characters in the group of the crossed characters of U, into F,, where a 
crossed character is a mapping u of U, into F, subject to the condition u(&&) 
= u(&)&+u(&) and where a principal character is a mapping v of U, into F, 
defined by v(£) =a—aé for some fixed element a of Fy. 


Lemma 1. For n22, H'(Un, Fn) vanishes. 


Proof. Let 
0 1 0---0 
0 0 0 
ae re 
00 0C---1 
—-1 0 0---0 
Then a" = —e, where e¢ is the ” by m unit matrix. For any crossed character u 


and for any element & of U,, u(£) is determined by u(a), for — and a commute. 
In particular, a” and 


0.--0 "] 
0 0O---0O QO 
8 = 

0 0 0---1 O 

00 0--:-0 1 
commute, and therefore u(a)=().%50a;—2b2, de, d3,°°*, Gn) and u(8) 
= (0, bo, 0, - - - , 0) for some integers be, de, a3, + + + , Gn. If v is the principal char- 
acter induced by 

(— De, d2 — be, d2 + a3 — bo, my >> a; — de), 


t=2 


then u(a) =v(a) and therefore u =v by a previous remark. This shows that every 
crossed character is a principal character, and the proof is complete. 


COROLLARY 1. Every automorphism of the holomorph G, of the free abelian 
group F, of rank n=2 which maps F,CGa onto itself is an inner automorphism. 
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Proof. The first cohomology group H'(U,, F,) is isomorphic to the factor 
group B/I, where B is the group of all automorphisms of G, that map F, CG, 
onto itself and where J is the group of all inner automorphisms of G, (see, e.g. 
[5] page 3). Hence the corollary follows. 


LEMMA 2. For any n, F, 1s a characteristic subgroup of Gp. 


Proof. It is shown by W. H. Mills [4, p. 390] that if A is a finitely generated 
abelian group which does not contain any element of order 2, then A is the only 
normal maximal abelian subgroup of its holomorph isomorphic to A. This 
proves the statement. 

Lemma 2 together with Corollary 1 implies that the holomorph under con- 
sideration has no outer automorphism and we have the theorem. 
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ABSOLUTELY INDEPENDENT GROUP AXIOMS 


R. A. Jacopson* anp K. L. Yocom, South Dakota State University 


1. Introduction. In a recent paper [1], Harary utilized the notion of axioms 
that “never” hold in order to develop the concepts of “very” independent and 
“absolutely” independent axiom systems. It was pointed out that the usual 
group axioms are not very independent; and, indeed, one is quite fortunate to 
find any very independent axiom systems. It is the purpose of this paper to 
present a set of, not only “very,” but “absolutely” independent axioms both for 
a group and for a semi-group with right identity. 

It is well known that both a group and a semi-group with a right identity 
consist of a set S of elements and a binary operation, *, that satisfy certain 
axioms. We shall assume that closure is an inherent part of the definition of 
binary operation. In the following, all elements e, x, y, zg are in S. 


2. Semi-group with right identity. We use the axioms: 
(1) there exists an element e such that x * e=x for all x; 
(2) x*(y*2)=(x* y) «2 forall x, y, 2 and ze. 


* Presently at Houghton College. 
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The existence of a right identity element implies that (x * y) * e=x * (y * e) 
for all x, y; hence the requirement that z=e is excluded in axiom (2). The 
simple contradiction of the axioms would read: 

~(1i) for every element y there exists an x such that x * yx; 

~(2) there exist elements x, y, 2, z%e, such that x * (y*z) A(x * y) * 2. 
The requirements that the axioms “never” hold are: 

(1) for all x, y, then x * y4x 

(2) for all x, y, z, and ze, then x * (y #2) #(x * y) *2. 


The following examples, in which x, y are contained in the set S of positive 
integers, indicate that the axioms are “absolutely” independent. 


BINARY OPERATION IDENTITY AXIOMS 
xky=suty—i =1 1, 2 
xky moby none I, 2 

x, y=i1 - 

vey = | e=1 1, 2 
y+ti1, yl 

x*y=au+1 none I, 2 


3. Group. The following axioms define a group: 


(i) there exists an element e such that x * e=x for all x, xe; 
(ii) for all x, y, 2, z4%e;x* (y * 2) =(K *y) #2; 
(iii) x * w=y has a unique solution w for all x, y, xy. 


At first glance, it appears we have omitted these requirements: e * e=e, 
x * (e* e€) =(x *e) * e, and e * w=e has a solution. It is also apparent that these 
are satisfied if we can prove that e * e=e. Employing a proof by contradiction, 
we assume that e * e=a, ae. Since a#e, a * w=e has a unique solution Db. If 
b = e, we have the contradiction e=a *b=a*e = a. If b#e, let c=e * b. Then 
exc=ex(exb)=(exe) *b=a*b=e. Furthermore, a * c=a* (e*b)=(a *e) * dD 
=a *b=e; hence, from the uniqueness condition of (iii), c=b. Since e * b=c 
and e * c=é, this asserts that e * b=b and e * b=e, or finally b =e, which is in- 
valid. Hence e * e=e and axioms (i), (ii), (iii) define a group. 

The simple contradictions of the axioms are: 


~(i) for all y there exists an x, «#7, such that x * yx; 

~(ii) there exist x, y, 2, ze, such that x * (y * 2) A(x * y) #2; 

~(ili) there exist x, y, x#y, such that x *w=y does not have a unique 
solution. 

We assert that the axioms “never” hold if: 


(i) for all x, y, if xy, then x * y#x; 
(ii) for all Xy Vy By if ZH, then x * (y * %) #(x * y) * Z: 
Gii) for all x, y, if xy, then there is no unique solution for x * w=y. 


The following examples, in which x, y are contained in the set S of all inte- 
gers, indicate that the preceding group axioms are “absolutely” independent. 
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BINARY OPERATION IDENTITY AXIOMS 
xky=auty e=0 (i), Gi), (ii) 
wey = y none (Gi), (ii), Gil) 
ety uy e=0 (i), Gi), Gii) 
xy = e=0 (i), Gi), Gil) 

ly] +1, ay 40 
x, “70,9 = OR EE 
ky = =(0 &, Gi 
vey —|y| —4, x= 0,7 <0 e (i), (ii), Gii) 
—2, x= y= 
| «| -- ly], xy 0 
|~| +4, x #0, ¥ =0 a 
ey = = 
xk Y t 4 ly | n= 0, y #0 none (i), (ii), (iii) 
2, x=eys 
+2, «-—y>2 — 
eky = , 43, e- : <9 none (i), (ii), (iii) 
xky=a+i none (i), Gi), Gil) 


4, Remarks. It is quite apparent that if S contains but one or two elements, 
the axioms can be neither “very” nor “absolutely” independent. In other words, 
the degree of independence of the axioms is associated with the order of S. We 
thus introduce the terminology; a set of axioms are “...” independent 
(mod 2), where z is the number of elements in S. In particular, the preceding 
axiom systems are both “absolutely” independent (mod N>). 

A tantalizing further problem is to find an x such that the above axiom sys- 
tems are either “very” or “absolutely” independent (mod x). Furthermore, if x 
cannot be finite for the above axiom systems, perhaps a change in axioms will 
yield a finite x. Finally, having found group axioms that are absolutely inde- 
pendent (mod N&,), we are immediately intrigued by the axioms for abelian 
groups, rings, etc. 
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A geometrician named Klein 

Thought the Moebius Band asinine: 
‘Though its out side is in, 

Still it’s ugly as Sin; 

It ain’t Round, like that Bottle o’mine!’’* 


* The first two lines may be either sung or declaimed; the last three lines are to be sung, to 
any appropriate tune, in the key of E flat. 


M. M. H. CorFez, AND J. J. ZELTMACHER, JR., The University of Illinois 
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ON THE FIXED POINTS OF w=(a%+6)/(c3+d) 
NATHAN ELJosEPH, University of Tel-Aviv, Israel 


1. Introduction. It is known that the number of fixed points of 


az + b 

(1) w= ad — bc 0 
cz-+d 

is 1 or 2, except in the case w=z. This is not true for 
az -+ b 

(2) w= ad — bc # 0. 
ce+d ; 


The following cases arise for (2): 

(i) no fixed points (example: w= —1: 3); 

(ii) one fixed point (example: w=2Z-++1, the point at infinity); 

(ili) two fixed points (example: w=22, z=0 and z=); 

(iv) an infinite number of fixed points (example: w=2, all the points on the 
real axis). We shall subsequently see that these are all the possible cases. 

The transformation (2) may be factored into w=Z and (1). Hence generalized 
circles (i.e. Euclidean circles and straight lines) will be transformed into gen- 
eralized circles, and angles will be preserved in magnitude but reversed in sense. 

Some of the following results may be found in C. Caratheodory [1], proved 
by a different method. 


2. Preliminaries. The following lemma is basic for the main discussion. 


LEMMA. If (2) has three fixed points, then it has an infinite number of fixed 
points, and all the fixed points lie on a (generalized) circle. (This is clearly not true 
for (1) when w=z.) 


Proof. Without loss of generality we assume that one of the fixed points is 
the point at infinity (since this may be brought about by a suitable transforma- 
tion of form (1)). Then c=0, and (2) may be written as 


(3) w= B+ yp A # 0. 


Denote the other two fixed points by 7 and s, so that r=A#+yp and s=AS-+uy. 
Every point ¢ on the line 7 joining 7 and s may be written as t=kr+(1—&)s, 


759 


760 CLASSROOM NOTES [September 


where & is an arbitrary real number. Since 7 and s are fixed points, ¢ is a fixed 
point. 

If there is an additional fixed point f, then by the same method we see that 
each point on all lines joining f to the points of / is fixed, and the same is true 
for the points on the line through f parallel to 1. Hence each point of the plane 
is fixed. This is impossible, for (2) takes the form (3) since z= © is fixed, u=0 
since the origin is fixed, \=1 since z=1 is fixed, and hence w=2. But g=17 is 
not fixed. 

REMARK. From the Lemma, it follows that the cases mentioned in Section 1 
exhaust all the possibilities for the number of fixed points. 


3. Geometric treatment. 
THEOREM 1. Jf (2) has an infinite number of fixed points it is an inversion 
with respect to a (generalized) circle. This is an involutory transformation. 


Proof. We may assume, without loss of generality, that the point z= o is 
fixed. Hence straight lines are transformed into straight lines. All the fixed 
points are on a straight line / (by lemma of Section 2). Let P be a point on J, 
A a point not on /, and A’ its image by (2). Then A #/A’ since A is not on J. The 
line PA is transformed into PA’, and the angle between PA and / is reversed. 
Hence PA’ is the reflection of PA with respect to /. The line 4A’ meets / at B 
which is fixed. The line BA’ is the image of BA and both form the same angle 
(with reversed sense) with ]. Thus AA’ is perpendicular to /, and the triangles 
APB and A'PB are congruent. Hence A’ is the reflection of A with respect to /. 

Theorem 1 shows that if (2) has an infinite number of fixed points it is in- 
volutory. We shall now determine to what extent the converse is true. 


THEOREM 2. If (2) 1s involutory and has at least one fixed point, then it has an 
infinite number of fixed potnts. 


Proof. Without loss of generality we may assume that the point at infinity 
is a fixed point. Then straight lines will be transformed into straight lines. 
Choose any point A which is not fixed (such a point exists, by the lemma), and 
let its image be A’. Choose a second point B which is also not fixed and not on 
the line AA’ (by the same lemma). If its image B’ is on AA’, take for B any 
other point which is not fixed but on the line BB’ (see Lemma). Hence we have 
found a nondegenerate quadrilateral Q whose vertices are not fixed points and 
form two pairs of corresponding points. 

In Q, the lines AB and A’B’, AB’ and A’B are interchanged, and AA’ and 
BB’ are each fixed lines. It follows that the point of intersection of the diagonals 
S of Q is fixed. If in Q at least one pair of opposite sides is not parallel, these sides 
(extended) meet at a second finite fixed point 7. Suppose that Q is a parallelo- 
gram. Since the transformation is involutory, it is possible to interchange A and 
A’, B and B’, so that AA’BB’ is in the positive sense, as in Figure 1. Choose 
any point C on AB (extended). Its image C’ is on A’B’. The line SC is trans- 
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formed into SC’ since S is fixed. But both have equal angles (in the reversed 
sense) with AB and A’B’. Hence CC’ passes through S. The triangles ASC and 
B'SC' are congruent, and A4C=B’'C’. Thus AC#A’'C’' and AC’ is not parallel 
to A’C. Their point of intersection is a second finite fixed point. Our theorem 
now follows from the lemma. 

REMARK. The transformation (2) may be involutory without having any 
fixed points, for example w= —1: 2. 


Fic. 1 Fic. 2 


THEOREM 3. If (2) 1s involutory and has no fixed points it is an wmaginary in- 
version (1.¢. the product of an inversion and a rotation through 180° about the center 
of the circle of inversion). 


Proof. Let P be the image of the point at infinity. Then P is finite and P 
and o are images of one another. The image of any straight line / through P 
is another straight line /’ through P. Let a be the angle between / and /’ at P. 
The angle between ? and /’ at infinity is 360°—a, and therefore, since (2) re- 
verses the sense of the angles, the angle between / and /’ at P isa. Thus 360°—a 
=a so that a=180°, and / is fixed. Hence every line through P is fixed. (I am 
indebted to the referee for this short proof.) 

Draw a circle with center P. The circle is orthogonal to the pencil of lines 
through P, and its image will also be a circle with center P since the transforma- 
tion is isogonal. Hence the image of A is either A’ or A”’ as in Figure 2. De- 
note by ¢ the radius of the original circle and by 7’ that of its image. Let r>r’. 
Draw another circle with center P and radius R>r. We shall show that the 
radius of the image of this circle R’ <r’. It is sufficient to prove that B’, the 
image of B which is on J, is inside the inner circle of the figure. As (2) is the 
product of a translation, rotation, homothety, inversion, and reflection with 
respect to a straight line, separation properties on / are invariant since / is a 
fixed line. If the image of A is A’, the order of points is (PA’A Bo). The image 
is («© AA’B’'P) so that B’ is between A’ and P. A similar argument applies if the 
image of A is A”. 
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If we write 7’ =f(r), then if 7’ >7, f(r) is a decreasing function of r. Moreover 
r=f(r’). Because of the continuity of (2), there exists an r for which r=f(r). 
Hence there is a circle m with center P which is fixed. As there is no fixed point, 
and each line through P is fixed, the image of each point of m is its antipode. 
Rotating the plane through 180° about P, we find that each point of m is fixed. 
The theorem follows by Theorem 1. 


4, Analytic treatment. We shall now treat the problem analytically, re- 
discovering Theorems 1-3 as well as calculating the equations of the circles of 
real or imaginary inversion. 

(a) Suppose that (2) has an infinite number of fixed points. 

(ay) Let c=0. Then (2) may be written in the form (3). For every fixed 
point we have 2=)Z-+y, and hence 2=)z-+ 4. By substitution, 2(1—AX) =Ag-+uy. 
Since there is more than one finite fixed point, |\]| =1 and Ag+u=0. 

If w=0, write \=e**. Then (3) becomes w=e%. Each point of the line 
z=re'?l2 is fixed (— 0 <r< oo), and the transformation is a reflection with re- 
spect to this line. If 40, then \= —y/j, and (3) takes the form w/u+2/f=1. 
The fixed points are found by solving z/u+2/f=1. Put 2/u=a+b1, w=pir-+pet. 
Substituting, we find that a=1/2, x=1/2—bye, y=pe/2+bm. Hence mx-+pey 
= | | 2/2, and (3) is a reflection with respect to this line. 

(a2) Let c~#0. We can write (2) in the form 


a% + B 
4 = ? 
@) . Z+ 6 
If z is a fixed point, then z= (a%+ 8): (+58), or = (a+): (+8). On substitut- 
ing we have 
(5) 2(a + 8) + 2(65 — a& + 8 — B) — (a8 + 66) = 0. 


Here 6 = —@ since otherwise, the quadratic equation (5) yields at most two fixed 
points. Substituting, we have 2(8—8) —(@—8) =0. Similarly, B= so that 8 is 
real. From (4) we now have 


BFA ao. 


(6) wo STE 
Z—-&@ 
Hence, 
(7) (w— a)\(@ —&@) = B+ aa. 


If zis a fixed point, the right-hand side of (7) must be positive. Denoting it 
by R?, we can write (7) as w—a=R?/(%2—&) which is an inversion. 

(b) If (2) is involutory, we may assume without loss of generality that zf 
there is a fixed point it is finite. Thus (2) can be written as (4). Since the trans- 
formation (2) is to coincide with its inverse, a= —6, and (4) takes the form (7), 
where 8+aa0. If there is one fixed point, then G@-+-aa>0 and there is an infinite 
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number of fixed points. Moreover B=8€ and 8 is real. For the case of no fixed 
points we have B-+-aa <0. 

We have thus proved Theorems 1-3 and have calculated in each case the 
equations of the circles of inversion. 


5. Noninvoiutory transformations without fixed points. An example of such 
a transformation is w=1: 2. 
Since c#0, (2) may be written in the form (4). 


THEOREM 4. A necessary and sufficient condition for (4) to be noninvoluiory 
and to have no fixed points 1s 


(8) —(a — a6 + B— 8)? > {264+ 8) +] -—a+6[2}-la+]?. 


Proof. (a) If «= —6é then B cannot be real (by (b) of Section 4). If we write 
(4) in the form (7) we see that a necessary and sufficient condition for (2) to 
be noninvolutory and to have no fixed point has been found. (8) is also ful- 
filled. 

(b) Suppose a#¥ —54, then by (b) of Section 4, (4) is noninvolutory. We re- 
quire that 2% (a%+) /(2+54) for every 2, or 22-++62 —az—80. Hence, if z=x+1, 
—A=A1+d21, ~B=b1+b21, 6=di+d, there must be no simultaneous real solu- 
tion of the system 


x? -- yy? + (dy + a)x + (a, — do)y + by = 0, 


9 
( (de + Ae) x + (dy — ai)y + bo = 0. 


The condition a¥ —6 implies that (92) represents a straight line. Equation (94) 
represents a circle, real, null or imaginary. If the transformation is to have no 
fixed point, the distance of the center of the circle from the line must be greater 
than its radius. In the case of an imaginary circle there is no fixed point, and (8) 
is automatically fulfilled, as will be seen in the next paragraph. 

Let R be the radius of (9,). Then 


djt+ a 2 ay — do 2 —a+6 
R? = (——— ~ b, = |——— 
( 2 )+( 2 2 


The condition is 


A (do + @e)(—di — @1)/2 + (di — a1) (do — a) /2 + be 5 
— la+6| 


where the sign is chosen so that the left-hand side of the inequality is nonnega- 
tive. By squaring both sides we have (8). If (91) is an imaginary circle, then R? 
is a negative number, and (8) is fulfilled. 

REMARK. The remark at the end of Section 2 can also be deduced from (5), 
or from the fact that the fixed points are the points of intersection of a line and 
a circle. 


2 + 8 
_8+8 


2 


k, 
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TWO DEFINITIONS OF LOCAL COMPACTNESS 
P. S. SCHNARE, Louisiana State University in New Orleans 


1. Introduction. The usual definitions of local compactness on an arbitrary 
space appear in several forms. (Some, like Bourbaki, require the space to be 
Hausdorff.) Two representative definitions are: 


(1.1) DEFINITION. A space X 1s locally compact tf and only tf each point in X 
belongs to an open set U such that C1(U) (Cl=closure) is compact, [1, p. 71]. 


(1.2) DEFINITION. A space X 1s locally compact tf and only 1f each point in 
X is a member of a compact neighborhood, |2, p. 146]. 


Most such definitions are readily seen to be equivalent to (1.1), and clearly 
(1.1) implies (1.2). This note provides counterexamples to show that (1.1) is not 
equivalent to (1.2) for 7, spaces or normal spaces. (The terms normal, regular, 
and compact in this paper are those of Kelley [2].) It is also shown that local 
compactness: (1.1) is not an invariant under local homeomorphisms even if the 
spaces involved are 7; or normal. Finally, a necessary and sufficient condition is 
given for the equivalence of the two definitions. 


2. Counterexamples. 

(2.1) Example: Let N denote the set of all natural numbers throughout this 
section. Let 4,= ink XN {1}, n=1, 2,---; Bi=@, and Bn= {(n, 1, 2), 
(n,2,2),-°-+,(n,n—l, 2)}, n=2,3,--+. Let C,=A,UB,, n=1,2,---+ and 
X =U,.1 Cn. Take as a basis for X all sets C such that for some n, CCC, and 
C,\C is finite. Then X is locally compact in the sense of (1.1) and Ji. Let 
Y=(NX {1})U(VX {2}) with topology 3={CCY: (NX {1})\C is finite}. 
The space Y is a 7; space which is not locally compact in the sense of (1.1), since 
the closure of every nonvoid open set is the whole space which is not compact, 
but Y is locally compact in the sense of (1.2). 


(2.2) DEFINITION. A function f: X—>Y 1s a local homeomorphism from the 
space X onto the space Y if and only if f is a surjection 1.e. f|X |= Y and for each 
xCX there exists an open neighborhood of x: UCX and an open neighborhood of 
f(x): VCY such that f | U: U-V is a homeomorphism of U onto V. 


(2.3) Remark: Every local homeomorphism is a continuous open mapping. 

We now define a function f: XY, where X and Y are the spaces defined at 
the beginning of this section by the formula: f(n, m, 1) =(m, 1). Then f is a local 
homeomorphism from X onto Y which does not preserve local compactness in 
the sense of (1.1). 
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Incidentally, in view of (2.3) this provides a stronger solution to problem 
5056 [1962, 926; 1963, 1017; 1964, 562]. 

(2.4) Remark: Local compactness in the sense of (1.2) 7s an invariant under 
the weaker hypothesis that the function f be open and continuous. 

(2.5) Example: Let N have for its topology 5={@, {1}, {1, 2},---, 
{1,2,-++,m}-+-+-+ } then Nis To, and normal (there are no disjoint closed 
subsets). It is locally compact: (1.2) but not locally compact: (1.1). 

(2.6) Remark: It is easy to extend (2.5) to an example of a normal space 
which is “rich” in disjoint closed sets with the same disparity between (1.1) and 
(1.2). Also, using (2.5) as the range space, one can construct a local homeomor- 
phism from a normal locally compact: (1.1) space. 


3. Remarks. The reason for the disagreement in definitions (1.1) and (1.2) 
is that in an arbitrary space the closure of a compact set may fail to be compact. 
This difficulty does not arise for Hausdorff spaces (trivially) nor for regular 
spaces (Kelley [2]; Problem B (b), p. 161). Hence, the definitions are equivalent 
in such spaces. 


(3.1) THErorem. Let X be locally compact: (1.2). Then X ts locally compact: 
(1.1) tf and only 1f CCX and C compact implies that C1(C) 1s compact. 


Proof. Suppose that C compact implies that Cl(C) is compact. Let x be an 
arbitrary element of X. Then we can find a compact neighborhood JN of x and 
an open set U such that xC© UCN. But then Cl(U) CCI(N) and since CI(/V) 
is compact, Cl(U) is compact. 

Conversely, suppose that X is locally compact: (1.1) and let CCX be com- 
pact. Then CCU?_, U; for some finite choice of open U;’s, each with compact 
closure. But then C1(C) CU?_, Cl(U;x) which is compact. Hence, CI(C) is com- 
pact. 


References 


1. J. G. Hocking and G. S. Young, Topology, Addison-Wesley, Reading, Mass., 1961. 
2. J. L. Kelley, General Topology, Van Nostrand, Princeton, N. J., 1955. 


WHEN IS A LOOP A GROUP? 
F. D. PARKER, SUNY at Buffalo 


When faced with the multiplication (Cayley) table for a finite system of order 
n with a binary operation it is easy to determine whether or not the system 
forms a quasi-group (the table must form a latin square). If, in addition, there 
is an element which serves as a right and left identity, the system is a loop. The 
next question is whether the system is a group, and this now means “Is the 
binary operation associative?” If it is necessary to test all possibilities, then 27? 
multiplications must be made, which is discouraging. Sometimes one can find a 
counter-example, or else show that the system is isomorphic to a system known 
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to be a group. There is sometimes no easy way out; it must be established 
whether or not we have a group, yet no counterexample appears and no iso- 
morphic system seems to be at hand. 

Zassenhaus [1] suggests the “rectangle rule” by which the rows and columns 
of the Cayley table are rearranged so that the identity 1s in every position on 
the main diagonal (the normal form). Then numbering each of the elements as 
though they were elements of a square matrix, Zassenhaus shows that the 
associative law is equivalent to the requirement that a,,a;,=a. This is the 
“rectangle rule” and provides the basis for another test, which has both a de- 
creased number of necessary operations and an algorithmic form to recommend 
it. 

Consider a table in normal form and the elements numbered as in a matrix. 
We premultiply the elements in the second row by a2, then post-multiply the 
elements in the second column by dz. If the system is a group, then the rectangle 
rule turns the second row into (@u, @u, Q13, @u4, * * * , @in) and the second column 
into (Qu, G11, @31, Qu, °° * » Ani). At this point the square matrix of order two in 
the upper left corner is composed only of au (the identity), the first and second 
rows are identical, and the first and second columns are identical. Now pre- 
multiply the third row by ai; and postmultiply the third column by ay. If the 
system is a group, the third row is (@u, Qu, G11, Q14, 1s, * * * » Qin) and the third 
column is (@u1, @11, Q11, @41, 51, * * * » @ni1). By continuing in this fashion, the matrix 
is reduced completely to a matrix containing only ay (the identity). If, at any 
stage of the reduction, the upper left matrix of the appropriate size has any 
entry which is not the identity, then the system is not a group. Moreover, after 
row k and column k have been treated as indicated, the first k rows should be 
identical and the first columns should be identical. Failure in this respect at 
any stage again disqualifies the system as a group. 

The total number of operations necessary is surprisingly small. It would 
seem at first that m operations are necessary in carrying out the first premulti- 
plication, but the first product is dieda1, which is au by the structure of the nor- 
mal form. The second product is @12@22, which is a12; but this will be postmulti- 
plied by aa in the column multiplication, and so the result of the premultiplica- 
tion and post-multiplication is the identity, again by the structure of the normal 
form. Consequently only 2(n—2) individual multiplications have been neces- 
sary. Now the first and second columns are equal as well as the first and second 
rows, otherwise the loop is not a group, and the third row is (ds1, @31, 33, @4, °° * 
Q3n). Premultiplication by ai; makes it unnecessary to calculate the first three 
products, so that the third row and third column are tested by making 2(n — 3) 
individual operations. Finally, if the first k rows and columns are tested for 


equality at each step, only (w—2)(m—1) individual products need be made to 
complete the entire test. 


Reference 
1. H. Zassenhaus, The Theory of Groups, Chelsea, New York, 1959. 
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HARMONICITY AND HOLOMORPHIC MAPPINGS 
K. V. RAJESWARA Rao, Harvard University 


It is well known that, in spaces of more than one complex variable, harmo- 
nicity is not preserved under holomorphic homeomorphisms. The following exam- 
ple which exhibits this phenomenon may be of some interest. 

Let C? denote the space of two complex variables. It is known (see [1], 
p. 45) that there exists a holomorphic one-to-one mapping F: C?—>C? such that 
F omits a neighborhood of the origin. If 7 denotes the distance of z from the 
origin, then h(z) =1/r? is a bounded harmonic function on F(C?). But, in view 
of Liouville’s theorem,  o F cannot be harmonic on C?. 


Reference 


1. S. Bochner and W. T. Martin, Several complex variables, Princeton Univ. Press, Princeton, 
N. J., 1948. 


A PROPERTY OF THE LOGARITHM 


D. S. GREENSTEIN, Northwestern University 
One important limit involving the logarithm is 


log x 
S = (0. 


lim 
I— Xx 


Since it is becoming customary in elementary calculus courses to use the defini- 


tion 
log # = i) t-' dt 
1 


to deduce properties of the logarithm (including the logarithm of a product 
equalling the sum of the logarithms of its factors), the following simple demon- 
stration of the above limit should be of interest. 

From the defining integral, it is easily shown (or intuitively demonstrated 
by means of areas) that for x>1, 


0 < log x < x. 
Since log x =2 log x1/?, it necessarily follows that 


log« 21/2 
0O< < 


= Qy-1/2 
xv x 


from which the limit is easily deduced. Finally, it should be noted that the sub- 
stitution x =f~! also yields lim;.. ¢ log #=0. 


MATHEMATICAL EDUCATION NOTES 


EDITED By JOHN R. Mayor, AAAS and University of Maryland 
COLLABORATING EpITorR: JOHN A. Brown, University of Delaware 


All material for this department should be sent to John R. Mayor, 
1515 Massachusetts Avenue, N.W., Washington D. C. 20005 


METHODS OF IMPROVING INSTRUCTION BY GRADUATE ASSISTANTS 
Joyce A. SHANA’A, University of Oklahoma 


With increased enrollments, universities throughout the country have 
been forced to rely on graduate students to teach beginning courses. The im- 
portance of these courses to the students enrolled and their impact on the entire 
program within a college should not be minimized. In some institutions, these 
courses are taught by student assistants who have been handed a book, some- 
times a schedule, and then waved good-bye until grades are turned in, or until 
adverse complaints force further supervision. 

The University of Oklahoma depends on graduate assistants to teach mathe- 
matics to approximately 2600 students each semester. Our faculty of 30 full- 
time members has been concerned with maintaining reasonable objectives, high 
levels of instruction, just grading policies, and permeating each course with the 
spirit and philosophy inherent in sophisticated mathematics while depending 
upon a changing, increasing group of graduate assistants (73 this year) to fur- 
nish instruction in the elementary courses. These assistants form a heterogeneous 
group in terms of professional goals, personality, levels of mathematical matur- 
ity, and teaching experience. All, however, are expected to teach six hours of 
class per week and to maintain required scholarship standards both as teachers 
and as students. 

This paper describes several measures which have been adopted to improve 
the quality of instruction given by our graduate assistants. These follow closely 
the recommendations of Panel 6 on the Conference on Manpower Problems in 
the Training of Mathematicians (report in this MONTHLY, February, 1964). 

For many years certain senior staff members have been responsible for the 
coordination of those courses which involve multiple sections. Now that a course 
may have twenty or more sections taught by nearly as many people, the im- 
portance of this supervision has been re-emphasized. Each course with several 
sections has a coordinator who has the teaching maturity to act both as a super- 
visor and as a reference resource. The coordinator holds regular meetings with 
his group; topics of discussion include the objectives of the course, the emphases 
desired by the department, tests, etc. During the semester, the coordinator visits 
each section, often more than once, with the joint purpose of offering construc- 
tive criticism and noting excellence in instruction. At this level, few graduate 
assistants have problems with the mathematical concepts involved; however, 
many teaching practices are improved through awareness of needed areas of 
improvement. 
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The remedial algebra courses are often taught by our new graduate assis- 
tants. These people are starting their first graduate courses as well as facing 
their first teaching experience. Many have never planned to teach; their prob- 
lems are often compounded by ignorance of teaching techniques, by communi- 
cation difficulties, by necessary social adjustments, and by fear. The coordi- 
nator for this group has a time-consuming job. He needs to disperse information 
about the standard practices of the University. He must coordinate course 
objectives among a group lacking familiarity with departmental policy. He 
should visit the classroom frequently to observe teaching mechanics and pre- 
sentation methods and should advise on testing and grading procedures. Un- 
officially he becomes a counselor and sympathetic listener. 

This group meets weekly at first. Many problems solve themselves by pre- 
sentation in free discussion. All instructors help design reasonable common mid- 
term and final examinations which are given simultaneously to all sections. 
These are graded on an equivalent scale, and thus provide a useful guidestick 
to the beginning instructor in evaluating his classes’ achievements and his own 
grading practices. To allow time to adequately carry out the above tasks, this 
coordinator has part of his teaching load reduced. 

From the coordination sessions emerged the idea of exchange classroom visits 
among the assistants. The constructive criticisms resulting from these visits are 
received seriously and acted on swiftly with a minimum of resentment about 
departmental interference. Occasionally a pair of instructors will then collabo- 
rate on making and giving a quiz. These are effective practices with both old 
and new graduate assistants. 

Preceding the fall semester of 1964, our twenty-seven new graduate assis- 
tants were asked to attend a four-day seminar during registration week. Thus 
we eliminated much of the necessary paper work of those first weeks of class, 
introduced them to the school and community, aided them in selection of suita- 
ble course schedules (both in level and number), and acquainted them with the 
department’s requirements of them as students and instructors. The schedule, 
given below, describes our orientation program. Present plans indicate this will 
become a regular part of the fall enrollment. 

FIRST MORNING: Get acquainted session. Welcomes by our chairman and the graduate dean. 
Paper work—payroll forms, keys, etc. Tour of the library. 

FIRST AFTERNOON: Discussion by participants of the following topics: What is a good teacher 
—for the beginning student, the upperclassman, and the graduate? How much academic freedom 
does the new instructor have? (Excellent topic.) What is modern mathematics? What are the ob- 
jectives of our algebra and analysis courses? 


Assignment: Plan homework assignments to cover, in four lessons, chapter 1 of the algebra 
text. 


SECOND MORNING: Discussion of homework assignments. Lecture by a senior staff member on 
sets, the real number system and applications of these in teaching elementary mathematics courses. 

SECOND AFTERNOON: Panel discussion by experienced graduate students on our course offerings 
(level of difficulty, needed background and logical sequence), professors and their expectations, 
and additional degree requirements. 

Assignment: Design an hour quiz over chapter 1. 
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THIRD MORNING: Enrollment. 

THIRD AFTERNOON: Presentation of units on absolute values, inequalities, and graphing by 
another staff member, aided by four of the new group. 

THIRD EVENING: Picnic for entire mathematics department and their families. 

Assignment: Prepare a ten-minute teaching unit for presentation to the entire group. 


FourtH DAy: Return of tests with written comments on each. Individual grading of an 
examination (taken from files) followed by discussion of the variance in grades. Individual presen- 
tations of units with class comments on each. 


Active participation in these sessions far exceeded expectations; many addi- 
tional topics including the keeping of a grade book, homework—its weight and 
checking, and correct use of a grading curve were tabled because of lack of time. 
Advance planning and a concerned skilled director contribute largely to the 
success of this type of program. 

Two departmental practices seek to improve instruction by increasing con- 
tact time with the students. Special help sessions are held in all undergraduate 
courses four afternoons a week. These, staffed by graduate assistants and in- 
structors, average in attendance 75 students each day and provide free indi- 
vidual tutoring. In addition, each staff member posts and keeps as many office 
hours per week as he teaches. 

Asa final step in developing a unity of purpose and to allow free exchange 
of ideas, both the senior and the junior staffs meet monthly to discuss common 
problems. Our chairman and the members of the standing committees on de- 
partmental policies invite frank discussion of all problems within the depart- 
ment. 

The quality of the instruction given in our department, specifically by the 
graduate assistants, has improved by application of the above practices. We 
recommend them to other departments blessed with large teaching staffs of 
graduate assistants. 


A COMPARISON OF THE MATHEMATICAL COMPETENCIES OF EDUCATION AND 
NON-EDUCATION MAJORS ENROLLED IN A LIBERAL ARTS COLLEGE 


Dora HELEN SKYPEK, Emory University 


Several studies in the past twenty years purporting to compare the academic 
ability of undergraduates in teacher training programs to that of college stu- 
dents in other major fields have generally found the teacher trainees to rank 
below other groups. The majority of the studies were based on teachers’ college 
students or university-related College of Education students. Furthermore, the 
subjects in many cases were freshmen or included freshmen. 

It was assumed that students in the Upper Division of a liberal arts college— 
students who have survived the academic and psychological wars of the first 
two years of general college education and who have committed themselves to 
an intensive program of specialized training—might more nearly represent 
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tapes are transferred to film for later use by schools and other groups. The 
project is coordinated by the American Association for the Advancement of 
Science, and production costs are being underwritten by grants from the Na- 
tional Science Foundation and the Timken Roller Bearing Company. The 
Conference Board of the Mathematical Sciences is one of the cooperating scien- 
tific societies. 


TWELFTH-GRADE MATHEMATICS 


A report describing the fourth- and fifth-year mathematics course offerings 
in 66 selected high schools in 20 states has recently been released by the U. S. 
Office of Education. Emerging Twelfth-Grade Mathematics Programs is the title 
of the report prepared by Lauren G. Woodby of the Office of Education staff. 
A general lack of agreement among high school teachers on what course or 
courses should be offered at this level, and consequent variety in practice, is a 
major finding of the report. Copies may be obtained from Dr. Woodby. 


PROBLEMS AND SOLUTIONS 
EDITED BY E. P. STaRKE, Bloomfield College 


COLLABORATING Epitors: J. BARLAZ, Rutgers—The State University; L. Cariitz, Duke 
University; H. S. M. Coxeter, University of Toronto; H. Eves, University of Maine; 
A. E. LivinGston, University of Alberta; and A. WiLansxy, Lehigh University. 


All problems (both elementary and advanced) proposed for inclusion in this Department should 
be sent to E. P. Starke, Bloomfield College, Bloomfield, N. J. 07003. Proposers of problems 
are urged to enclose any solutions or information that will assist the editors. Ordinarily, prob- 
lems in well-known textbooks and results in generally accessible sources are not appropriate for 
this Department. No solutions (except those accompanying proposals) should be sent to 
Professor Starke. 


ELEMENTARY PROBLEMS 


Solutions of Elementary Problems should be sent to A. E. Livingston, University of Alberta, 
Edmonton, Alberta, Canada. To facilitate their consideration, solutions for Elementary Prob- 
lems in this issue should be submitted on separate, signed sheets and should be mailed before 
January 31, 1966. 


E 1805. Proposed by I. J. Schoenberg, U. S. Army Research Center, Univer- 
sity of Wisconsin 


We wish to inscribe a triangle ABC, having given sides a, b, c, in the circle 
\|x|| =r of the Minkowski (Banach) plane M; of points x = (x1, x2) with the norm 
\|x|| =max(|x|, |x2|). Since Mz is a metric space, it is necessary for the pos- 
sibility of this construction that (i) a, b, c satisfy the triangle inequality, and 
(ii) a, b, and c do not exceed the diameter 27. Show that these conditions are also 
sufficient. 
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E 1806. Proposed by Kaidy Tan, Fukien Normal College, China 


On two sides AB, AC of triangle ABC describe equilateral triangles ABD, 
ACE outside the given triangle. Let G, H be the centroids of these two triangles 
respectively, and let M be the midpoint of BC. Prove that AC2AB if and only 
if MG= MH. 


E 1807. Proposed by Peter Rolland, Jr., University of Illinois 
Let p be a polynomial of degree n. Prove that 


n p™ (0) v4 n p(x) 
—_________. = — 1)& ———— _ x1 (0) = 


E 1808. Proposed by H. T. Croft, Cambridge Uniersity, England 


C is a configuration of 5 points P; @=1,---,5) in aclosed domain D. Find 
M=maxe min;; P;P;, in the following cases: 

(i) D is the unit square; 

(ii) D is the unit equilateral triangle; 

(iii) D is the unit circle; 

(iv) D is the surface of the unit sphere. 
In (iv) P,P; may be interpreted either as Euclidean or great-circle distances: 
essentially the same problem results. 


E 1809. Proposed by Pete Said, Fresno State College 


A square has sides of length 2. It is to be rolled along a curve without slip- 
ping and so that the center of the square moves in the horizontal line { (x, y) | y 
== 21/ 2} What is the equation of the principal period of the curve? 


E 1810. Proposed by John Harvey and John E. Wetzel, University of Illinois 


For each natural number 7 let C(m) be the sum of the cubes of the decimal 
digits of n. Show that for every n, iterating C eventually leads to one of the 
following repeating cycles: 1, 55—-250—133, 136-244, 153, 160-217-352, 370, 371, 
407, 919-1459. 


E 1811. Proposed by Irving Adler, North Bennington, Vermont 


If a1, - - - , @, are distinct positive integers, the positive integer s is said to be 
attainable through { a1, tons An} if there exist nonnegative integers %1, °° -° , Xn 
such that xya@1-+ + + + +Xn@,=s. The critical number for a set is the least positive 


integer N such that every integer m2 N is attainable through that set. 
If a and dare relatively prime, prove that the critical number for \a, a-+d, 
a+2d} is (m+d—1)a—d-+1, where m is the least positive integer =4(a—1). 
Compare problem E 1637 [1964, 799]. Generalizations are welcome. See note to E 1601 
[1964, 433 ].—Ed. 
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E1812. Proposed by Samuel Stern, State University College at Buffalo, N. Y. 


Let R be a set satisfying all ring axioms, omitting commutativity of addi- 
tion. If R has a right multiplicative identity prove that XR is a ring. 


FE 1813. Proposed by Milton Legg, University of Minnesota, Duluth 


Let A be a row semi-magic square and let A; denote the matrix obtained by 
replacing the jth column of A by a column of 1’s. Show that det(A,) is inde- 
pendent of j. 


FE 1814. Proposed by R. C. Thompson, University of California, Santa Barbara 


Show that there exist infinitely many sets of three consecutive integers, each 
of which is a sum of two squares of positive integers. 


SOLUTIONS OF ELEMENTARY PROBLEMS 
Minimal Sum of Binomial Coefficients 


E 1711 [1964, 793]. Proposed by A. J. Goldman, National Bureau of Stan- 
dards 


Let p, N, r be positive integers with r>1. Find a p-part partition of N into 
nonnegative integers n; (i.e., >.?., m;=N) which minimizes the sum of bi- 
nomial coefficients > 7_, C(n:, 7). (We take C(n, r) =0 if r>n.) 


I. Solution by Lawrence Yue Lin Tong, Iona College, New Rochelle, New York. 
If N=pq-+r with 0Sr <p, we shall prove that the minimizing partition consists 
of r (¢+1)’s and p—r q’s. We have 


C(a + 1,7r) + C(o — 1,7) = C(a,r) + C(a,r — 1) + C(O, 7) — C(b — 1, 7 —1) 
< C(a,r) + C(O, r) 


if aSd—1 (since then C(a, r—1) S$C(b—1, r—1)). If now (m1, m, +--+, ,) isa 
partition of N and n;+2 Sn; for some i and j, then >0?_, C(nz,7r) S >.?-1 C(m, 7) 
with nf =n;+1, nj =nj;—1, and nf =n, otherwise. Thus, the minimal sum occurs 
for those partitions in which |;—n,| S1 for all i and j. If R of the 1,’s have the 
value O0+1 and the remaining —R have the value Q, then OS Rp and 
N=R(0+1)+(6—-R)O=f/04+ R(= p(O+1) if R=>!), as asserted earlier. 


II. Solution by E. S. Langford, U. S. Naval Postgraduate School, Monterey, 
California. The minimum is found by making the x,’s “as equal as possible.” 
For example, writing N=pq-+r with p>rz20, one can take x1;=x.= +++ =x, 
= g+1 and %41=%,42= °° + =x ,=g. This is a consequence of a very general 
result which is sometimes referred to as the “flyaway package” or “blast-off 
package” problem. This general result is an obvious extension of Theorem 3 in 
G. G. den Broeder, Jr., R. E. Ellison, and L. Emerling, On optimum target assign- 
ments, Operations Res., 7 (1959) 322-326. 
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THEOREM. Suppose that fi, fo, - ++, fp are convex functions with domain the 
nonnegative integers (so that Af;(x) is decreasing). A p-tuple of nonnegative integers 
(1, %2, +++, Xp) ts said to be N-optimal if }ix;=N and > fj(x;) = > ofj(xf) for 
any p-tuple of nonnegative integers (xi, xf,-++, %/) with Dix/ =N. Suppose 
that (x1, Xx, °° +, Xp) 1s N-optimal. Let j* be an index which maximizes Af;(x;). 
Then (x1, X2, +++, xp +1, °° +,Xp_) ts (N+1)-optimal. (That is, at every step, 
one chooses the index with the greatest “marginal value.”) 

In the special case fi=fp= --- =fp=f, an “optimal sequence” of j*’s is 
seen to be 1, 2,°--,,1,2,°°:°,D,°°°. 

The above theorem applies also to minimization of concave functions by 
taking negatives. f(x) =(f) is concave by Bernoulli’s formula. 

It is interesting to note that taking x; equal to the greatest integer in 
(N+j—-1)/p also yields a minimum. An independent proof of this can be given 
by Dynamic Programming methods. 


Also solved by J. C. Abad, M. A. Bershad, D. I. A. Cohen, Michael Goldberg, D. M. 
Hancasky, J. E. MacDonald, Jr., Robert Maas, D. C. B. Marsh, R. L. Syverson, and the proposer. 


Probability of a Jack-Queen Contact 


E 1713 [1964, 793]. Proposed by W. A. Thompson, Jr., University of Dela- 
ware 


What is the probability that at least one Jack and Queen are adjacent in a 
shuffled deck of ordinary playing cards? 


Solution by Jack C. Abad, Lincoln High School, San Francisco. We first de- 
termine A, the number of arrangements of 44 C’s, 4 J’s, and 4 Q’s for which no 
J is adjacent to a Q. Then the probability p we seek is given by 
' (4!)2(44!) A 

52! 


We count these A arrangements by considering the (§) =70 permutations of 4 J’s 
and 4 Q’s and dropping C’s into the appropriate gaps. In every permutation 
(a1, @2, * - * ,@g), consider the seven ordered pairs (a;, @441) and let 7 be the num- 
ber of ordered pairs that are either (JQ) or (QJ). If n; is the number of permuta- 
tions having 2 J-Q pairs, m=n7;=2, nza=ne=6, and n3=n,=ns=18. In each 
permutation, we drop in z C’s, one in each gap between a J-Q pair. The other 
44-7 C’s can be distributed in the 9 positions (front, seven gaps, end) in 


oer") 
8 


7 52 — 3 
A=> n( ; ‘ = 27,061,623,270, 


ways. So 
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and 


Also solved by Walter Bluger, W. W. Funkenbusch, Bernard Greenspan, F. W. Herlihy, 
E. S. Keeping, Donald Quiring, Sidney Spital, B. R. Toskey, and the proposer. 


A Limit 
E 1714 [1964, 793]. Proposed by Stanton Philipp, Long Beach, California 


Let n and x be positive integers, and define NV,,(x) to be the number of posi- 
tive integers d such that (1) d|« and (2) x<d?Sn?. Prove that asn—~, 


2 
n 1 
lim n-? >) N(x) = — - 
x=] 2 

Solution by John Christopher, Sacramento State College, Sacramento, Cali- 
fornia. Let S,=Nn(i)+N,(2)+ --- +N,(n?). A positive integer, d, is counted 
in N,(x) if and only if x=kd where 1Sk Sd. Thus d is counted in exactly d of 
the terms in the sum S,. Therefore, S,=1+2+--++n=4(n?+n), and 
n-*S—4 asn—-o, 

Also solved by J. C. Abad, W. J. Blundon, Leonard Carlitz, D. I. A. Cohen, P. G. Engstrom, 


N. J. Fine, Jerry Goodman, M. G. Greening (Australia), D. C. B. Marsh, D. R. Shoemaker, 
L. Y. L. Tong, E. H. Umberger, K. S. Williams, K. L. Yocom, and the proposer. 


A Countably Infinite to One Continuous Function 
E 1715 [1964, 793]. Proposed by R. F. Jolly, University of California, River- 
side 
Does there exist a continuous function f on the closed interval [0, 1] which 


is exactly countably infinite to one (i.e., for each y in the range of f, f-1(y) is 
infinite and countable)? 


Solution by G. P. Speck, Raymond College, Stockton, California. Recalling the 
construction of the Cantor ternary set S and its complement C(.S) define f as 
follows: 


f(a) = {1/2 + 1/2 sin 6rex, 1/3 S« < 2/3. 


1/4+1/4sin18rx, 1/95 % 8 2/9. 
ie) = 13/4 4 4/4sin18ra, 7/9<«< 8/9. 

1/8 + 1/8 sin 547x, 1/27 S « S 2/27. 

3/8+1/8sin54ra, 7/27 S x S 8/27. 
f(x) = 


5/8 + 1/8sin 54rx, 19/27 S « S 20/27. 
7/8+1/8sin54rx, 25/27 S « S 26/27. 
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Continue to define f on C(.S) in keeping with the procedure suggested in the 
preceding three steps. Finally, define f over [0, 1] as the continuous extension of 
f as defined over C(S). If £ is the set of end-points of the open intervals com- 
prising Sand0 Sy S31, it isclear that f-!(y) is countably infinite if (S—E)Of-!(y) 
=. Since f agrees with the Cantor singular function on E, these functions agree 
on E=S. But the usual discussion of the Cantor singular function shows it to be 
one to one on S, so that (S—E)(\f-'(y) is at most a singleton. Thus, f is count- 
ably infinite to one. 


Solution by the proposer. While solutions can be given in the form of a series 
expansion, the result is perhaps easier to see when described geometrically. 


The only change from fi to fy is that which takes place in the shaded rectan- 
gles. These are treated exactly as the “original rectangle” [(0, 0); (1, 0); (4, 1); 
(0, 1)]. Continue the process to obtain f,(x)—f(x) uniformly for 0SxS1. 
Clearly f is continuous and countably infinite to one. 


Also solved by A. H. Kruse. 


Number of Residue Classes Modulo z in a Set of Sums 


E 1716 [1964, 7 94]. Proposed by J. D. Brillhart, University of San Francisco, 
and R. L. Graham, Bell Telephone Laboratories 


If (a1, de, - - - , dn) denotes some arrangement of the first 2 positive integers, 
show that at least ~/n distinct residue classes modulo ” occur in the set 
{oe 23:1 SRS}. 


I. Solution by Jack C. Abad, Lincoln High School, San Francisco. With each 
arrangement (a1, @2,° °°, @,) associate an n-tuple R=(n, 72, °° +, %n), where 
O0<r,<n—1and7;= Soret a; (mod n). These 7; are names for the residue classes 
that occur in { >07_, a;:1Sk<m}. If there are m distinct integers in some R, we 
will show that m2 +/n for n>2. The proposed theorem is not true for n=2. 

If we form the x —1 ordered pairs (7;, 7441) from some R, we notice (for 7 >1): 
the n—1 ordered pairs are distinct; there exists at most one ordered pair where 
;,=1441. Since there are m distinct integers in R, we can form at most m(m—1) 
ordered pairs with different components from them. So m must satisfy the in- 
equality m(m—1)+12n—1, or m2(1++~~/(4n—7))/2. It can be shown that 
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1++/(4n—7) 22/n for n24, with strict inequality for n25. For n=4, the 
arrangement (2, 4, 3, 1) gives rise to R=(2, 2, 1, 2), so that m=2=s/4=-~/n. 
For n=3, m=2 for every arrangement and 2>/3. For n=2, the arrangement 
(1, 2) has the associated pair (1, 1), and som=12~/2=~/n. 


II. Solution by Michael Goldberg, Washington, D. C. The problem is equiva- 
lent to the following: Consider a closed-circuit railroad whose perimeter is 1 
miles (1>1). Locate p stations along the circuit so that one can begin a trip 
at a station, travel a; miles to another station, travel a, miles in the same direc- 
tion to still another station, and continue in this way until each integral number 
of miles from one to 7 has been traveled. 

The number of possible trips between different stations is p(p—1). Further- 
more, a complete circuit can be made from any station. Therefore, if no trip 
length is repeated, the largest number of different trips that can be made from p 
stations is given by n=p?—p+1. Hence, p>~+/n since n>1. The milepost num- 
bers correspond to a minimal set of residues. Equivalent sets can be obtained 
by translation. Sometimes, other sets are possible. 

For some special values of p, the maximum n=p?—-++1 can be attained. 
For example, for p=5, and n=21, the five stations can be at mileposts 0, 1, 4, 
14, 16. If we begin at station zero, take single steps for trips, then double steps, 
etc., we obtain the trips a; in the order 1, 3, 10, 2, 5, 4, 12, 6, 13, 7, 14, 8, 15, 9, 
17, 16, 19, 11, 18, 20, 21. For p=6, and n= 31, the six stations can be at mileposts 
0, 1, 3, 8, 12, 18. 


Also solved by Leonard Carlitz, N. J. Fine, M. G. Greening (Australia), D. R. Shoemaker, 
and the proposer. 


Dual of Ptolemy’s Theorem on a Sphere 
E 1717 [1964, 794]. Proposed by V. F. Ivanoff, San Carlos, California 


Prove the dual of Ptolemy’s theorem on the spherical surface, namely: In 
the circumscribed spherical quadrilateral with the sides a, b, c, d touching the 
incircle in that order, 


cos 3(a, c)-cos 3(6, d) = cos $(a, b)-cos $(c, d) + cos $(a, d)-cos $(8, c). 


(Note. This proposition holds for any plane quadrilateral whether circum- 
scribed or not.) 


Solution by Michael Goldberg, Washington, D. C. The stated problem is given 
on page 177 of Spherical Trigonometry, by W. J. McClelland and T. Preston 
(1890). This refers to a hint on page 33 where the analogue of Ptolemy’s theorem 
is proved as follows: If a, b, c, d be in order the sides and e and f the diagonals 
of a spherical quadrilateral inscribed in a circle, then sin $e sin $f=sin $a sin 4c 
+sin 4) sin 4d. For if a’, b’, c’, d’, be the chords of the arcs which form the sides 
of the quadrilateral and e’ and f’ those of the diagonals, it is clear that a’, 0’, 
etc. are the sides and diagonals of a plane quadrilateral inscribed in a circle, 
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and therefore, a’c'+-b'd' =e’f’. But a’ =2r sin 4a, b‘'=2r sin 4), etc., where 7 is 
the radius of the sphere. Therefore etc. 

If the polar dual of the figure is constructed, then each side is replaced by 
an angle which is its supplement. The circumscribed circle is replaced by the 
inscribed circle. Hence, the sought theorem is demonstrated. 


Also solved by Van de Vyle and the proposer. 


An Application of Bertrand’s Conjecture 


E 1718 [1964, 794]. Proposed by J. D. Cloud, Manhattan Beach, California 


Prove that, in every solution in positive integers of the Diophantine equation 
x"=y!, either n=1 or x=1. 


Solution by Donald G. Kanzak1, Student, Drew University. If x=1 or n=1, 
then x” =y! clearly has a solution in positive integers. Now suppose that x, n>1 
and x”=y! If now isa prime factor of x”, p? is a factor of y! Let p be the great- 
est prime factor of y! By Bertrand’s Conjecture [W. J. Le Veque, Topics in 
Number Theory, vol. 1, Addison-Wesley (1956) §§ 6-8], y2p>y/2 so that 
2p>vy and p? is not a factor of y! This contradiction proves the assertion of the 
problem. 


Also solved by J. C. Abad, W. T. Bailey, M. A. Bershad, Walter Bluger, W. J. Blundon, 
M. B. Boisen, Jr., Maxey Brooke, J. L. Brown, Jr., John Christopher, Allan Chuck, D. I. A. Cohen, 
R. J. Eckert, R. B. Eggleton (Australia), P. K. Garlick, A. A. Gioia, Michael Goldberg, Jerry 
Goodman, M. G. Greening (Australia), D. M. Hancasky, Sidney Kravitz, Joel Kugelmass, E. S. 
Langford, C. C. Lindner, J. E. MacDonald, Jr., Andrzej Makowski (Poland), D. C. B. Marsh, 
T. M. Morrisette, J. B. Muskat, C. B. A. Peck, Harsh Pittie, Simeon Reich (Israel), G. P. S., 
Gary Sampson and David Zitarelli (jointly), P. S. Schnare, J. J. Schneider, D. L. Silverman, 
Sidney Spital, Dmitri Thoro, L. Y. L. Tong, B. R. Toskey, A. M. Vaidya, Thomas Vanden Eynden, 
Van de Vyle, R. N. Vawter, Emanuel Vegh, W. C. Waterhouse, P. J. Welsh, Jr., D. A. Wick, 
K. S. Williams, Dale Woods, Kenneth Yanosko, and the proposer. 

Garlick, Lindner, and Sampson and Zitarelli located E 1718 as an exercise on page 172 of 
Niven and Zuckerman, An Introduction to the Theory of Numbers, Wiley (1960), and Spital found 
it posed in Uspensky and Heaslet, Elementary Number Theory, McGraw-Hill (1939), page 94. 
Brooke points out that W. E. Heal proved long ago that y! is not a power for y>1. [Math. Mag., 1 
(1882) 208-9 ]. 


On Reversing the Digits of an Integer 


E 1719 [1964, 794]. Proposed by D. I. A. Cohen, Princeton University 


Let R be the number formed by reversing the digits of the n-digit number JN, 
R>N. Prove that RS R-—N, and prove that if 10-/R2 R—N, then x is even. 


Solution by C. B. A. Peck, State College, Pennsylvania. These statements are 
false, the smallest counterexamples being N=78 and N =102, respectively. We 
can rather easily describe the cases in which the first statement fails and in the 
process say something about the second. This will also lead to weaker statements 
on the lines of the first. By the familiar method for taking the square root, the 
number of digits in [./R] is [(z+1)/2]. R>N implies that at most the first 
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[(n—1)/2]=a digits of N and R can agree. If the first digit to disagree is the 
mth, then mS [(n+1)/2] and R—N has n—m or n—m-+1 digits according as 
the mth digits differ by 1 or by more than 1. In the second case, R—N has at least 


n— (ota ti= ("= [41 


digits, hence exceeds +/R, as desired for the first statement. It need not exceed 
10./R, and this leads to a contradiction of the second statement if 2 is odd. 
The smallest such example is N=204. In the first case, the first statement is 
satisfied if mSa, but a counterexample to the second when m Sa is furnished by 
N=10002. Again, if m=a-+1 and 7 is odd, R~N=99-10% and (R—JN)? 
= 9801-10"-°, which has n-++1 digits and thus exceeds R, as desired for the first 
statement. It never comes up to the n+2 digits of 100-R, hence every such N 
contradicts the second statement, the smallest being V =102. Finally, if m=a+1 
and n is even, R-N=9-10¢ and 


(R ~ WN)? = 81-10", 


which is not always 2 R. Of course, no contradiction of the second statement is 
possible here, since m is even. The numbers N which contradict the first state- 
ment can be characterized as follows: 1 is even, all but the center two digits are 
symmetrical in the center, the center two differ by one (the larger to the right), 
and the last two, when reversed, form a number exceeding 80. Since, for given 
even 7, the largest such N is 10°—107/2—1 (all 9’s except for an 8 just left of 
center), the inequality k\/RSR—VN is satisfied for n odd if knS1 and for n 
even if, and only if, 


RB? S 81-10"-2/(10" — 10@/2)-1 — 1), 


The greatest lower bound for the k’s is thus 9/10, so it is true that 9/R 
<10(R—WN) for any n>1. 


Also solved by M. G. Greening (Australia), E. S. Langford, D. E. McOwen, D. C. B. Marsh, 
P. R. Nolan (Ireland), Sidney Spital, and Van de Vyle. Counterexamples were supplied by J. C. 
Abad, R. W. Aldrich, Joseph Arkin, M. A. Bershad, Walter Bluger, Allan Chuck, P. K. Garlick, 
Michael Goldberg, R. A. Jacobson, J. W. Losse, Simeon Reich (Israel), G. P. S., Gail K. Smith, 
and B. B. Winter. 


A Locus 


E 1720 [1964, 794]. Proposed by R. L. Caskey, Oklahoma State University 


Find a locus such that the tangent and the normal at each of its points inter- 
sect two given lines in four concyclic points. (Dedicated to Dr. N. A. Court.) 


Solution by Sidney Spital, California State Polytechnic College, Pomona, Cah- 
fornia. We begin by assuming that the given lines Z; and Le are not parallel. 
Referring to the figure, we see that for Pi, Ps, P3, P, to be concyclic, w+A=7. 
From the trigonometry of the intersections w—-A=a—7/2 and ¢=y"—a/2. 
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bisector 


Eliminating \, then p gives respectively u=4(a+7/2), 6=7/4. Using the sym- 
metry about the angle bisector, the desired locus must therefore be any one of 
the family of lines which intersect the bisector at an angle of +7/4. Since this 
result is independent of the coordinates of our locus it also holds for the remain- 
ing case of Li and Le parallel (a=0). 


Also solved by D. I. A. Cohen, Michael Goldberg, Ned Harrell, V. F. Ivanoff, D. C. B. Marsh, 
P. R. Nolan (Ireland), Daniel Pedoe, Robin Robinson, B. R. Toskey, Van de Vyle, K. S. Williams, 
and the proposer. 

Van de Vyle gives also the following degenerate cases: Any line through the point A common 
to the given lines (when they meet), any circle on A as center, part of a circle on A as center and 
part of the four lines tangent to this circle and meeting one of the bisectors of the angles determined 
by the given lines, at an angle of 7/4. 

The proposer points out that E 1720 and a solution are given in Mathesis, 29 (1909) 190. 


Oops! E 1676 Again! 


E 1721 [1964, 911]. Proposed by J. C. Van Rhijn, Vollenhove, The Nether- 
lands 


Given an ellipse E with foci /: and Fe, a point P outside £, the tangents 
PR, and PR, from P to E, and a positive number f(0 <f <1). Find the locus of 
P if PRi-PR.=f-PFi-PF,. 


Editor’s comment: This problem was posed as E 1676 [1964, 317] and a solution published in 
this MontTHLy, 72 (1965) 188-189. 


Comment by M. S. Klamkin, University of Minnesota. The result follows 
immediately from some results on ellipses in C. Zwikker, Advanced Plane Geom- 
etry, North-Holland, Amsterdam (1950), pages 98 and 112: If the parametric 
equation of the ellipse EZ is z=a cos 0-+720) sin 6 and R; and R, are given by 
6=u+g and 0=u—gq, respectively, then 


at b\? |. a—b\?_ |. c? 
—PR,: PR: = | erie ; e~ rte — 5 088 2q (c? = a* — 6’) 
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and PF\-PF,=—PR,:PR,/cos? g. If now |PRi-PR,| =f|PAi-PF,|, then 
cos? g=f and P is given by (a cos u-+72b sin u)/cos g; in other words, the locus 
of P is an ellipse confocal with E. 

Following Zwikker, we then note the following generalization of the usual 
reflection property of ellipses: The tangents to an ellipse from a point make 
equal angles with the lines joining that point to the foci. 


Also solved by Robert Bart, J. D. E. Konhauser, E. S. Langford, Robin Robinson, and the 
solvers of E1676. 


A Curious Sequence 


E 1722 [1964, 911]. Proposed by Norman Schaumberger and Erwin Just, 
Bronx Community College, New York City 


It is known that 225 cos j@ does not approach a limit as n—> for any 0. 
Show that as n— ©, lim Zj_» (7) cos 76 does not exist or is zero. 


I. Solutton by W. L. Nicholson, General Electric Company, Richland, Wash- 
ington. The binomial and De Moivre theorems give 


x 


nN n nN 
") (08,0 + sino) = 2 ( "et = (1 + e%?)” 
j j=0 \J 


; Q\” no _ ne 
= (1+ cos@+ isin 6)" = (2 Cos 5) (cos + isin). 


Equating real and imaginary parts, 


=. { 0 0\" nd “,{"\ , , 6\" 70 
> . ) cos j0 = (2 COs >) cos —> > ; ) sinj@ ={2cos—] sin —-: 
j=0 \ J 2 2 =0 \J 2 2 


Both sums tend to 0 as n—>o if |2 cos 16| <1 (that is, if 27/3<0<47r/3 
(modulo 7r)), while the sine sums are identically 0 if 9=0. Otherwise, both sums 
diverge since cos 4n@ and sin $n@ continually oscillate. 


II. Solution by N. J. Fine, Pennsylvania State University. Writing S, for the 
sum in the problem, we have 


a] 2n nO a] 2n 
cos n@{ 2 cos — = 2 cost = 1) 2 cos — 
2 2 2 
9 a] 2n 
28n —-—{2c¢cos—) . 
2 


If S, converges, so does S:, and therefore also (2 cos $0)?". Hence, 


Son 


| 2cos 40] <1 or |2cosi0| =1. 


In the first case, S,—0. In the second, S.,=cos ”§ which converges only if 
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6=0 (modulo 7). But this implies that |2 cos 36] =2, contrary to |2 cos 36] 
=1. Hence, S, can only converge to 0. 

Also solved by A. N. Aheart, R. G. Albert, W. A. Al-Salam, Robert Bart, M. A. Bershad, 
J. L. Brown, Jr., P. L. Chessin, D. I. A. Cohen, Huseyin Demir (Turkey), M. S. Demos, N. Ersec, 
A. C. Fang, Stuart Goff, Michael Goldberg, D. M. Hancasky, E. R. Hansen, Stephen Hoffman, 
J. M. Horner, R. F. Jackson, R. A. Jacobson, M. S. Klamkin, E. S. Langford, H. H. Leavitt, 
D. C. B. Marsh, C. B. A. Peck, Simeon Reich (Israel), Ira Rosenbaum, G.P.S., Y. P. Sabharwal 
(India), P. A. Scheinok, Robin Sibson (England), Sidney Spital, R. A. Struble, L. Y. L. Tong, 
W. C. Waterhouse, Charles Wexler, and the proposer. 


[(b—1) /2] 
cos (27n7/k) 
j=1 
E 1723 [1964, 911]. Proposed by Franklin C. Smith, Minneapolis, Minne- 
sota 


If k is a positive integer and 0=27j/k, 7=1, 2,---,k—1, show that 
[ (k—-1) /2] 


cos mf = — 1/4{2 + (—1)** + (—1)4, 


n=1 
where [x] denotes the greatest integer not exceeding x. 


Solution by G. P. Speck, Raymond College, U.O.P., Stockton, Caltfornia. It is 
well known that 


N 1 sin (NV + 4)6 
>, cos nO = 5, nro 
n=1 2 2 sin 46 


if 940 (modulo 27), and obviously [(k—1)/2]+4 is k/2 if k isodd and (kR—1)/2 
if k is even. The given sum is therefore —4 if k isodd and — {1+(—1)/}/2 if k 
is even, and the result follows. 

Also solved by J. C. Abad, R. G. Albert, W. A. Al-Salam and A. A. Gioia (jointly), Ronald 
Alter, Robert Bart, M. A. Bershad, J. L. Brown, Jr., J. A. Burslem, Jim Campbell, Leonard 
Carlitz, P. L. Chessin, D. I. A. Cohen, Huseyin Demir (Turkey), Kenneth Dieter, P. K. Garlick, 
Michael Goldberg, D. M. Hancasky, E. R. Hansen, Stephen Hoffman, R. A. Jacobson, Erwin Just, 
and Norman Schaumberger (jointly), M. S. Klamkin, E. S. Langford, Steve Ligh, D. C. B. Marsh, 
J. G. Rau, Simeon Reich (Israel), S. M. Robinson, Y. P. Sabharwal (India), P. A. Scheinok, 
D. R. Shoemaker, F. C. Smith, Sidney Spital, L. Y. L. Tong, C. A. Tsonis, Van de Vyle, W. C. 
Waterhouse, and the proposer. 


A Previously Posed Triangle Inequality 


E 1724 [1964, 911]. Proposed by H. W. Guggenheimer, University of Minne- 
sola 


If Sis the area of a triangle ABC, show that 
abc = 8S3/2/33/4, 


with equality for the equilateral triangle. 
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I. Solution by A. Oppenheim, University of Malaya, Kuala Lumpur, Malaya. 
It is an interesting exercise to see how many triangle inequalities can be deduced 
from the inequality 


(1) (Aa? - wb? + vc?)? = 16(uy + vrA + Ay)S? 
which is valid for all real d, uw, v, with equality if and only if 
Atpiv = 0? + c? — a®:c? + a? — B67: a? + BO? — c?. 


If A, w, vy are all positive, the familiar arithmetic-geometric mean leads from 
(1) to 


(2) (Aa? + wb? + vc?)? = 48(Aur)?/8S2, 
To obtain E 1724 take \a?=yb?=pe? in (2). 


II. Solution by J. S. Frame, Michigan State University. Let A, G, and A de- 
note respectively the arithmetic, geometric, and harmonic means of the positive 
quantities x =(b-+c—a)/2, y=(c+a—b)/2, z=(a+b—c)/2. Then AZ=G2H, 
and S?=(«+y-+2)xyz =3AG%. 


abe = (y+tz\etaaty) = (wt+yt 2)(y2+ sx + xy) — xyz 
= (3A4)(3G3/H) — G? = 8AG3/H = 8AG?/(AG3)1/4 = 8(S2/3)3/4, 


Equality holds only when A =G=H=x=y=z, and the triangle is equilateral. 


III. Solution by Sidney Spital, California State Polytechnic College, Pomona, 
California. With s=(a+b-+c)/2, the problem can be recast to that of mini- 
mization of the triangle circumradius r(a, b, c) =abc/4s subject to the constraints 
of area +/|[s(s—a)(s—b)(s—c)]=S (a positive constant), and nonnegative side 
lengths a, 0, c. Since the circumradius approaches -+- © as any one of the sides 
approaches zero (while the area S is held fixed) the boundary of the allowable 
region of a, 6, c maximizes r. Therefore the desired minimum must be an in- 
ternal one, and from the symmetry of (a, 0, c) and the constraints, it must be 
given by the equilateral triangle a=b=c, whence s=3c/2 and S=c?4/3/4. Thus, 


r(a, b,c) = abc/(4S) 2 c*/(4S) = ric, ¢, ©) 
and abc = c3 = 8,$3/2/338/4, 


IV. Solution by F. Leuenberger, Feldmetlen/ZH, Switzerland. An easy shar- 
pening of E 1724 is abc=4RS2 855/332 = 8S3/2/33/4, where R is the circum- 
radius and s is the semiperimeter. These inequalities follow from the well- 
known estimates 33/?-R2=2s and s=S1/233/4 in which there is equality if and only 
if the triangle is equilateral. 


Editor's comment: Aheart, Marsh, and Sister Stephanie point out that E 1724 was conclusion 
(2) in E 1454 [1961, 177], posed by Leonard Carlitz and solved by F. Leuenberger and Carlitz in 
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this MonTHLY 68 (1961) 805-806. The solutions which appear here differ considerably, however, 
from those to E 1454. 

Also solved by A. N. Aheart, H. S. Al-Amiri, R. G. Albert (two solutions), J. W. Baldwin, 
Robert Bart, M. A. Bershad, D. A. Blaeuer, Farrell Bloch, W. J. Blundon, B. A. Bursack, Jim 
Campbell, Leonard Carlitz, W. J. Carpenter, Mannis Charosh, M. M. Chawla and K. M. Das 
(jointly) (India), N. A. Childress, R. T. Coffman, D. I. A. Cohen, T. R. Curry, Huseyin Demir 
(Turkey), Kenneth Dieter, Ragnar Dybvik (Norway), A. C. Fang, Neal Felsinger, N. J. Fine, 
Michael Goldberg, S. H. Greene, Raoul Hailpern, D. M. Hancasky, J. R. Hanna, M. Hayamizu, 
R. A. Jacobson, Erwin Just and Norman Schaumberger (jointly), M. S. Klamkin, Kenneth 
Kramer, E. S. Langford, Ruth S. Lefkowitz, R. E. Lowney, Doyle McOwen, D. C. B. Marsh, 
E. L. Magnuson, Norman Miller, W. O. Moser, Margaret Olmsted, J. P. Phillips, Lawrence Rafsky, 
G. L. N. Rao (India), Simeon Reich (Israel), Judith Richman, L. A. Ringenberg, Bernard Rosner, 
J. P. Ruebsamen, M.S. R. K. Sastry, P. A. Scheinok, Ralph Schreiber, D. B. Sheinson, Sister M. 
Stephanie, R. L. Syverson, C. A. Tsonis, Van de Vyle, Simon Vatriquant (Belgium), W. C. Water. 
house, and the proposer, and the solvers of E 1454. 


> a/n d¢(d) 
E 1725 [1964, 912]. Proposed by Hwa S. Hahn, Pennsylvania State Univer- 
sity 
If }(x) is Euler’s function and x is a positive integer with the prime decom- 
position n=| [pin p*, prove that 


> do(d) = I] (24+ 1)/(p + 2). 


d\n pin 


I. Solution by W. A. Al-Salam and A. A. Gioia, Texas Technological College, 
Lubbock, Texas. If x is any complex number and & is a positive integer, we show 


that 
prtt-l(p — 1) [pret — a 
d76(d*) = 1} +}. 
> woe IL} = 
Consider 
nN Zz 
(1) D ag(d) = 2 >(*) o(@), 
d\n d|n d 


Since the arithmetic functions f(n) =n~* and g(n) =¢(n*) are obviously multi- 
plicative, their Dirichlet product )oain(n/d)-*6(d*) is a multiplicative function. 
It follows that (1) is also multiplicative and need be evaluated only at prime 
powers p*, 

h 


>, a¢(d*) = DY prig(p*) = 1+ Do ppp — 1) 


d| p? i=0 i=l 


l 


prei(p — 1)(peth* — 1) 
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The theorem follows by taking the product of these factors over all prime power 
divisors of n. 


Il. Solution by K. S. Wiliams, University of Toronto, Toronto, Ontario, 
Canada. Arguing as in Solution I, we find that Jain d+} p(d) \6 is 


T1{1+4(2——)t or nf1+-e- eee 


pln pin pore — 1 


according as a+6=0 or a+8+0. 
Similar arguments lead to corresponding expressions when ¢ is replaced by 
other familiar number theoretic functions. 


Also solved by J. C. Abad, R. G. Albert, C. W. Barnes, M. A. Bershad, J. A. Burslem, John 
Christopher, D. I. A. Cohen, Huseyin Demir (Turkey), M. S. Demos, Bob De Vore, R. B. Eggleton 
(Australia), N. J. Fine, P. K. Garlick, Jerry Goodman, D. M. Hancasky, R. A. Jacobson, M. S. 
Klamkin, D. A. Klarner, E. S. Langford, Marilyn McLennan, D. C. B. Marsh, J. Mersky and 
Eric Weiss (jointly), J. B. Muskat, Harsh Pittie, D. P. Roselle, P. A. Scheinok, Frank Servas, Jr., 
Sidney Spital, L. Y. L. Tong, A. M. Vaidya, Simon Vatriquant (Belgium), Emanuel Vegh, Charles 
Wexler, and the proposer. 

Langford calls attention to the formulas 

>, o(@)/d = TT} 1+ Heo] and 3) d/o@) = JT (1+ 
d\n pln p d\n p\n 
which are attributed to Catalan [Dickson, History of the Theory of Numbers, vol. 1, page 130]. 

The proposer points out that n~? > ajnd¢(d) is the probability that ax=b (mod n) has a solu- 
tion when a and 8@ are selected randomly from {1, 2,--+,m}. He observes that this probability 
is greater than 1/2 if m has at most two distinct prime factors and is always less than 1/2 if m has 
at least three such factors. 


hp 
p—1 


ADVANCED PROBLEMS 


All solutions of Advanced Problems should be sent to J. Barlaz, Rutgers—The State Uni- 
versity, New Brunswick, N. J. 08903. Solutions of Advanced Problems in this issue should 
be submitted on separate signed sheets and should be mailed before March 31, 1966. 


5310. Proposed by S. W. Golomb, University of Southern California 


Represent each of the ~! permutations on n letters as a product of disjoint 
cycles, and let 7* be the number of such permutations for which the longest 
cycle has at most k letters. Show that 


k kal k 
Trai = dy (2)s3Ta-i5 
j=0 


where (n);=n!/(n—j)!. 
5311. Proposed by D. Z. Djokovié, University of Belgrade, Yugoslavia 
Let x1<x2< +--+ <x, be real numbers and 


f(m5 1, ++ +, Ba) = (% — w)(e — %2) +++ (w — we), 
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M= max | f(ae3 1, 


“fy Xn) | } 
ri<2<an 


F(x; x1, sc » Xn) = Pre ieae se > Xn); 


o(x1, M2 ° °° 1 Xn) -{ F(x; W1y °° % y Xn) dx. 


1 


Prove (or disprove) the inequality (—1)*(0¢/dx%) > 0. 


5312. Proposed by D. S. Mitrinovié, University of Belgrade, Yugoslavia 
Prove (or disprove) the equation 


1 1 re | 1 1 re | 

e) e) e) 
—_— —_— v1 2) Xn 

1 OX2 OXn 

. = 112!--- nl. 

gn-t on} on} n—1 n—l n—1 
atc wan lt + + eo ee Xn 
Ox + aay ox} ; ° 


n 


5313. Proposed by J. M. Quoniam, Saint-Etienne (Loire), France 


If ABC is a triangle with circumcenter O, orthocenter H, circumradius R, 


and area A, prove that 
OH? 3 
(1) cos 2A -+ cos 2B + cos 2C = ——) 
2R? 2 
(2) sin 2A + sin 2B + sin 2C = 2A/R?. 


5314. Proposed by D. R. Brillinger, Princeton University 


Show that the following integral is absolutely convergent: 


f f SIN w, SIN We Sin wp sin(wy + we + ++ > + ao) 
—0o —0 


Wy We 


5315. Proposed by G. A. Heuer and R. G. Lee, Concordia College, Moorhead, 
Minn. 


If f is a function integrable on [0, 1], let Af=A4f be the function defined on 
(0, 1] by 


Af(z) = (1/2) J "f(e) de; —-Af(0) = 0. 


Let A**1f=A(A*f) for n=1, 2, -- + ; obviously, if f has a limit at 0, so does Af. 
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(1) Find a function fp, bounded and continuous on (0, 1], such that fo does 
not have a limit at 0 but Afy does. 

(2) Find a function fi, bounded and continuous on (0, 1], such that Af, does 
not have a limit at 0. 

(3) Does there exist, for each positive integer n, a function f,, continuous 
and bounded on (0, 1], such that A*f has no limit at 0? 

(4) Is there a continuous bounded function f on (0, 1] such that for every 
positive integer 2, Af fails to have a limit at 0? 


5316. Proposed by J. T. Fleck and Carl Evans, Cornell Aeronautics Labora- 
tory, Buffalo, N. Y. 


Show that if A and B are nonnegative definite Hermitian matrices of order 
n, the characteristic roots of AB are real and nonnegative. 


5317. Proposed by Daniel I. A. Cohen, Princeton University 


Show that there exists a number & such that there are »—1 consecutive 
composite integers less than e* for all n. 


5318. Proposed by Oystein Ore, Yale University 


Prove that there exist only a finite number of integers 2 for which the fac- 
torial 2! is the sum of two integral squares. Try to find all such n. 


5319. Proposed by V. K. Rohatgi, Michigan State University 


Let n, x; (4@=1, 2,--+,k) be nonnegative integers. For 21, define a func- 
tion recursively as follows: 


(0;0,0,--+,0) = 1, 


k 
0 if ») Li > Nn, 
ix 
(nyey em) =), 
Dd ee DS (-1)%(n — 1591, +++, ye) otherwise, 
y=0 y,=0 
where a= Doh, (xs—y,). 
Find (1; x1, °° + , xx) explicitly in terms of 1, x1, - + + , Xx. 


SOLUTIONS OF ADVANCED PROBLEMS 
Series of Trigonometric Functions 


5156 [1963, 1107; 1964, 1141]. Proposed by Don Kirkham, Iowa State Uni- 
versity 


For —3a S6S$r, prove that 
6 cot 6 + 4 cot? 0(tan 6 — 6) — 4 cot®6(—4 tan? 6 + tané — 6) 
+ 4 cot? a(d tan' 6 — 4 tan? 6+ tan@ — 0) — -- + = 3(a? — 46°). 
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II. Solution by Roy O. Davies, The University, Leicester, England. The earlier 
solution of the problem which covered the situation |6| <a/4 may be extended 
to other values of 6. The following formula from the earlier solution will be used: 


(1) fiw) = ga? — 201 + a)at t+ G0 +34 §)e® — +--+ = Z(arctan x)?. 
So, if x=cot 0, (n+4)r S08 (n+2)r, n=0, +1,42, +--+, then f(x) =4[(n+4)7 
—6 2, 
Note also that the series 
(2) cot@ — $cot? 6+ ¢cot®@—+---=(nw+4)r —8 


for (n+4)7 S08 (n+3)z, and diverges for all other values of 0. 
Now let S(6) represent the series of the problem and let x =cot 6. Then 


S(O) = Oe — Ya? + bab — po) baat BeX(-E Dt 
= O(n + B)e — 8) FREE EH let EERE HE eth ee 
= O((n + 3)a — 8) + f(x) 
= (2n + 1)*e?/8— 462, (n+ h)r S05 (n+ 8)r. 

This, with the earlier solution, establishes S(6) =1?/8—62/2 for |6| <3m/4. 


We also deduce the divergence of (6) in the interval (37/4, 57/4) (and cor- 
responding intervals mod 27) by noting the identity 


S(0) = nr(cot 6 — $ cot? 6+ 2 coth@—---)+S(0 — nr) 
and comparing with (2). 


Also solved by W. C. Waterhouse. 
Editorial Note. The note at the end of the former solution [1964, 1141] referred to the 
proposer’s verification in the case 0=77/6. This should have read 6=77/16. 


m-convexity 


5219 [1964, 801]. Proposed by Martin Cohen, Beverly Hills, California 


Let a function f be called m-convex if, for some m, O0SmS1, and every 
x1, X, in the domain of f, we have f(mx-+(1—m) x2) Smf(m1) +(1—m) f(x). f is 
called convex if it is m-convex for all m, 0S m1. In problem 5088 [1964, 330] 
it is proved that if f is bounded and if f is $-convex, then f is convex. 

Determine necessary and sufficient conditions on m such that all m-convex 
functions are convex. Give examples of functions which are m-convex but not 
convex. 


I. Solution by Roy O. Davies, Letcester University, England. There are no 
such m. For m=0, 1, any nonconvex f is a counterexample. For 0<m<1, let 
M denote the smallest field of real numbers containing m, that is, the set of all 
numbers expressible in the form 


(aygm" + aym™1 + +++ + a,)/(bom* + dbymt 1+ ---+3,), 
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where 7, s are nonnegative integers, the a; and 0; are integers, and the denom- 
inator is not zero. Using Zorn’s lemma, select a maximal set Y of real numbers 
linearly independent over M, with 1G Y. We note that M is countable while 
Y is not countable. A number 


(1) = wits s+ ean (distinct y © V3; u1,° ++, ba € M) 


cannot vanish unless w= +--+ =y,=O0, and every real x is uniquely (except for 
zero terms) expressible in the form (1). It is easy to verify that the function 
f(x) defined as the coefficient py; (possibly zero) of 1 in (1) is m-convex, indeed 
“m-linear.” But f(x) =x on the everywhere dense set M, while if y*¥CY—M, 
then f(x) =0 on the everywhere dense set {uy*: »CM \ easily implying that f 
is discontinuous and not convex. 

In addition we see that the function f(x)-+<x? is also m-convex, but neither 
m-linear nor convex. But it is easy to prove that whenever 0<m<1, m-con- 
vexity together with boundedness produces convexity. 


II. Solution by Solomon Marcus, Institutul de Matematita, Bucharest, Ru- 
mania. The problem is completely solved by Ervin Dedk in Uber konvexe und 
interne Funktionen, sowie eine gemeinsame Verallgemeinerung von beiden, (Ann. 
Univ. Sci. Budapest. Eétviés, Sect. Math., tomus V (1962), 109-154). Theorem 
19 of this paper includes higher dimensional situations and says that an m- 
convex function defined on an open set K in R* is convex in K if and only if it 
is continuous in K. 


Also solved by John B. Kelly. 


Editorial Note. The problem was proposed as a generalization of 5088 and might, therefore, 
have included a boundedness hypothesis. As observed above, convexity would then follow. It is 
possible to give a proof analogous to that given for 5088 [1964: 330, 804]. 


Characterizing a Unique Functional of C[0, 1] 


5221 [1964, 801]. Proposed by Oliver Gross, the RAND Corporation, Santa 
Monica, California 


The notion of an integral has been characterized, extended and examined 
from many points of view. Many definitions embody explicitly some sort of 
limiting procedure. A characterization in which the limiting aspect is obscured 
might be of interest. 

Relative to the class Cjo,1; of real valued continuous functions on the closed 
unit interval, define the operator S as follows: 


Sf(#) = 2%) + f(t — 34)). 


Clearly, S takes Cjo,1; into (in fact, onto) itself. Prove that there exists a unique 
function K on Cio; such that for all f, (1) K(f)€ Range (f), and (2) K(GSf) 
= K(f). 
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Solution by D. Z. Djokovié, University of Belgrade, Yugoslavia. The existence 
is clear since we can take 


K(f) = 1(f) = J f(a)dx E Range (f). 


In order to prove uniqueness of K we start from the identity 


S*f(a) - 11°54 . +5)+ S if : -=)|, 


k=0 2n-1 k=l Qn-1 2” 


which can be proved by induction. It follows that S*f(x)-J(f) as n—© uni- 
formly for x€ [0, 1]. That is, if e>0 


I(f) —¢« < S*f(«%) <I) +6, n> no(e), « & [0, 1]. 


Consequently K(f) =K(S*f)E I(f) —e, I(f) +e), implying that K(f) =I(/f). 


Also solved by Robert Cohen, Roy O. Davies (England), Michael Edelstein, P. G. Engstrom, 
A. G. Heinicke, Sim Lasher, M. D. Mavinkurve (India), A. G. P. M. Nijet (Netherlands), and 
Stanton Philipp. 

Notes. (1) Davies observes that S*f converges uniformly for every Riemann-integrable f and 
may converge uniformly for non-Riemann-integrable functions—e.g., the characteristic function 
of the set of all rational multiples of ./2, wherein S*f—0. For f integrable-R, the functional I(f) is, 
clearly, not necessarily in the range of f. 

(2) In an obvious fashion, the same result may be obtained using 


Sf = W(x) + (1 — ASU-— Ga — Ax), 0 <A <1. 


Subnets of Convergent Nets 


5222 [1964, 802]. Proposed by M. Rajagopalan and A. Wilansky, Lehigh 
University 


Must every convergent net in a metric space have a subnet whose range 
has at most one limit point? 


Solution by E. T. Ordman, Princeton Unwwersity. No. The following construc- 
tion gives a counterexample in the Euclidean plane. 

Let D be the class of finite subsets s = | a1, da,***, an} of the interval (0, 1). 
We may partially order D by letting s2¢ whenever st; any two elements are 
followed by their union, so 2 directs D. Any element of D follows at most 
finitely many others, and D is uncountable (since {a}€D for 0<a<1), so 
any cofinal subset of D must be uncountable. We shall define a net T with do- 
main D into the Euclidean plane which is one-to-one and which converges to 
zero. Then any subnet of T will include in its range images of the points of some 
cofinal subset of D; that is, the range of the subnet will be uncountable, and 
thus have an uncountable number of limit (in fact, condensation) points other 
than zero. 
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I may be constructed as follows. Let D, be the subset of D consisting of 
n-element subsets of (0, 1); D, may be mapped one-to-one into (0, 1) by writing 


each s= { a1, Qa,° °°, An} in ascending order, writing each a; as a decimal ex- 
pansion (terminating if possible) @,=-@1,4@2,4,°°°, and then letting 6(s) 
= +1101. °° * Q1,ndo,1de2°°-. 61s then one-to-one into (0, 1), in general not 


onto. We now introduce polar coordinates into the plane; (r, a) is the point a 
radians from the axis on the circle of radius 7. Define T(s) =(1/n, 6(s)) for 
sED,; T is then one-to-one and eventually inside each circle of radius 1/n, 
so IT converges to zero. 


Also solved by Ethan Akin, M. M. Chawla (India), Michael Edelstein, Hewitt Kenyon, J. R. 
Porter, and the proposers. 


Editorial Note. As indicated by Chawla, the problem may also be resolved by the use of 
Theorem 6, p. 71 in J. L. Kelley, General Topology. 

As posed originally, the problem asked for exactly one limit point, which admits the trivial 
example {(—1)*} whose range is {—1, 1} and has no limit points. Happily the problem was 
accepted by the solvers as intended by the proposers. 


The Torsion Subgroup of an Infinite Abelian Group 
5223 [1964, 802]. Proposed by C. R. MacCluer, University of Michigan 


Let L be the additive Abelian group of all -tuples (a1, a2, - - - ) where the 
nth entry is drawn from the integers modulo p*, a fixed prime, and let addi- 
tion in Z be coordinate-wise. Let G be the torsion subgroup and H the subgroup 
of all elements that have almost all zero entries. Show that H is not a direct 
summand of G. (This provides an example showing that purity of H does not 
imply that H is a direct summand even in the torsion case.) 


Solution by Victor Keiser, University of Colorado. Let = (at, de, * + + )EG. 
Since # has finite order, almost all entries satisfy (@;, p) =p. For all such a, the 
equation px =a; has a solution, say h;. Let h=(M, ho, - - - ) where h, is the solu- 
tion of px;=a,; if it exists and h;=0 otherwise. Then (—ph) CH because almost 
all its entries are zero. Thus p(H+h) =H+3, so we see that G/H is divisible. 

Now suppose that H is a direct summand of G, say G=H@S. Then S&G/H, 
so S must be divisible. But every element of »*S has a zero in the ith position, so 
biSS for some 7. Hence S is not divisible. 


Also solved by D. Z. Djokovié (Yugoslavia), Jack R. Porter, Burnett R. Toskey, and the 
proposer. 


Representation of a Legendre Sum 
5224 [1964, 802]. Proposed by L. Carlitz, Duke University 
Let ¥(a) =(a/p), the Legendre symbol. Show that if abcd 40 (mod p), 


p—1 


S= Do (ax? + by? + c2* — 2deyz) = — pl y(a) + ¥(b) + Wc) + W(—abe)}. 


z,Y,2=0 
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Solution by J. B. Muskat, University of Pittsburgh. We use the formula 


p—1 
(A) Li v(a? +n) = p—1— p¥*(n), 

x=0 
proved by Ernst Jacobsthal (J. Reine Angew. Math., 1932 (1907) 238-245). 
Thus we have 


p—l p—1 p— 


pape > W(ax? + by? + cz? — 2dxyz) 


z=0 y=0 2=0 


p—-1 p—1 p—-1 


= 0c) 2 DE LW ([z — darye!]® — d2x®y2c-® + ate? + by*c-) 


z=) y=0 z=0 


= ¥(¢) e 5 [bp 1 — ph?(—dxty2c-? + axrem! + by*c)] (by (A)) 


z=0 y=0 


= vp] 9 ~ 1) — LD vate — aatyt + asta | 


z=0 y=0 


= W(0)p 1006 1) = EF Sverre — ax!) + ace’) 


a= y=0 
da? be 
p—l p-l 
- L Lvs} 
Plone = 
p—l p—-1 
= ¥(c)p 10 —1)-— DY [p-—1-—¥(-ace%(be — @x*)-)] -—p De it 
pox be Poabe 


= PH) 4 Pe - 1) = (@- NPA -¥ V(bc) + py Y(—acu*p(be — dx?) 
Pe be 


— pt + Ha] 
= plo) { =1 = ¥6be) + ¥ae) FH(a'x* — so) 


= py(c) { ~1 — (bc) + ¥(ac) | -v(-2) + ¥(d@") Tv" _ boi’) | 


= p{—¥(c) — ¥(b) + W(a)[—Y(—be) + p — 1 — ph*(—ded-*)]} (by (A) 
= p{ —¥(0) — ¥(b) — W(—abc) + W(a)[p — 1 — p]} 
= — p{¥(a) + ¥(b) + ¥(o) + ¥(—abo)}. 


Also solved by N. J. Fine, Irving Gerst, M. G. Greening (Australia), K. S. Williams, and the 
proposer. 
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Editorial Note. Fine in his proof first develops the interesting general formula: 
rl 2 2 2 2 
De Watt s+ + + antin) = (aide + + + dn) Dv (ei + ++ + an) 
ByrBor? *® *st,=0 


With a1a2 °° - dn3%0 (mod p). 


A Function with Prescribed Horizontal Tangents 


5225 [1964, 802]. Proposed by Solomon Marcus, University of Bucharest, 
Romania 


Let B be a given, nowhere dense, and perfect set on the real line. For any 
function F, with continuous derivatives on [0, 1], put 


Si= {iF =0}, S2={F@:tE Si}. 


Does there exist a function F such that S,=B? (See a closely related problem, 
no. 5114 [1964, 693 ].) 


Solution by Roy O. Davies, the Uniwersity, Leicester, England. B must also be 
bounded (since F is continuous) and of measure zero (intuitively obvious since 
F’ represents the local magnification of lengths under the mapping t—F(#), and 
easily proved; see S. Saks, Theory of the Integral, p. 266). The conditions are now 


sufficient. 
Let c=inf B, d=sup B, enumerate the intervals of [c, d|\B as Jn=(Cn, dn), 
and set 


. — . 2, 2 aye 
jn = | Jn | ; Mm = > js tn = jn/[T1 (Tn + Yn41), 


yv=n 


observing that jn/t,—-0 and 


a. ~1/2 — 1/2 1/2 1/2 wy , 1/2 1/2 
> In = 11 > (tn — tatt)/ (tn + tay) = 11 > (tn — Yn41) = 1. 
n=1 n=1 


n=l] 


Write m~<n if Cmn<c,, and set 


On = >. im, bn = Ont tiny In = (Gn, bn). 
Clearly the I, are disjoint, with a, <a, iff m<n, and everywhere dense in [0, 1], 
and (0, 1]\UJ, is of measure zero. 

On [0, 1] let d,(x) denote the distance of x from [0, 1]\J,, and define f,(x) 
= (47,/172)d,(x), f(x) = Domer fn(x), F(A) =e+Jof(x)dx. Then F has the continuous 
derivative f because each f, is continuous and the series > fn is uniformly con- 
vergent (since f,(x) #0 only for x€J,, and sup f(x) =2j,/t,—0). Also F is 
strictly increasing because F’(x)>0 on Uln. We have 


bn bn 
F(b,) — F(an) -{ f(x) dx -{ Fn(%)dx = jn. 


1965] RECENT PUBLICATIONS AND PRESENTATIONS 803 


Since [0, 1]\UJm and [c, d]\UJm are of measure zero, we have 


Fa) = 0+ f “s@ir=e+ Df Ye dr= e+ Din em 


and F(bn) =€n+jn=d,. Thus FU,) =J,, and 


So = F({t: F'() = 0}) = F({t:f@ = 0}) = F([0, 1]\U Z,) 
[c ,d|\UJ, = B. 


Also solved (partially) by S. W. Benton, Jr. 


RECENT PUBLICATIONS AND PRESENTATIONS 


EDITED By R. A. ROSENBAUM, Wesleyan University 


COLLABORATING Epitors: K. O. May, University of California, Berkeley and 
E. P. VANCE, Oberlin College 


Materials intended for review should be sent directly as follows: Books: R. A. Rosenbaum, 
Wesleyan University, Middletown, Conn. 06457. Programmed Materials: K. O. May, 
Univ. of California, Berkeley, Calif. 94704. Films: E. P. Vance, Oberlin College, Oberlin, 
Ohio 44074. 


Fourter Series and Orthogonal Functions. By Harry F. Davis. Allyn and Bacon, 
Boston, 1963. xii+403 pp. $11.95. 


This book is intended primarily as a text for a year-long undergraduate 
course to be taken immediately after first (and hence normally unrigorous) 
courses which include some treatment of elementary differential equations and 
vector concepts. The enrollment would include prospective mathematicians, 
engineers and physicists. It is addressed also to the private reader. 

The six chapters are entitled, in order, “Linear Spaces,” “Orthogonal Func- 
tions,” “Fourier Series,” “Legendre Polynomials and Bessel Functions,” “Heat 
and Temperature,” and “Waves and Vibrations; Harmonic Analysis.” There 
is also an Appendix (“Functions on Groups”) for those knowing some modern 
algebra. The chapters can be read in many permutations. There are a large 
number of exercises (with answers to many), illustrative examples, and dia- 
grams. Physical and geometrical illustrations and motivations are found scat- 
tered usefully throughout the text, as well as in specialized chapters and sec- 
tions. Many remarks are made illuminating the particular significance of indi- 
vidual hypotheses in theorems and the relationships between similar-sounding 
or apparently conflicting theorems. 
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On the other hand, in following the folksy style of many lecture platforms, 
the writing often becomes frothy, superficial and vague. (It is also disjointed, 
perhaps the result of seeking after extreme flexibility in the order of topics.) 
There is a genuine danger that a naive reader could come to believe that he 
has learned a great deal more mathematics than would be the case. 

A good deal more of current mathematical terminology is used in this book 
than is customary in a discussion of these topics at this level. Its readers will 
thus derive the benefit of a larger than ordinary mathematical vocabulary. 
However, they may not obtain sufficiently precise, well-rounded or deep under- 
standing. References to appropriate sources to which to turn for elaboration 
would be very useful; there are hardly any. 

LEE Lorcu, University of Alberta 


Factor Analysis as a Statistical Method. By D. N. Lawley and A. E. Maxwell. 
Butterworth Inc., Washington, D. C., 1963. 117 pp. $4.25. 


This book quite successfully describes various topics in factor analysis in a 
manner both intelligible and meaningful to a statistician. The authors are to be 
congratulated for their sophisticated treatment of the subject, although motiva- 
tion is often lacking and discussion of all topics is brief. 

Consistent utilization of matrix notation throughout the book provides a 
quick grasp of the essence of factor analysis and allows a wealth of material to 
be contained in a small volume. The necessary principles of matrix algebra are 
included in an appendix. However, a section might have been added to justify 
certain iterative techniques for solving matrix equations that are used in the 
estimation procedures. 

Statisticians should be particularly pleased with the chapter on maximum 
likelihood estimation of factor loadings and residual variances. Also of interest 
are maximum likelihood estimation given prior information concerning the 
matrix of factor loadings, and procedures for estimating factor scores. 

Approximate estimation techniques and the method of principal compo- 
nents are also described. Objectives of principal component analysis are distin- 
guished from those of factor analysis, but the reader may sense a degree of bias 
regarding their relative merits and a certain arbitrariness in the choice between 
the two methods in any particular application. 

The book may be considered sufficient enlightenment for a mathematician 
(statistician) with a casual interest in factor analysis. More appropriately it 
is recommended as a basis for further study, and a wide selection of references 
is included for this purpose. 

Joun I. THornBy, Bucknell University 


Degrees of Unsolvability. By Gerald E. Sacks. Annals of Mathematics Studies, 
no. 55. Princeton University Press, Princeton, N. J., 1963. 171 pp. $3.50. 


This book is, in large part, a gathering together in one place of a variety of 
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difficult for the mathematical reader to learn some physics from it. This is most 
regrettable since the book deals with both a large number and a great variety of 
applications, and since the many drawings, tables and numerical examples indi- 
cate the intention of the authors to give a presentation of the theory which is as 
concrete, accessible and practical as possible. 

W. Maanus, New York University 


Fonctions de Variables Réelles, Volume I. By H. G. Garnir. Gauthier-Villars, 
Paris, 1963. 518 pp. 


This interesting book on elementary real analysis is the first part of a two 
volume work on this subject by Professor Garnir. A second volume devoted to 
integration theory is in preparation. The level of the presentation would make 
this book quite accessible to students who have completed a standard course in 
calculus and have some acquaintance with elementary matrix algebra. The 
exposition is more traditional in style than that of other books that have been 
written recently on this subject, and much emphasis is placed on the develop- 
ment of manipulative technique, though adequate attention is given to such 
matters as the topology of n-dimensional space and the importance of linearity 
considerations. The book contains an unusually large and varied collection of 
exercises with hints provided for the difficult problems. 

The first two chapters and an appendix are devoted to a brief introduction 
to set algebra, a fairly standard account of the topological properties of n- 
dimensional Euclidean space, and a discussion of the real and complex number 
systems, in that order. Chapters 3 through 7 deal with the continuity, differ- 
entiability, and convergence properties of real and complex valued functions 
defined on subsets of n-dimensional space. The sections on uniform convergence 
and change of variables are especially well written. The remaining chapters are 
devoted to a detailed discussion of the elementary functions, an exposition of 
the techniques of anti-differentiation, and an account of linear differential 
equations with constant coefficients. The book does not have an index. 

In the reviewer’s opinion, it is unfortunate that the author did not include a 
set theoretic discussion of the function concept since this could have been used 
to add clarity to the material on sequences, countable sets, operators, etc. The 
style of presentation would also seem to make it difficult for a student to recog- 
nize the material that is essentially peripheral to the main development. 

ANTHONY L. PERESSINI, Oregon State University 


Continued Fractions. By A. Ya. Khintchin, translated into English by Peter 
Wynn. Noordhoff, Groningen, 1963. 101 pp. Dfl. 16,25. 


The first Russian edition was published in 1935, the second in 1949 and the 
third, published after the death of the author, without any alterations with the 
exception of a few notes of a bibliographical character, in 1961. The first and 
second editions are virtually the same. 
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This monograph is concerned with the metric theory of continued fractions, 
which deals with the problem of determining the measure of a set of numbers 
whose simple continued fraction representations satisfy some prescribed condi- 
tion. For example, the measure of the set to which the number x belongs only 
in case the sequence of partial denominators in the simple continued fraction for 
x is bounded, is 0. More generally, the mth partial denominator a,(x) may be re- 
quired to satisfy the inequality a,(x) S$¢(n), (n=1, 2, 3, --+-), in which case 
the convergence or divergence of the series >in, [1/¢(”) | determines a prop- 
erty of the set of all such x, Again, if g,(«) is the denominator of the nth ap- 
proximant of the simple continued fraction for x, then there exists a number B 
such that g,(x«) <e®* for all sufficiently large m and almost all x. 

The first two chapters of the book contain the basic properties of simple con- 
tinued fractions including certain inequalitiesin the approximation of numbers. 
For the beautiful metric theory of the third chapter, it is assumed that the 
reader has a knowledge of the elementary theory of measure of sets of numbers. 

H. S. WALL, The University of Texas 


Continued Fractions. By A. Ya. Khinchin. University of Chicago Press, Chicago, 
1964. 94 pp. Cloth $5.00, paper $1.95. 


This is the translation by Scripta Technica, Inc. of the book of the preceding 
review. The English translation is edited by Herbert Eagle, Brown University. 
H.S. WALL, The University of Texas 


The Application of Continued Fractions and their Generalizations to Problems in 
Approximation Theory. By A. N. Khovanskii (the Russian edition was pub- 
lished in 1956), translated into English by Peter Wynn. Noordhoff, Gronin- 
gen, 1963. 209 pp. Dfl. 30. 


This book is largely a table of continued fraction expansions for various 
particular functions, compiled from original sources and with references in- 
cluded. The first chapter gives a survey of the analytic theory of continued 
fractions, including convergence theorems and methods for expansion of series 
into continued fractions. Chapter II, entitled “Continued Fraction Expansions 
of Certain Functions,” gives a method of Lagrange for solution of certain differ- 
ential equations by means of continued fractions and obtains expansions for 
binomial functions, the arc tangent, natural logarithm, e*, tangent and hyper- 
geometric functions. Chapter III contains Padé approximants for certain func- 
tions, e.g., e, log x, sin x, the error function and the gamma function. The 
last chapter contains a brief account of certain generalizations of continued 
fractions first given by Euler. The many formulas should be useful for com- 
putation. The bibliography contains a list of 109 references. 

H. S. WALL, The University of Texas 
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Functions of a Complex Variable. By Gino Moretti. Prentice-Hall, Englewood 
Cliffs, N. J., 1964. 456 pp. $10.25. 


This is a book written by an applied scientist for other applied scientists on 
the more practical aspects of the theory of complex variables. Along with the 
basic elements of the theory, the book has chapters on Jacobian elliptic func- 
tions, Bessel functions, Fourier series, and Laplace and Fourier transforms. 
There are also several sections on the Dirac delta function (found in the chapter 
entitled “Some Higher Transcendental Functions”). 

Although the mathematics is sometimes imprecise and on occasion question- 
able, there is much to recommend the book to its intended audience. The author 
has an informal style that is generally very readable. He strives to give the 
reader insight and frequently points out the “best way” to look at a particular 
problem or result based on his experience with the material. There are a wealth 
of figures (217 of them), numerous examples, and many problems ranging from 
the routine to the imaginative. 

The point of view is always the practical. The author states in the preface 
that he regards mathematics as “a tool for solving physics problems.” The 
“impractical” aspects of the theory are either ignored or just mentioned in pass- 
ing—the latter done at times in an unsatisfactory way. For example, in the 
chapter on conformal mapping, a brief discussion on the possibility of mapping 
certain domains conformally onto the unit disc is essentially concluded with the 
statement: “Riemann proved that this could be done, but his proof is not com- 
pletely satisfactorv.” One is left with the impression that perhaps the Riemann 
mapping theorem is not true. 

D. R. SHERBERT, University of Illinois 


BRIEF MENTION 


Ne Plus Ulcers, By R. M. Winger. Fry and Smith, Phoenix, 1964. x-+214 pp. 

A charming collection of essays on many subjects, including mathematics, by the 
urbane and sensitive geometer who was for many years professor and executive officer 
of the mathematics department of the University of Washington. 


Differential Equations and their Applications. Edited by Ivo Babuska. Academic Press, 
New York, 1964. 247 pp. $12.00. 
Proceedings of a conference held in Prague, September 1962. 


Elements of Ordinary Differential Equations, 2nd ed. By Michael Golomb and Merrill 
Shanks. McGraw-Hill, New York, 1964. 411 pp. $8.95. 
Extensively revised. 


Textbook of Algebra, vol. I and II, 7th ed. by G. Chrystal. Chelsea, New York, 1964. 
584 and 630 pp. Cloth $3.95 each and paper $2.35 each. 


Modern Pure Solid Geometry, 2nd ed. By Nathan Altshiller-Court. Chelsea, New York 
1964, 353 pp. $6.00. 
Essentially the original text, 1935, with various additions of new material. 
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Management and Mathematics: The Practical Techniques Available. By Allan Fletcher 
and Geoffrey Clarke. Gordon and Breach, New York, 1964. 235 pp. $7.50. 
For the nonmathematical executive. 


Mathematical Foundations of Thermodynamics. By R. Giles. Pergamon (Macmillan), 
New York, 1964. 228 pp. $10.00. 


Einfihrung in die Theorte der algebraischen Zahlen und Funktionen. By Martin Eichler, 
Birkhauser Verlag, Basel, 1963. 341 pp. $5.90. 


Differentialoperatoren der mathematischen Physik. By Gunter Hellwig. Springer Verlag, 
Berlin, 1964. 253 pp. DM 36.00. 


The Gamma Function. By Emil Artin. Translated by Michael Butler. Holt, Rinehart, 
and Winston, New York, 1964. 39 pp. $2.25. 
A translation of a classic monograph which first appeared in the Hamburger Mathe- 
matische Einzelschriften in 1931. 


Polynomial Expansions of Analytic Functions. By Ralph Boas and Creighton Buck. 
Academic Press, New York, 1964. 77 pp. $4.00. 
Revised edition. First published in 1957. 


L’Enseignement Mathématique, vol. IV (ser. II) nos. 1-2. Revue Internationale. Organe 
officiel de la Commission internationale de l’Enseignement Mathématique. 

This number contains: (1) papers presented at the Bologna Conference of the com- 
mission (by Artin, Viola, Freudenthal, Stone, Libois, Lombardo-Radice, Morin, Cartan, 
Campedelli, Roghi, and Servais); (2) the Commission’s report for 1959-1962; (3) the re- 
port of the commission’s meeting at Saltsjobaden, 1962; (4) Professor Pienes’ report on 
the “Education of Teachers” presented at Stockholm. 


NEWS AND NOTICES 
EDITED BY RAOUL HAILPERN, SUNY at Buffalo 


Readers are invited to contribute to the general interest of this department by sending news 
items to Raoul Hatlpern, Mathematical Association of America, SUNY at Buffalo (Uni- 
versity of Buffalo), Buffalo, New York 14214. Items must be submitted at least two months 
before publication can take place. 


PERSONAL ITEMS 


Professors H. L. Garstens, University of Maryland; D. B. Goodner, Florida State 
University; C. E. Hardgrove, Northern Illinois University; R. W. Sloan, State Uni- 
versity College at Oswego; and John Wagner, Michigan State University, represented 
the Association at the 19th National TEPS Conference in New York City on June 
22-25, 1965. 

Professor E. G. Begle, Stanford University, and Dr. B. E. Rhoades, CUPM, repre- 
sented the Association at the summer conference of the Association of State Supervisors 
of Mathematics at Michigan State University on June 14-19, 1965. 

Brother Louis Francis Zirkel, Archbishop Molloy High School, Jamaica, New York, 
represented the Association at the Solemn Blessing and Dedication of St. Augustine 
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Hall, St. Louise de Marillac Hall and Blessed Gabriel Perboyre Hall at St. John’s 
University on April 27, 1965. 

Professor Leon W. Cohen, University of Maryland, represented the Association at 
the banquet celebrating the 100th meeting of the National Science Board on May 27, 
1965. 

Professor R. E. Dowds, Butler University, represented the Association at the in- 
auguration of W. N. Haines as President of Franklin College on May 14 and at the 
Dedication of B. F. Hamilton Memorial Library on the campus of Franklin College on 
May 15, 1965. 

Professor J. N. Eastham, Queensborough Community College, represented the As- 
sociation at the inauguration of S. B. Gould as President of the State University of 
New York on May 13, 1965. 

Professor Harry M. Gehman, SUNY at Buffalo, represented the Association at the 
Governor’s Library Conference, held in Albany, N. Y., on June 24—25, 1965. 

Professor C. B. Stortz, Northern Michigan University, represented the Association 
at the inauguration of R. L. Smith as President of the Michigan Technological Univer- 
sity on April 9, 1965. 

Professor Mark Kac, The Rockefeller Institute, has succeeded Professor Gustav 
A. Hedlund as Chairman of the Division of Mathematics, National Academy of Sci- 
ences—National Research Council. 

Professor R. W. McKelvey, University of Colorado, has been appointed Chairman 
of the Department of Mathematics. 

Visiting Associate Professor M. R. Parameswaran, Michigan State University, has 
been appointed Professor and Head of the Department of Mathematics at the University 
of Kerala, Trivandrum, India. 

Professor J. P. Russell, Professor of Mathematics and Administrative Officer of the 
Department, has been named Associate Dean of the Polytechnic Institute of Brooklyn 
at the Long Island Graduate Center at Farmingdale. He will continue also as Professor 
of Mathematics. 

Professor W. R. Scott, University of Kansas, has been appointed Professor at the 
University of Utah. 

Associate Professor G. F. Simmons, Colorado College, has been promoted to Pro- 
fessor. 

Mr. J. G. Solomon, Radio Corporation of America, Moorestown, New Jersey, has 
been appointed Research Specialist at the High Energy Physics Laboratory of the 
University of Pennsylvania. 

Mr. J. C. Warren, Jr., Consultant in Mathematics Education, has been appointed 
Assistant Professor at the College of Notre Dame and will serve as Chairman of the 
Department of Mathematics. 

Associate Professor Abraham Weinstein, Nassau Community College, has been 
appointed Chairman of the Department of Mathematics. 

Mr. R. O. Wells, Jr., New York University, has been appointed Assistant Professor 
at Rice University. 


Mr. Leon Battig, University of Wisconsin, died on February 15, 1965. He was a 
member of the Association for 40 years. 

Mr. S. A. Joffe, Mutual Life Insurance Company, New York, died on November 8, 
1964. He was a charter member of the Association. 

Professor Clifford Marburger, Franklin and Marshall College, died on March 15, 
1965. He was a member of the Association for 32 years. 

Assistant Professor John Raleigh, Temple University, died on December 26, 1964. 
He was a member of the Association for 7 years. 
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Assistant Professor J. B. Wells, Jr., University of Kentucky, died on November 12, 
1964. He was a member of the Association for 8 years. 


TRAVEL GRANTS TO THE INTERNATIONAL CONGRESS OF MATHEMATICIANS 


Travel grants will be made to a number of qualified mathematicians for attendance at 
the International Congress of Mathematicians, to be held in Moscow on August 14-24, 
1966. Selection of the grantees will be made by the Committee on Travel Grants (of 
the Division of mathematics of the National Academy of Sciences—National Research 
Council) enlarged to include representatives of all mathematical societies affiliated with 
the Division and representatives of the various governmental agencies concerned. 
Younger mathematicians are encouraged to apply. Special efforts will be made to sup- 
port their attendance, and they will have the opportunity to supplement their applica- 
tions by submitting additional information. 

Applications can be obtained from the Division of Mathematics, National Academy 
of Sciences—National Research Council, 2101 Constitution Ave., N.W., Washington, 
D. C. 20418. Applications must be received on or before November 1, 1965. 


MATHEMATICAL ASSOCIATION OF AMERICA 


Official Reports and Communications 


NEW SECTIONAL GOVERNORS OF THE ASSOCIATION 


The following have been elected Governors of the Association for the three year term 
July 1, 1965, to June 30, 1968, by a mail vote of the Association in the Sections indicated: 


Ilinois J. M. H. Olmsted, Southern Illinois University 
Iowa D. W. Wall, State University of Iowa 
Louisiana- Mississippi P. K. Rees, Louisiana State University 
Maryland-D.C.-Virginia Dorothy L. Bernstein, Goucher College 
Michigan K. W. Folley, Wayne State University 
Minnesota E. J. Camp, Macalester College 

Philadelphia Emil Grosswald, University of Pennsylvania 
Southern California R. C. James, Harvey Mudd College 

Texas Martin Wright, University of Houston 


The highest percentage of voters was 54% in the Louisiana- Mississippi Section, fol- 
lowed by the Iowa Section with 45%. One candidate was elected by a majority of 
one vote, another by a majority of two. 

Raouu HaILPERN, Associate Secretary 


ANNOUNCEMENT OF L. R. FORD AWARDS 


At its meeting on January 27, 1965, in Denver, Colorado, the Board of Governors 
authorized a number of awards, to be named after Lester R. Ford, Sr., to authors of ex- 
pository articles published in the MoNTHLY and the MatuemMatics MaGazine. A 
maximum of six awards will be made annually; each award is in the amount of $100. The 
articles are to be selected by a subcommittee of the Committee on Publications appointed 
for this purpose. 
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A GENERAL CURRICULUM IN MATHEMATICS FOR COLLEGES 
W. L. DUREN, Jr., Chairman, CUPM 


1. A report to the Association. The Committee on the Undergraduate Pro- 
gram in Mathematics (CUPM) hereby presents to the Mathematical Associa- 
tion of America (MAA) its report on “A General Curriculum in Mathematics for 
Colleges” [1]. As a standing committee of the Association, CUPM requests that 
the Board of Governors receive this report and transmit it to the Sections of the 
Association for their study and comment. CUPM would like to see each Section 
of the Association draft a resolution, or committee report of its own, stating its 
evaluation of this General College Curriculum in Mathematics (CMC) which 
CUPM here proposes, and on the issues related to it. 

CUPM has the authority under its charter from MAA to issue its own 
studies and recommendations; in the past we have used this authority to pub- 
lish our curriculum recommendations on certain aspects of the college mathe- 
matics curriculum. This general college curriculum is so fundamental and so 
broad in its scope, however, that your Committee prefers to present this report 
to you for your study and comment before we do further work on it. We have 
endeavored to avoid being overly prescriptive of what colleges should do. More- 
over, there are many issues involved in a general mathematics curriculum which 
are of such importance that CUPM should not attempt to resolve them for the 
college mathematics establishment. The “general curriculum” of this report 
consists essentially of an array of modular course units which goes as far as we 
feel we should at the present time towards offering a guide for curriculum con- 
struction in college mathematics. We think the proposed system is flexible 
enough to provide for local variation, for a variety of different individual cur- 
ricula, and for enough dynamic progression in the college curriculum to permit 
these issues to be settled by the natural processes of work and discussion in the 
mathematical community. 

In the beginning we set out to construct a recommended curriculum for 
“small” colleges but we soon found that this was not a significant specification. 
For one thing “small colleges” are no longer small. Moreover, it appeared that 
larger institutions might be able to use the same report as a minimal statement 
from which more advanced and complex department programs could be ex- 
tended. So we changed our specification to prepare a list of course offerings few 
enough in number and conservative enough in content so that a staff of as few 
as four teachers can teach it. Thus the program we offer in thisreport is a mini- 
mal one which can serve as a basis for richer and more advanced programs 
wherever and whenever these are feasible. The various Panel recommendations 
[2] of CUPM represent what we have to say about richer programs in special 
areas of college mathematics. We hope that our basic program is so designed 
that the curriculum of a particular college can progress through it without the 
necessity of abolishing it to supplant it by an entirely new program five years 
from now. Indeed, a number of university and college departments already have 


825 


826 GENERAL CURRICULUM IN MATHEMATICS FOR COLLEGES [October 


curricula ahead of the general curriculum proposed in this report, at least for 
their better prepared students. Therefore we wish to emphasize that this severely 
economized program of 14 semester-courses is not to be interpreted either as an 
ultimate goal or a limitation on undergraduate mathematics. 


2. Secondary school prerequisites. The general curriculum in mathematics, 
which CUPM proposes, assumes well-prepared students who offer upon entrance 
34 or 4 years of high school mathematics including: A. Geometry and inter- 
mediate algebra, B. A study of the elementary functions, i.e. polynomials, ra- 
tional and algebraic functions, exponential, logarithmic and trigonometric func- 
tions, including the more elementary parts of two- and three-dimensional ana- 
lytic geometry. 

Recognizing that in many situations some of these prerequisites must still 
be taught in college we describe the following one-semester remedial course. 

Matu. 0. Elementary Functions and Coordinate Geometry (3 semester hours). 
A precalculus course covering topics B above. 


3. The proposed general curriculum in mathematics. For students who can 
meet the prerequisites CUPM proposes that the following list of lower division 
courses be available each semester as needed. (See the report itself for details 
and sample course outlines.) 

Matu. 1. Introductory Calculus (3 or 4 semester hours). A differential and 
integral calculus of polynomials and other elementary functions. 

MatH, 2, 4. Multivariate Calculus, Limits and Differential Equations (3 or 
4. semester hours each). Courses which we describe in two different versions. In 
the preferred version Math. 2 isa multivariate calculus, while Math. 4 strength- 
ens limits and series and provides an introduction to linear differential equa- 
tions. A more conventional form is also described in which Math. 2 continues 
the single variable calculus, while Math. 4 takes up multivariate calculus and a 
brief introduction to differential equations. 

Matu. 2P. Introductory Probability. A course of first year level which can 
follow Math. 1 and may be substituted for Math. 2 when it is appropriate for 
particular students. 

MatH. 3. Linear Algebra (3 or 4 semester hours). Linear systems, matrices, 
vectors, linear transformations, unitary geometry with characteristic values. 
Applications to geometry. 

For the upper division, not necessarily offered each semester, our report 
proposes the following 9 semester courses. 

MatuH. 5. Advanced Multivariable Calculus. Primarily vector calculus, 
Stokes’ and Green’s theorems and a brief introduction to boundary value prob- 
lems of partial differential equations. 

MatH. 6. Algebraic Structures. Groups, rings and fields. 

Mats 7. Probability and Statistics. Two versions are displayed, one empha- 
sizing statistical inference and one going more deeply into probability. 
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Matu. 8. Numerical Analysis. Numerical methods for integration, differen- 
tial equations, matrix inversion, estimation of characteristic roots. Oriented to- 
wards machine computation. 

MATH. 9. Geometry. A number of types of courses might do here. We present 
outlines for a Euclidean geometry for prospective teachers and a differential 
geometry. 

MATH. 10. Applied Mathematics. A course to illustrate the principles and 
basic styles of thought in solving physical or other scientific problems by mathe- 
matical methods. Specific content will depend on the persons involved. 

Matu. 11 or 11-12. Introductory Real Variable Theory. Standard material 
on the real numbers, continuity, limits, differentiation and integration. The 
student will learn to make the proofs. 

MATH. 13. Complex Analysis. Complex numbers, elementary functions, ana- 
lytic functions, contour integration, Taylor and Laurent Series, conformal map- 
ping, boundary value problems, integral transforms. 

Introduction to Computer Science. The computer, algorithms, programming 
languages, problem solving. Many mathematics departments now offer such a 
course at first or second year level but for the general mathematics student and 
for his mathematics teacher CUPM feels that the question of how to begin 
computation and how to relate it to mathematics is not ready to be resolved by 
a recommendation. 


4. Some course sequences which this general curriculum provides. In the 
major sequences below we adopt the limit of six semester courses in the upper 
division program of a student, although our program in many cases would pro- 
vide more. 

a. Two one-year sequences for liberal arts students, or majors in social and 
behavioral sciences, and business administration students are: Math. 1, 2 or 
Math. 1, 2P. 

b. An advanced placement two-year sequence for mathematics or physical 
science students is: Math. 2, 3, 4, 5 or 2P, or 7 as appropriate. 

c. A mathematics major program for students bound toward graduate 
mathematics is given by: Math. 1, 2, 3, 4, 5, 6, 10, 11, 12, 13. There are addi- 
tional courses available to adapt this sequence for special interests. 

d. A mathematics major program for applied mathematicians might be: 
Math. 1, 2, 2P, 3, 4, 5, 6, 8, 10, 11, 12 or 13. This exhausts the limit we assume 
but more courses are available. Computer Science, or equivalent introduction 
to computing, is a necessary supplement. 

e. A program for prospective theoretically oriented graduate students in 
biological, management or social sciences substantially meeting the recommenda- 
tion of that Panel is: Math. 1, 2P, 2, 3, 4, 7. Computer Science should be in- 
cluded. 


f. The mathematics content of a program for prospective career computer 
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scientists (not mathematics majors) is covered by: Math. 1, 2, 2P, 3, 4, 6, 7, 8. 
Obviously Computer Science and more in the area of computation is also needed. 

g. A physics major bound for graduate work in physics would find good sup- 
port in: Math. 1, 2, 3, 4, 5, 2P, 10, 13. Additional available courses: Math. 6, 7, 
8, 11, 12. 

h. The minimal program recommended for mathematics teachers of grades 
9-12 by the Teacher Training Panel can be met by: Math. 1, 2, 3, 4, 6, 2P, 7, 
9 and two semester electives, provided Math. 9 is a year-course of appropriate 
geometry. 

On the other hand, this program does not provide for the training of ele- 
mentary teachers. Colleges having this responsibility should offer the special 
course program recommended for this purpose by the Panel on Teacher Train- 
ing [2|. The proposed program also does not provide for deep remedial instruc- 
tion or for a noncalculus mathematics appreciation course to meet a liberal arts 
requirement. 

We observe also that advanced high schools are already teaching courses for 
superior students covering the material of Math. 1, 2, 2P, and even 3. So ad- 
vanced placement as high as Math. 4 is possible. 


5. Issues in the general mathematics curriculum. We call attention to some 
issues which inevitably arise in planning a general curriculum in mathematics 
for colleges, one which will serve as many purposes as possible, and as econom- 
ically as possible. College teachers generally and particularly those participating 
in MAA Section evaluations of this report may have ideas different from ours 
on the resolution of these problems. Naturally, we hope you will agree generally 
with the way in which we have tried to meet them. Here are some of the main 
ones. 

1) What is the right normal starting point for college mathematics in 1965? 
Should Math. 0 have been eliminated? Or should we have provided for a year 
of precalculus mathematics as was customary some years ago? 

2) What accomplishment should be expected from the pivotal Introductory 
Calculus, Math. 1? 

3) To what extent can we count on high schools taking over the teaching of 
Math. 0, 1, 2, 2P, and 3? When? 

4) Should Probability, Math. 2P, have been offered in noncalculus form? 
Should it include statistics? Combinatorial algebra? 

5) Should we say that a three-hour Computer Science, which might be 
labelled Math. 2C, is the business and even responsibility of mathematics de- 
partments to teach? Alternatively can and should a shorter introduction to 
programming be adjoined to existing mathematics courses? Should mathematics 
courses be modified to include homework on the computer? These are hot issues. 
Our attitude was: Let us wait and see. 

6) Do mathematics teachers share our view that multivariable calculus 
should begin in Math. 2 and continue with fortification from linear algebra 
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thereafter? Textbooks are a problem but not an insurmountable one. See the 
reasons for an affirmative answer in the report. 

7) This report subsumes introductory differential equations into the lower 
division calculus sequence as some current texts now do it. Was this the right 
decision or should the first study of differential equations be held back for a 
separate course in the second or third year? 

8) We wanted to include in the upper division courses an intermediate 
differential equations course of somewhat more theoretical nature than the con- 
ventional introduction. It was crowded out by the demand of chairmen of 
graduate departments for a year of real variables. Texts for such a course are 
now available. Should it be recognized in the general undergraduate curriculum? 

9) There is a current issue on the proper place to introduce the technique 
of (exterior) differential forms. It appears now in some lower division calculus 
texts. We let it appear in our program for the first time in Math. 5, which isa 
third-year level advanced calculus. It also appears in the differential geometry 
version of Math. 9. What do mathematics teachers think about this? 

10) What geometry should the general curriculum include? We believed 
that, within some bounds, it is better to let a teacher teach what he knows and 
likes instead of trying to specify some preferred geometry. 

11) We omitted Number Theory from the list of 14 courses. Obviously this 
is a good course when there is someone who knows how to teach it and students 
to take it. Its omission here emphasizes the minimal character of this depart- 
ment program. Should number theory be included as a must in such a program? 

12) Alternatively, or perhaps additionally, should the Algebraic Structures, 
Math. 6, have been extended to a year course where it could have included a 
little number theory and more advanced linear algebra than one can cover in 
the introductory and low-level Math. 3? 

13) Should the general college curriculum include a terminal year-course in 
mathematics appreciation, or a cultural or philosophical course in mathematics 
for liberal arts students? Without recommending against it we did not include 
it in this report. 

14) Can teacher education, including elementary teacher education, be ab- 
sorbed into the general mathematics curriculum, or must it be, as we decided, 
essentially a special program? 

15) Will the expansion in both the numbers and rate of students entering 
college force a return to deeper remedial instruction? Or can we safely predict 
that high school graduates will be better and better trained in mathematics each 
year? 

16) Returning to advanced undergraduate mathematics, how much upper 
division mathematics can normally be required of a major? We used six se- 
mester courses aS a norm. 

17) Should there be separate undergraduaie courses in applied mathematics? 
What is a course in applied mathematics? We assumed that all mathematics 
would be taught with applications in mind and in addition we thought that, 
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where it can be well done, at least one course in applied mathematics should be 
available. 

18) Does the general college curriculum here described provide an adequate 
undergraduate education to serve as a foundation for undertaking contemporary 
graduate mathematics? If not, is it possible to do better within the limits of 
time normally allowed for undergraduate majors in a college? Also with the 
available human material, teacher and student? 

19) We offered an outline for a one-semester course in real variables and 
another one for a year-course, as requested by chairmen of graduate depart- 
ments. Is a year of real variables a really necessary offering for undergraduates 
or is it a luxury course which will be repeated in graduate school? 

These are some of the questions which revolve around the general mathe- 
matics curriculum where a widespread study and discussion should be very 
fruitful for mathematics teaching. Some other perennial questions were omitted 
because their discussion is seldom fruitful. Some of these have to do with rigor 
in calculus (you cannot make yourself understood in what you say about it), 
with where we will get the teachers, and the textbooks. 


6. How this report was constructed. CUPM has several Panels: the Panel 
on Mathematics for Physical Sciences and Engineering, the Panel on Pregradu- 
ate Training in Mathematics, the Panel on Teacher Training in Mathematics, 
the Panel on Mathematics for Biological, Management and Social Sciences. 
Also there is a standing Advisory Group on Communications (Library and 
publications). For several years the Panels have studied intensively the special 
needs of mathematical training in their areas of interest and have published 
their recommendations [2]. To prepare this general curriculum report CUPM 
formed an all-panel subcommittee which reported back to CUPM asa whole and 
now CUPM transmits it to the Association. Two members of the School Mathe- 
matics Study Group were included to insure a proper articulation with the new 
high school calculus course as planned by that group. This report was based not 
only on the panel reports of CUPM but also on the studies of leading depart- 
ments of mathematics in the country. 

The take-off point was the year-course on elementary functions, polynomials, 
rational and algebraic functions, logarithms, exponential, and trigonometric 
functions which have long occupied a dominant position in the mathematics 
curriculum in the last years of high school and first year of college. Usually it 
has been offered as precalculus mathematics, or with at most a smattering of 
calculus, under such names as “college algebra, trigonometry and analytic 
geometry,” or “mathematical analysis—an integrated approach,” or “funda- 
mentals,” or just “college mathematics.” This material is recognizable in our 
proposed program as Math. 0, 1. What we did was to say that the latter half of 
it could and should become the calculus of the elementary functions, while the 
responsibility for teaching the first half should normally be assigned to the 
high schools. 

Next we thought about flexibility and multiple tracks with many possible 
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entrance points and many suitable exits from the program to accommodate 
to the diversity of students that colleges now serve. This led us to the semester 
building blocks, our modular units for many course sequences. While many 
colleges will offer separate “honors” tracks parallel to the main track, and that 
may be best where it can be done, our minimal approach attempts to take care 
of the spread in achievement, and to some extent the spread in ability, of enter- 
ing students by advanced placement in the General College Curriculum. That 
is why it is important, wherever it is possible, to offer all of the lower division 
courses every semester. 

In the report we offer some course outlines as samples, in some cases multiple 
samples, of possible interpretations of the courses which we list with deliber- 
ately bare, rather generic, “college catalogue” descriptions. These outlines were 
not all prepared in the Subcommittee. Some were prepared in Panels and for 
some we had the help of mathematicians outside CUPM. We assume that 
mathematicians who use this report will construct their own course outlines 
and hence do not regard our outlines as detailed recommendations of CUPM. 
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ON ABSOLUTELY CONTINUOUS FUNCTIONS 
DALE E. VARBERG, Hamline University, St. Paul, Minn. 


1. Introduction. The purpose of this note is to discuss the concept of ab- 
solute continuity for functions of a real variable. This topic has been well ex- 
plored so most of our results will not be new. What is new is our approach. We 
begin with an elegant inequality which the author discovered lying buried as 
an innocent problem in Natanson’s book [4]. From this inequality, which we 
dignify by calling the Fundamental Lemma, many well-known and some new 
results follow in an almost trivial fashion. 

The notion of bounded variation is intimately connected with that of ab- 
solute continuity. We assume that the reader is familiar with this notion as well 
as the following standard properties of functions of bounded variation. 
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Associated with a function f of bounded variation on [a, @| are three mono- 
tonically increasing functions p, m and ¢t (the positive, negative and total varia- 
tions) which satisfy: 


(1.1) f(%) = f(@ + p(@) — n(m); t(*) = p(x) + n(x), 


(1.2) f’ exists almost everywhere and is integrable, 
(1.3) i'(x) = | f’ (x) | almost everywhere (see [5| p. 15), 
(1.4) if f is continuous on A = |a, b], then t(b) = J Na(y)dy, 


where Na(y), the socalled Banach indicatrix, is defined by the statement: N4(y) 
is the number of solutions x of the equation y=f(x) in A (see [4] p. 225). 

There are several equivalent definitions for absolute continuity. We will say 
that f is absolutely continuous on [a, b] if for any e>0 there exists 6>0 such 
that for any finite number of nonoverlapping subintervals (a,, b,) of [a, b] with 
>» (by—an) <5, | Fox) —f(ax)| <e. An equivalent definition is obtained if, for 
example, the absolute values are omitted in the last inequality (see [5] pp. 50, 
51). It is obvious that an absolutely continuous function is continuous and it 
is easy to show that it is also of bounded variation. 


2. The fundamental lemma and a related theorem. 
FUNDAMENTAL Lemna [4, p. 241]. Let f be a function defined on the set [a, b| 
and let E be any subset on which f' exists and satisfies | f'(x)| <K. Then 


(2.1) m*f(E) < Km*(B), 
where m* denotes exterior Lebesgue measure and 


f(E) = {y| y = f(@) for some x E E}. 


Proof. In case E is finite or denumerable, (2.1) is obvious since both sides 
are then zero. Suppose that E is non-denumerably infinite and let e>0 be given. 
Let A be an open set containing £ and such that m(A) Sm*(E)+e. For each 
«CE, there exists a symmetric open interval FE, about x such that E,CA and 


(2.2) fo) —f@| S(K+0|y—-2| 


for all yEE, (if a or b belongs to EZ, the corresponding E, or E, would not be 

symmetric but this will not affect our arguments). The collection | E;} forms 

an open covering of E which by the Lindeléf Theorem may be reduced to a de- 

numerable covering, say {Ent, the midpoint of EL, now being denoted by xn. 
Our first step is to demonstrate that for any finite N, 


(2.3) il U Z| s K+ om[ UB], 
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A diagram may be helpful. The wavy curve represents the graph of f, it being 
by (2.2) trapped on E, between line segments having slopes K+e and —(K-+e) 
which pass through (,, f(%n)). US_, En is an open set composed of a finite num- 
ber of disjoint open intervals A1, As, » - >, A, each of which is a union of some 
of the E,’s. Now if (2.3) holds for the union of those E,’s which make up each 
A,;, it will clearly hold for U*_, E,. Thus we may suppose that U*_, E, is an open 
interval. 
On E, (the closure of E,), define a linear function f, by 


f(t) = (K + 6)(# — an) + fn) 


and note that f, attains a maximum and a minimum, say M, and ma, at the 
right and left endpoints of E, respectively. Let M;=max(M, Mo,---, My), 
m;=min(m, M2,°°*, my). On UN, FE, we may be sure that f does not get 
above M; nor below m,. 
Next, for «CU, E,, let 
(x) { (K + e)(@ — 2j) + f(a) if as 2 x; 
4 = . 
—(K + ©)(" — 43) + f(a) if a; < 4;; 

g is a linear function which has as big a range as f could possibly have, i.e., 
f[U*_, £,] Cg[U*_, E,] and hence 


N N N 
ll U Ey | < mel U z. | = (K + dm] U Ea |. 
n=l n=1 n=1 
The proof of (2.1) now follows easily. 
re) N 
m*f(E) S mj U B, | <= lim mes] U B, 
n=1 N 


— 0 n=1 


< lim K+ ml U Fy | = (K+m| U B, | < (K + 6)m(A) 


n=1 n=l 


< (K+.)[m*(E) + el. 


Since e€>0 was arbitrary, we have the result. 
A much weaker version of our first theorem is stated in [3, p. 195]. 
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THEOREM 1. Let f be defined and measurable on the set \a, b| and let E be any 
measurable subset on which f’ exists (finite sense). Then 


(2.4) m*{(E) S f | f’(«)| dx. 
E 
Proof. Suppose first that | f’(x)| <B (an integer) on E. Let 
nr Rk ~~ 1 k 
E, = ezl Ss | f(x) | <Fpr BHA, Bn = 1,2,---, 


Then for each n, 


m*{(E) = nit ( U zi) = mt] U sce | <>) m*f(Ex) 
k n 
<> on m( Ex) by the Fundamental Lemma 
kB — 1 N. 1 Nh. 
Therefore 
k—1 a 1 fh 
m*f(E) S lim » a mE) + on 2 (Bi) | = J a f’ (x) | dx. 


To handle the case where f’ is not bounded, let 


A,={xGE[k-18 |f'(@)| <k}, &=1,2,---, 


mtf(E) = nit( U As) 5 m*| Us| sD mya 
< EJ rola =f ire law 


3. Absolutely continuous functions. We shall use the term “null set” for a 
set of Lebesgue measure zero. 


THEOREM 2. If f is absolutely continuous on the set [a, b| and if N is any null 
subset, then mf(N) =0, 1.e., an absolutely continuous function maps null sets into 
null sets. 


COROLLARY. An absolutely continuous function maps measurable sets into 
measurable sets. 


This theorem and its corollary are well known and have standard proofs (see, 
for example [4], pp. 249, 50), so we omit them. We now know that absolutely 
continuous functions are continuous, of bounded variation and map null sets 
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into null sets. These three properties actually characterize such functions as we 
see from the following theorem. 


THEOREM 3 (BANACH-ZARECKI, [4] p. 250). If f is continuous and of bounded 
variation on |a, b| and if f maps null sets into null sets, then f is absolutely continu- 
ous on fa, Db]. 


Proof. Let (ax, bz) be nonoverlapping subintervals of [a, b| and let Ey 
= {x [az, be] |f’(x) exists}. Since m\ [ax, dx] — E,} =0 and f maps null sets into 
null sets, mf(|az, bx |) =mf(Ex) and therefore 


> | f(x) — fla) | < > mf([a bel) = > mf (Es) 


k= 


k=1 


< >» J | f’(«) | ax by Theorem 1 
k 


->f | f’(a) | dx 


which —0 as >0%_, (b,—a,)—0. This last conclusion follows from the fact that 
f’ is integrable (see (1.2) and a well-known property of the Lebesgue integral 
[4] p. 148). 

The proofs of the next two theorems are almost identical with that above. 


THEOREM 4 (cf. [3, p. 183]). If f ¢s continuous, if f’ exists for all but a finite 
or denumerable set of points and if f’ is integrable on [a, b|, then f is absolutely 
continuous on {a, b]. 


THEOREM 5. If f is continuous on [a, b], if f’ exists almost everywhere and is 
integrable on |a, b|, and tf f maps null sets into null sets, then f ts absolutely continu- 
ous on [a, b]. 


The next result is an immediate consequence of Theorem 4. 


TuEoreEM 6 (cf. [4] p. 266). If f’(x) exists for all xE [a, b] and if f' is integra- 
ble there, then f is absolutely continuous on [a, b|. 


We have already characterized absolutely continuous functions as functions 
which are continuous, of bounded variation, and map null sets into null sets. 
Theorems 7 and 10 provide another characterization, namely, that of being 
indefinite integrals. 


THEOREM 7. Let f be integrable on [a, b| and let F(x) =f7f(i)dt. Then F is 
absolutely continuous on [a, b]. 


This theorem follows easily from the definition of absolute continuity and 
a well-known property of the Lebesgue integral (see [4, p. 252]). The proof of 
the next theorem is fairly difficult and it cannot, we think, be materially simpli- 
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fied by ideas that we have developed so far. Perhaps the simplest proof may be 
found in [5, p. 48] but see also [4, p. 253]. 


THEOREM 8. Let f be integrable on |a, b| and let F(x) =[2f(t)dt. Then F'(x) 
= f(x) almost everywhere on |a, b]. 


THEOREM 9 (cf. [4, p. 246]). If f is absolutely continuous and f’ (x) =0 almost 
everywhere on |[a, b], then f is a constant function. 


Proof. Let E= {x€ [a, b]|f'(x)=0} and E’=[a, b]—E. Then 
mf (la, b]) S$ mf(E) + mf(E’). 


Now mf(E) is 0 by the Fundamental Lemma while mf(E’) is 0 by Theorem 2. 
But since f is continuous, f([a, b]) is a point or a closed interval. It cannot be a 
closed interval, because its measure is 0, and it is therefore a single point. 

Our next theorem together with Theorem 8 show in what sense integration 
and differentiation are inverse operations. 


THEOREM 10. Let f be absolutely continuous on |a, b|. Then f(x) =f(a) + f2f (dt 
for all xE fa, b]. 


Proof. We give a standard proof of this well-known theorem. Being abso- 
lutely continuous, f is of bounded variation and so /’ is integrable. Let g(x) 
=f(a)+f2f’ dt. By virtue of Theorems 7 and 8, g is absolutely continuous and 
g'(x) =f’(x) almost everywhere on [a, b]. It follows that g—f is also absolutely 
continuous, and moreover, has a zero derivative almost everywhere. Hence by 
Theorem 9, g(x) —f(x) is a constant which in turn must be 0 since g(a) =f(a). 
The conclusion follows. 

We turn our attention to three theorems for monotonically increasing func- 
tions. Corresponding results are of course valid for decreasing functions but we 
shall not need them. The first of these theorems is well known, but the second 
and third may be new. 


THEOREM 11. Let f be monotonically increasing on |a, b|. Then f(x) =g(x) 
+h(x) where both g and h are monotonically increasing, g ts absolutely continuous 
and h'(x) =0 almost everywhere. 


Proof. Let g(x)=f(a)+faf’®dt and h(x) =f(x) —g(x). Clearly h’(x) =0 al- 
most everywhere and g is monotonically increasing. To see that h is monotoni- 
cally increasing, let x and y be fixed numbers such that aSy<x Sb. Consider a 
new function f* identical with f on [a, x] and such that f*(z)=f(«) for z2x. 
Then for k>0, 


pee = — [reas _ if ree 


1 ytk 
= f(x) - = f*(2)dz & f(x) — fy). 
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But by Fatou’s Lemma, 


x x *K h _ ** 
J reds =f tim PE PO a S f(x) — f(y). 


Hence g(x) —g(y) Sf(x) —f(y) or h(y) Sh(x). 


THEOREM 12. Let f be monotonically increasing on the set |a, b| and let E be 
the subset where f’ exists. Then 


[Peas = mfB) $10) - f0. 


REMARK. The reader may wish to check the correctness of this result for the 
Cantor middle third function. 


Proof. By Theorem 1, m*f(E) S fuf’ («)dx = [7f’(x)dx. To show the reverse 
inequality, we use Theorem 11 to write f(x) =g(x«)+A(«), where both g and h 
are monotonically increasing, g is absolutely continuous and h’(x) =0 almost 
everywhere. 

It is intuitively clear that m*f(EZ) 2mg(E) (note that we need not write 
m*g(E) for E is measurable and hence, by the corollary to Theorem 2, so is 
g(Z)). To see that this inequality really holds, let e>0 be given and let 
B=UB, be a union of disjoint open intervals B, and such that f(E) CB but 
m(B) <m*f(E) +e. { f-(B,) } is a collection of disjoint measurable sets whose 
union contains E. In fact, f-1(B,) is an interval, a point or empty. Moreover, it 
is clear that 


mg|f—'(Br)] S mB. 
Therefore 
mg(E) < m{ U glf(Bi)]} S De mglf(B,)] 
< >) m(B,) = m(B) < m*f(E) + 


from which the claim follows. 
Thus 


m*f(E) = mg(E) 
= mg(la,b]) (using the fact that g maps null sets into null sets) 


g(b) — g(a) = J g’ (x) dx (by Theorem 10) 


= f rere. 


THEOREM 13. Let f be monotonically increasing on the set |a, bl, let A bea 
measurable subset and let E be the subset of A where f’ exists. Then 
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(3.1) J _ Si (de = mYf(E) < m'f(A). 


If f ts absolutely continuous, the nequality becomes an equality. 


Proof. Suppose first that f is absolutely continuous and let C be an open sub- 
set of [a, b|, i.e., let C=U, C,, where {Cn} = { (dn, bn) } is a finite or denumera- 
ble collection of non-overlapping open intervals. Then 


mf(C) = mf(U Ca) = m[U f(Cx)] = La mf(Cn) 
= Cle) - He] = Df “Peas = f eee 


To extend this result to an arbitrary measurable set A, let {A,} and {Bn} 
be sequences of open sets such that A CAn, f(A) CBn, limn.. m(An) =m(A) and 
limy.. m(B,) =m f(A). Since 


mf(A) < mf[f BO An] S mflf-B,] S m(B,), 
and since m(B,)—mf(A) as n—, we see that 


m*f(A) = lim mf[fBaN Aal 


+ toe a) 


lim (f’(x)dx (since f-1B, (\ An C\ (a, b) is open) 


no J flip na, 


J f' («)dx. 


To complete the proof of (3.1) in the absolutely continuous case requires only 
that we note that mf(E) =mf(A) (see Theorem 2). 

Finally in the general case, we use Theorem 11 to write f(x) =g(x)+h(x). 
Then, noting that E is measurable since A is measurable, we have 


mf{(A) = m*f(E) 2 mg(E) (by the proof of the previous theorem) 


— i) g! (x) dx (by the derivation above) 
EF 


=f rear = f pode. 


On the other hand by Theorem 1, m*f(E) S faf’(x)dx = af’ (x)dx which, to- 
gether with the inequality above, implies (3.1). 

The last two theorems allow us to prove two theorems which give formulas 
for the total variation of an absolutely continuous function. 
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THEOREM 14 (cf. [1] p. 209). If f is of bounded variation on |a, b|, then its total 
variation satisfies 


(3.2) t(b) = f | f°) | dt. 


The equality holds tf f ts absolutely continuous. 
Proof. Let E= {x€ [a, b]| t/(x) exists}. Then 
t(b) = t(6) — t(a) = m*t(E) 


(3.3) = [eas (by Theorem 12) 


=f rela (by (1.3). 


To prove the second contention, we note that equality holds at (3.3) if f is 
absolutely continuous since then ¢ is absolutely continuous, as is easily shown, 


THEOREM 15 (cf. [2] p. 606). Let f be of bounded variation on [a, b|, let t be tts 
total variation and let A be a measurable subset of [a,b]. Then m*t(A) = fal f’ (x) | dx. 
The equality holds tf f 1s absolutely continuous. 


Proof. Let E be the subset of A where f’ exists. Then 


m*t(A) = m*t(E) = f t’ (x) dx (by Theorem 13) 


3.4 
ee J lf @)| ae (by (1.3) 


Finally, we note that equality holds at (3.4) if f is absolutely continuous. 

Let E= {x€ [a, b|| f(x) =0}. It is obvious that there are functions for which 
f(£) is finite or denumerable. A recent advanced problem in this MONTHLY 
[1963, 5114] asks for the construction of a function f with a continuous deriva- 
tive such that f(£) is non-denumerable. We will not take space to construct 
such a function but we do wish to point out that f(E) cannot be too large; in 
fact, it must always be a set of measure 0. 


THEOREM 16. Let f be defined on [a, b] and let E= {x€ [a, b]|f’(x) =0}. Then 
mf (FE) =0. 


Proof. Apply the Fundamental Lemma with k=0. 
This theorem allows a partial converse as we shall see in Theorems 17 and 19. 
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THEOREM 17. If f is monotonically increasing on the set |a, b| and if Mis any 
measurable subset for which mf(M) =0, then f’(x) =0 almost everywhere on M. 


Proof. Let f(«) = g(«) +h(x) where both g and / are monotonically increasing, 
g is absolutely continuous and h’(x) =0 almost everywhere. Then 


f f' (x)dx = f g’(x)dx = mg(M) (by Theorem 13) 
M M 
< m*f(M) (by proof of Theorem 12) 
= (, 


Since f’(x) 20, we conclude that f’(x) =0 almost everywhere on M. 


THEOREM 18. Let f be continuous and of bounded variation on the set |a, b| 
and let M be any subset for which mf(M) =0. Then mt(M) =0, t(x) being the total 
variation of f on [a, x]. 


Proof. From the introduction (1.4), we know that #(b) =f 2. Nta)(y)dy. 
Hence for any subinterval (a;, b,) of [a, 6], 


mt| (az, bi.) | = t (dx) — t(ax) = Jf leon) _ N {a,ay) (y) |dy 


—o 


= i) N a, dy = f N (ay,b,) 9) Ey. 


This result is easily extended to arbittary open sets, that is, for any open set A 
mi(A) = i) Na(y)dy. 


Next, let {An} be a sequence of open sets such that f(M) CA, and lim,... m(An) 
=mf(M)=0. Then 


m*t(M) = mt[fA,] = f Nr, (y)dy = f Nyt4,(y)dy S J N ta, (yy, 
-_ An An 


and the latter —-0 as no. 


THEorEm 19. Let f be continuous and of bounded variation on the set [a, b | 
and let M be a measurable subset for which mf(M)=0. Then f'(x)=0 almost 
everywhere on M. 


Proof. 
f | f’ (a) | da < m*t(M) (by Theorem 15) 


= 0 (by Theorem 18). 


The conclusion follows. 
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Any mathematical paper ought to both answer and raise questions. Theorem 
19 is well known in case f is absolutely continuous [3, p. 194]. Our proof allows 
us to get by by assuming only that f is continuous and of bounded variation. 
Question: Is Theorem 19 true if we just assume that f is of bounded variation? 
If the answer is yes, is it sufficient to assume that f’ exists almost everywhere? 


This research was partially supported by the Air Force Office of Scientific Research. 
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SOME RESULTS ON LINEAR OPERATORS ON LATTICE GROUPS 


E. S. LANGFORD, Autonetics, Division of North American Aviation 
(Now with the U. S. Naval Postgraduate School, Monterey, Calif.) 


In a preliminary section we develop, for completeness, some well-known 
properties of Abelian lattice groups; (see [1]). 

The second section includes several results concerning linear operators on 
lattice groups. These are all proved within the framework of abstract lattice 
groups—representation theorems are not used. 


I. Preliminary results. We begin with several definitions. We shall concern 
ourselves only with Abelian groups, although this is not necessary for much of 
the theory. A system {G; +, =} is a partially-ordered group (po-group: Birk- 
hoff) if 
(i) ie + is an abstract group. 

(ii) {G; 2f is a partially-ordered set. 
(iii) “2” is invariant under “+”. That is, ifa@ 2b, then a+c2b-+c for every 
cea. 
A partially-ordered set is a lattice if every pair of elements in the set have both 
a least upper bound and a greatest lower bound. A lattice group (l-group: Birk- 
hoff) is of course a partially-ordered group which is also a lattice. 

G will now denote a lattice group. If a, b€G, the least upper bound of a and 

b will be denoted by a/b (“a cup b”). The greatest lower bound will be denoted 
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by a/\b (“a cap 6”). It is evident that these elements must be unique. Since 
a =b if and only if (—b) 2(—a), we have the result that (—a)\V(—b) = —(aAbD), 
and dually, with cup and cap interchanged. This implies that in a partially- 
ordered group, the existence of least upper bounds implies the existence of great- 
est lower bounds and conversely. It is obvious that the lattice operations (viz., 
cap and cup) are commutative, by definition. 

Examples of such systems abound. For several other interesting examples 
see [1]. 

Example 1.1. The additive group of real numbers under the usual definition 
of order. 

Example 1.2. The multiplicative group of positive rational numbers, where 
y=s means that 7 is some integral multiple of s. 

Example 1.3. The set of all real-valued functions on an arbitrary set S under 
pointwise addition and where f=g means that f(s) 2g(s) for every sES. 

Example 1.4. More generally, if G is any lattice group, then the direct union 
of an arbitrary number of copies of G is a lattice group under the same “com- 
ponentwise” definitions as in Example 1.3. 

Example 1.5. Consider Example 1.4. Then the subset of elements of which 
all but a finite number of components are zero is a lattice group. 

REMARKS. A lattice-group tsomorphism is a group isomorphism which pre- 
serves order in both directions. The group of Example 1.2 is seen to be iso- 
morphic to a group of the type of Example 1.5, namely the group of all (counta- 
ble) sequences of integers which are eventually zero. The mapping is, of course, 
(M1, Ne, > °° y Me, O, > + +: )—92™1-3"2- 2. . + p,"*, where p; is the kth prime. 

Note that the set of all continuous functions on an interval is a lattice group, 
but that the set of differentiable functions on the interval is not. 

For any a€G we define the positive part of a (denoted by at) by at=a\V0; 
we define the negative part of a (denoted by a) by a~=(—a)\V0= —(aA0). The 
absolute value of a (denoted by |a|) is defined by || =a\/(—a). Note that in 
Example 1.2, if r=p/q is in lowest terms, then r+=p and r~=q. For any aGG, 
at, a~, and | a! are always nonnegative. Four well-known properties of lattice 
groups are 


(1.1) aVb+ta/)\b=a+b (“modular law”), 
(1.2) a= at—a (“Jordan decomposition”), 
(1.3) at /\ a~ = 0, 

(1.4) | a| =a+a=atVea. 


Let G* denote the set of all nonnegative elements of G. It is clear that any 
partially-ordered group G is essentially determined by G+ since ab if and only 
if (a—b) EG. (1.2) says that G* is generating; that is, G=Gt—G". Clifford has 
shown [2] that in any partially-ordered group, the fact that Gt is generating is 
equivalent to the Moore-Smith property, that any pair of elements has an upper 
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bound. Note that in Example 1.2, G* is the set of positive integers. (1.1) gen- 
eralizes the fact that the product of two integers is the product of their l.c.m. 
by their g.c.d. 

It is easily verified that (a/\b) +c¢=(a+c) A\(b-+c) and dually for cup. Using 
this and (1.1), one can show that a lattice group is always distributive with re- 
spect to the lattice operations. That is, (¢\/b) \c=(a/c)V (b/c) and dually, 
with cap and cup interchanged. 


II. Linear operators on lattice groups. A linear operator on a lattice group G 
is a mapping £:G—-G such that E(a+b)=Ha+Eb. Any collection of linear 
operators on G can itself be partially ordered by defining E2F to mean that 
Faz Fa whenever a20. This is often called the natural or operator ordering. A 
linear operator E is said to be positive if Ea 20 whenever a 20. This is equivalent 
to E20 in the operator ordering, where 0 denotes the zero operator, 0a = 0 for 
every a€G. It follows that positive linear operators are order-preserving; that is, 
if E20 and aZb, then Kaz Eb. Let J denote the identity operator, Ja =a for 
every aCG. If £ is a linear operator, and E’=I—E, then E’ is likewise linear: 
it is called the complement of E. 

A contractor E is a linear operator such that E and EL’ are both positive: 
evidently this is equivalent to J/2H=0. Clearly £ is a contractor if and only if 
FE’ is a contractor. If # and F are contractors, then their composition EF is a 
contractor. Contractors have the useful property of commuting with the lattice 
operations. That is 


(2.1) E(a\V 6b) = Ea\ Ed, 
(2.2) E(a (A b) = Ea / Eb, 
(2.3) E|a| = | E£al. 


For proofs, see Leader [3]. These are not defining properties of contractors, 
though. If Ha=2a=a-+a, then E satisfies (2.1) through (2.3), although it is 
clearly not a contractor. 

An idempotent contractor is called a projector. If P and Q are projectors and 
a=0, we have (Leader [3]) 


(2.4) PQa = Pa ( Qa. 


From this it follows that projectors always commute, since the lattice operations 
are commutative. Projectors can be characterized as follows. 


THEOREM 2.1. A necessary and sufficient condition that a contractor P satisfy 
(2.5) as that P be a projector. 


(2.5) a/\ Pb= Pa/\b=P(af 5b) for a4,b62 0. 


Proof. Note that the second equality in (2.5) implies the first by symmetry. 
Suppose that P is a projector. Then }=Pb+P’b, where Pb/\P’b)=PP'b=0. 
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Thus Pa/Ab=Pa/\(Pb+P’b) =Pa/(Pb\V P’b) =(PaAPb)\V(Pa/AFP'b) by the 
distributive law. But OS Pa/AP’)SP(aVb) AP’ (aVb) =PP'(a\/b) =0. Using 
(2.1) and the fact that Pa/\Pb 0 gives (2.5). 

Conversely, suppose that P is a contractor which satisfies (2.5). Letting 
b=Pa gives Pa=Pa/Pa=a/\P*a=P%a. Since Gt is generating, Pa =P?a for 
every a@€G;; therefore P is a projector, 

We remember that a partial-ordering is simple if for a, bEG, either a>) or 
b2a. For a partially-ordered group, this is equivalent to G=GtU(—G*). A 
lattice group G is Archimedean if a, b©G and na Sb for every n imply that a SO. 
(This generalizes the Archimedean property of the real numbers, which is usually 
stated that if a, b>0, then na>6b for some integer n. The contrapositive form is 
needed for the generalization since the ordering in a lattice group need not be 
simple.) 

Not all lattice groups are Archimedean. 

Example 2.1. We consider the group W, of ordered pairs of rational numbers 
under the ordinary componentwise addition and under the lexicographic order- 
ing: (1, yi) 2 (x2, ye) means that either x1>, or that x. =x, and yj2%2. Note 
that the ordering is simple. W2 is not Archimedean since, for example, 0<n(0, 1) 
<(1, 0) for every integer n. Every linear operator P on W, can be represented 
by a 2X2 matrix of rationals 

P= jo a 
Gay 22 


(The element (x, y)€ W, is to be considered as a column vector 
1 
, 
in this representation.) Using this representation, we can completely character- 
ize all contractors on W2. 


THEOREM 2.2. E=|la,,|| is a contractor on W, if and only if 


12 a2 0, dy. = 0, (do 1s unrestricted), 12 ae = 0, 


with the further restrictions that au=1 implies that da2=1 and du S0, and ay =0 
implies that da=0 and dy 20. Further, the only projectors on Wy are the trivial 
ones, 0 and I. 


Proof. Let a=(x, y) be an arbitrary nonnegative element of W,. That is, 
x>0 or x«=0 and y20. Writing a2 Ha 20 and solving for inequalities in the a; 
gives the theorem. The fact that there are no nontrivial projectors on W, is 
shown by writing #?=E and equating components. (This is not a special 
property of W2. It can be shown that there do not exist any nontrivial projectors 
on any simply-ordered lattice group.) 
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We have already noted that projectors always commute. The result is not 
true, in general, for contractors. 
Example 2.2. In Wa, let 


Then EF(1, 1)=(0, 0) but FE(1, 1) =(0, 3). 
It is interesting, however, to see that contractors always commute with 
projectors. 


THEOREM 2.3. Let P bea projector and E a contractor on a lattice group G. Then 
PE=EP. 


Proof. We need only consider a 20. Then Ea Sa implies P’Ea S P’a. Likewise 
since P’SJ, P’Eas Ea. Therefore P’EaSP’a/) Ea. Similarly, EPas Pa/ Ea. 
Therefore P’Ha+EPas P’a/Fa+Pa/ Ea. Since Pa and P’a are disjoint, so 
are the two elements on the right-hand side of the inequality. Using (1.1) and 
the distributive law, P’Ea+EHPas(Pa\VP’a) /\Ea=(Pa+P’a) /\Ea=a/\Ea 
= Ha. That is, P’E+EPSE in terms of the operator ordering. Since P’E 
= H—PE, this shows that EPSPE. Since P’ is also a projector, the same is 
true with P replaced by P’. Thus EP’SP’E. That is, E—-EPSE-—PE, and 
therefore EP=2PE. 

We conjecture that two contractors on an Archimedean lattice group must 
always commute. 

It can be verified that the set of all projectors on a lattice group forms a 
Boolean algebra where PA Q=PQ and PVQ=P+0Q-FPQ. The identity of the 
algebra is of course the identity operator J. This shows (via (2.4)) that the oper- 
ator R defined by 


Ra = Pa /\ Qa fora 2 0 
Ra = R(at) — R(a@) for arbitrary a 


is a projector and provides the greatest lower bound for P and Q in the operator 
ordering. Again, there is no immediate extension to contractors as we show by 
an example. 

Example 2.3. Let E and F be contractors on a lattice group G. Then the 
operator H defined as above need not be linear. Consider W2 again and let 


1 9 1 9 
z=| ° | and F=|? | 
—1 {| 1 1 
2 2 4 
Then (2, 4) =(1, 2), (2, —4)=(1, —5), but H[(2, 4) +-(2, —4)|=H(4, 0) 
=(2, —2). 
Two linear operators E and F on a lattice group G are said to be disjoint if 
|Ea| A| Fa| =0 for every aGG. If P and Qare projectors, then using (2.3) and 
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(2.4) one can see that P and Q are disjoint if and only if PO=0. It will come as 
no surprise that this does not in general hold for contractors. 
Example 2.4. Let E and F be as in Example 2.2. Then EF=0, yet 


Ei, 1) A F(, 1) = ©, 1). 
If G is Archimedean, however, the statement is true. 


THEOREM 2.4. Suppose thai E and F are contractors on an Archimedean lattice 
group G. Then EF =0 tf and only if E and F are disjoint. 


Proof. We can assume that a20. Since FSJ and E20, we have that EFSE. 
Similarly EFSF, and therefore OSE Fas Ea/\Fa. G need not be Archi- 
medean to show this. Therefore the composition of two disjoint contractors is 
always 0. 

Conversely, suppose that EFa=0. Let b)=Ea/\Fa. Since 0S Fa, we have 
that EbSEFa=0. Since }20, this shows that Eb=0. We show now that 
b<(EF’)"Ea for n=0, 1, 2, - - -, where for any operator H, H® is taken to be J. 
The case n=0 has been done. Suppose now that DS (E’)*Ea. Since Eb=0, 


b=) — Eb = E'b S (E')*'Ea 


which completes the induction. Adding the first of these inequalities gives 


nb < > (E’)\'Ea = > (E/)\H(I — E')a 
= > [(e)*a — (A) Ha] = a — (EN Sa. 


By the Archimedean property, )=0. 


This paper contains a part of the author’s doctoral dissertation, submitted to Rutgers—The 
State University, June, 1963. The author wishes to thank Prof. S. Leader for his aid and encourage 
ment in writing the dissertation. 
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According to an old Professor, it is so cold in the winter in Alaska, that a special value of z is 
used there to compensate for the climatic conditions. This number is called Eskimo z. 


ON THE FUNCTIONAL EQUATION f(x+-y) =f(x) -f(y) 
S. W. DHARMADHIKARI, Indian Statistical Institute, Calcutta 


1. Introduction and summary. Let R, be the set of rational numbers. If g is 
a complex-valued function on R,, satisfying g(«+y) = g(x) +g(y), for all « and y 
in R,, then it can be easily shown that g(x) =cx for all «CR, where c=g(1); 
(see e.g. [1], p. 116). Sometimes we come across the functional equation 


(1) fe + y) = f(x) -fQ), 


where f is a complex-valued function on R,. It is easy to verify that if such a 
function f vanishes anywhere, then it vanishes everywhere. We will therefore 
exclude this case and assume that f never vanishes. The pertinent question then 
is whether an f satisfying (1) is necessarily of the form f(x) =e for all xER,, 
where c=log f(1). If f is real-valued, the answer is in the affirmative. This is 
well known; but we will state it as a theorem for convenience in future reference. 


THEOREM 1. Let f on R, be real-valued and nonzero. Let f satisfy (1) and let 
c=log f(1). Then f(x) =e for all xECR,. 


We intend to show here that this theorem fails if fis allowed to have complex 
values. First we express every complex-valued f satisfying (1) in a special form 
involving an integer-valued function a. Next, functions f of the form f(«) =e* 
are characterised in terms of a. Further investigation of the nature of a leads 
to the desired result. 

Notation: A rational number x will always be expressed as a ratio m/n of 
integers m and n, with n>0. The set of integers will be denoted by J, and Jt 
will denote the set of positive integers. The greatest common divisor of two 
integers m and n is denoted by (m, n) and the notation m|n means that m 
divides n. 


2. The general form of functions satisfying the condition (1). The following 
theorem will first be established. 


THEOREM 2. Let f on R, be complex-valued and nonzero. Let c be a logarithm of 
f(1). Then f satisfies (1) af, and only if, for every rational x=m/n, 


(2) f(x) = exp [cx + 2rixa(n)], 
where a(n)CI and satisfies 

(3) OS a(n) <n, forn = 2; and 

(4) n| a(kn) — a(n), for all k and nin I*, 


Proof. (a) Suppose that f satisfies (1). Then, for xCR, and for mEI, we 
have 


(5) f(ma) = [f(x)]". 
847 
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Therefore if nC J+, n=2, then f(1/z) is an nth root of f(1) =e*. Thus 
c + 2ria(n) 

6) f(t/n) = exp| ===" |, 

where a(n) is an integer satisfying (3). Finally, for a rational x = m/n, (5) and (6) 

give 

(7) f(a) = exp [x{c + 2ria(n)} |. 


Now, let (m, n) =1. The rational x =m/n can then also be written as km/kn, 
where RE I*. Therefore (7) gives 


(8) f(x) = exp [x{c + 2ria(kn)} ]. 


The values given by (7) and (8) are the same if, and only if, x[a(kn) —a(n) | is 
an integer. This is the case if, and only if, condition (4) holds. This proves the 
“only if” part. 

(b) Let f be given by (2), where a satisfies the condition (4). Then, from the 
way (4) was derived from (7) and (8), it follows that f(x) is independent of the 
way in which x is expressed as a ratio of integers. Now let x;=m,/n;, (=1, 2), 
be two rationals. Then 


(9) f(%1) -f (a2) = €xp [ (x4 +- X2)C +- Qart{ o1a0(11) +- aeoor( 12) } | 
and 
(10) f(%1 + %2) = exp [(%1 + x2) fc +- Qric(nrn2) t J. 


Thus the exponents differ by 
a(nyne2) — a(n) a(nine) — a(ne) 
2ri| m, ————-_- + m, 


Ny Ne 


e 


(11) 
(4) easily implies that the coefficient of 277 in (11) is an integer. Thus (9) and 
(10) are identical. That is, f satisfies (1). This proves the “if” part and completes 
the proof of the theorem. 


THEOREM 3. Let f on R, be complex-valued and nonzero. Let c be a logarithm of 
f(1). Then, for some complex constant d and for all xCR,, f(x) equals e% if, and 
only if, f can be expressed in the form (2), where a(n) is an integer which satisfies 
(3) and is such that, for some v€I, not depending on n, 


(12) n| a(n) +», foraineE I*. 


Proof. Let f(x) =e. Then f satisfies (1) and can therefore be expressed in 
the form (2). The two forms of f give the same value if, and only if, x|[(¢—d) 
+2ria(n) | is an integral multiple of 277. Since c and d are both logarithms of 
f(1), we must have (¢c—d) = 27tv, for some vCI. Taking x =1/n, we see that (12) 
must hold. 
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Conversely, if f is given by (2) and a satisfies (12), then f(x) =e, where 
d=c—2rw. This completes the proof of the theorem. 

It is clear that (12) implies (4). If the reverse implication were true, then 
Theorem 1 could be extended to the case when f is complex-valued. We will 
therefore study some consequences of (3) and (4). This will throw some light 
on the nature of the function a. 


3. The function a. The following lemma from number theory will be useful. 


LEMMA 1. Let REI, nGI and (k, n) =1. Let a and b run through all residues 
modulo k and n respectively. Then bk—an runs through all residues modulo kn. 


LEMMA 2. Under conditions (3) and (4), a(kn) is uniquely determined by a(k) 
and a(n) whenever (k, n) =1. 


Proof. Equation (4) shows that, for some aE I, 
(13) a(kn) = a(n) + an. 
(3), applied to a(kn) and a(n), shows that 0Sa<k. Similarly, 
(14) a(kn) = a(k) + bb, 
where 050 <n. The values (13) and (14) are identical if, and only if, 
(15) bk — an = a(n) — a(R). 


Lemma 1 shows that there is at the most one pair (a, b) which satisfies (15). We 
must show that there is at least one such pair (a, 0). Observe that a(n) —a(k) 
takes all integral values from —(k—1) to (n—1). So let eG J and —k<x<n. 
Lemma 1 implies that, for some a and J, the integers bk —an and x have the 
same residue modulo kz, That is, 


kn| bk — an — x. 
But bk—an—x2 —(k—1)n-(n—1) = —kn-+1 and 
bk —-an-~xS (wu — 1k — (—k+1) = kn —- 1. 


Therefore bk -an—x=0. This proves the lemma. 

The significance of Lemma 2 is that, under conditions (3) and (4), the func- 
tion w is completely determined by its restriction to the primes and their powers. 
The next lemma is concerned with this restriction. 


LEMMA 3. Let p be a prime. Then, conditions (3) and (4) imply that, for every 
keEJIt 


k-1 
(16) apt) = 2) esp, 

j=0 
where c;—I and 0Sc;<p; G=0,1,---). 


Proof. Put ¢)=a(p). If k 22, then (4) shows that pro} a(p*) —a(p*—1). Hence 
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a(p*) =a(p*-!) +¢,_1p*-}, where c,1©€J. That Osc; <p follows from (3). The 
lemma follows. 

We now want to reverse the process. For every prime p, choose c;C J, j20, 
satisfying 0Sc;<p for all j. Define a(p*) for every RE I* by (16). Write every 
positive integer 7 in the form 


(17) n= pie-- py 


where the primes 1, - - - , p, are taken in the increasing order. Let m= p? and 
ng=n/n. Then n=1n2, where (m1, m2) =1. The proof of Lemma 2 shows that, 
if a(n;), (j=1, 2), are defined to satisfy (3), then there is a unique choice of a(z) 
such that 0Xa(n) <n and 


(18) nj| a(n) — a(mj), (7 = 1, 2). 


Having defined a for powers of primes, we can thus define a(n) for all n in such 
a way that (3) holds and conditions of the form (18) are satisfied. Does this 
function @ satisfy (4)? 

We have to check whether 


(19) n'|\n=>n'| a(n) — a(n’). 


We will use induction on the number p of primes occurring in (17). Observe that, 
when v=1, (19) follows immediately from (16). For y>1, write n in the form 
n= MMe as described above. Let n’|n. Two cases arise. 

Case (i): For some j, n’|n;. We have 


a(n) — a(n’) = [a(n) — a(ns)] + [a(nz) — a(n')]. 


n;, and hence n’, divides the first bracket because of (18). Also, n’ divides the 
second bracket because of the induction hypothesis. Thus n’|a(n) —a(n’) in this 
case. 

Case (ii): If we are not in case (i), then n’=n/ -nf, where nj | n; for j=1, 2. 
Therefore, from case (i), nf | a(n) —a(n/). Writing 


a(n) — a(n’) = [a(n) — a(nf)] + [a(nf) — a(n’)] 


and using (18), we see that nf |a(n)—a(n’). Since (nj, nf) =1, it follows that 
n'| a(n) —a(n’) in this case also. 

Thus (19) or, equivalently, (4) is verified and the c,’s still need to satisfy only 
the restriction that 0Sc;<b. 

We are now in a position to prove that (12) is strictly stronger than (4). For 
p=2, let co=1 and c;=0 for j721. For other primes, choose c;=0 for all j. This 
means that 


(20) a(2") = 1 forall k € I+; and 
(21) a(n) = 0 if mis odd. 


The definition of a can now be completed as explained before. Suppose that this 
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choice of a satisfies (12). Then y= —1 because of (20), and y=0 because of (21). 
This contradiction shows that (12) cannot hold. 

We have thus shown that Theorem 1 cannot be extended to the case when f 
is complex-valued. A complex-valued f satisfying (1) may therefore “misbehave” 
even on the rationals. 
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A GENERALIZATION OF n-SCALE NUMBER REPRESENTATION 
J. A. FRIDY, University of North Carolina and Rutgers, The State University 


1. Introduction. In [1] J. L. Brown, Jr., obtained a characterization of a 
complete sequence of positive integers, where {a,}/? is complete if, for each 
positive integer k, there exists a sequence apt of zeros and ones such that 
k= >)”, pp. This sum can be viewed as a generalization of the binary repre- 
sentation of k (cf. Corollary to Theorem 1 in [1]). In this paper the latter point 
of view is extended to obtain a generalization of the representation of the non- 
negative integers in the scale of m: if m is an integer greater than 1 and fk isa 
nonnegative integer, then k can be uniquely expressed by R=ap-+ain+--:- 
+ann™, where a,=0,1,-°-,orn—1. 

In Section 3 a similar generalization is obtained for the fractional representa- 
tion: if m is an integer greater than 1 and x€ [0, 1], then x can be expressed 


uniquely by x= >. ap/n?, where a,=0, 1,---, or n—1. In this context 
uniqueness tacitly implies the convention by which .0111 - - - is identified with 
.1000 --- in binary. This agreement is used throughout the third section. 


2. n-Bases for the nonnegative integers. | 

DEFINITION 1. The sequence {ap}? of positive integers 1s an n-basis for the 
nonnegative integers af, for each nonnegative integer k, there exists a sequence { ap } : 
such that op=0,1,--+,o0rn—1, and k= >,”., apd. 


THEOREM 1. Let {ap}i be a nondecreasing sequence of positive integers with 
a,=1. Then {ap}i 1s an n-bastis for the nonnegative integers 1f and only tf 


(1) Omi sit(n—1) >) 4a, form=1,2,---. 
p=1 
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Proof. lf dm41>1+(n—1) >0™1 4 for some m, then it is clear that dn4i—1 
cannot be expressed in the form 07.1 app. 

Conversely, suppose that (1) is true. First note that since a;=1, it is trivial 
to express 0, 1,: ++, and 2—1 in the desired form; that is, each nonnegative 
integer kS(n— ta; can be written as k=a,a, (0Sa;Sn—1). Proceeding by in- 
duction, we assume that each k S (n — 1) )>0™ 1a, can be expressed by 
k= >", App. We show that each kS(n—1) >o™1} a, can be expressed by 
k= > ™*} ap@y. Using the inductive hypothesis, we may assume that & satisfies 


m m+1 
(1-1) Dia <kS (n—1) doa. 
p=1 p=1 
Let j be the least positive integer such that kS(n—1) 0, dp+jam41. Then 
jsn—1i1, and 


(n — 1) » Op + (1 — 1)@mzr << k S (nw — 1) Dy Up + J Om413 
p=1 


p=1 


or 


(n — 1) Dy dp — Omgs <b — james S (1 — 1) Do a. 


p=1 pel 


Applying (1) to the left hand member, 


05k — fami S (n — 1) ay; 
p=1 
thus by the inductive hypothesis there exists a sequence { aly} (Qp=0,-°:, 
or m —1) such that Rk — j@mi1 = or Ady Taking Qns1 = 7, this gives 
k= ptt Op p. 

COROLLARY. Let { apt be a nondecreasing sequence of positive integers with 
a,=1. Then the condition, Om+%4151+(n—1) yn A, (m=1, 2,---+), ts neces- 
sary and sufficient for the sequence to remain an n-basis after the deletion of k arbi- 
trary terms. 


Proof. Straightforward using Theorem 1. 


THEOREM 2. The following are equivalent: 

(i) the sequence {ap}? provides exactly one n-basis representation of each non- 
negative integer ; 

(ii) ay=1, and Qn41= 1+ (a— 1) Dain Ay, for m=1, 2, 

Gii) @,=n™—}, for m=1, 2, 


Proof. (i) implies (ii): Suppose that {an}< is an n-basis but (ii) does not hold 
for all m; i.e., maa <1+(n—1) >_™.; dy for some m. Then dnyiS(n—1) ym 1 Op, 


so by Theorem 1 we can get Gmsi= > m1 Qpdy. But also dmai= >t} Body, 
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where Bnii=1 and 6;=0 for 13m, whence the representation of dmii by {ap}? 
is not unique. 

(ii) implies (iii): Assuming (ii), we have a, = n°; and if a, = n?—! for 
p=1,-+-, m, then dnyi:=1+(n—1) 0%, n?-!=14+(n—1)(n™—1)/(n—1) 
=n", 


That (iii) implies (i) is obvious. 


3. n-Bases for an interval. Throughout the following {rott will denote a 
nonincreasing sequence of real numbers with limit zero, and S= >)”, rp (finite 
or infinite). 


DEFINITION 2. The sequence {ryt is an n-basis for the interval [0, (n—1)S] 
if, for each xE [0, (n—1)S], there exists a sequence { Op \» such thata,=0,1,---, 
or n—1, and x= Dip, Opp. 


THeorem 3. The sequence {rp}? is an n-basis for [0, (n—1)S] if and only if 


(2) tm (n-1) >> fp, form=1%1,2,---. 
p=m-+1 

Proof. Suppose that rm>(n—1) >) .m41 %p for some m, and consider a num- 
ber x such that (1—1) Do? mat tp<X<?m. If x= D0, Opry then we must have 
O1= +++ =Am=0 (since x<?mS +++ Sr); but then xS(n—1) oP at 1p <%, 
an absurdity. 

Suppose that (2) is true, and let x€ (0, (1 —1)S]. (The conclusion is trivial for 
x=0.) Since {rott is nonincreasing with limit 0 and x>0, we can let f, 
=min|p: 7,5]. If rp, =x we’re done. If 7,,<x and k is the greatest integer not 
exceeding ~—1 such that kr,, Sx, choose a,,=k. Again, if equality holds we’re 
done. If not, then x—a,7p,>0 and we can choose fp, so that p2=min[p> pi: 
1nSX—Ap7p,|. AS before we can assume that 7,,<x—ap,’p,, and if Rk is the 
greatest integer not exceeding m—1 such that kr,, Sx —dp,7p,, we Choose Qp, =k. 
If equality holds we’re finished; if not, then «— >_?_, ap,’p,>0, and we can con- 
tinue the process. In general, we choose 


j—1 
pj; = min E > pj-u%p 4% >» aot) 


i=1 
and in case rp,<x*— D172} Qp,7p,, we take 
f-1 
Ap, = max| #21 Sksn-—1 and kr, Sx —- S ann | 
i=1 


If at any step of the process equality holds, then we get x= > 4, Qn Vp; and we 
have finished. 

If the process does not terminate, then we get an increasing infinite sequence 
of partial sums which is bounded above by x. It follows that so long as 
x — Dot, Opn, S (n—1) ae r, for each j7, we can express x as the limit of 
this sequence; 1.e., X= D721 ApS p;- 
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We argue by contradiction; suppose that 7 is the least positive integer such 
that 


(3) m-1) 2 n<e- D ato 


p=pj+1 


If (3) is true for some j, then a,,=n—1; for 


00 j 
1p, & (n — 1) » tp <4 — DY Opn, 


p=pj+1 t=1 


implies that 
fol 
(ap; + 1)%p, << «% — > Qn Nps} 
i=l 
by the choice of a,,, this can occur only if a,,=n—1. Thus (3) can be written as 


j-1 00 00 
% — Ds Opp; > (n — 1) > tp + (ma — 1)rp, = (a — 1) » Vp = Tpj-1- 


t=] p=pj+1 D=Pj 


By the choice of p;, the preceding line implies that 7,,.1=7),_,. But 7 was chosen 
to be the least such positive integer, so (3) must be true for j7=1; however, 


(n — 1) » Vp <4 — App, = & — (Nn — 1)%p, 


p=p,+1 


implies that 


Tp-1 & (nm — 1) » Wp <4, 
=P 
which contradicts the choice of #4. 
EXAMPLE. Let r,=2-? (p=1, 2,---). Then S= 0”, 2-?=1, 


io a] 


Tm = Dp (m = 1,2,---), 


p=m-+I 


and if «€ [0, 1] and x= >)”, apry (ap=0 or 1), then ayaa; - +--+ is the binary 
fraction representation of x. 

The special case = 2 in the preceding theorem can be stated as follows: each 
number x€ [0, S| can be expressed as a sum of distinct elements of the sequence 
{ry}y if and only if each 7, does not exceed the sum of its successors. A similar 
problem has been studied in [2], [3], and [4]; that being to express each posi- 
tive integer as a sum of distinct terms of a given sequence. The given sequence 
consists, however, of reciprocals of positive integers, and each sum can contain 
only a finite number of terms. 

The following are immediate consequences of Theorem 3. 
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Corotiary 1. If {rp}? ts an n-basis for [0, (n—1)S] and m is a positive 
integer greater than n, then {rp}? is an m-basis for [0, (m—1)S]. 


CoroLuaRy 2. If > 1°, 7p diverges and n is an integer greater than 1, then 
{rytf is an n-basis for [0, ©). 


CoroLiary 3. In order that {r,\* remain an n-basis for [0, (n—1)S] after 
the deletion of k arbitrary terms, wt 1s necessary and sufficient that 


io a] 


tm&(n—1) >> fp, form=1,2,--- 
p=m-+k+1 
THEOREM 4. The following are equivalent: 
(i) the sequence {r,}* provides exactly one n-basis representation of each num- 
ber in [0, (n—1)S]; 
(ii) m= oe m4 Vp for m=1, 2, 
(iii) fm=rin'—™, for m=1, 2,-- 


Proof. (i) implies (ii): Suppose that {r,}j° is an n-basis for [0, (n—1)S] but 
that (ii) is not true; i.e., for some m1, 1m<(#%—1) do mai Tp. Let x be a number 
such that 7m<x<(n—1) omit lp Using the same construction as in the proof 
of Theorem 3, we can write x= ) 5-1 Qp"p, where not all of a1, a2, - + > , Gm are 
zero (since 7m <x). On the other hand, the sequence {rok eas is an n-basis for the 
interval [0, (n—1) 0? mii %p|; and since x<(n—1) 0 mai %p, We can write 
x= emt Bp%p, where not all of the B,’s equal n—1. Hence, the n-basis repre- 
sentation of x is not unique. 

(ii) implies (iii): Assuming (ii), we note that 


r= (n—1) Dp = (n— 1S — 1), 
p=2 
whence 7,=(n—1)n7'S. The rest is straightforward induction. 
(iii) implies (i): This is immediate since, if {rp\y satisfies (iii), then {rott is 
merely a multiple of the geometric sequence {n-?}”,, which gives the unique 
representation of [0, 1] in negative powers of n. 
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OW PERIODICITY IN GENERALIZED FIBONACCI SEQUENCES 
D. M. BLOOM, Brooklyn College 


1. Introduction. We define a generalized Fibonacct sequence (abbreviated 


“GF-sequence”) to be a sequence S=(S,) of integers (n=0, +1, +2,---) 
satisfying the following two conditions: 

(1) Sn -}- Sn41 = Sn+2 (all n) 

(2) g.c.d. (Sn:”n = 0, 1 42,---) =1. 


Observe that we are slightly stretching the usual idea of “sequence” by allowing 
the subscripts n to be negative as well as positive. 

Since any sequence (.S,) of integers satisfying (1) is evidently a constant 
multiple of a sequence satisfying both (1) and (2), we have not lost generality 
of treatment by requiring (2). It is clear that any GF-sequence (S,) is uniquely 
determined by the values Sp and S,, with (So, $1) =1. 

The celebrated Fibonacci sequence is the GF-sequence (F,) defined by 


(3) Py = 0; Fy, = 1. 
Almost as familiar is the Lucas sequence (L,), defined by 
(4) Lo = 2; I, = 1, 


Throughout this paper, F and LZ will denote the GF-sequences defined by (3) 
and (4) respectively. 

Let S be a GF-sequence; let m be a positive integer. Suppose there exist 
integers k and r (r>0) such that, for all x, 


m| Sp, if and only if =k (mod7). 


Then m is said to be pertodic in S with period r, and we write r=Ps(m). Actually, 
if m is a factor of just one term of S, then m is necessarily periodic in S (Theorem 
1 below). It is well known that every positive integer is periodic in the Fibonacci 
sequence (Theorem 2). On the other hand, the integer 5 is not periodic in L, 
whereas the integer 2 is periodic in every GF-sequence. Thus two questions 
naturally arise: 

(A) Which GF-sequences S have the property that every positive integer 1s pert- 
adic in S? 

(B) Which positive integers are periodic in every GF-sequence? 

In what follows, we shall answer both questions. The answer to (A) is sur- 
prisingly simple (Theorem 6), and depends only on some elementary facts 
about periods, of which we give a brief self-contained discussion in Section 2 
(Theorems 1-4). The answer to (B) is more complicated (Theorem 7), and here 
we need some more precise information about periods which is given without 
proof in Theorem 5. 


856 
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2. Results on periods. 


THEOREM 1. If the positive integer m 1s a factor of at least one term of the GF- 
sequence S, then m 1s periodic in S. 


Proof. Assume that m1 S;. The number of ordered pairs (S;, S,41) which are 
distinct modulo m cannot exceed m?; hence there exist integers n and r (0<r 
<m?*) such that S,=Snir, Saai=Sn4i4r (mod m). It easily follows, using (1), 
that S,=S 4, for all g. In particular, 0=S;,=S:4, (mod m), so that m1 Siar We 
have thus shown that m divides at least two terms of S. Hence there exists a 
least positive integer ¢ such that, for some q, m divides both S, and S44. Using 
the known relation 

Satb + (—1)®Sa_s = Sale 


(valid for all a, D), it follows by induction on 7 that 
(5) m| Soi (= 0, +1, +2,---). 
Moreover, by minimality of t, m can divide no other terms of S except the terms 
(5). Hence m is periodic in S with period t. 
THEOREM 2. Every positive integer 1s pertodic in F. 


Proof. Clearly every integer divides 0= Fo, and thus Theorem 2 follows at 
once from Theorem 1. Note also that if Pr(m) =r, then 


(6) m|F, if and only if r| x. 
It follows easily from (6) that if a, b are relatively prime, then 
Pr(ab) = l.c.m. (Pr(a), Pr(b)). 
THEOREM 3. If m is periodic in the GF-sequence S, then Pg(m) =P r(m). 


Proof. Let m|S;. The relation 
(7) Shan = Shel yn (mod m) 


is clearly true for n=0, 1 and can then be proved for all » by induction using 
(1). Since m| Su, (1) and (2) imply that (m, Sz41)=1; hence (7) shows that 
m| Sion if and only if m| F,, and the theorem follows. 

By virtue of Theorem 3, Ps(m) depends only on m and not on S; hence we 
shall drop the subscript S and simply write P(m), the “period of m.” 

Suppose that m is periodic in L, and that n is the least positive integer such 
that m| Ln. The relation L_,= +L, implies that —n is the greatest negative 
integer such that m|L_,. Hence P(m) =2n if m>2. We have proved (cf. Theo- 
rem 1): 


THEOREM 4. If the integer m>2 is a factor of a term of L, then P(m) is even. 


Some more specific information about periods is collected in the following 
theorem: 
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THEOREM 5. Let p be an odd prime with p¥5; let e=1 if p=+2 (mod 5), 
e=—14f p=+1 (mod 5). Then 

(a) P(p) divides pte. 

(b) Writing p+e=rP(p), r is odd tf p=3 (mod 4), even tf p=1 (mod 4). 

(c) If p* ts the highest power of p dividing Fp»), then P(p*t") = p"P(p) for all 
nz. 


The proofs are not quite in keeping with the simplicity of our presentation, 
and are omitted. Part (a) is proved in [1]. Part (c) is referred to in [2], and can 
be proved by arguments similar to those used to prove that every odd prime 
power has a primitive root. References to part (b) would be appreciated, if 
any are known. 


3. Answer to question A. Let S, T be GF-sequences. Suppose that there 
exist integers a and D such that 


Sn = (—1)°9T nso (all nN); 


i.e., S can be obtained from T “by translation” together with a possible uniform 
sign change. Such sequences S, T will be called equivalent; clearly “equivalence” 
is indeed an equivalence relation. By Theorem 2, a sequence equivalent to F 
has the property described in Question A of Section 1. Interestingly, the con- 
verse is true: 


THEOREM 6. Assume every positive integer 1s a factor of at least one term of the 
GF-sequence S. Then S 1s equivalent to F. 


Proof. Given a fixed n, let r=P(S,). By hypothesis, F, is a factor of some 
term Sin. Since also S,| F, by definition of r, it follows that S,|S,. This in turn 
implies that m=n (mod P(S,)), ie., 


(8) m =n (mod 7). 


Since P(F,) =r and F,|Sm, (8) implies that F,|S,. Since we already know that 
S»| F,, it follows that |.S,| =| F,|. We have thus shown that every term of S is 
(up to sign) equal to a term of F. 

The terms of any GF-sequence are eventually of constant sign and increasing 
in magnitude. Hence, replacing S by an equivalent sequence if necessary, we 
may assume that 0<$,<S2.<.S3. Hence, for suitable a, D, c, 


Si = Fy, Se= Po, S3= Ff, 
O<a<b<e. 


Then hy =hith2Fhth=F,, so that we must have c=b)+1. This shows 
that S2, Ss are consecutive terms of F. It follows that S is equivalent to F. 


4, Answer to question B. Let x be a fixed positive integer. We define an 
n-pair to be any ordered pair of consecutive terms in any GF-sequence, reduced 
modulo n. For any sequence S, let A,(S) be the set of all n-pairs appearing in S. 
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LemMMA 7.1. If S and T are GF-sequences such that An(S)\.\A,(T) 4 @, then 
A,(S) =A,(T). 


Proof. This follows immediately from (1). 


LEMMA 7.2. If Sis a GF-sequence, then n 1s pertodic in S tf and only tf An(S) 
contains a pai whose first coordinate 1s zero (modulo n). 


Proof. Obvious (cf. Theorem 1). 


LEMMA 7.3. The following two conditions are equivalent: (a) n is periodic in 
every GF-sequence. (b) Every n-pair is in A,(S) for some GF-sequence S in which 
n 1s periodic. 


Proof. (a) implies (b) by definition. Conversely, assume (b), let S be any 
GF-sequence, and let (x, y) be any x-pair in A,(S). By assumption, (x, y) 
€A,(T) for some GF-sequence T in which n is periodic; by Lemma 7.1, A,(S) 
=A,(T). Hence, by Lemma 7.2, periodicity of ~ in T implies periodicity of n 
in S, proving (a). 


LEMMA 7.4. For fixed n, the number of n-pairs with the property of Lemma 
7.3(b) as precisely P(n)o(n), @ being the Euler function. 


Proof. Denoting reduction modulo nu by brackets, each such pair must be 
of the form [.Sa42-1, Saiz], where n| Sa and 0<kSP(n). Such a pair is then 
uniquely determined by k and by the value of Saji (mod n). There are P(n) 
choices for k, and @(n) choices for [Sa41| (by (2)), which yields a total of P(1)¢(n) 
n-pairs of the required type. It is not hard to show these pairs are all different. 


LemMA 7.5. The total number of n-pairs is precisely 2(n), the number of 
ordered pairs (a, b) of integers modulo n such that g.c.d.(a, b, n) =1. 


Proof. lf (a, b, n) =1 and & is the product of all primes which divide b but 
not a, then (kn+a, b)=1. Hence there exists a GF-sequence S defined by 
So=kn+a, S;=b, and then [Sp, Si]=[a, 6] is an n-pair. Conversely, if (a, b, 1) 
#1, then [a, b| cannot be an n-pair, by (2). 

It can be shown that 


(9) o(m) = n JT (1 — 1/9), 
(10) ga(m) = n? TT (1 — 1/°), 


where p runs through the distinct prime factors of m. (9) is of course well known. 
To prove (10), we observe that if (m, n)=1 then the distinct ordered pairs 
modulo mn are precisely the pairs (aam+bin, agm+ben) where aj, dz are taken 
modulo z and by, bg are taken modulo m. Here the relation 


g.c.d.(aym + bin, aeom + bon, mn) = 1 


is equivalent to the two relations (a1, de, m)=1 and (61, be, m)=1. This shows 
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that 2 is multiplicative, so that (10) need be proved only when n= 2, a prime 
power. In the latter case, (a, 6, p*) 41 if and only if b| a and b| 6, which gives 
p*—1 choices for a (modulo p*) and the same for b. Hence ¢2(p%) = p?*— p2(-), 
which agrees with (10). 

For alternate proofs of (10) see [3]. 

We now have the machinery necessary to answer Question B of Section 1. 
We say a positive integer x is good if it is periodic in every GF-sequence (equiv- 
alently, if itis a factor of at least one term of every GF-sequence). By Lemmas 
7.3 through 7.5, 2 is good if and only if ¢2.(n) =P(n)¢(n), i.e., (by (9), (10)) if 
and only if 


(11) P(n) =n [JT + 1/9), 


where p runs over the prime factors of n. Thus the good integers are known as 
soon as the periods P(m) are known. The following theorem shows, however, that 
only the periods P(p), P(p?), p prime, need be considered. 


THEOREM 7. (a) The integers 1, 2, 4 are good. Every other good integer is of the 
form p* or 2p*, where p ts an odd prime and k= 1. 

(b) An odd prime p is good tf and only if P(p) =p+1. (Here P(n) denotes the 
period of n in any GF-sequence, cf. Theorem 3.) In particular, a good odd prime 
must be congruent to 3 or 7 (mod 20). 

(c) Let p be a good odd prime and let k=2. Then p* 1s good if and only if p? 
does not divide Fy41 (1.e., if P(p*) > P(p)). 

(d) Let p* be good, where p is an odd prime and p*>3. Then 2p* is good if 
and only tf p=7 or 43 (mod 60). The integer 6 is good. 


Proof. Let n be good. By Theorem 4, all factors >2 of m must have even 
periods. If x has relatively prime factors a, b both greater than 2, it follows that 
the GF-sequence S defined by S;=a, S:=b has no term divisible by both a and D, 
and hence no term divisible by 1; contradiction. Moreover, P(8)=6 (seen by 
inspection of the sequence F), so that 8 (and hence any higher power of 2) is not 
good, by (11). Part (a) of the theorem follows. 

Part (b) follows readily from (11) and Theorem 5. Equation (11) also shows 
that if p? is good then P(p?)=p(p+1) >P(p); conversely, if p is good and 
P(p*) > P(p) then Theorem 5(c) gives P(p"t!) = p*P(p) = p*(p +1), which shows 
by (11) that p"+1 is good for all n20. Thus part (c) of Theorem 7 is proved. 

Let p* be good, as in (d), with p*>3. Then P(p*) =(6+1)p*—! by (11), and 


P(2p*) = lcm. (P(2), P(p*)) = Le.m. (3, (6 + 1)p*). 


It follows from (11) that ~ =2p* is good if and only if 3 does not divide (b-+1)p*, 
i.e., p=1 (mod 3). Since also p=3 or 7 (mod 20) by part (b), this is equivalent 
to p=7 or 43 (mod 60) as stated in (d). Finally, (11) shows that 6=2-3 is good, 
since inspection of (F,) yields P(6) =12. 
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5. Further questions. Theorem 7(c) motivates the question: is P(p?) = P(p) 
possible? Any information would be welcome, as the answer seems not to be 
known. 

Another type of question is motivated by the second half of Theorem 7(b). 
Let Q be the set of primes congruent to 3 or 7 (modulo 20). Of the first eighteen 
members of Q (i.e., all members of Q below 350), thirteen are good; of the nine 
members of QO between 350 and 550, all nine are good. Question: are “most” of 
the primes in Q good? In fact, if f(x) =card \pEQ: p <x} and g(x) =card {pEQ: 
px, p good} (“card” denoting cardinality), does lim... g(x)/f(x) exist? If so, 
what is it? In fact, are such questions approachable? At any rate, it seems that 
the Fibonacci numbers still provide much material for investigation. 
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EXPANSION OF ANALYTIC FUNCTIONS IN INFINITE SERIES AND 
INFINITE PRODUCTS WITH APPLICATION TO MULTIPLE 
VALUED FUNCTIONS 


ALEXANDER ARCACHE, School of Nabatieh, Lebanon 


Let the function f(z) be analytic in a region D of the z-plane, and let z=x 
be a point in D. Let f(xe") =¢(h) be expanded in a power series in h (holding x 
fixed). We have: 


h h2 h 
o(h) = 9(0) + — 80) + 4") +--+ — GMO) + --- 


This series converges absolutely and uniformly when (=h) belongs to a closed 
disk whose center is the origin and whose radius p is less than the radius of con- 
vergence R 


(g=h)€([z| Sp<R). 


The radius of convergence R is given by Hadamard’s formula ([1], 140-141) 


lim sup Tan / Poo 4070), 
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We obtain: 


h jh? }3 
f(ae") = f(x) + 7 Av@ + 7 Av@ +- a Agf(x) +--+ 


h™ 
+ — Anfle) +06 
n! 


with 


df(x d 
s Aof(x) = “7 [Asf(a)] 


Aif(x) = x 


Asf(x) = [A f(a] - + - Agen (2) = [A if (x) - 
Expansion in infinite — If we put ¥(h) =log f(xe*) then (with x fixed) 
h” 
¥(h) = ¥(0) + ~y (0) +o -W"(0) 5 i 7) free, 
valid for | 7 <p’ <R’, where R’ is given by (1). We have 
h h? hn 
exp[¥(@)] = exp[¥(0)] exp| v0) — [exp] ¥"0) | --- ex vO) =] - 


This may be written in the following form: 


f(we®) = f(x) [Pif(x)]*/""[Pof(x)]”/2![Paf(w) ]2°/8! - - - [Paf(a) |e iat. - - 


Upon examination of the coefficients we obtain 


d 
Pif(x) = exp E ” log fe) | 


Application to multiple-valued functions. If f(z) is a multiple-valued func- 
tion, and if a is a branch point (g=a)€D, then we can replace x by x—a and 
put h=2kqi, where k is any integer, subject to later restrictions. The result is 


k 
fle ae] = fle — a) + Ayla — 8) + syle 


(ri aie 


+ A sf(x —a)+-: > + 


A,f(% — a) + - 
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where (xa) and |2kmi]| <p<R, whence |k| Sp/2r<R/2m. For the infinite 
products we obtain 


te — ae] = f(a — a)[Pif(w — a)]***"[Pof(a — a)] errs! 
[Paf(~ — a)]@r°s3! . . . [Paf(a — a)] enromat . 


with (xa) and, as before, | | Sp’ /27<R'/2xr. 
We put 


where 7 is positive and e?***=1, The branch point z=a is a singular point. 
We can select the single-valued branch function corresponding to k=O, 


fSioy(% — a) = f(re**), ¢r¥>0,a<9<a-+t 2rz). 
Then all the branches are given by 
fare — a) = flretormn] = freer, 


with the same restrictions on 7 and @. 

We can extend the range of 9 in order to include 0=a. 

The branch functions are defined but not continuous for =a (see [2], 56-57, 
80-81), but if we take these branch functions all together, fi.41)(«—a) being the 
continuation of f«%)(«—a), they form the multiple-valued function f(x—a) which 
is continuous for =a and r>0. 

If a point M chosen on the branch f(o)(«—a@) describes a path from (g=x) 
surrounding Rk times the branch point (=a) and returns to its initial position 
(=x), the value of the function becomes f(,)(«—a). 

We suppose that this path is inside D and that there are no singular points 
inside or on this path (other than z=a). 


The expansion formulas become 


2kri (2kai)? 
fay(% — a) = foo(% — a) + Tr Arfoy(a — a) + rT A of (0)(% — a) 
(2kai)’ (2kwi)” 


Asfin (4 — a) +o + + + Anfo(% —a)t-::. 


3] 
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valid for xa and 27|k| Sp<R, and 


Say(@ — a) = feo(% — a) [Prf o(% — a) ]**"| Pof oy (a — a) | eer" 
[Pafco(% — a) C081. - - [Pafo(w — a) | Gerrit. , 
with xa and 2a | | <p’ <R’. (These branches may be distinct or not distinct.) 


In a similar way one may readily obtain expansion formulas for the case in 
which the path surrounds several branch points. 


References 
1. L. V. Ahlfors, Complex analysis, McGraw-Hill, New York, 1953. 
2. R. V. Churchill, Complex variables and applications, 2nd ed., McGraw-Hill, New York, 
1960 


MATHEMATICAL NOTES 


EDITED By J. H. Curtiss, University of Miami 


Material for this department should be sent to J. H. Curtiss, Unwersity of Miami, Coral Gables, 
Florida 33146. 


FOURIER TRANSFORMS OF TWO POISSON KERNELS 
D, A. SPRECHER, Syracuse University 


1. Introduction and notation. This paper deals with the evaluation of the 
Fourier integrals (2.1) and (2.2) below. Special cases of these transforms were 
treated by S. Bochner [2] and J. Horvath [5] (in connection with the existence 
proof of generalized Hilbert transforms in L?), but neither author succeeded in 
evaluating these integrals without knowing in advance their inverse transforms 
and both needed different methods for odd and even v in (1.1). 

In what follows, t=(h, ---+,t,) and x=(%, - ++, X,) will denote vectors in 
n-dimensional Euclidean space, R®. The inner product of t and x will be desig- 
nated by t-x, and the length of t by | t| . Also, x? will represent the vector x with 
zero jth component; x” will denote the vector x whose jth and kth components 
are zero. The notation dx/ and dx” is self explanatory. 

For the real parameter a>0 and integer s we define the Poisson kernels 


bs(X; a) = (| xX |? + a2) — (tl) 2s 


1.1 
GD Ps(X; a) = Xp.(x; a). 


We designate the Fourier transforms of p, and p, by P, and P,, respectively. 
Since p, is a vector, we have, in fact, P,=(Pa, - - - , Psz), where P,; denotes the 
Fourier transform of the jth component of P,, namely, x;p.. 
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2. Statement of the results. We are considering the Fourier integrals 


(2.1) P(t; a) = (29)-"? p(x; a)e*'* dx 
Rn 

and 

(2.2) P,(t;a) = (ony-art f p(x; a)e*'! dx. 
Rn 


The results obtained are the following: 
Gi) For n22,a>0 and s20, 


d 
(2.3) itP,(t; a) = (2s +i-+a =) P(t; a). 
a 


Thus, P, can be found directly from P,, eliminating thereby the intricate integra- 
tion hitherto used. 

Gi) For »22 and a>0 the Fourier integral P, can be defined for s=—1 
pointwise everywhere, except at | t| =. Moreover, at each point t, 


(2.4) itP_i(t; a) = (n — 1)Po(t; a); 


with the help of (2.3) we can write this result in the form 
d 

(2.5) P_i(t;a) = (1 —2n)| (1 +a =) P,(t; a), ({t| #0). 
Qa 


REMARK. When 7x is sufficiently large, P; can be defined for integers s< —1. 
This is demonstrated through repeated integrations by parts of boundary terms 
that do not vanish, and estimates similar to (3.5). 

(iii) For s20, n 23 and positive a, we have 


8 2 —_ ! 

(2.6) P(t} a) = 0? 1C,enalt (*)5 ° ? "Coa tl), 
y=0 4 i 

where 

(2.7) C, = vt 


2n/2+28T) (“S- +- s) 
2 


Formula (2.6) was obtained by Bochner [2], who used Bessel functions and 
the Fourier inversion formula; Horvath [5] evaluated (2.6) and the left hand 
side of (2.3) for the special case s=0 utilizing a formula of Leray, the Reimann- 
Liouville integral and the Fourier inversion formula. The present method is 
elementary: it is based on a transformation to spherical coordinates and change 
of variables. 
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3. Proof. We proceed now to establish the results listed above. 
(i) An easy computation shows that 


ll 


6.1) LS pea) = D [plasa) — Ost m+ taipale; a)] 


J vj j 


d 
~ (2s +i+ta -) ps(X; a). 
da 


Multiplying (2.2) by zt and performing an integration by parts with respect to 
x; we have 


itP,(t; a) = (27)-7”? xf it jujp.(x; a)je™'* dx 
3 VR 


. os rj F) 
= (2r)-"/2 >) lim f etx -t! xi f Xjps(X; a) —— e*iti day 
j ie Ox; 


(3.2) pees ij j 


2. —(n-+-1) /2—s ix? -t? j 


= (2r)-"/224 > lim sin tr; i) (| x | +rj3+a) e dx 
j tj7e° Rr” 
0 
— (Qn)? xf — [xjp,(x; a)Je™* dx = Ty + In. 
ji YR” O4; 


Since the limits in /1, as 7; >, are independent of one another, we may replace 
each 7; by vr. An easy estimate shows now that for each integral J; of i, 


|Zj;| SA f p™2(p? + 9? + a2) @tD 12-8 dp 
(3.3) . 


1 n—i 
5 48( ; »>st+ t) (7? + q@?)-*-! = (1) 


as ro, A being a constant. Hence, [;-0 as ro, and applying (3.1) to J. 
now yields the desired result. 

(i1) We now consider (2.1) for the special case s= —1. Upon multiplication 
by i; and an integration by parts with respect to x; we find that 


0 


OX; 


it;P_y(t; a) = (20)-”/? lim 4 eit’ t! dx i) p_1(x; a) efi ti dx; 


rT— 0 R 


(3.4) = 21 lim sin ris f (| x4 [2 + 7? A a2)— G1) 2gix’t? xi 
) Rr 
rT— © 


0 
7 J —— p(x; ae t dx = 2¢ lim I, + Ip. 
R" OX; 


When we carry out the differentiation in Jz we obtain the jth component of the 
right side of (2.4). Thus, it remains only to show that J, in (3.4) tends to zero 
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as ro. To demonstrate this it is necessary to perform an additional integra- 
tion by parts. Doing this, we find that 


q~ 0 R” 
(3.5) 
— (n= 1) fo [ae] (Lai + att dx = oft) 
RR 


as ro. Thus, (2.4) is established. 

(iii) We now come to the only integral we have actually to evaluate. Let 6 
denote the angle between the vectors t and x. We construct an orthogonal co- 
ordinate system whose first coordinate coincides with the direction of t. (For a 
derivation of 2-dimensional spherical coordinates, divorced from geometric in- 
tuition, see e.g. [1]). With |x| =p we obtain for (2.1) 


P(t; a) = (2n)*!%oy4 f ps(p; a)p™—! dp f etltle cos 8 sinn—2 g d6, 
0 0 


Wn—1 = 27 -Y/2/T'((n—1)/2) denoting the area of the n—1 dimensional unit 
sphere. Setting =p cos 9, and observing that the integrand of the inner integral 
is an even function of &, we get for P,(t; a) 


202m)" s [ palosa)e dp {( — £)-8)/2 cos | t | E dé 
0 0 


= 2(2r)-" wai f cos | t| Edé f (0? — &7)@—9)/2(p2 +. g2)—@*DI2ty dp, 
0 g 


the change of the order of integration being permissible. With the transforma- 
tion 7? = (p?—£?) /(p?-++-£2) the inner integral is seen to be 


1 1 
et am fa = rymtdr = = B( 
0 


n— i 


»s+ 1) (2 + a2)-1 


and hence 


n—i1 


P,(t;a) = On)" aB( »>sHt 1) f (£2 + a?)-*1 cos | t| & dé. 
0 
A variety of methods is available for evaluating the last integral, one using 
the Fourier inversion formula (|2], pp. 49-61). It may also be evaluated by ele- 
mentary means (a method due to Laplace) and an iteration ([4], pp. 222~227). 
Still another method is furnished by the calculus of residues ([3], pp. 129-132). 
In particular, formula (2.6) follows directly from ([{2], (28), p. 61). 
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CONFIGURATIONS OF FINITE JUNCTION-CLOSED SETS 
J. B. Ropison, Wesleyan University 


If four points in the real affine plane are the vertices of a nonsingular convex 
quadrilateral, let their junction be defined as the point formed by the intersec- 
tion of the diagonals. A junction-closed set is one such that the junction of every 
four-point subset as defined above is an element of the set. This note considers 
what possible configurations of points generate, by the operation of junction, a 
finite junction-closed set. 


THEOREM. There are two general forms of sets generating junction-closed sets: 
(1) any finite number of points on a line, plus at most one point on each side of the 
line; (2) six points consisting of three vertices of a triangle and one point on each of 
three alternating extended sides (1.e., the sides must be extended in such a way that 
each vertex 1s tntertor to exactly one extended side, as in Fig. 1). 


Fic. 1 


Note that the junction-closed set generated by form (1) will have at most 
one additional point. In form (2) as well as in some cases of form (1) the condi- 
tion for junction-closure is vacuously satisfied. Moreover, a set of either form 
is generated only by a set of the same form. 


LEMMA 1. The junction-closed set generated by any five-point set contains three 
collinear potnts. 
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Proof. Consider the convex hull of such a set. If the hull forms a quadri- 
lateral or a pentagon, the diagonals form a junction point collinear with the 
end-points of the diagonals. If the hull is a triangle, both other points are con- 
tained in the interior of the triangle or the collinearity of three points is immedi- 
ate. When the fourth point (labeled D) is connected to the vertices, three inte- 
rior triangles are formed (Fig. 2). Again, the fifth point, E, must be in the interior 


B 
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of one of the three triangles, say ABD, or collinearity is again immediate. If it is 
inside ABD, line segment EC must intersect ABD somewhere, forming three 
collinear points. (Note that “line segments WY and XZ intersect” is equivalent 
to “WX YZ is a convex quadrilateral.”) 


LEMMA 2. If a finite junction closed set S contains three collinear points A, B, 
and C, then all points of S on a given side of line ABC, taken together, are collinear 
with the intertor point B of line segment AC. 


Proof. lf the junction-closed set is finite, on each side of line ABC there 
exists a point X closest to line ABC. 

Assume there exists another point Y on the same side of ABC as X. Then 
consider line X Y. If X VY is not parallel to ABC, and X and Y are not collinear 
with B, then X Y must intersect ABC on one side or another of B, say on the 
same side as A (Fig. 3). Call that intersection Q. Pasch’s axiom applies to triangle 
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YQC and line segment XC must intersect line segment YB to form a junction. 
This point must be closer to ABC than X, contradicting the hypothesis. 

If XY is parallel to ABC, we get immediately a convex quadrilateral, in 
fact, a trapezoid, and the junction point generated is closer to ABC than X, 
again contradicting the hypothesis. 


LemoMa 3. If four points are on a line in a finite junction-closed set, there can be 
at most one potnt on either side of the line, and the set must be of form (1). 


Proof of the Theorem. Any finite junction-closed set not containing a five- 
point set as described in Lemma 2 is a case of form (1), as is the five-point 
set itself. 

To that system of five points we can add any finite number of points on 
BXY, giving us form (1). Or we can add a point Z on XA on the other side of 
ABC, or we can add such a point on XC (Fig. 4). Either gives us form (2). Apply- 


> eee, 


Y 
X 
ee ee ee me ee C 
A iB “SZ 
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ing Lemma 2 to line BX Y as well as to line ABC, we see that these are the only 
possibilities. Applying Lemma 2 to line XZ and Lemma 3 to line BX Y, we see 
that the three possibilities are mutually exclusive. 

Thus, only the forms described above can generate a finite junction-closed 
set. 


TESTS FOR SINGULAR POINTS 
J. P. Kine, Lehigh University 
1. Introduction. Consider a function element f(z) defined by the power series 
(1) f(@) = Do ane” 
n=0 


having positive radius of convergence. Since the circle of convergence of the 
series passes through the singular point of the function which is nearest to the 
origin, the modulus of that singular point can be determined from the sequence 
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{an} in a simple manner. The problem of determining the exact position of the 
singular points on the circle of convergence is, however, more difficult. If a par- 
ticular point on the circle of convergence is considered, tests can be devised to 
determine whether or not that point is a singular point of the function defined 
by the series. It may be supposed, without loss of generality, that the radius of 
convergence of the series is 1 and that the point to be considered is z= 1. 

In this note two theorems are given, each of which provides necessary and 
sufficient conditions that z=1 be a singular point of the function defined by the 
series (1). The sufficient conditions are particularly amenable to calculation 
since they can be phrased in terms of the Euler summability, E(r) (see [1]), 
or the Taylor summability, T(r) (see [2]), of the sequence of coefficients {an}. 
Special cases of Theorem 1 and of Theorem 2 for r=# are contained in Titch- 
marsh [4, D. 216] and Hille [3, Dp. 7|, respectively. 


2. Results. 


THEOREM 1. A necessary and sufficient condition that 2=1 be a singular point 
of the function defined by the series (1) is that 


> ( "’ r™(1 — 1)" an, 


m=0 


l/n 


lim sup = | 


for some 0<r<i. 


Proof. Consider the function 


FW) = eee) 


F(t) is regular in the region 
\. 


rt 
D, = {| —"— < 
: i-(i-/yvt 


Furthermore z=1 is a singular point of f(z) if and only if ¢=1 is a singular 
point of F(é). A simple calculation gives: 


D, = {t: Re (é) < 1}, 
1—~?7 7 
p= 41:|0 > \, 
1 — 2r 1 — 2r 
1—~r 1 
1 — 2r 2r — 1 


for r=4, 0<r<i, and 4<r<1, respectively. 
In each case f= 1 is on the boundary of D, and D, contains all points of the 
closed unit disk except =1. If we write 
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Fit) = > bnt® 


n= 


it follows that ¢=1 is a singular point of F(¢) if and only if the radius of con- 
vergence of the series is exactly 1. That is, if and only if lim sup | D.| In ==], 
The function F(¢) is given by 


Fi) = te > Om Fesveraill 


1-(1—-rn) 4m “Li-(a—ne 


>» Qmrmt™ » (“) (1 _ y)n—myjn—m 
m==0 Mm 


nr=m 


provided that (1—r)|t] <1. It is easy to verify the interchange of summation 
in the last expression. Hence, 


F(i) = > >> (") m1 — 1). 


m==:0 


Therefore, 


(2) >> (") rr — 1)" ap. 


m=0 


This completes the proof. 

The sequence {bn} defined by (2) is precisely the E(r)-transform of the 
sequence {am} [1]. Furthermore, lim b, =) 0 implies lim sup |b. 1/n=1, These 
remarks give 


CoroOLuARY 1. If the sequence {an} is E(r)-summable, 0<r<1, to a nonzero 
constant then z=1415 a singular potnt of the function defined by the series (1). 


Notice that, since E(r) is regular for 0<r <1 (see [1]), the condition lim a, 
=a 0 is sufficient to insure that z=1 be a singular point of f(z). 


THEOREM 2. A necessary and sufficient condition that 2=1 be a singular point 
of the function defined by the series (1) 1s that 


> (“) m—m(1 — r)™tta, 


n==mM 


1/m 


lim sup = | 


for some 0<r<il. 


Proof. Consider the function G(t) =(1—r)fv+(1—7)t). G@ is regular in the 
region R,= {t: lr +(—n)e| <1}. A simple calculation gives 


7 1 
R= 45/1 < \ 
r—il 1-—~-r 
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The point #=1 is on the boundary of R, and R, contains all points of the closed 
unit disk except t=1. If we write 


G(t) = >> ent” 
n=0 


it follows that z=1 is a singular point of f(z) if and only if lim sup | cal 1/n—= 1, 
The function G(¢) is given by 


Gif) = (1-7) ys an(y + (1 — rt)” 


n=0 


I 


d=) Da D ("rm = ee 


n=x=0 m==0 
co oe nN 
G)= rd ( )r-nc — r)mtlg,, 
m=0 n=m Mm 
Hence, 
- nN 
(3) tm = >, ( )rnc — r)ymtlq,, 
n=m \M 


This completes the proof. 

The sequence {cn} defined by (3) is the 7(r)-transform of the sequence 
{an} [2]. This gives 

Coro.iary 2. If the sequence {a,} is T(r)-summable, 0<r <1, to a nonzero 


constant then 2=1 1s a singular point of the function defined by the series (1). 


The T(r) method is also regular for 0<r<1 [2] so that lim a,0 again in- 
sures that z=1 is a singular point of f(z). 
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ON THE DETERMINATION OF NUMBERS BY THEIR SUMS OF FIXED ORDER 
NATHAN ELJOSEPH, University of Tel Aviv 


1. Introduction. We wish to treat the following 


Problem. Given a set of (“) numbers {o;,...:,} with 0<i<i< +++ <igSn. 
Under what conditions does there exist a unique set of numbers {x1,---, xn} 
so that Cie. i, =X t soe +4;,? 


A similar problem was treated by J. L. Selfridge and E. G. Straus (Pacific J. 
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Math., 8 (1958) 847-856) and by A. S. Fraenkel, B. Gordon and E. G. Straus 
(Pacific J. Math., 12 (1962) 186-196). In these papers, however, the set {oc} 
was not assumed to be indexed. 


2. Solution. If s=0 or s=n>1 then we have either no condition on the 
x; of one condition, so that in these cases {a} does not determine {x} uniquely. 
In all other cases we have the following. 


THEOREM. Jf 1SsSn—1 then our problem has a solution 1f and only tf 


n— 2 s—1 
(1) Cuz: wads = g (41) +- 8 8 + g (ts) — SCO 
s—1 n—t1 
for allO<u< +++ <t,Sn, where o ts the sum of all o;,...:,, while o™ 1s the sum 


of all o;,...:, in which one of the indices 1s j. 
The solution, always unique, is given by 


n—2 s—1 
(2) Jae = 0 - G; i=1,---,. 
s—1 n—-1 


Proof. To prove necessity we note that, if o;,...: 


(3) c= ("7 xs 


s—l 


(=) 
s—l 
summands o;,...;, on the left of (3). Hence 
w ("~') +("—)) 
4) — x; 
° s—-1 s—2 
n—2 n—-2\ 2 
= (Pi )at (da 
("~)) r("— 3) 
As =1 " s—2 
("~)) ~sa3 
~\s -414 " n—-1. 


which proves (2). Substituting the values of x; from (2) we obtain 


= X14, se +3, then 


since each x; appears in exactly 


(4) 


n— 2 s—1 
(5) ( one = g GD + eee +. g fia) — SCO 


n—i1 
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which proves (1). 
To prove sufficiency, assume (1) satisfied and define x; by (2). Set 


a 
Oizes-é, = Uy Pot + 4,5 


n—- 2 * . . s—1 n—- 2 
Ci,-++ig = oft) +. we fe glia) — So = Cipessigy 


n—i 


which completes the proof. 
Note that the conditions (1) are not independent since summation over all 
s-tuples which contain a fixed index 7 yields identities. 


ON THE CLASS OF RINGS WHICH DO NOT CONTAIN NONZERO 
SEMI-SINGULAR IDEALS 


KWwANGIL Kou, North Carolina State University 


1. Introduction. An ideal Z of aring FR is called semi-singular if for each ele- 
ment x of Z, the right annihilator of x, denoted by x,, is not zero. Let 
Ci1=}R\| R is an integral domain (not necessarily commutative) is 
C.= }R\no nonzero ideal of ring R is semi-singular } and 
C3;= )R|R is a prime ring with zero right singular ideal \ 
The main results in this note are: 
(i) If REC, each pair of nonzero right ideals of R has nonzero intersection 
(i.e., Ris a right uniform ring) if and only if for each right R-module M the set 


tM = {min M| m, ~ 0, where m, = {rin R| mr = 0}} 


is a submodule of M. (E. R. Gentile proposed this problem in this MonTHLY, 
Advanced Problem Section, Dec., 69 (1962) for the Class Ci.) 

Gi) REC, and has a maximal complement right ideal if and only if REC; 
with the ascending chain condition on annihilator right ideals and on comple- 
ment right ideals. 

For notations and definitions, we refer the reader to the paper of R. E. 
Johnson [2] and to the paper of A. W. Goldie [1]. 


2. Since any simple ring with unity belongs to (:, it is clear that Ci is 
properly contained in Ce. If REC, then REC, for if Si, S. are nonzero ideals of 
R then S,S2:4(0) and by definition of C2, the right singular ideal of R is zero. 
There exists a primitive ring with a minimal right ideal such that the sum of all 
minimal right ideals of R (the socle of R) is a semi-singular ideal (for example see 


[5, p. 77]). Hence CoE. 


LemMA 2.1. If Rs a regular ring with unity and RECs, then Ris a simple 
ring. 
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Proof. If S is a nonzero ideal of R then S contains an element x such that 
x,=0. There exists ro in R such that xrpxn—x=x(rox—1) =0, hence rpx=1ES. 


LEMMA 2.2. If REC; then R’ (ats maximal right quotient ring) 1s simple with 
unity. 


Proof. Since RE Cy, the right singular ideal of R is zero, hence by [2, Th. 3] 
R’ is a regular ring. We will show that R’€C,. Suppose there exists a nonzero 
semi-singular ideal S’ in R’. Then S=S’(\RX(0) since if O¥%sE.S’ then there 
exist a and b in R such that sa=bxX0. S is an ideal in R, and if s© S then (s),(\R 
(0), thus RE C:, which is absurd. 


LEMMA 2.3. If REC; and Ris right uniform, then REC. 


Proof. Since REC, the right singular ideal of R is zero. Thus if aER, 
a0, then a,=0; for if 2,0, then a, would have nonzero intersection with each 
nonzero right ideal of R (since R is right uniform) and the right singular ideal 
of R would be nonzero. 

This lemma has the obvious corollary: 


COROLLARY 2.4. If REC; and R ts right uniform, then R is an Ore-domain. 


Let M bea nonzero (right) R-module of a given ring R. If N isa submodule 
of M such that WN has nonzero intersection with each nonzero submodule of M, 
then WN is called large. If M’ is an R-module which is an extension of M such that 
M is a large submodule of M’ then M’ is called an essential extension of M. 


THEOREM 2.5. If REC, then R is right uniform if and only tf for each right 
R-module M the set tM 1s a submodule of M. 


Proof. Suppose R is right uniform. Then for each right R-module M, tM is 
the singular submodule of M [2], which is clearly a submodule of M. Conversely, 
assume that for each right R-module M the set tM is a submodule of M. As an 
R-module, R’ is an essential extension of R. Now tR’=0, for if not then T=tR’ 
(\R0, and T is a nonzero semi-singular ideal of R. Since R’ is regular and 
tR’ =0, evidently R’ is a division ring. Thus R is an Ore-domain and hence right 
uniform. 


3. Let R be a member of C;. It is not necessarily true that R contains a 
maximal complement right ideal. For example, the set R; of all polynomials in 
noncommutative indeterminates x and y over a field is a member of C;. But Ri 
does not contain a maximal complement right ideal. For, if it did, it would have 
a uniform right ideal, say U, and if J, and J; are nonzero right ideals of Ri, and 
uc U, uX0, then u( hl) =uhOulx0, since u,=0. Thus iOJ:40, and Ry 
would be a right uniform ring. This contradicts «Ri \yR, = (0). 


THEOREM 3.1. If REC, then R has a maximal complement right 1deal 1f and 
only if Ris a member of Cz with the ascending chain condition on annthilator right 
ideals and on complement right ideals. 
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Proof. If REC, has a maximal complement right ideal, say C, then a relative 
complement of C is a uniform right ideal. Let L(2) be the set of all right ideals 
in R. It is known that if REC3, then for each AC L(R) the mapping s: AA? 
of L(R), where A® is the unique maximal essential extension of A in L(R), isa 
closure operation on L(R) (for example see [4]), and if R contains a uniform 
right ideal, say U, then it is easy to see that U* is minimal element (atom) of 
L*(R). Let AG L*(R). If AX¥(0) then A-U*0 and there is an element a© A 
such that aU?0 and (a: U*)"C A? =A. Since (a: U*)* is an atom by |[3, Th. 4.1], 
L*(R) is atomic. By [4, Corollary 2.6] and Lemma 2.2, R’ is a simple ring with 
minimum condition on right ideals. By [4, Th. 4.2] R is a right order in R’. 
Thus, by A. W. Goldie’s theorem [1, Th. 4.4], R is a ring with the ascending 
chain condition on annihilator right ideals and on complement right ideals. 

Conversely if RE C3 and has ascending chain condition on annihilator right 
ideals and on complement right ideals, then each large right ideal in R contains 
a regular element, by [1, Th. 3.9]; and since any nonzero ideal in a prime ring is 
large right ideal, REC. By the maximum condition on complement right ideals 
of R, R contains a maximal complement right ideal. 
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ON EXTENSIONS OF TAYLOR’S FORMULA 
T. V. LAKSHMINARASIMHAN, Madras Christian College, Tambaram (India) 


In this note we give an extension of Taylor’s theorem which contains results 
due to Hummel and Seebeck ([2], p. 243), Rajagopal ([3], p. 71) and Grim- 
shaw ([1], p. 377). The interest in the theorem lies in the fact that its proof 
needs a lighter hypothesis than the one used in one of the special cases ([2], p. 
243) mentioned above. 

In what follows, f, g, and # denote functions which are defined and continu- 
ous on the finite closed interval [a, x]. Further, it is assumed that all the deriva- 
tives up to and including the (m-+n)-th, (b+ q)-th and (r+s)-th orders, respec- 
tively, exist and are continuous on the closed interval [a, x]. Also, let ft», 
g@tatl), A @tstl exist in the open interval (a, dD). 


THEOREM. Under the conditions imposed on f, g, h, there exists a number &, 
a<&<x, such that 
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SOLSTICE (Safle, 8) 10%) 
Sa porn (=1)85p,9g(a, 2) g(a) | = 0, 
: +e =a WD (—1)Spgh(a, 2) HC) 
where 
Safle) = ae (Fe -(")jo@ |] @ - 


with similar definitions for Sy,q g(a, x) and S,,, h(a, x). In all the summations the 
convention that the binomial coefficient (2?) =0 for p<q is adopted. 


Proof. Let @(t), W() and x(t) be defined by 
(1) o@Z) =erd1—-)"% vy@=ed-)?, x@=#d - 2 
for OStS1. 


Let F(é), Git), H() be given by 


BQ) = So (—Dmtmte(e — a)igomt (f(a + tx — a) 
G0) = Si (H1ytenae — ayer ()g(a-+ t(x — a)) 


H(i) = 3S (— tyre — a)ixr4(h™ (a + He — a). 


Consider the function 


F(t) — F(0) 
im bm (-1)"Smnf(a, x) f(x) 
(2) A(t) = GO — GO) (—1)%Sp,ag(a, *) g(x) 
+9! nal 
H(t) — H(0) 


er (TD Seales 2) WC) 


It follows from our definitions of F, G, and H that ([4], p. 125) 
Fl) — FO) = (—1)*(m+ 2)! Snnf(a, *) 
G1) — GO) = (-1)(64+ 9! Spag(a, *) 
H(1) — H(0) = (—1)*(7 + 5)! S;,,2(a, %) 
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so that 
A(1) = A(O) = 0. 


Further, A’(¢) exists in the open interval (0, 1). Hence by Rolle’s theorem there 
exists # such that 


(3) A'(0)=0, O0<0<1. 

But ([4], p. 125) 

(4) F(t) = (% — amr Hig ffm) (a + i(@ — a)) 
(S) G'(t) = (@ — a)Ptethy (i) getet) (a + t(x% — a)) 
(6) A'(t) = (@ — ayrtey (het (a + t(a — a)). 


Hence, by differentiating (2) with respect to ¢, and putting t=@ in the resulting 
expression we get from (3) in conjunction with (1), (4), (5) and (6) the required 
result by taking a+6(x—a) =€. 

In the above theorem, if n=q=s=0, we get Rajagopal’s theorem mentioned 
at the outset. 

Further, in the theorem, take 


ey) = — h(y) = 2, asysS2. 
(p+ q+ 1)! s! 
Then, g@tet)(y) =1, h©(y)=1, hte) (y) =0 and 
(—1)s 
P,a5\%) = 1) — 
Sp,a8(a, *) a [G(1) — G¢0)] 

_ (ne pt, 

(p+ vid CO" 

_(=1@— arte pr 

= aor od, i7(1 — t)? dt 


(—1)%(x — a)Ptatts lg! 
(p+ gp +4 1)! 
Now, taking p=m, q=n and simplifying, the theorem reads 
(—1)*(@ — a)™tetln in! 
(m+ n)\"n+tn+ 1)! 
which is Hummel and Seebeck’s generalization of Taylor’s theorem. 
It is to be observed here that only the existence of f*"t») in the open inter- 
val (a, x) was used which is certainly more liberal than the one used by the 


above authors (|2], Theorem ). 
Finally, let a(y’) be a finite function which is nonvanishing and L-integrable 


Sm nf (a, 2) = 
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on the interval aS’ Sy<~-x and further let 
d y 
aly) = = f ay’) dy’. 
dy J, 


Now let g(y) be defined by 
1 y 
gy) = 7 | (y — y')Pa(y’) dy’ 
and let 
1 ° / / / 
g(x) = a. (x — y’)P?aly’) dy 


be convergent for some positive integer p. Since a(y’) is integrable, the function 
g(y) which is defined for aSy<x and convergent for y=x is continuous for 
asysx. Further, since a(y) is the derivative of its indefinite integral, we have, 
forasy<x, 


gP(y) = f “a(y’) dy’, = _g®*(y) = aly). 


Thus, taking g as above and h as in previous cases, we get from our theorem, 
with q=0, p=m, 


(£ — a)afimtn+1 (£) ; 
tat (—1)"Sin nf (@, %) 


7 = 0. 
(7) al 


Sin g(a, x) 
m! 


But 
m'Sm,og(a, x) = G(1) — G(0) 


= (x — a)™l fa — t)"a(a + t(% — a)) di 


=f @=y)rab) dy 


= m!g(x). 
Hence, from (7) we get 
(a — £)"m! 


Smnf(a, #) = aon bay! g(a) forte) (€), 


which is Grimshaw’s theorem when 1=0, x=D. 
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REDUCED PARTIAL PRODUCTS 
HomeER BECHTELL, Bucknell University 


A group G is said to be the partial product of A by B, if for the normal sub- 
group A of G there exists a proper subgroup B of G such that G=AB. We con- 
sider in this article only finite groups. It is evident that B contains a subgroup 
H, HSB, such that G=AA and for no other proper subgroup K of H does 
G=AK. Clearly H may not be unique. If H=B then the product is called a 
reduced partial product of G over A by B and the purpose of this note is to dis- 
cuss several of its immediate properties. These properties relate to the Frattini 
subgroup, ®(G), which for finite groups is the intersection of the maximal sub- 
groups of the group G. The alternative definitions and elementary properties of 
the Frattini subgroup will be assumed known to the reader (see M. Hall [1]). 


THEOREM. (i) If G=AB 1s a reduced partial product of A by B, then A(\B 
<@(B). Gi) If G=AB is a reduced partial product of A by B, then ®(G/A) 
~A®P(B)/A. (iii) If A is the kernel of a homomorphism 6 of a group G, then G con- 
tains a subgroup B such that ®(B)OP(G6). 


Proof. For (i) suppose C=A(\B $®(B). Then B contains a proper subgroup 
K such that B=CK. Thus G=AK contradicts the role of B and so CS®(B). 

Since G/ASB/AMB, then ®(G/A)&0(B/ANB). From part i), ANB 
<@(B), which implies ®(B/ANB)=28(B)/AQB. Thus ®(G/A)£0(B)/ANB 
and hence for WSG, W/A&#(G/A), it is concluded that W=A-®(B). This 
proves (ii). 

Then for (iii) note that if A $®(G), ®(G/A) =P(G)/A,i.e., B=G. If A FPG), 
G may be expressed as a reduced partial product G=AB to which (ii) is applied. 

Part (iii) answers the question as to whether or not there exists an inverse 
image S of &(Gé@) consisting of nongenerators in some subgroup of G. In fact 
more is shown in that there exists a subgroup B of G such that S is its Frattini 
subgroup and thus by (ii), ®(G0)<8(B)/AM®(B) relative to the kernel A of 
the homomorphism @. Note that there is no implication that S will consist of 
nongenerators of G. This condition occurs if and only if S is a subnormal sub- 
group of G. 

Let G=AB bea partial product over A by B and suppose W is a subgroup 
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of G for which ®(G/A)2=W/A. Then in general A-®(B) S$ W i.e., the contain- 
ment may be proper. Moreover, a minimal set of generators for B may not 
necessarily be coset representatives of a minimal set of generators for the quo- 
tient group of G over A. However, each such product is associated with a re- 
duced partial product for which, by (ii), equality holds in the first statement 
and a minimal set of generators of B is a set of coset representatives for a mini- 
mal set of generators of G/A. 

We find that (i) lends itself to the theory of group extensions. In the Schreier 
method it is known that the factor system F of the extension represented by a 
partial product G=AB over A by B is contained in A(\B. Thus in a reduced 
partial product the subgroup generated by F is nilpotent and contained in ®(B). 
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GENERATING FUNCTIONS FOR A CLASS OF ARITHMETICAL FUNCTIONS 
R. L. DuNcaAN, Pennsylvania State University and Lock Haven State College 


Let n=pf' - - + py be the representation of m as a product of powers of dis- 
tinct primes and define Q,(n) =aj+ - +--+ +e for every nonnegative integer k. 
This class of functions has been considered in previous notes [1, 2]. By using 
the identity 


(1) Der= > AO 0g fn) (5 > 1) 
it can be shown [3] that 

(2) Lola = 4) D MO Nog s(n) (s> 1) 
and ; 

(3) Mayr = £6) 0 0g ns) (5 > 1) 


where w(n) =Q)(n) and Q(n) =Qi(n). 
The following theorem generalizes (2) and (3). 


THEOREM 1. 0, 01(n)n-°=€(s) >07., (on(n)/n) log ¢(ns), (s>1), where 
on(n) = Dian {d*—(d—1)* }du(n/d). 


Proof. Since Yingz O4(n)~x log log x for all k=0, [1], it follows that the 
series >), O,(n)n-* converges absolutely for s>1. Hence, using (1), we get 
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00 


> Ox(n)n-" = YY DT tak — (om — 1th nm 


n=1 p™/n 
= DE {mt — om — 195} 0") 
= ¢(s) > » { mk — (m — 1)*} poms 
= €(s) > > {m { mn — 1A Fe a log ¢(mns). 


Since this last double series converges absolutely, it may be rearranged to give 


x ane = H) SO {4 a (d — 1} du (=) log ¢(vs) 


v=1 d/v 


= (3) 


n=1 
where ox(2) = Jan { dt — (d —1)* datn/2 
It is obvious that ao(n) =y(m) and a(n) =¢(n). 
THEOREM 2. Jf R21, then o(n)| a(n). 
Proof. For k=1 it is clear that a,(”) is a linear combination with integral 


coefficients of functions of the form n" > aj, u(d)d-", where r is a positive integer. 
Since these functions are multiplicative, we obtain 


”) N08 ¢(ns), 


n* >, u(d)d-* = 4" II (1 — p') 


aln pin 


which is an integer divisible by ¢(”). Thus a;(z) is divisible by $(). 
Actually, as indicated above, we have 


caln) =D (1°) ented 
v=0 
where J,(m) is Jordan’s generalization of Euler’s function [4]. 
THEOREM 3. If R22, then a,(n)~kJ;(n). 
Proof. Using the above expression for a;(n) we see that 
an (m) Fon) | 
=14+D-n( |) 
kJ ,.(1) v+1/ kJ,(n) 


Thus lim, +. az(2)/RI,(n) =1 since n*/€(k) <Jz(n) <n* for R22. 
We conclude with the following result. 
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THEOREM 4. If k21, then lim supa... 0:,(n)/(log n/log 2)*=1. 
Proof. lin=py!--- pr and k=21, then 
log nm = a, log #1 + --- +a,log p 2 (ar + -- > +.,) log 2. 


Hence (log n/log 2)*2=(ai+ --+ +a;,)*2af+ -- + +af=,(n) and the result 
follows since equality holds for all numbers of the form n= 2”. 
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A UNIVERSAL SUBALGEBRA THEOREM 
STEVEN FEIGELSTOCK, New York University 


A type of theorem of interest to algebraists is the subalgebra theorem. 
“Subgroups of free groups are free,” “subgroupoids of free groupoids are free,” 
are examples of subalgebra theorems which have already been proved (see 
Kurosh, Theory of Groups). 

Universal algebra is concerned with the notion of an “algebra” in general, 
and looks upon groups, rings, etc. as types of algebras. A subalgebra theorem of 
interest to the student of universal algebra should therefore be that, “sub- 
algebras of free algebras are free.” It is the object of this paper to prove this 
theorem. 

The reader interested in pursuing the study of universal algebra is referred 
to Neumann’s Special Topics in Algebra (Universal Algebra), N.Y.U. Lecture 
Notes. Because of the relative unavailability of this set of notes we present the 
following list of definitions and lemmas of universal algebra. 


DEFINITION 1. An n-ary operation w ina set X 1s a mapping of X" into X. 


If (x1, °°) Xn)ECX*, then (x1, -- +, X,)wEX. Throughout this paper, for 
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the sake of simplicity, all the operations will be considered to be defined for all 
(41, ° °°, Xn)CX*; thus the domain d(w) of w is X*. 


DEFINITION 2. An algebra A is a pair A =(X, Q), where X is a nonempty set 
called the carrier of A, and Qs a set of operations in X. 


Note: The operations w€Q need not necessarily be n-ary with fixed n. There 
may exist an W,€Q, and w,€Q, where w, is m-ary, W, is n-ary, and m#n. 


Notation: The carrier of A is denoted |.A | . 


DEFINITION 3. An algebra B=(Y,Q) is a subalgebra of an algebra A =(X, Q) 
of YCX and, for all (x1, -°-, Xn) & | BI , and all n-ary wEQ, (x1, °° -° , XawE VY. 


Notation: “B is a subalgebra of A” is denoted B<A. 


DEFINITION 4. An equivalence relation c in X is termed a congruence in 
A=(X, Q), if whenever (x;, x{)€e (for t=1,---, n) then ((m1,--+°, Xa), 
(xi,°-°°, Xn )w)€c. By (x:, xf) Cc it is meant that x; and x] belong to the same 
c-equivalence class. 


DEFINITION 5. A/c the quotient algebra of A =(X, Q) by a congruence c denotes 
the algebra (X/c, Q). The elements of X/c, denoted xc, are the sets of all yEX, such 
that (x, y)€c, where x is also an element of X. Ina quotient algebra the following 
equality must always be satisfied: (x10, - + + , XnC)w=(%1, + + +, Xn) WC. 


DEFINITION 6. Let {Ay: AEA} be a family of algebras with Q the set of opera- 
tions for each Ay, and X,;=|.A,|. The cartesian product []xea (Xy, Q) is such that 
A[(d1, G2, - + + > Gn)w]=(Adi, Ada, - + +, AGa)w, where g; is an element of the car- 
tesian product of the sets X, defined in the usual way, 1.e., a mapping of 


A> U XHYDAGE XH, WAG A. 


AGA 
DEFINITION 7. If A=(X, Q) and B=(Y, Q), then a mapping wp: |A|—| Bl, 


i.e. pb: X—>Y, is a homomorphism from A to B if [(x1,- ++, xn)wolu=(xm,- +: , 
Xnpjw for all (x1, ° °°, Xn)E | A| , and n-ary we). 


Example: Let ® EQ be a 2-ary operation. Put (x, y) ®@ =x @y. If wis a homo- 
morphism, then [(x, y) ® ]u= (xp, yu) ®, or [x @y]u=xp Oyp. 


DEFINITION 8. A homomorphism wp, defined as above, is an tsomorphism tf it 
maps |A|—>| B| in a one-one, onto fashion. 


DEFINITION 9. A set C, of algebras, 1s called an abstract class of algebras tf 
whenever AC Cand Bis isomorphic to A then BEC, 2.e., Cis closed under isomor- 
phism. 


DEFINITION 10. An abstract class of algebras C 1s a vartety tf 1t is closed under 
the formation of subalgebras, quotient algebras, and cartesian products. 
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DEFINITION 11. If {A,= (X, Q)} is a set of algebras with Nea XxX QD, then 
the intersection 


0 A =(N X22) 


AEA AEA 


DEFINITION 12. SC|A| 1s a generator of the algebra A if N{B: BSA and 
SC | B | \ = A; i.e. the smallest subalgebra of A whose carrier contains S is A itself. 
The algebra generated by S is denoted Alg(S). 


DEFINITION 13. Let C be a class of algebras. ACC is C-free if tt satisfies the 
following two conditions: 

(i) BX C|A | DX generates A. 

(ii) WBEC, every mapping 0: X—>| BI can be extended to a homomorphism 
ob: AB. 
The X referred to in conditions (i) and (ii) is called a C-free generator of A. 


The reader may have an intuitive idea of what a free algebra is from his 
knowledge of free groups. His intuition will be realized in the following lemma. 


Lemma 1. If C ts the variety of all Q-algebras, (1.e. the algebras having Q as 
their set of operations) then given any set X#%@, X generates C-freely an algebra 
AEC. 


The algebra A which will be constructed in the proof of Lemma 1 is called 
the free anarchic algebra on X. 


Proof. Let Xp=X. Define Xj41=X Ur XP KQea, where wEQ, is n-ary. Put 
Y=U;, X;. If yEY, then SID yEX,. If i>0, then y=(y1, - + + , Yn)w, where 
yiEXer G=1,---,n), or VEX 4. If (m,---, mJEY, and wEQ is n-ary, 
then (y1, -- +, Yn)w is defined, because SmDy;C Xm, (j=1,-- +, 2); therefore 
(V1, °° + y VnJwWEXPUQ, CY and A=(Y, Q) is an algebra. 

It must now be shown that X satisfies conditions (i) and (ii) of Definition 
13. 

(i) It will be shown inductively that X generates A. | Alg(X | — Xo. Suppose 
that | Alg(X) SX; If (y,-++, wnyEX; and wEQ,, then (y1,°-+, Valo 
E| Alg(X)| =] Alg(X)| DXi + Alg(X) =A. 

(ii) It will be shown that X is a free generator of A. Let B=(Z, Q) EC, and 
let 6: X-—>Z. Put O=6 , and define 0; as the mapping from X; into Z. If eG Xi 
—X;, then x=(1,--° +, ¥n)w, and xOs41 is defined to be (918;, --- , Ynbs)w. If 
xEX,; then x6;,,;=x0,; Define a mapping =U, 9;, such that for yEY, yd is 
defined to be y@; if yEX;. Let (y1, + - + , Wn) EX, and let wEQ,, then 


[Oy er) yn)w]o = (y18:, a) VnB;) = (y1¢, my Ya). 


Hence ¢ is a homomorphism, and the lemma is proved. 
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CorROLuARY. The set of free Q-algebras 1s tsomorphic to the set of free anarchic 
Q-algebras. 


LemMA 2. If A =(X, Q) is a free anarchic algebra, then 
(41,- °°, w= (41,-°-, wx; = a] G@=1,---,&). 


Proof. The validity of Lemma 2 follows immediately from the construction 
of free anarchic algebras given in Lemma 1. 

With the background material now having been presented, the proof of the 
subalgebra theorem will be given. 


THEOREM. Subalgebras of free algebras are free. 


Proof. The corollary to Lemma 1 establishes the sufficiency of proving the 
theorem for free anarchic algebras. 

Let A =(4, Q) and B=(F, Q) with BSA. Let wm, ---, me, +--+ be the ele- 
ments of Q, with pw; an n;-ary operation. Let yu, be the operation at the end of an 
element u,€|B|, then 


A(ti,- ++, ny) E | A | > (41, °° +, %n,) Me = Up. 


Define wu; as irreducible in B if x,;¢ | B| for some 11, - , Nk. 
Define the length (J) of an element of | A| (or | B]) as the number of symbols 
in the element. 


nk 
U(un) = 1+ >> U(x) < o. 
j=l 
Define the set T= {Z| Z is irreducible in B}. 
To prove the theorem it suffices to show that T generates B freely. To do this 
it is necessary to show that T satisfies conditions (i) and (ii) of Definition 13. 
(i) T generates B. Let u,E | Bl. If uw, is irreducible then u,€T. If not, then 
Xs :€| Bl (fori=1,- +--+ , 2x). 1(«;) <1(uz) < ©; therefore, inductively, there exists 
anaG|A| in uyDa i is irreducible in |B]. T therefore generates B. 
(ii) Z generates B freely. Let 7* be a set in one-one correspondence with 
T, such that ¢*(C 7T*)—t(ET), and let B* be a free anarchic algebra on 7T*. Let 
6 be the mapping, 6: ¢*—>t. Extend 8 to an epimorphism (onto map) ¢ of B* onto 
B. It will be shown by induction that ¢ is a one-one mapping of B* onto B. 
Assume that ¢ is a one-one map of elements of B* of length Sn, onto B. By 
the one-one correspondence between 7* and 7’, n may be assumed to be greater 


than 1. Suppose 0*€ B* is of length w+1. Let b*'=(xf",---, x3)uz (where 
i=1, 2). W(x) <n (for j=1, ---, m,). Suppose b*16=b*%g, then 
bd = (x1, mrs ny) th = (1, my Xn) = bb => 4; = xj (for j = 1, ne) Nx) 


by Lemma 2. This implies that 0*!=6*?. Thus T is a free generator of B, and 
the proof of the theorem is completed. 
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It should be noted that this theorem does not imply the subalgebra theorem 
for special types of algebras, i.e., groups, rings, etc. The reason for this is that 
the property of being free is relative to the variety under consideration. 


The author is indebted to Mr. Paul Zuckerman for many helpful suggestions. 
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NONNORMALITY OF LINEAR COMBINATIONS OF NORMALLY 
DISTRIBUTED RANDOM VARIABLES 


LLoyp ROSENBERG, Hudson Laboratories, Columbia University and 
School of Engineering and Science, New York University 


In a first course in mathematical statistics or probability theory it is usually 
proved that linear combinations of independent normally distributed random 
variables are normally distributed [2]. If the summands have a multivariate 
normal distribution then linear combinations of these random variables are also 
normally distributed [1]. As a result many students loosely state that “linear 
combinations of normally distributed random variables are normally dis- 
tributed.” In this note we will give an example of two normally distributed de- 
pendent random variables whose sum is not normally distributed. The author 
has found that this example helps to clarify the conditions under which linear 
combinations of normally distributed random variables are normally dis- 
tributed. It also exhibits a simple bivariate distribution which has marginal 
normal distributions but is not a bivariate normal distribution which empha- 
sizes the importance of not merely specifying marginal distributions. 

Gumbel has given in |3] the following expression for a family of joint two- 
dimensional density functions having the marginal densities of fi(«1) and fe(x:2), 
and marginal distribution functions Fi(x1) and Fo(xe): 


(1) fx(a1, %2) = filsrfe(xe)(1 + a[2Fi(a1) — 1][2F2(%2) — 1) Ja|s 1. 


Now let the vector X = (Xi, X2) have the joint density function given by (1) 
where 


ai 


exp(—4«,), Fj(x;) = exp(—4t?) dit, i= 1, 2. 


a/ lar _«o V2 
Thus X; and X: are normally distributed random variables with mean zero 
and variance one. We will show that the random variable W=X1+X2 is not 
normally distributed except in the case a=0. 
Let us assume that W is normally distributed. Since a normally distributed 
random variable is determined by its mean and variance, we know that under 
the assumption of normality the moment generating function of W will be 


(2) fila) = 
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2 
(3) bls) = exp (ys + or =), 
where 
(4) ky = E(X1) + E(X2) = 0, 
(5) oy = Var (Xi) + Var (Xe) + 2 Cov (X1X2) = 2(1+ =) 
T 


since Cov(X1X2) =a/m. This covariance may be computed easily since the com- 
putation reduces to finding the expected value of the minimum of two standard- 
ized normal random variables. From (3), (4) and (5) we obtain 


(6) br(s) = exp| (1+ =) 4]. 


Next we will compute the moment generating function of W directly from 
(1) without assuming normality. Thus 


E(exp (sX, + sX2)) = f f esties2fy (41, Le) OX1dXe 


= ie er Ax Axe 
(7) ee 
+a i) f e*t¢2[2F (41) — 1][2Fe(ae) — 1] fi(anfo(ae) daidare 


= ¥(s)? + al [esr — 1] f1(o1) aes], 


—o 


2 s s s s 
where y(s) =e*/? is the moment generating function of a normal random vari- 
able with mean zero and variance one. 


Now 


(8) [etre — A]fi(er) da, = — 2 f ent — Fy (x1) |fa(a1) dar + Y(s) 


—0oO —o 


and 


2 f ent — Fy(«1)|fi(ar) day = ff (—) exp{ —Alat + #2 — 2sx,]} did, 


re exp{| —43[x7 + (v + a1)? — 2sa,]} 
= So dadry 
—00 0 


9 T 
©) _ im exp{ 0/2 + (» — s)?/4} iZ exp{ —[xi + (v — s)/2]?} lindo 


A/t / 1 
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= 2exp {- in set —He st VD ay 1)8(—), 


where 


rn | 
oy) = f ay 0x0 (— Hd 


Upon substitution of (9) and (8) into (7) we obtain 
Elexp{s(X1 + X2)}] = WO)? + a[—24()$[s/V2] + ¥G)? 
= (¥(s))*[1 + a(1 — 26(s/+/2))?]. 


If W were normally distributed (10) should agree with (6) for all s and all a 
for which (1) is defined, so that 


at) were {2h = wop![1+a(1 - 20()) ]. 


For a=0, which corresponds to the case where X1 and X,2 are independent, 
the equality holds. The expression in brackets on the right of (11) is bounded 
from above by 1++-a, whereas exp[(a/m)s?] is unbounded, so the equality cannot 
hold for all s and a. In fact, for any a>0 we can select an s sufficiently large so 
that exp|(a/r)s?] is greater than 1-+a and for any «<0 we can select an s suffi- 
ciently small so that exp[(a/z)s?] is greater than 1++-a. Hence the only value of 
a for which the equality holds is a=0. 


(10) 


Hudson Laboratories of Columbia University Contribution No. 188. 

This work was supported by the Office of Naval Research under Contract Nonr-266(84), and 
by Contract DA 18-108-CML-788(A). Reproduction in whole or in part is permitted for any pur- 
pose of the United States Government. 
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AN APPROACH TO DARBOUX-STIELTJES INTEGRATION 
O. SHisHA, Aerospace Research Laboratories, Wright-Patterson AFB, Ohio 


1. Let —«~ <a<b<o, let f be a real function, defined and bounded on 
[a, b], and let ¢ be a function, monotone nondecreasing (and finite) on [a, db]. 
There are two (nonequivalent) ways for defining an elementary Stieltjes inte- 


gral [?f(x)db(x). The function f is said to be Riemann-Stieltjes (RS) integrable 
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de over [a, b| iff there exists a real number J having the following property. For 
every €>0 there exists a positive 6, such that if 


a=%<M-:: < tn = J, Nj1 SE; S 4; G= 1, 2, - -, Mn), max (4%; — 4-1) < 6, 
1Sjsn 


then | 7— 50%., f(E;) [6(«,;) —b(x;-1) ]| <e. If f is RS integrable dé over [a, 6], 
then the above J is unique and is denoted (RS) [?f(x)d@(x). 
Consider the set of all sums of the form 5°%., M;[@(x,;) —(x;-1) | where 


a= xX <41+++ <%= 5b, My = — sup f(x) (j= 1,2,---,n), 
tj-1S2582; 
n taking all values 1, 2,3, ---.The greatest lower bound of this set is denoted 


I? f(x) dbx). Similarly, Sof (x)do(x) is the least upper bound of the set of all 
sums of the form 5.7, m;|6(x;) —6(x;-1) ] where 


a=%<Mm-°+ <%= b,m; = inf f(x) (j= 1,2,--+-,7n), 
Tjp1 SUS2; 
n taking all values 1, 2, 3,- +--+. The function f is said to be Darboux-Stieltjes 


(DS) integrable dé over [a, b| iff [?f(«)db(x) = fa f(x)do(«). If the last equality 
holds, the common value of both members is denoted (DS) |?f(x)d@(x). 

If fis RS integrable dd over [a, b] then f is also DS integrable d¢ over [a, b]. 
The converse, however, does not hold (cf. [1], p. 250). If f is RS integrable dd 
over [a, b| then (RS) af(x)dp(x) = (DS) Jaf(x)do(x). 

2. The purpose of the present note is to give an alternative approach for the 
introduction of DS integration. What we do here is a generalization of [2], 
Section 45. 


THEOREM. A necessary and sufficient condition for f to be DS integrable do over 
[a, b| ts the existence of a unique real function A(a, B) whose domain ts the set of all 
ordered pairs (a, 8B), aSa<BSb, and which satisfies: 


A. A(a, B) + AQ, vy) = Ala, vy) whenever asa<B<yH8 0b. 


B. | inf re) | [#(8) — 6(a)] < A(a,8) < | sup fea) [#(8) — 4(«)] 
aszsp aszsp 
wheneverasa<Bsb. 


If there exists such a unique real function A(a, B), then (DS) [?f(«)ddb(x) ts A(a, b). 


REMARKS. 1. Thus the Theorem provides definitions of DS integrability 
and of DS integral. _ 

2. One easily checks that A(a, 6) =/8f(x)db(x) and A(a, 6) =/8f(x)dd(x) 
have properties A and B. 7 

3. It is known that if f is DS integrable d¢ over [a, b], then it is also so over 
every [a, B|(aSa<BSb). 
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Proof of the Theorem. Sufficiency. The uniqueness of A implies, by Remark 2, 
that [°f(1e)dg(x) = JPf(e)dg(e). 

Necessity. First observe, that A(a, 8) =(DS) /®f(x)db(x) satisfies conditions 
A and B. Suppose now that A(a, 8) is an arbitrary function as in the Theorem. 
Let aSa<@6sb. Then by properties A and B, whenever a=x)<x%1 °° + <xn=8, 


>| int fa) | lo) — 66) 


j=l S282; 


< A(a, 6) = y Alsi) S >| sup feo) | la(e)) — $ (ea). 


j=l L%j-1 52 S82; 


Taking least upper and greatest lower bounds, we get 
B 8 
(Ds) ffl) d6(2) 5 Ala) < DS) | f(0) doe). 
Thus A(qa, 8) = (DS) faf(x)do(x). 
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ON THE SPECTRAL THEOREM FOR COMPACT SYMMETRIC OPERATORS 
A. D. Martin, late of Carnegie Institute of Technology 


Since invariant subspaces of a symmetric operator occur in orthogonal pairs, 
the essential part of a proof of the spectral theorem for compact operators is the 
determination of the existence of at least one eigenvalue for every compact 
symmetric operator. This note presents a discussion of this matter with a slight 
twist in the usual treatment. 

Let H be any real Hilbert space, and x-y the inner product of «, yEH. Let 
T be any linear operator on H. We term (a, dA) an etgenpair of T if a0 and 
Ta=h)a. As usual, a is an eigenvector and ) is an eigenvalue of T. For any non- 
zero vector qa in the null space of 7, (a, 0) is an eigenpair of T. Thus an oper- 
ator lacks eigenpairs only when its null space consists of the zero vector alone. 


Te 


FIGURE 1 


1965] CLASSROOM NOTES 893 


If the null space of T is zero then a0 is an eigenvector of T when and only 
when the angle between a and Ta is zero or 7. 


The angle 6 between a and Ta is given by the relation 
(1) 6 a:Ta 
cos 9 = -—__——_- 
| | | Zor| 


Thus @ is an eigenvector of T if and only if the ratio a: Ta/|a| | To| is +1. 
This is the strong form of Schwarz’s inequality: 


(2) —|a|| Tal <a-Ta < | «|| Te| 

unless Ta=)Aa. This suggests the following well-known definitions: 
[ZI] = sup |» 7x | 

” | T| = sup | Te], 


where |x| is the length of x: |x| =(«-«)1/2, Either ||7|| or | 7] may be infinite 
but Schwarz’s inequality always gives 


(4) |Z] = | 7]. 
The following result is well known (see [1], Sec. 92, 93). 


(5) Proposition. If T is a compact operator then | T|| and | T| are both finite 
and there are unit vectors a, B such that 


Je-Ta| =|[7, | 78] =| TI. 
A consequence of (5) is the following important result. 


(6) THEOREM. Let T be a compact operator such that | T|| = | T|. Then T has 
at least one eigenpair. If a1s a untt vector such that 


| «-Ta| =|[7 
then (a, \) ts an eigenpatr of T where | =a-Ta. 
Proof. The second statement of the theorem, together with Proposition (5), 
implies the first. The hypothesis gives 
(i) Ja-To| = ||7\| = | 71. 
Since a is unit we have by (3) 
(ii |To| =| TI 


which combined with (i) gives la Ta| = | Ta. But by Schwarz’s inequality 
|a+Toa| <|Ta| and therefore |a-Ta| =| Tal] =|Te| |a|. Thus the strong form 
of Schwarz’s inequality gives Ta=)a for some scalar X. Thus (a, A) is an eigen- 
pair of T for which a: Ta= x. The theorem is proved. 
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We now state the existence theorem for eigenpairs of symmetric compact 
operators. We denote by [a, B| the subspace generated by a and 8. 


(7) THEOREM. Every compact symmetric operator has an eigenpair. 


Proof. Our demonstration has three stages: (i) If T is compact and sym- 
metric then || 7?|| =| 7?| and hence 7? has an eigenpair. (ii) If (a, \) is an eigen- 
pair of J? then [a, Ta] is an invariant subspace of JT whose dimension is at 
most two. (iii) Every symmetric operator on a Hilbert space of dimension $2 has 
an eigenpair. 

Statement (iii) is a trivial fact from linear algebra. Statement (ii) follows 
from the set inequality 


Tla, Ta] = [Ta, T?a] = [Ta, \a] C [a, Ta]. 
Accordingly, (7) will follow from any proof of (i). The symmetry of T gives 
|72|| = sup | «-T?x| = sup Tx-Tx = | T|?. 
|z| =1 |x] =1 


Consequently, (i) will follow if we show that | 7?| =| T| 2. We have immediately 
| 72| <|7|2, and 
| 7 |? = sup Tx-Tx = sup T?x-x S sup | T’x| = | 72]. 
\2| =1 {z| =1 \2| =1 


Thus | 7?| =| T|? and the theorem is proved. 
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THE DENSITY OF CERTAIN CLASSES OF RATIONALS 
PauL SCHAEFER, State University of New York at Albany 


In a recent issue of this MontuLy, Lange and Thoro [2] showed that the 
set of all so-called Pythagorean rationals is dense in the set of all non-negative 
real numbers. Their first proof can be generalized in such a way as to demon- 
strate the density of other classes of rationals as well. 


DEFINITION. A positive rational number a/b is a P-rational zf and only «f the 
pair of integers a and b has property P. 


THEOREM. Let N(x, y) and D(x, y) be polynomials in x and y which have 
integral coefficients and which are homogeneous of the same degree. Suppose that 
there exists a tp) 20 such that N(to, 1) =O and for allt =to, N(t, 1) 20 and Dit, 1) >0. 
If for all positive integers x and y, with x=to-y, N(x, y)/D(x, y) ts a P-rational, 
then the set of all such P-rationals is dense in the interval [0, B), where 


B = sup[N(, 1)/D(t, 1)| ¢ = tol. 
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Proof. Let G@#)=N@G, 1)/D, 1). Then G(é)=0 and G is continuous for 
t=to. If u and vare arbitrary real numbers such that 0 Su <v<B, then G—[(u, v) | 
is a nonempty open set. Let p/g be any rational in G-[(u, v)]. Now, G(p/q) 
= N(p, q)/D(p, @), since N and D are homogeneous of the same degree. Thus, 
the P-rational N(p, q)/D(~, gq) is between u and »v. Since 4 and v are arbitrary 
in [0, B), the set of all such rationals is dense in [0, B). 

In addition to the Pythagorean rationals a/b of [2], where P is the property 
that a?+-0? is the square of an integer, there are other classes of P-rationals to 
which the theorem applies. 


EXAMPLE 1 [1, p. 229]. Consider the set of all P-rationals a/b where P is 
the property that a?-++D? is the cube of an integer. In this case, N(x, y) =x? — 3xy?, 
D(x, y) =3x*y—y3, tp =+/3, and the set of all such rationals is dense in the set 
of all nonnegative numbers. 

EXAMPLE 2 [1, p. 578]. If P is the property that a*-++b is the square of an 
integer, then the set of all P-rationals a/b is dense in the set of all nonnegative 
numbers. Here N(x, y) =x(x?+y3), D(x, y) =y(x?+y%) and to =0. 

In [1], one can find additional examples of Diophantine equations which 
can be used to define other classes of P-rationals to which the theorem applies. 
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EFFECTING MATHEMATICS CURRICULUM CHANGE IN THE SECONDARY SCHOOL 
JAMES HENKELMAN, University of Maryland 


The extensive activity in mathematics education in the past decade has re- 
sulted in the publishing of lists of recommendations for secondary school mathe- 
matics and the writing of improved mathematics curriculum materials. This 
activity alone, however, will not result in widespread reforms in secondary 
school mathematics. Although it is generally recognized that there is a necessity 
to acquaint the teachers with the recommendations and to prepare them to 


896 MATHEMATICAL EDUCATION NOTES [October 


teach the new materials, there has been little careful analysis of the problem of 
effecting curriculum change in a school system through a program of intensive 
inservice training for the teachers. 

The author, acting in the capacity of a consultant to a small city school sys- 
tem near Boston, Massachusetts, attempted to effect such a change. The status 
of mathematics education in this city was typical of that which the curriculum 
reform groups were attempting to correct. The textbooks in use did not reflect 
the spirit of the curriculum reforms, and the teachers were poorly prepared to 
teach the mathematics courses. 

The activities of the program of curriculum improvement were kept inten- 
tionally flexible so that they could be designed to meet situations as they arose. 
The specific activities of the program were jointly planned with the administra- 
tive staff and the teachers of the schools involved. Considerable effort was con- 
centrated on the establishment of a satisfactory relationship with each teacher 
and administrator. 

An orientation meeting was held in the spring of 1962 to acquaint the fifteen 
secondary school mathematics teachers with the recommendations of the cur- 
riculum reform groups. During the 1962-63 school year, the teachers partici- 
pated in an algebra inservice course. Demonstration classes were utilized in 
connection with the inservice course. During the second semester, the eighth 
grade teachers were organized into a team to introduce some new curriculum 
materials to accelerated students. The community was informed of the cur- 
riculum reforms through a demonstration class and an adult education work- 
shop. 

During the 1963-64 school year, new curriculum materials were introduced 
in selected classrooms. A program of algebra for accelerated students was initi- 
ated in the eighth grade with the prospect of a course of study leading to the 
advanced placement calculus course in the senior year in the high school. A 
geometry inservice course was offered to the high school teachers during the 
1963-64 school year, and the junior high school teachers met separately in two 
teams to deal with the many facets of the new mathematics materials. The 
eighth grade team of teachers continued to make use of the large group instruc- 
tion. In addition to this a variety of other supervisory techniques were utilized. 
The consultant worked in the classrooms with the teachers introducing new 
curriculum materials and taught a class of students daily. Formal contacts with 
the school system terminated at the close of the school year 1963-64. 

Evaluative instruments seemed to indicate that the students using new cur- 
riculum materials improved their competence in the mathematics emphasized 
in the new materials; they also maintained their competence in the mathematics 
as measured on a test not reflecting curriculum reforms. Students using the 
new curriculum materials seemed to have about the same preferences and atti- 
tudes as other students, but they appeared to have a somewhat better percep- 
tion of the nature of mathematics. The interest of the students in mathematics 
also increased during the program. The teachers génerally showed subject mat- 
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ter improvement and increased interest in teaching mathematics. The curricu- 
lum reforms were generally accepted. 

Two aspects of the program seemed to be important for gaining acceptance 
of the new curriculum programs. First, the consultant found it necessary to work 
directly with the poorly prepared teachers on the joint planning of lessons to 
show them the significance of the mathematics in the new materials. Team- 
teaching was an excellent organizational pattern within which to do this. Sec- 
ond, the teachers seemed to need the opportunity to be directly involved with 
the new curriculum materials in order to accept them [1]. 
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THE NEW MATHEMATICAL LIBRARY 


With the appearance of Groups and their Graphs, by Israel Grossman 
and Wilhelm Magnus, the total number of volumes available in Random 
House’s New Mathematical Library reaches fourteen. This book is the latest in a 
series sponsored by the School Mathematics Study Group and written by pro- 
fessional mathematicians in order to make some important mathematical ideas 
interesting and understandable to a large audience of high school students and 
laymen. Each volume in the series contains problems, some of which may require 
considerable thought. Dr. Magnus is at New York University and Mr. Gross- 
man is a teacher at Albert Leonard High School, New Rochelle, New York. 


BRIEF COMMENT 


In response to requests from readers of the MONTHLY, a new feature has been added to 
Mathematical Education Notes. Professor John D. Baum, of Oberlin College, has kindly 
agreed to review articles in other publications which are believed to be of interest to readers of 
the MONTHLY. 


Mathematics for engineering students, W. G. BICKLEY, The Mathematical 
Gazette, 48 (1964) 379-383. 


This deals with the problems of “How is mathematics to be taught to engi- 
neering students?” and “Who is going to teach mathematics to engineering 
students?” The author makes the point that if the mathematicians do not take 
the responsibility of teaching engineers, they will eventually lose the privilege 
of teaching engineers the sorts of mathematics that will be most useful to them. 
He points out that “there are only two really important things in teaching 
mathematics to engineers—to remember that they are engineers, and to teach 
them mathematics. If you can speak their language, and look at mathematics 
through their eyes, you will get a satisfying response, you will gain their con- 
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fidence, and you will then be able to lead them into some abstract, but interest- 
ing, fields of mathematics where the ultimate application may not be immedi- 
ately apparent.” 

He makes the further point, which has occupied teachers of mathematics to 
engineers in this country that, “in the end, it is not the number of tricks which 
the student has learned, but rather the understanding of the concepts and the 
awareness of the relevance of the techniques, which is important—and, finally, 
his approach to the new learning which an encounter with a new problem may 
demand.” The article should make valuable reading for anyone engaged in the 
mathematical training of engineers. 


Which subjects in modern mathematics and which applications in modern 
mathematics can find a place in programs of secondary school instruction? 
J. G. KEMENY, L’ Enseignement Mathématique, 10 (1964) 152-176. 


This article is a summary of 21 national reports by subcommissions of the 
International Commission on Mathematical Instruction. The reports are beauti- 
fully summarized and the article makes fascinating reading, showing as it does 
the extent to which modern mathematics is being taught in schools throughout 
the world. “There seems to be fairly general agreement that some basic concepts 
from set theory and logic should be introduced, that geometry should be mod- 
ernized, that some elements of modern algebra be introduced, and that probabil- 
ity and statistics are suitable for high school teaching. Even more important is 
the general agreement that much of traditional mathematics should be taught 
from a modern point of view.” 

The greatest hurdle to the accomplishment of the above objectives seems 
to be the lack of trained teachers and the absence of suitable text materials, 
although efforts are being made to overcome both of these problems. The author 
recommends that the following problems be investigated: (1) How can the teach- 
ing of applied mathematics be modernized in the schools? (2) To what extent 
should high school mathematics be axiomatized? and (3) How much probability 
theory should be introduced into the school curriculum and how should this be 
done? 


Five views of the ‘*New Math,” E. E. Motsre, A. CALANDRA, R. B. Davis, M. 
KLINE, and H. M. Bacon, Occasional Paper Number Eight, Council for 
Basie Education, Washington, D. C.; and Newsweek, Education Column, 
May 10, No. 19, 65 (1965) 112-117. 


The five views of the “new math” consist of an article by Moise, which in 
abbreviated form appeared in November 1964 and four responses to this article. 
Although Calandra’s response seems largely polemical, it suggests wisely that 
any curricular change made in school mathematics ought to be made with care 
and informed caution. Davis’ response seems generally favorable toward the 
newer programs, while Kline’s, though somewhat more carefully reasoned than 
Calandra’s, does not seem to advance any reasons for his opposition to the new 
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programs beyond personal taste. Kline also promises programs more in line 
with his thinking, but is not explicit as to who is developing these. Bacon’s re- 
sponse is the most carefully thought out and seems generally to be one of 
cautious optimism; it is worth quoting his concluding paragraph: “General 
agreement on exactly what should constitute the content and style of school 
mathematics programs will never be achieved. It is well that it should not be. 
Dissatisfaction with current practice is what leads to progress and improvement. 
For a great many years we have had an abundance of the former; it is hearten- 
ing in our times to observe some, and to hope for more, of the latter.” 

The article in Newsweek is a review of the above mentioned “occasional 
paper.” It seems to concentrate attention largely on the more controversial 
areas of disagreement. 

Copies of the “occasional paper” are available from the Council For Basic 
Education, 725 Fifteenth St., Washington, D. C. 20005 at a cost of 25 cents 
each, or 20 cents each in lots of twenty or more. 


Reflections on the Teaching of Mechanics, M. H. STONE, The Mathematics 
Student (Published by the Indian Math. Soc.) Nos. 3 and 4, July-Decem- 
ber, 32 (1964). 


Although the teaching of courses of mechanics in departments of pure mathe- 
matics has become rather rare in recent years in the United States, it seems 
apparent from the above article that such is not necessarily the case elsewhere. 
The article has interesting implications for the teaching of mechanics itself, 
and for the teaching of mathematics for students of the natural sciences. Not 
only is it made clear how strongly the development of certain branches of 
mathematics has been motivated by physical problems, but it is also stressed 
how a large variety of mathematical tools is necessary to attack physical prob- 
lems. In conjunction with this, the following is worth quoting, “From the fore- 
going considerations we may conclude that the teaching of mechanics should 
involve both experimental and axiomatic treatments of a number of different 
models of axiom systems for the material world. These treatments necessarily 
involve knowledge of certain mathematical disciplines, including geometry, 
analysis, vector algebra, and probability theory. The teaching of mechanics 
needs to be adequately co-ordinated with these parts of mathematics.” 


Using P(rogramed) I(nstruction) in Mathematics Curriculum Development: 
The VICSM Project, O. ROBERT BROWN. 


School Mathematics Study Group Programed Learning Project, LEANDER W. 
SmitTuH. Both appearing in Programed Instruction, December, No. 3, 4 (1964). 


Both the above articles deal with the development of teaching machine 
programs for mathematical instruction at the school level, largely, if not en- 
tirely, in the secondary school. From both of the above it is clear that there is a 
clear secondary gain in writing a program. For example, Brown writes, “This 
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work... is a prime example of the new methodology of programed instruction 
assisting in the implementation of curriculum reform.” Smith has this to say, 
“More significantly, the SMSG Programed Learning Project has brought about 
a thorough rethinking of the mathematical content and pedagogy in a first course 
in algebra. It has resulted in the production of test items and analysis of content 
with revision based on empirical data rather than on educated hunches.” 

Both of the above articles describe the materials which were developed, and 
the longer one (Brown) does draw some conclusions from the experiences had 
with the material. It seems evident that the development of programmed mate- 
rial is a much slower process than the development of regular text materials and 
that many more revisions and rethinkings are necessary to arrive at a satisfac- 
tory end product. 

It is also interesting to see some of the problems mentioned by May in the 
CEM Study, “Programed Learning and Mathematical Education” recurring 
in these articles. Brown says, “a choice must be made between using the mate- 
rials as the sole agents of instruction for research on particular variables or using 
them with greater effectiveness by letting the teacher instruct as he sees fit.” 


Programed learning and mathematical education, KENNETH O. May, CEM 
Study (Committee on Educational Media of the Mathematical Association 
of America) 1965. 


The above article, contained in a pamphlet of 24 pages, was sent to each 
member of the Association; however, it is felt that it would be wise to call at- 
tention to it here as well. It is to be emphasized first of all, that the scope of the 
article is restricted strictly to college level mathematics, and second that the 
views expressed are strictly those of the author and do not carry the endorse- 
ment of the committee or the Association. 

Upon first reading this study one comes away with the notion that the au- 
thor finds little if anything to commend programmed materials for use in college 
mathematics instruction. This is, however, a false impression, and one is advised 
to read the summary with considerable care, for it is apparent that there are 
many areas in which programmed materials can be used effectively and to ad- 
vantage. It appears that the author’s main conclusion can be stated fairly thus: 
Programmed materials do not in and of themselves constitute an adequate or 
effective medium for mathematical instruction at the college level; they can be 
used to advantage, however, in a variety of ancillary roles. 

After a definition of educational programming, the author investigates the 
claims for programmed materials, and proceeds to demolish the claims one by 
one. Despite this, in a later section (p. 20) the author says, “In sum we need a 
wider variety and larger quantity of auxiliary materials to assist students in their 
individual study outside of class. These auxiliaries need not be programmed ac- 
cording to any existing style, but they must offer more programming than the 
usual text. They should all have a double purpose: to help the student master 
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the material at hand, and to help him learn to master such material with less 
outside assistance. Programs should program themselves out of the student’s 
life.” 

Copies of the above study are available from the Committee on Educational 
Media, PO Box 2310, San Francisco, California 94126. 


Numerical analysis vs. mathematics, R. W. HAMMING, Science, April 23, No. 
3669, 148 (1965) 473-475. 


This is a most interesting article and points up clearly some deep-lying 
differences in aim between mathematics and numerical analysis and the differ- 
ences which must consequently exist in the education of mathematicians as op- 
posed to numerical analysts. The principal ideas of the article are best sum- 
marized in the author’s own words, where for “noise” we read “small uncertain- 
ties in the initial data”: 

“T hope I have shown not that mathematicians are incompetent or wrong 
but why I believe that their interests, tastes and objectives are frequently 
different from those of practicing numerical analysts ...I hope I have also 
shown that most of the ‘art form’ of mathematics consists of delicate ‘noise- 
free’ results, while many areas of applied mathematics, especially numerical 
analysis, are dominated by noise. Again, in computing the process is fundamen- 
tal, and rigorous mathematical proofs are often meaningless in computing situa- 
tions. Finally, in numerical analysis, as in engineering, choosing the right model 
is more important than choosing the model with the elegant mathematics.” 

Besides its inherent interest, the article has many implications for the edu- 
cation of people who will use the mathematics they learn in the sense of numer- 
ical analysis rather than in the sense of pure mathematics. 


Progress report on the Mathematics Revolution, EVELYN SHARP, Saturday 
Review, March 20, No. 12, 48 (1965) 62 ff. 


This article, written by a mathematics teacher at Holland Hall High School, 
Tulsa, Oklahoma, who is also the author of A Parent's Guide to the New Mathe- 
matics, is a brief report on the current status of the new mathematics in the 
school curriculum. It gives a good overview of individual and group projects 
presently being pursued. There is some discussion of the problems encountered 
in changing from more traditional programs; the following quotation gives a 
good notion of the flavor of the article: 

“What works best is a changeover that is gradual, sound, and thorough. 
Crash programs run into difficulties in any line. A middle of the road approach, 
fusing the old math with the new, gives the best results. Of course, the middle 
keeps moving over—in some quarters SMSG is now regarded as conservative.” 

This would make an excellent article for students who are preparing to 
teach school mathematics to read. It gives them a fair and realistic picture of 
the present state of affairs. 


PROBLEMS AND SOLUTIONS 


EDITED BY E. P. STARKE, Bloomfield College 


COLLABORATING EpiTors: J. BARLAZ, Rutgers—The State University; L. Caruitz, Duke 
University; H. S. M. Coxeter, University of Toronto; H. Eves, University of Maine; 
A. E. Livincston, University of Alberta; and A. WILANSKy, Lehigh University. 


All problems (both elementary and advanced) proposed for inclusion in this Department should 
be sent to E. P. Starke, Bloomfield College, Bloomfield, N. J. 07003. Proposers of problems 
are urged to enclose any solutions or information that will assist the editors. Ordinarily, prob- 
lems in well-known textbooks and results in generally accessible sources are not appropriate for 
this Department. No solutions (except those accompanying proposals) should be sent to Pro- 
fessor Starke. 


ELEMENTARY PROBLEMS 


All solutions of Elementary Problems should be sent to A. E. Livingston, University of 
Alberta, Edmonton, Canada. To facilitate their consideration, solutions for Elementary Prob- 
lems in this issue should be submitted on separate, signed sheets and should be matled before 
February 28, 1966. 


E 1815. Proposed by D. M. Paine, Wells College, Aurora, N. Y. 


Can 2n people be paired differently on 2n—1 occasions, so that each is paired 
with each other on exactly one occasion? 


E 1816. Proposed by J. Garfunkel, Brooklyn, N. Y. 
For n>1, prove 
(n!)! > [(m — 1)!]m. 
E 1817. Proposed by C. F. Blackmore, University of Arkansas 


Let r=(2n+1)*, where n and & are nonnegative integers. Show that for any 
integer a, a7+(a+1)"+ ---+(a@+2n)' is always divisible by (2n-+1)**). 


E 1818. Proposed by I. J. Schoenberg, University of Wisconsin 


Let AoA1 - - - A7Ao be a convex octagon in the plane having all its angles 
equal. Show that, if all the sides Aj;Aj41 G=0, 1, -- + , 7; Ag=Ao) are commen- 
surable, then opposite sides must be equal in pairs, e.g. AjAju=AjssA jis 
(j=0, 1, 2, 3). 


E 1819. Proposed by V. K. Rohatg1, University of Alberta 


Let p, q, k be positive integers such that pk<q. Consider a sequence con- 
sisting of p plus ones and g minus ones in a random arrangement. Find the 
probability that at some point in the sequence the number of minus ones up to 
that point is less than k times the number of plus ones up to that point. 
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E 1820. Proposed by D. S. Mitrinovié, University of Belgrade, Yugoslavia 
Show that the relations a-++-b+c=), bc+ca+ab=q,a<b<c, D=p*—3q20, 
where a, b, c, p, g are reals, imply that 
3(p — 2/D) Sa<3p-— VD) <b< 364+ VD) <c Shp +4+ 2VD). 
E 1821. Proposed by D. S. Mitrinovié, University of Belgrade, Yugoslavia 
By means of the Heaviside function, H(x) =0(«<0), H(0)=4, A(x) =1 
(x >0), express the following function in a single formula: 
f(x) = fila) (% < ay), f(a) = b, 
f(%) = fale) (41 < % < a2), f(@2) = br, 


f(@) = fais(®) = (@ > an), 
where a, and Db, (R=1, 2, ---,m) are real numbers with a;<a,< - ++ <dy. 
E 1822. Proposed by Necdet Ucoluk, Purdue University 


Let A, A; and B, B, be any two pairs of given points in the plane. Consider 
the locus of points N such that the angles ANA: and BNB, (with measures 
having absolute values a and B respectively) satisfy the equation a=k®, where 
k is a given positive real number. (a) Determine the differentiability properties 
of this locus, and (b) when the tangent line exists give a geometric procedure 
(finite) for its construction. 


E 1823. Proposed by W. C. Brady, Washington and Jefferson College 
Show that 
(do + bo)" (do + by)" » + + (do + bn)” 


1+ bo)” (a1 + 61)" - + - (@, + On)” . " “I 
(a1 + bo)” (a1 + 81) (a1 + bn) = (-1ye0 TT (2) Tra) 6.8). 


. .3« ef @ oe oe oe oe ee oe oe ee oe eo j=0 J j<i 
ix0 
(Qn ++ bo)” (Qn + b,)” rn (Gn + bn)” 
E 1824. Proposed by Douglas Lind, Falls Church, Va. 
Let p1, b2,°°-+, Da be m primes, not necessarily distinct, let p™ be the 


product of these primes, and let p’ be the integer p’ =p™(1—1/p1—1/po— -- - 
—1/p,). Prove that 
YPn ePn-1 “UPI p' x 
+ tres + —+ 
Pn Pa—-1 Pi p™ 


is always an integer for integral x. 
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SOLUTIONS OF ELEMENTARY PROBLEMS 
Planar Maps of Convex Countries 


E 1726 [1964, 912]. Proposed by Daniel I. A. Cohen, Princeton University 


Prove (or disprove): every planar map of convex countries can be colored 
with three colors. 


I. Solutton by David Cohen, 9th Grade Student, Central High School, Phila- 
delphia, Pennsylvania. The following map (a) of convex countries needs four 
colors, so the theorem is false. 


(a) (b) 


IT. Solution by Harry M. Gehman, SUNY at Buffalo. The above map (b) 
disproves the statement even if “convex” is replaced by “triangular”. 


Comment by M. S. Klamkin, University of Minnesota. A map is normal if 
exactly three boundaries meet at each vertex, and a necessary and sufficient 
condition that a normal map be properly colorable with three colors is that each 
of its countries have an even number of boundaries. [L. I. Golovina and I. M. 
Yaglom, Induction in Geometry, Heath (1963), page 33, or E. B. Dynkin and 
V. A. Uspenskii, Multicolor Problems, Heath (1963), page 23]. 


Comment by R. F. Jolly, University of California, Riverside, California. The 
corresponding question for four colors, instead of three, is considerably more 
difficult. More tractable would be the following problem: prove that every 
planar map of triangular countries can be colored with four colors. Notice that 
this does not follow directly from the known result that every regular map con- 
taining at most one region of more than 6 edges can be colored in four colors, 
since the triangular boundaries could contain many edges. 


Also solved by R. G. Albert, J. W. Baldwin,'Robert Bart, D. A. Blaeuer, Andreas Blass, Carolyn 
Brauer, Emmeline G. de Pillis, W. G. Dotson, Jr., L. L. English, N. J. Fine, P. K. Garlick, Michael 
Goldberg, Mary L. Gomes, Faith M. Hammett, D. M. Hancasky, Robert Harvey, J. E. Homer, 
Jr., R. T. Hood, R. F. Jackson, R. A. Jacobson, Leroy Junker, Roman Kaluzniacki, M.S. Klam- 
kin, Kenneth Kramer, E. S. Langford, F. Leuenberger (Switzerland), Robert McGuigan, Joseph 
Malkevitch, Norman Miller, J. B. Muskat and T. A. Van Wormer (jointly), J. C. Nichols, L. E. 
Pursell, G. P. S., Robin Sibson (England), J. L. Sieber, J. R. Swenson, Judith E. Tomlinson, B. R. 
Toskey, Alan Weinstein, B. J. Winter, and the proposer. 

The proposer intended that rectangular (and not arbitrarily convex) countries be considered, 
and solution (a) above furnishes a disproof of this modified proposal. 
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An Algebraic Equation 


E 1727 [1964, 912]. Proposed by Paul Machuca, Fairleigh Dickinson Univer- 
sity, Teaneck, New Jersey 


If the a; are real and distinct show that the following equation is true for n 
real values of x: 


ay 4 ag foee eb an 


a, — %& ag — & dn — % 


= nN. 


Solution by Jim Campbell, Northeast Louisiana State College, Monroe, Louist- 
ana. Consider the function y defined by 
ay ag An 


+ foe 


a, — %& alg — X& Qn — %& 


y(e) = — Nn. 


Suppose without loss of generality that 0<ai1<a,.< +--+ <a,. (Note: The equa- 
tion as stated might have a;=0 for some 7, in which case there would not be 
roots. ) 

Now since y(x)—>— © as x—a;+ and y(x) + © as x-a;—, and y is con- 
tinuous at each point except the a,’s, the equation y(x) =0 has at least n —1 dis- 
tinct real roots. But it has z roots since it is equivalent to a polynomial equation 
of degree n. Since the remaining root cannot be complex, y(x) =0 for n real 
values of x, and they are distinct if 0 is not a repeated root. 


Also solved by J. C. Abad, A. N. Aheart, R. G. Albert, W. A. Al-Salam and A. A. Gioia 
(jointly), E. B. Anders, J. W. Baldwin, Robert Bart, M. A. Bershad, J. L. Brown, Jr., J. A. Burs- 
lem, Victor Camillo, Leonard Carlitz, M. M. Chawla and K. M. Das (jointly) (India), Huseyin 
Demir (Turkey), M.S. Demos, Bob De Vore, Kenneth Dieter, W. G. Dotson, Jr., N. J. Fine, P. M. 
Flynn, John Fournier, Philip Fung, Michael Goldberg, S. H. Greene, D. M. Hancasky, E. R. Han- 
sen, B. A. Hausmann, S. J., J. M. Horner, S. P. Hoyle, Jr., R. F. Jackson (two solutions), R. A. 
Jacobson, Erwin Just and Norman Schaumberger (jointly), Roman Kaluzniacki, P. G. Kirmser, 
M.S. Klamkin, Kenneth Kramer, E. S. Langford, Lawrence Lessner, J. E. MacDonald, Jr., E. L. 
Magnuson, D. C. B. Marsh, M. R. Meck, C. B. A. Peck, George Purdy (England), Judith Richman, 
J. S. Rubie, G. P. Speck, J. J. Schneider, Robin Sibson (England), Robert Spira, Sidney Spital, 
R. A. Struble, R. L. Syverson, L. Y. L. Tong, B. R. Toskey, C. A. Tsonis, Van de Vyle, Simon Vatri 
quant (Belgium), Charles Wexler, Clement Winston, Theodore Zerger, and the proposer. 


A Function and Its Derivative Implicitly Defined 
E 1728 [1964, 912]. Proposed by Jet Wimp, Midwest Research Institute 


For 120, 0<a31, let f(é) be defined by 


1 f(t) dx 
| = i) __*F 
Vlad, (Ine — Ina)? 
Show that 


1rro 
pe bf etre 
avg 
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Solution by Miltsades S. Demos, Drexel Institute of Technology, Philadelphia, 
Pennsylvania. The problem is incorrect as stated, so we consider instead the func- 
tion f(t) defined for 20 by 


f(t) dx 
= C —— 
J / (in x — In a) 


where c#0 and b 2a. Since the integrand is nonnegative, f(0) =. Differentiating 
with respect to ¢ gives 1 =cf’ (t)/~/(In f()/a), whence f’(0) =(1/c)-V/1n (b/a) and 
f() =a exp{c?f’2(t)}. Differentiating again leads to 1=2ac?f’'(t) exp { c2f"2(E) } 
since f’(#) #0. But then 

¢ f’(t) 
t= 2act f fv) exp {c2f?(v)}do = dact f ev" dy, 
0 ( 


1/c)¥ In (b/c) 


Also solved by A. Balfour (Scotland), M. M. Chawla and K. M. Das (jointly) (India), W. G. 
Dotson, Jr., A. C. Fang, A. D. Fine, B. A. Fusaro, Stuart Goff, S. H. Greene, Cornelius Groene- 
woud, Stephen Hoffman, J. M. Horner, R. F. Jackson, R. A. Jacobson, M.S. Klamkin, E. S. Lang- 
ford, Lawrence Lessner, D. C. B. Marsh, S. M. Robinson, G. P. Speck, P. A. Scheinok, Richard 
Sinkhorn, Sidney Spital, R. A. Struble, R. E. Whitney, Dale Woods, and the proposer. 


Arithmagic Squares 


E 1729 [1964, 912]. Proposed by Azriel Rosenfeld, The Budd Company and 
the Unwersity of Maryland 


A 3X3 arithmagic square is an arrangement of nine of the digits 0, 1, --- ,9 
into a 3X3 matrix such that if the rows and columns are regarded as three-digit 
numbers, then the sum of the first two rows is equal to the third row, and 
similarly for the columns. Prove there is only one such arithmagic square. 


Solution by R. B. Eggleton, Avondale College, Cooranbong, N.S.W., Australia. 
Let 


abe 
M= {de fi, 
gh i 


with elements all distinct digits. If M is arithmagic, the row and column require- 
ments respectively lead to 


100(a+d—g)+106+e—h)+(c+f—i=0 
100(a+b—c)4+10d+e—-—fp+-(g+h—i) =0, 
and the difference of these two equations is 
(1) 90(d — b) + 101(e — g) + LiGf — hk) = 0. 


Thus f—h=g—c (mod 90). But the sum of any two elements of JM is positive 
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and not greater than 9+8=17, so the congruence implies c+f=g-++h. Then (1) 
implies d—b=f—h=g—c. Without loss of generality we can set d—b>0. Then 
the conditions to be satisfied are 
(i) c+f=g+h=z2 (mod 10), with c<g and all five of c, f, g, h, 4 different, 
the first four being nonzero (so 5Sc+fS15 is necessary) ; 

Gi) b+f=d-+h, with b<d, and both d and d different from c, f, g, h, 2; and 

(ili) b<c, d<g, and a<min(c, g) since a+b Sc, a+dSg. 
Systematic enumeration of the possibilities consistent with these conditions 
enables every arithmagic square to be determined. In fact, contrary to the asser- 
tion of the problem, there are four such squares (and, of course, their trans- 
poses) : 
6 32 
3 Ms = 15 8 
9 9 1 0 9 


1 
M,= 5 
7 


Moreover, if the digit 0 is allowed to appear as the first digit of a “three-digit 
number,” then there are four other arithmagic squares: 


4 4 8 
8 6 2 M,= 
2 1 0 


0 2 3 0 2 3 0 4 5 0 6 7 
Ms=|5 9 4 Mse=|6 9 5 M,= |8 7 6 Msg= {8 5 4}. 
6 17 7 1 8 9 2 1 9 2 1 


Also solved by A. N. Aheart, J. W. Baldwin, J. F. Dillon, R. A. Jacobson, J. D. E. Konhauser 
and E. L. Magnuson (jointly), E. S. Langford, D. C. B. Marsh, D. C. Mayne, Donald Quiring, 
J. J. Schneider, B. R. Toskey, and the proposer. 


Arithmetic Progression of Integers Prime to x 


E 1730 [1964, 912]. Proposed by Robert Spira, Duke University 
Let (a, b) =1. If 1 is any integer, there is an x such that (ax-+0d, n) =1. 


I. Solution by Erwin Just and Norman Schaumberger, Bronx Community 
College, New York City. If (b, n)=1, then (an+b, n)=1. If (0, n)>1, then 
(a, n) =1 since (a, 6) =1, and so (a(n+1) +3, n) =1. 


II. Solution by Douglas M. Moore, Davidson College, Davidson, North Caro- 
lina. Factor a, b, and nv into prime factors. Let x be the product of all the prime 
factors of m which are not factors of a or of b. If there are no such factors let x = 1. 

Now every prime factor of 2 is a factor of either ax or of 6 but not of both 
and thus not of ax-++bD; therefore, (ax+), n) =1. 

We note that there are an infinite number of values for x such that (ax--}, n) 
= 1, and they can be obtained by repeatedly multiplying the value defined above 
by any prime integer which is not a factor of both b and n. 


III. Solutson by Charles Wells, Durham, North Carolina. Let d=(a, n). The 
problem is equivalent to showing that the equation ax-+b=c (mod nm) has a 
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solution x for at least one ¢ in a reduced residue system (mod 7). But such an 
equation has a solution if and only if d|c—b. Now (d, b) =(d, ¢) =1 for any ¢ 
in a reduced residue system (mod 2). Since d\n, a reduced residue system 
(mod m) contains a reduced residue system (mod d), which in turn contains an 
element c=b (mod d). 


IV. Solution by Vis Upatisringa, Oregon State University. lf p is a prime divi- 
sor of (a, ), then p}(ax+b) for each integer x. If P is the product of the prime 
divisors of each of which fails to be a divisor of a, the Chinese Remainder 
Theorem gives a solution x of ax-+b=1 (mod P). 


V. Solution by Allan Chuck and Peter Goldstein, San Francisco, California. 
The result follows immediately from Dirichlet’s Theorem: If (a, 6) =1, then 
there are infinitely many primes of the form ax+0 with x a positive integer. 
Take any such prime greater than each prime divisor of x. 


Also solved by J. C. Abad, A. N. Aheart, R. G. Albert, W. A. Al-Salam and A. A. 
Gioia (jointly), A. Ariff (Malaya), J. W. Baldwin, Robert Bart, M. A. Bershad, D. M. Bloom, 
Carolyn Brauer, Adelaide J. Brooks, J. L. Brown, Jr. (two solutions), J. D. Buckholtz, J. A. 
Burslem, Victor Camillo, Jim Campbell, John Christopher, D. I. A. Cohen, Jon Cole, Huseyin 
Demir (Turkey), Tom De Vore, G. W. Dinolt, D. M. Dribin, R. B. Eggleton (Australia), L. L. 
English, Philip Fung, P. K. Garlick, J. L. Gieser, Michael Goldberg, Jerry Goodman, R. N. 
Gupta (India), D. M. Hancasky, Ned Harrell, B. A. Hausmann, S. J., D. E. Helton, J. E. Homer, 
Jr., R. A. Jacobson, Erwin Just and Norman Schaumberger (jointly, second solution), Roman 
Kaluzniacki, M. S. Klamkin, J. D. E. Konhauser, E. S. Langford, Sim Lasher, Lawrence Lessner, 
C. C. Lindner, E. L. Magnuson, D. C. B. Marsh, Norman Miller, J. B. Muskat, R. N. Nelson, 
C. P. Peterson, R. W. Prielipp, T. L. Reynolds, F. W. Roush (two solutions), D. R. Shoemaker, 
Robin Sibson (England), Sidney Spital, L. Y. L. Tong, A. M. Vaidya, Van de Vyle, Simon Vatri- 
quant (Belgium), Emanuel Vegh, Charles Wells (second solution), Charles Wexler, P. O. Wood, Jr., 
David Zeitlin, and the proposer. 

Aheart and Brown found E1730 as Exercise 7 on page 54 of W. J. Leveque, Elementary Theory 
of Numbers, Addison-Wesley (1962); Garlick and Gieser located it as Exercise 8 on page 32 of Niven 
and Zuckerman, An Introduction to the Theory of Numbers, Wiley (1960); and Wells offers page 12 
of L. E. Dickson, Introduction to the Theory of Numbers, Dover (1957). Finally, Muskat points out 
that it is Lemma 2 on page 32 of Harvey Cohn, A Second Course in Number Theory, Wiley (1962). 


A Geometric Progression of Exponents 
E 1731 [1964, 1041]. Proposed by Gus Mavrigian, Youngstown University 


Let x>0, and let x1 = [x«(«)®]*, xo= [x(x-x1)?|*, - - +, xn = [x(~-%__1)°]*. De- 
termine the function f(x) =x, and find lim,... %, if ab <1. 

Solution by Vijay H. Arakeri, Student, Utah State University, Logan, Utah. 
It is easily seen that x7 =x*@F), x. = xeOtDCtab)) and xg == eet) (1+ab+0°") Tt then 
follows by mathematical induction that 


n—I n—1 


iy = UACOHL) (tabba b +++ +a"—"b ). 


The exponent here converges (to a(0-+1)/(1—ab)) if and only if | ab| <1. For 
such ab, then, lity. Xn =x2*@t)/C-2) because of the continuity of g(f) =x‘, 
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Also solved by J. C. Abad, A. N. Aheart, W. A. Al-Salam, M. A. Bershad, J. A. Burslem, 
F. A. Butter, Jr., Jim Campbell, P. L. Chessin, John Christopher, D. I. A. Cohen, Ragnar Dybvik 
(Norway), E. S. Eby, J. D. Elterich, A. C. Fang, N. J. Fine, Gary Ford, A. A. Gioia, Michael 
Goldberg, Ernest Gore, F. R. Gray and R. L. Price (jointly), S. H. Greene, Cornelius Groenewoud, 
Joel Gyllenskog, H. A. Heckart, Stephen Hoffman, J. M. Horner, R. F. Jackson, R. A. Jacobson, 
R. E. Jones, Jr., Erwin Just and Norman Schaumberger (jointly), Roman Kaluzniacki, Kenneth 
Kramer, E. S. Langford, J. D. Lockridge, D. C. B. Marsh, T. M. Morrisette, C. B. A. Peck, Walter 
Penney, J. M. Perry, R. N. Pesut, C. R. Rao, G. L. N. Rao (India), Simeon Reich (Israel), V. K. 
Rohatgi, Fred Rosenblum, H. D. Ruderman, P. A. Scheinok, R. N. Schneider, R. S. Seamons, R. 
Shantaram, Robin Sibson (England), Arnold Singer, Richard Sinkhorn, Mitchell Snyder, Al 
Somayajulu, R. P. Soni, Sidney Spital, C. A. Tsonis, Van de Vyle, Simon Vatriquant (Belgium), 
C. R. Wall, W. C. Waterhouse, J. E. Wynn, K. L. Yocom, David Zeitlin, and the proposer. 


An Application of the Arithmetic-Geometric Mean Inequality 


E 1732 [1964, 1041]. Proposed by Erwin Just and Norman Schaumberger, 
Bronx Community College 


If x;,>0 @=1, 2,---,%7), show that 
j=1 t=1 k=1 ton] 
Editor’s comment. The term { - - - } in the left member above is of the form 


[[%, x,a/b, and the usual convention regarding the pi-notation requires it to 
be taken as [[%., (x,a/b). On the other hand, rules of arithmetic (multiplication 
takes precedence over division takes precedence over addition takes precedence 
over subtraction) suggest that it be taken as [[[%., («:a)]/0, in which case 
the best lower bound of the left member is n(n—1)"([[%, x,)2. In any event, 
{ vee } above should never be construed as ([[#., «,)a/b, and yet this is pre- 
cisely what the proposers had in mind. We therefore offer solutions using the 
first and third of these interpretations. 


I. Solution by Sidney Spital, California State Polytechnic College, Pomona, 
California. Denoting the left member of the asserted inequality by S and inter- 


preting | --- } in Sas 
TI] =( Da - =) /x], 
t=1 k=1 


we will prove that S2=n(n—1)"[J%, x2. 
Recalling that the geometric mean of positive numbers is no greater than 
their arithmetic mean, we see that 


n n n—i1 n 1/(n—1) n—1 
( >) te — «) 0; = do x/ x; = ( Il ws) = PUG) 


v5 
kxj kj 


with P= [J%_, «,. Applying the same inequality again gives 
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n n— 1 n P n nine 1/n 
seb LSP pv ata snes frat 
ge i (n—-1) : 
j=l j jel 
= n(n — 1)"P. 


II. Solution by Robert Maas, University of Santa Clara, Santa Clara, Cali- 
fornia. We here interpret the left member of the asserted inequality as 


S= > (I1)( 2 a — a) / 


For a, b>0, a?+6? = 2ab and hence a/b+0/a 22. By pairing fractions with their 
reciprocals, we therefore have 


n ; 2 
m/s = n+ (= 4+) ent” n.2 = n?, 
1 


j,k= k<j \%G Xk 
nr nm n nr 

s/ ID «i= D0 DS w/a; — DD xj/a; = 0? — 1, 
i=l j=l k=l j=l 


and the result follows. 


Also solved by A. N. Aheart, M. A. Bershad, J. L. Brown, Jr., J. A. Burslem, F. A. Butter, 
Jr., Jim Campbell, John Christopher, D. I. A. Cohen, Gary Ford, F. R. Gray and R. L. Price 
(jointly), Stephen Hoffman, R. F. Jackson, R. A. Jacobson, P. G. Kirmser, Kenneth Kramer, E. S. 
Langford, F. Leuenberger (Switzerland), E. L. Magnuson, D. C. B. Marsh, D. E. Myers, C. B. A. 
Peck, Harsh Pittie, V. K. Rohatgi, P. A. Scheinok, P. S. Schnare, R. Shantaram, Robin Sibson 
(England), R. P. Soni, C. A. Tsonis, Van de Vyle, K. L. Yocom, David Zeitlin, and the proposer. 

Jacobson’s and Tsonis’ solutions were in the spirit of Solution I above, while all the rest were 
comparable to Solution IT. 


A Characterization of Finite Groups 


E 1733 [1964, 1041]. Proposed by E. F. Assmus, Jr., Wesleyan University 


Let G be a group and Z a finite normal subgroup of G which is not trivial. 
Suppose H has the property that whenever an element of G commutes with 
some nontrivial element of H, it is, in fact, in H. Prove that G is finite. 


I. Solution by Azriel Rosenfeld, University of Maryland. If C(h) = {geG| gh 
=hg} for each hCG, one of the hypotheses is 


U CA) CH or Cih)CH forsome EH, h¥e, 
hee 
and it is not clear from the statement of the problem which is intended. In any 
event, we prove the result under the weaker assumption C(H) CH, where 
C(A) = [gEG| gh=hg for each hGH] is the centralizer of H in G. 
Since H is normal, f,(h) =xhx—! defines an automorphism of Hf for each xEG. 


1965] PROBLEMS AND SOLUTIONS 911 


Since H is finite, there are at most n! such automorphisms, n being the order 
of H. If G were infinite, H would have infinitely many cosets, and there would 
exist x and y in different cosets such that f,=/f,. But then xhx7!=yhy— or 
h(x-!y) = (x71y)h for each hE H, so that x-1yE C(A) CH, contrary to the choice 
of x and y from different cosets. 


II. Solutton by Robert J. Gregorac, Iowa State University. In the notation of 
Solution I, we show that G has less than n? (1=0(H)) members under the as- 
sumption C(h) CH for some hGH, he. For suppose that g1H, goH,---, gH 
are distinct cosets of H in G, and let he be a member of A for which C(h) CH. 
Then e€ {g:hgz}|i=1, 2,---, n}CH, so that ghgr!=gjhg7! for some ix}. 
But then g71g; commutes with # and, hence, is an element of C(h) CH; ie., 
g;©g;H, a contradiction. Therefore, H has at most n— 1 cosets and G accordingly 
at most n(n—1) members. 


Also solved by Shair Ahmad, D. R. Arterburn, R. A. Avelsgaard, R. W. Ball, C. W. Barnes, 
Homer Bechtell, J. L. Brown, Jr., S. H. Brown, R. J. Bumerot, P. L. Chabot, J. F. Dillon, E. W. 
Ewing, N. J. Fine, Hyman Gabai, R. W. Gilmer, Jr., M. G. Greening (Australia), Israel Gross- 
man, R. R. Hathway, D. R. Hayes, Agatha Himmelfarb, Stephen Hoffman, J. E. Humphreys, 
Thomas Jefferson, Jr., Erwin Just and Norman Schaumberger (jointly), Victor Keiser, S. C. King, 
Kwangil Koh, E. S. Langford, C. C. Lindner, J. R. Porter, J. R. Purdy, Donald Quiring and Al 
Toubassi (jointly), J. D. Reid, Fred Rosenblum, Alan Saleski, P. S. Schnare, R. N. Schneider, 
Robin Sibson (England), Indranand Sinha, Richard Sinkhorn, D. A. Smith, R. T. Smythe (Eng- 
land), Al Somayajulu, E. R. Sparks, D. E. Tepper, A. M. Vaidya, W. C. Waterhouse, Paul Willig, 
S. V. Witt, Kenneth Yanosko, and the proposer. 


This One Is Eeeeezy 


E 1734 [1964, 1041]. Proposed by Omar Khayyam, Jr., University of Cali- 
fornia, Berkeley 


The functions f and g are defined by the series: 


1 )mtn n ra) Narn 
EE @=oyo— 
n=0 m=0 n=0 m=0 MN! 


Prove that (f(e))9@™ (g(e) OY = 


Solution by D. I. A. Cohen, Student, Princeton University. Interchanging the 
order of summation in both series (they are absolutely convergent), we see 
that f(x) =e-¢~ and g(x) =e* - +--+ from which the desired result follows easily. 


Also solved by A. N. Aheart, W. A. Al-Salam, M. A. Bershad, W. H. Bonney, J. A. Burslem, 
C. G. Denlinger, E. S. Eby, R. V. Esperti, A. C. Fang, J. A. Faucher, Ernest Gore, F. R. Gray and 
R. L. Price (jointly), S. H. Greene, Cornelius Groenewoud, Stephen Hoffman, J. M. Horner, R. F. 
Jackson, Kenneth Kramer, E. S. Langford, W. R. McEwen, Robert Maas, D. C. B. Marsh, M. A. 
Mustafa (England), J. M. Perry, J. R. Purdy, C. R. Rao, V. K. Rohatgi and M. J. Rossin (jointly), 
P. A. Scheinok, Klaus Schmitt, J. J. Segedy, H. D. Shane, Robin Sibson (England), Arnold Singer, 
Richard Sinkhorn, F. C. Smith, Al Somayajulu, R. P. Soni, Sidney Spital, C. A. Tsonis, Vis Upatis- 
ringa, Mary C. Vioni, Van de Vyle, W. C. Waterhouse, Max Wyman, G. M. Yadao (India), K. L. 
Yocom, David Zeitlin, and the proposer. 
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Monotone Multiplicative Number-Theoretic Functions 


E 1735 [1964, 1042]. Proposed by William Emerson, University of California, 
Berkeley 


Determine all real valued functions f defined on the positive integers N 
which satisfy: (1) (m, n) =1 implies that f(mn) =f(m)f(n); and (2) m<n implies 
that f(m) Sf() for all m, nEN. 

Solution by Louis Gordon and Sim Lasher, University of Illinois. Since f(n) 
=f(n-1) =f(n)f(1), either f(1)=0 (and f(m)=0) or f(1)=1 and f(n) 21. We 
henceforth consider only this latter case, so that f(z) #0 for nC N. 

We show below that 

1. If p is a prime, there are sequences {s,} and {t,} for which (s,, £) 
= (ta, p) =1 and 


f(p) = Tim fps» + 1)/f(en) = lim f(pte — 1)/flb). 
pin Pin 


We then use (1) to deduce 
2. If p isa prime and & is a positive integer, then 


fer) = fe) f(P). 


It follows from (2) that fis completely multiplicative. If & is then a fixed positive 
integer other than 1, and 7 and s are positive integers for which n*<k’, then 
{f(m)}es{f(k)}r and f(n)S{f(k)}r/*. Letting r/s—logun, we have f(n) 
s { f(R) } ee * =n with a=log; f(k). Similarly, there are positive integers p and o 
for which n° 2 Rk? and p/o—log; n, so that f(n) 2n*. In other words, f(n) =n2. 

To prove (1), observe first that if (n, p) =1, there are 


n-1-— 2[——| bE = c(p, n) 


multiples xp of » between mv and (n—1)> inclusive for which (x, p) =1. If x is 
sufficiently large, say n> p?, we have 


[(@ — 1)/2] 
| ( | 


c(p, n) = = n/a, 


where a=a() is a positive number independent of n. In the product 
mir +1) f(bn) 
ron (7) f(n) 


there are then at least 2/a factors f(ps+1)/f(ps) with (s, p)=1 and hence at 
least one such factor for which f(psa+1)/f(psn) S { f(p) hal », (f is nondecreasing). 


= f(p), 
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Letting n—o with (n, p)=1 we have 


1 < f(s, + 1)/f(ds) S {f(p)}en— 1 


and, hence, f(psn+1)/f(s,)—1. 
Similarly, for n>p? and (nm, p) =1, there is a positive number B=8(p) and a 


t, between [n/p] and n for which (tn, p)=1 and f(pt,)/f(ptn—1) S {f(p) } Bim, 
But then f(pin—1)/f(tn)—f(P). 


With s, and t, as above and k& a positive integer, observe that 
(p*t}, Sn) = (D*, psn + 1) = (O), th.) = (D, bla — 1) = 
b* (psa tl) >p*t's,, and p*(pt,—1) <p**'t,; we then have 


f(bln — 1) FOP) _ fb + 1) 
fe) FG) fn) 


and (2) follows by letting n—, (n, p)=1. 


Also solved by J. C. Abad, Michael Goldberg, M. G. Greening (Australia), E. S. Langford, 
G. M. Leibowitz, Andrzej Makowski (Poland), Leo Moser, M. G. Murdeshwar, S. L. Segal and 
A. L. Somayajulu (jointly), Robin Sibson (England), and the proposer. 

Two of these solutions simply stated that f(z) =x*. The proposer’s solution was quite similar 
to that of Gordon and Lasher above. All others referred to P. Erdés, On the distribution function of 
additive functions, Ann. Math,. 47 (1946) 1-20, or to L. Moser and J. Lambek, On monotone multi- 
plicative functions, Proc. Amer. Math. Soc., 4 (1953) 544-545. Abad calls attention to the Decem- 
ber, 1963, William Lowell Putnam Examination, Part 1, Problem 2, and several solvers noted that 
Problem 5254 [1965, 84] is the same as E1735. 

Other references offered by Langford or Makowski or Moser: I. J. Schoenberg, On two theorems 
of P. Erdés and A. Renyi, Ill. Jour. Math., 6 (1962) 53-58; M. A. S. Besicovitch, On additive func- 
tions of a positive integer, Studies in Mathematical Analysis and Related Topics, Stanford Univ. 
Press, (1962) 38-41; Ch. Pisot and I. J. Schoenberg, Arithmetic problems concerning Cauchy's 
functional equation, Ill. Jour. Math., 8 (1964) 40-56, and Ill. Jour. Math., 9 (1965) 129-136, and 
Compositio Mathematica, 16, 169-175. 

Langford and Moser point out that Erdés also showed that f(~)=2* under the weaker as- 
sumptions that f is multiplicative and bounded below by 1 and f(n+1)/f(m)--1 as n— &. 

It is perhaps worth noting that the Moser-Lambek solution to this problem arrives at f(n) =n* 
without first deducing that f is completely multiplicative: Treating only the case where f(1)=1, 
observe that for m,n>1 and m*Sasn', 


f@) 2 fm) 2 fl +m +m? +--+ +m) 2 fm +m? + +++ + mF) 
= f(m)f(l +m +m? + +++ +m) 2 +--+ & {fm}, 
and, similarly, f(a) <f(n")Sf(—1—n—n?— + + + —n'-+n"*1) {f(n)} 41. Taking RS logma<k+1 
and l—1 < log, a Sl, and observing that log,s = log s/log r, it follows that 
{ f(m) } 10g m)—2/ (log a) << {f(q)} log a) < { f(y) }1/ Cog n)+2/(log a) 


and hence that {f(#)}1/°¢* is a positive constant for k= 2. If this constant is e*, then f(n) =* (even 
for n=1). 
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ADVANCED PROBLEMS 


All solutions of Advanced Problems should be sent to J. Barlaz, Rutgers—The State Univer- 
sity, New Brunswick, N. J. 08903. Solutions of Advanced Problems in this issue should be 
submitted on separate, signed sheets and should be mailed before April 30, 1966. 


5320. Proposed by R. V. Moody, Toronto, Canada 


Let PG(n, F) be the n-dimensional projective space over the field F. If F 
is finite (character #2) it is well known that in any quadric in the space there 
are embedded subspaces of all dimensions k $4(n —2) if mis even, and k $3(n—1) 
or 4(n —3) if nm is odd. (If 2 is odd there are two types of quadric allowing differ- 
ent maximum values of k.) How many subspaces of each dimension are there 
in each type of quadric? (The quadric is assumed to be nondegenerate.) 


5321. Proposed by Bérge Jessen, University of Copenhagen, Denmark 


Let C denote the class of all pairs (f, g) of continuous functions on the in- 
terval [0, 1| on @, such that 


f Loreal a 


1 
~ (n+ 1m + 1) 


for all pairs (n, m) of nonnegative integers. Each pair (f, g)©@C determines a 
continuous curve (x, y) = (f(é), g(t)), t€ [0, 1], in ®%. Prove that 

(i) The class C is not empty. 

(ii) For any pair (f, g) EC, the set { (f(), g(t)) [te (0, 1]} is the unit square 
[0, 1] [0, 1] in ®?, i.e., the corresponding curve is contained in the square and 
contains all its points. 

(iii) For any pair (f, g)€C, the functions f and g are nowhere differentiable 
to the right in [0, 1) and nowhere differentiable to the left in (0, 1]. 


5322. Proposed by John Brillhart, University of San Francisco 


Let S(n, a) = Dian f(d), where (n, a) =1, f(1) =1, and f(d) =6(d@)/e(@), d>1, 
¢ the totient, and e(d) the exponent to which a belongs mod d. Then show that 
S(n, 2) is odd if m= +1 (mod 8) and is even if n= +3 (mod 8). 


5323. Proposed by Alan Sutcliffe, Congleton, Cheshire, England 


There is a well-known problem in which two ladders rest between two walls. 
The lengths of the ladders and the height above the ground at which they cross 
are given, and it is required to find the distance between the two walls and the 
heights that the ladders reach up the walls. The complete solution when all 
these six quantities are integers is known (Mathematical Gazette, XLVI], 1963, 
133-136). Is there a solution in which the distance between the tops of the 
ladders is also integral, other than the trivial case in which the ladders are of 
equal length? 
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5324. Proposed by Alan Sutcliffe, Congleton, Cheshire, England 


Following Hardy’s visit to Ramanujan at Putney it is well known that 1729 
is the smallest number that is the sum of two cubes in two different ways. 
(a) Show that 3368 is the difference of two cubes in three ways. (b) What is the 
smallest number that is the sum of two positive cubes in three different ways? 


5325. Proposed by D. J. Newman, Yeshwa University and W. E. Wetssblum, 
AVCO Research 


Suppose 0Sce;S1 and >} oc;=2. Prove that all the coefficients of ( > c,x*)” 
are <(*), where g = [n/2]. 

5326. Proposed by C. S. Venkataraman and R. Swaramakrishnan, Trichur 
India 


If o,(m) denotes the sum of the kth powers of the positive divisors of a posi- 
tive integer n and r(m) is the number of positive divisors of n, prove that 


au) = /nk 


7(n) 


5327. Proposed by J. H. Conway, Gonville and Catus College, Cambridge, 
England. 


Show that the group generated by five generators a, b, c, d, e, subject only 
to the relations ab=c, bc=d, cd =e, de=a, ea=5), is cyclic of order 11. 

5328. Proposed by J. H. Conway, Gonville and Catus College, Cambridge, 
England 

Show that the plane may be filled with rational-sided triangles in such a 


way as to use just one of each type. (The triangles should be taken as closed, 
and “filled” means covered in such a way that the overlap has zero area.) 


5329. Proposed by Leopold Flatto, Yeshiva University 


Let w(z) be an entire function such that there exists another nonconstant 
entire function f(z) for which f(z) =f(@w(z)). Show that this implies w(z) =¢z+a, 
where ¢ is a root of unity. 

SOLUTIONS OF ADVANCED PROBLEMS 
Idempotent Element 


3133 [1925, 261; 1962, 237; 1965, 324]. Proposed by A. A. Bennett 
Prove that every finite semigroup contains an idempotent element. 


III. Notes by Albert Wilansky, Lehigh University. The following theorems 
provide a strong generalization for this problem: 

THEOREM I. If a semigroup can be given a compact T2 topology such that mul- 
tiplication is continuous, then it has an identity. 
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THEOREM I]. If the semigroup in Theorem I 1s not a group, then tt has an 
idempotent element which is not an identity. 

These theorems appeared in a Yale dissertation by J. E. L. Peck. See K. 
Numukara, On bicompact semigroups, Math. J. of Okayama University, 1 (1952), 
and A. D. Wallace, A note on mobs, An. Acad. Brasil. Ci., 24 (1952). They were 
employed by J. G. Wendel, Proc. Amer. Math. Soc., (1954) 923-929. 


Rings without Zero Divisors 


5191 [1964, 440]. Proposed by Kwangil Koh, University of North Carolina 


Given that R is a ring without divisors of zero but that R 1s nota right uni- 
form ring. Prove that there is a right quotient ring Q of R which is a primitive 
ring without a minimal right ideal. (If, for arbitrary nonzero elements a, b of R, 
we have akf\0R# {0 , then R is called a right uniform ring. Q is a right quo- 
tient ring of R if Q has a subring isomorphic to R such that to every nonzero 
element q of Q there exist x, yCR such that gx=y+0.) Refer to N. Jacobson, 
Structure of Rings, Amer. Math. Soc. Colloquium Publications, vol. 37. 


Solution compiled from the proposer’s solution and solutions submitted by E. R. 
Gentile, University of Buenos Aires, Argentina, and W. H. Caldwell, Rutgers— 
The State University. Let E be the injective hull of Rr. Johnson and Wong [1] 
prove that (1) Ez is injective, (2) E is regular. It is also proved that if E is 
a sfield, then R is right uniform. We first obtain the following 


Lemna. £ is a simple ring (hence primitive, since 1C E) and every nonzero ele- 
ment of R has a left inverse in E. 


Proof. Let r+0 be in R and consider rE. rx =0 implies that 7(xE(\R) =0, so 
that x =0; hence the map f: rE-E, f(rx) =x, is a well-defined E-map. Since Ey 
is injective, there exists mCE such that f(rx) =mrx for all rxeCrE. In particular 
1=f(r-1)=mr, so that m is a left inverse for r. Now let A be an ideal of E. 
A#}{0} implies ANR# {0}. Hence there is an element of A with a left inverse 
in LE, whence A=E. 

We show now that if E hasa minimal right ideal, then E isa sfield, hence right 
uniform. Let eZ be a minimal right ideal of £, e=e®€E (E is regular). Let 
rCeE(\R, r¥0. Then er=r, and re+0, as in the proof of the lemma. If 7’ is a 
left inverse of r, (1—e)r’re=(1—e)e=0, so that (1—e)r’(reZ) =0. But 04reE 
Ce, so that reH=eE by minimality of e£. Therefore (1—e)r’e=0, so r’eCek. 
Thus 1=7'r=?r'erCekH, and eE=E is a field. The assertion of the problem now 
follows. 


1. Johnson and Wong, Self injective rings, Canad. Math. Bull., 2 (1959) 167-173. 
Mario Petrich points out that a similar result for semigroups is given in P. Dubreil, Algébre 
vol. I, (1954) 269, Th. 1. 
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Multiple Sum-product Identities 
5196 [1964, 440]. Proposed by L. Carlitz, Duke University 


Prove the identities 


co 1—a)(1—ga)---(1— gr 
41) Dre Gl i = : ( — 
ok y TA 9 =) Ia +o, 
— a)(1 — gta) +--+ (1 — grr? 
- -3 Grotto HO 


Solution by the proposer. Consider the sum 


(2)r 
1)r r(r—1)/2 2 
Y (-14 aw." 


r=0 


where (a),=(1—a)(1—ga) - - - (1—q*1a). Since 


(a), = > (—1)8 y Jorvrer, where | | = Dr 
s=0 Ss (Q)s(Q)r—e 
the above sum is equal to 


» (“ygenn > (— 1)* }’ [ere 
r=(0 )e s=0 


asx 8 ce x 
= > g®(s~1)/2 —____. » (—1) eq @-“DP? _ 
s=0 i r=s De 
= Le > (—1) rg) 12 que 
@ s r=0 (Q)r 
= > gon = “Tl (1 — grtex). 


s=0 (q) s r=0 


Thus we have the identity 


3 (—1)rgre-Y (1 — ag)(1 — ag?) + + - (1 — ag?) 
r=0 (1 —g)i-—@)---Q- 9’) 


iva] 


SED, 
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where E(x, q)= [[7., (1—xq"). Letting x= —gq we obtain (1). Replacing first 
q by qg?, and then letting x«=q, we obtain (2). 


Also solved by Sylvan Green and (partially) by Joseph Arkin. 


Some Isometrically Isomorphic Banach Spaces 


5226 [1964, 802]. Proposed by E. O. Thorp, New Mexico State University 


Let S and T be arbitrary point sets. The Banach space /,(S) is the set of 
functions x on S such that «(s) #0 for at most countably many s and such that 
the norm of x, defined by |x| = >/ses |x(s)| is finite. The Banach space 1,,(S) 
is the set of bounded functions x on S with the norm of x defined by |x| 
=SUDses | «(s) |. When is 1S) isometrically isomorphic to 1,,(T)? 


Solution by D. R. Arterburn, Montana State University. Let |.S| denote the 
cardinality of S. Since { es: sES } is a total subset of Jf(S) of least cardinality, 
as is { et: te T} in [3(T), | S| = | T| in order for them to be isometrically iso- 
morphic. 

CasE 1: Real scalars. The unit sphere of 1,(S) has 2-|S | extreme points, 
whereas that of ],,(T) has 2!7!. Since an isometric isomorphism preserves ex- 
treme points, | S| =|7| <2. If |.S| =0 or 1, clear. If |.S| =2, define f: 1,(S) 
—1,.(T) by f(1, 0) =(1, 1) and f(0, 1) =(1, —1) and extend by linearity. 

CasE 2: Complex scalars. Call x=y iff x=ay, | o.| =1. Then the unit sphere 
of 1,(.S) has |S | equivalence classes of extreme points whereas that of |,,.(7) has 
C'Tl if Tis infinite, C'!7!-1if T is finite. Since an isometric isomorphism preserves 
these equivalence classes, 


|S] =| 7] s1. 
Also solved by N. T. Peck, and the proposer. 


Primitive Duo Ring 


5227 [1964, 922]. Proposed by Jiang Luh, Indiana State College, Terre Haute 


Following E. J. Feller, a ring A is called a duo ring if every one-sided ideal 
of A is a two-sided ideal. Prove that a ring is duo and left (or right) primitive 
if and only if it is a division ring. 


Solution by Harsh Pittie, Undergraduate, Swarthmore College. If A is a divi- 
sion ring, then the only ideals are the trivial ones, and they are two-sided. {0} 
is therefore a maximal ideal which is modular, so that ({0}: A) = {0}; hence A 
is a primitive duo ring. 

Conversely, if A is a left primitive duo ring, there exists a modular maximal 
ideal I such that (Z: A)= {0}. If x is an element of J then xACJ; but (I: A) 
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= {0} implies that x is in {0}, so that x=0 and, therefore, T= {0}. Since {0} 
is a maximal ideal, the only other ideal in A is A itself. Since J is modular, there 
exists an element e in A such that for all y in A, ey—y is in J, so that 
(ey—y)A CI; but I= {0}, so that ey=y for all y. Hence A is a simple ring with 
unity and, thus, is a division ring. 

Also solved by W. E. Coppage, A. G. Heinicke, Kwangil Koh, C. C. Lindner, L. M. Perry, 
Indranand Sinha, B. R. Toskey, Bertram Walsh, and the proposer. 


The Partition Function p(n) and Group Representations 


5228 [1964, 923]. Proposed by A. M. Vaidya, University of Colorado 


Prove: If p(w) denotes the number of partitions of 2, then there exist (m) 


integers 71, ° + * , %p(m), NOt necessarily distinct, such that each n,; divides n! and 
p(n) y 


gu] 


Solution M. G. Greening, University of New South Wales, Australia. It is 
known (see e.g., W. R. Scott, Group Theory, p. 331 ff.; also C. W. Curtis and 
Irving Reiner, Theory of Finite Groups and Associative Algebras, pp. 186-7, 236) 
that k(m) integers m, m2, - - + , Meum) exist such that 02” 4?=m, for any group 
of order m. The n; are the degrees of the irreducible representations of the group 
ring and k(m) is the number of classes in the group. Taking the symmetric group 
on 2 symbols, we find k(n) as the number of partitions of n, while m=n!, whence 
the result follows, because the degree of a representation divides the order of 
the group. 

In fact, the additional condition that two, and only two, of the n; are equal 
to 1 holds, by considering that there are exactly two Abelian representations, 
necessarily of degree one, viz. S; and Se, isomorphic to the quotient groups 
Sn/Sn and S,/A, where A, is the alternating group of degree n, which is the 
commutator subgroup of Sy. 


Also solved by L. Carlitz, J. B. Kelly and the proposer. 
It would be desirable to have a number-theoretic solution. 


Rational Function Approximation 


5229 [1964, 923]. Proposed by H. R. van der Vaart, North Carolina State 
College, Raleigh 


Find a rational function of ” with neither numerator nor denominator of 
degree greater than 3 which, for n=6, is less than S, = >."_, (r/n)*, and differs 
from it by at most 7-1075. 


Solution by Ronald C. Read, University of the West Indies. Using the Euler- 
Maclaurin sum formula, 
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[perY (m) — per (ODI, 


n dd 1 © Bi: 
2 20) = J p(s) de + 300) + ac] +O 


where p(x) =(x/n)", we have 


n r\” nfx\n 1 we) Bo; n 2t-Vyn—2tt1 
(7) J, (|) 2 2 (24) mm 


where n“™) =n(n—1)(n—2) -- - (n—m-+1). Thus 


neti 1 ve) Ba; y (24-1) 
S,= — 4 a 
n"(n + 1) 2 ina (27)! nn? 
nN 1 1 n 1 n® 
n+1 2 12 n 30-24 n’ 
n 7 (n—1)(n— 2) 
= + — — ——_—_—— + Xx, 
n+1 12 720n? 
where 
co B F ny 21-1) 
x= >> —. 
i=3 (27) a i 
Now 


Bo, 2M 1 n 1 1 ) 
(24)! (2) grt 324 " 


Hence the terms in X alternate in sign and steadily decrease to zero. Hence X 
is numerically less than 


< < 3.4(10-5), 
6! n> 42-720 
provided this term is not zero, i.e. for n26. 

Thus the rational function is 


Cee eee a eae 


nm+1 12 720n? 720(n?)(n + 1) 


which satisfies the required conditions. 
Notice that this function is exactly S, for n=2, 4, 5; only for n=1 and n=3 
does it differ from S, by more than the specified tolerance. 


Also solved by Mrs. A. C. Garstang, A. W. Johnson, Jr., J. H. van Lint (Netherlands), and 
the proposer. 

Johnson, in his solution, noted that (n—2)/720n?(n+1) <3.5(10-°) for »S6 and therefore 
(1139 -4+422)/720 (n-+1) also satisfies the conditions of the problem. 
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Real Valued Lipschitzian Functions 
5230 [1964, 923], Proposed by J. L. Denny, Indiana University 


Is there a real-valued Lipschitzian function f defined on [0, 1| such that for 
each subinterval [a, b|C[0, 1] the set of yEf[[a, b]], such that f-{y} is un- 
countable, is of the second category in (— ©, ©) and a residual set in f[a, b|? 


Solution compiled from the solution by Solomon Marcus, University of Bucha- 
rest, Rumania, and the proposer’s solution. A theorem due to Marcus (Sur les 
fonctions continues qui ne sont monotones en aucun intervalle. Rev. Math. 
Pures Appl., No. 1, 3 (1958) 101-105) states: Let the real function f be continuous 
on the interval I. A necessary and sufficient condition that f be not monotonic in any 
subtnterval of I 1s that for every interval J contained in I, the set ive f(J) | J(\f-*(y) 
is uncountable} is of the second category in (— ©, ~) and a residual set in f(J). 

An f satisfying the conditions of the theorem may be constructed as follows: 
Let A, B be two disjoint Lebesgue measurable sets, A\VB = [0, 1], such that for 
every (a, b)C|0, 1], AM\(a, b) and BO\(a, b) have positive measure, Designating 
by @m the characteristic function of the set M, put 


f(*) = f [oad — p(t)| di. 


Then f(x) is Lipschitzian, f’(«)=1 on A and f’(«) = —1 on B. This satisfies the 
conditions of the theorem and answers the problem in the affirmative. 

The construction of such functions f(x) may also be found in E. W. Hobson, 
Theory of Functions, vol. II. 


Inversion of Convolutal Sequences 


5231 [1964, 923]. Proposed by H. W. Gould, West Virginia University 


Let x, 2 be real numbers. Prove that each of the following systems implies 
the other: 


n g n — g 
B, = > ( ) saw A, = > ( ) abe 
z=0 \ x=0 \ R 

I. Solution by Murray Klamkin, University of Minnesota. If F(x, 2, k) and 
G(x, 2, k) satisfy 
(1) Dd, F(x, 2, kt 2) G(a, 2, kt = 1, 

k=0 = 

then either of the following systems implies the other: 


(2) Bn = >, F(x,2,k)An-zy An = >, Ba-n2G(x, 2, hs 


k==0 k=0 
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These transform equations follow by direct substitution and noting that 
DGG 5 Fes 8 = 1 
x, &, %,2,5—-k) = 


The special case for the present problem requires 


F(x, 2, k) = @ xh, G(x, 2, R) -(,) x, 
>> F-t = (14+ x0), >, Gt = (1 + xt). 


II. Solution by L. Carlitz, Duke University. A more general result can be 
stated. Consider the linear transformation 7, defined by 


n z 
(1) bn = > ( ) tan (n = 0, 1, 2,°°° )» 
k=0 Rk 


that carries the sequence {a,} into the sequence {0,}; the parameter x is held 
fixed. Let T., carry {ba} into {c,}: 


n /w 
(2) Cn = > ( 2. (n = 0,1, 2,--+-). 
kao NR 
Then 


n fw+e2 
Cn = > ( , ) stone 


k=0 


so that T,4,. carries {an} to {crn}. We have therefore Tu4.2= Tw, ie., the set 
of transformations { T,} isa group isomorphic to the additive group of the reals. 
Clearly T_, is the inverse of T,, which gives the original assertion. 


III. Solutson by John Riordan, Bell Telephone Laboratories, Murray Hill, 
N. J. With the substitutions x-"Ay=dn, x-"B, =bdn, the given inverse relations 


become 
n —F ) g 
EQS) 6B) 
rao \ — k k=od \1 — R 


whose orthogonality relation is 


XC“ Yr.)- E6202) 


as required. These relations are the instance )=1 of 


n bk — k n bk —k bu — k 
(‘ + ) b, = > (— 1)" aie + bn ) on 
k=0 


an = 
n—k 2+ bn—k n—-k 


k=0 
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Also solved by W. A. Al-Salam, P. T. Bateman, M. A. Bershad, A. P. Boblétt, J. L. Brown, 
Jr., R. G. Buschman, N. J. Fine, M. G. Greening, Eldon Hansen, Stephen Hoffman, A. S. B. 
Holland and A. Meir (jointly), J. M. Horner, R. R. Jani¢ (Yugoslavia), E. S. Langford, M. G. 
Murdeshwar, A. G. P. M. Nijst (Netherlands), J. M. Perry, Stanton Philipp, V. K. Rohatgi, Y. P. 
Sabharwal (India), Arnold Singer, Sidney Spital, W. F. Trench, C. A. Tsonis, Benjamin Volk, 
G. M. Yadao (India), and the proposer. 

Horner and Johnson noted that the formulas remain valid if x and z are any complex numbers. 
Brown noted that the result follows from exercise 74, p. 385 of Orthogonal Polynomials by G. Szegé 
(A. M.S. Colloquium No. 23). 


Characterization of Hausdorff Spaces 


5232 [1964, 923]. Proposed by Alan Weinstein, Massachusetts Institute of 
Technology 


A topological space Y has the “unique extension property” if, for any 
topological space X, any two continuous functions from X into Y which agree 
on a dense subset of X are equal. 

Every Hausdorff space has the unique extension property. Does this prop- 
erty characterize Hausdorff spaces; i.e., must a space with the unique extension 
property be Hausdorff? 


Solution by Sim Lasher, University of Illinois. The answer is yes. Suppose, on 
the contrary, that Y is not Hausdorff. Choose distinct 1, ye@ Y such that 
Nn) ON (y2) ¥¢, where N(y1) and N(ye) are arbitrary neighborhoods of y1 and 
yo respectively. Let x,¢ Y and let X = YU {x0}, with a base of X consisting of 
the open sets of Y and all sets of the form { xo tULN (v1) AN (92) |. Let f(x) 
= g(x) =x for xE Y, f(xo) =, g(%o) =y2, and Y does not have the unique exten- 
sion property. 

Also solved by Ethan Akin, W. L. Allen, D. R. Anderson, C. K. Denlinger, John Fournier, 
H. S. Fox, Fred Galvin, Hewitt Kenyon, Norman Levine, R. C. McKinney, M. D. Mavinkurve 


(India), Stewart Robinson, P. S. Schnare, Martin Tangora, L. E. Ward, W. C. Waterhouse, John 
Wenger, F. E. Willmore, and the proposer. 


RECENT PUBLICATIONS AND PRESENTATIONS 


EDITED BY R. A. ROSENBAUM, Wesleyan University 
COLLABORATING Epitors: K. O. May, University of Calif. and E. P. VANCE, Oberlin College 


Elementary General Topology. By Theral O. Moore. Prentice-Hall, Englewood 
Cliffs, N. J., 1964. 174 pp. $5.95. 


The author of this carefully written text states in his preface that he has 
kept in mind especially the undergraduate students who have not yet had ad- 
vanced calculus. Thus, one of his aims is to develop mathematical maturity. 
He has been remarkably successful in his part of the task—the rest is up to the 
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kind of economizing seems excessive, even misleading, as on page 62 (the dis- 
tribution of a random variable is defined for all Borel sets) and on page 191 
(the equivalence of two forms of the strong law of large numbers). 

In fact, these complaints are instances of a general lack of care in style and 
detail, which is hard to excuse in a book bent on economy of words. Too often 
the wording is vague, ambiguous, misleading, or wrong. Examples: page 73, “for 
all x in (a, D) either h’(x) >0 or h’(x) <0,” by which they do not mean that h’(x) 
never vanishes in (a, b); page 83, the Lebesgue-Stieltjes integral “has every 
property possessed by” the Riemann-Stieltjes integral (but not conversely!); 
page 89, omission of the hypothesis of independence from the statement of a 
theorem which obviously needs it. There are sentences which one could simply 
wish had been edited out: “One can wax metaphysical and call..., but of 
course one can also laugh at this point of view,” (page 54). 

When results are presented so extensively without proofs, the reader (and 
his teacher!) need to have rather considerable confidence in the reliability of the 
authors, or do an inordinate amount of work. The user of this book may well 
feel a bit nervous. 

F. CUNNINGHAM, JR., Bryn Mawr College 


Theory of Integration. By Ralph Henstock. Butterworth, London, 1963. 168 pp. 
$4.25. 


In a series of articles appearing in the Journal and Proceedings of the London 
Mathematical Society in 1960 and 1961, the author of this little book defined 
and developed a concept which he called the Riemann-complete integral. This 
book presents the basic properties of this integral, and relates it to previous 
integrals. 

After a brief, historical discussion of earlier integrals, the author gives a 
constructive definition (i.e., using approximating sums), and later a descriptive 
definition (i.e., in terms of its characteristic properties) of his integral. The in- 
tegral so defined possesses all the standard properties. In particular, it is linear, 
nonnegative on nonnegative integrands, and, as a function of its upper limit, is 
differentiable almost everywhere; there is also a theorem on bounded converg- 
ence. 

The text is generally well written, although in places, a little concise, and 
the typography is sometimes crowded. The misprints noted were too few and 
too obvious to create a problem. The exercises range from routine to frustrating; 
they are, however, especially welcome because much of the notation and termi- 
nology will be new to the reader who is not familiar with Henstock’s work. Most 
of the book can be read after a sound course in advanced calculus. 

The author has done a good job of presenting his material in textbook form. 
While one might hesitate to select this book for a course in integration theory 
until the Riemann-complete integral assumes a more prominent role in this 
field, the book might well be used for independent study, especially since it is 
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almost certain to get the student into the journals. The book would make a 
worthwhile addition to any mathematics library. 
-T. P. DENNEHY, Reed College 


Foundations of Geometry. By C. R. Wylie, Jr. McGraw-Hill, New York, 1964. 
338 pp. $8.50. 


This is a very well written book on the foundations of conventional euclidean 
geometry, and is primarily intended for undergraduate teaching majors in 
mathematics, and for use in academic year and summer institutes for teachers 
of mathematics. It can certainly be used by mathematics majors. 

A novel feature of the book is a chapter on four-dimensional euclidean 
geometry. This is a stimulating chapter, and should extend students by just 
the right amount in their quest for geometric experience. There is also a good 
chapter on plane hyperbolic geometry, and a final chapter on a euclidean model 
of the hyperbolic plane. 

Felix Klein, in his lectures to school-teachers, would tell them that they 
needed to know something about non-euclidean geometry, because this is what 
the man in the street would always ask them about, and the teachers should be 
able to answer. This, of course, is not the reason for studying non-euclidean 
geometry nowadays. The man in the street may even be asking different ques- 
tions in the nineteen-sixties. If he is asking about the axiomatic method, the 
first chapter in this book is a very good introduction to this topic. 

I have noted with interest and approval that the author expects his students 
to be literate. There are many exercises which consist of extracts from books 
which mention mathematical topics, and the student is asked to comment, 
which he can hardly do without writing something on the subject. I wonder what 
kind of essays Prof. Wylie receives in response to such mathematico-literary 
assignments, 

The format and production of the book are excellent, and it should ad- 
mirably fulfil the purpose for which it was written. 

D. PEDOE, University of Minnesota 


Aufgabensammlung zur Infinitesimalrechnung. Band I: Funktionen einer Vari- 
ablen. By A. Ostrowski. Birkhauser, Basel and Stuttgart, 1964. 336 pp. with 
9 fig. 38.50 Sw. fr. 


This collection of problems forms a companion volume to the revised edition 
(1960) of the first volume of Professor Ostrowski’s three-volume text on calculus. 
The first edition of the book appeared in 1945 and was reviewed by the present 
reviewer (Bull. Amer. Math. Soc., 52 (1946) 798-799). In the revised edition, 
which was reviewed in Bull. Amer. Math. Soc., 67 (1961) 336-337, the problems 
were all taken out, and they now appear separately in the volume under review. 
Some problems have been modified, and a number of wholly new problems have 
been added. The book is divided into three parts: Problems, Hints, and Solu- 
tions. The problems occupy 126 pages, and are accompanied, section by section, 
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errors introduced into it (through previous computation) will be greatly ampli- 
fied in the solution of the subproblem (which may then become initial data for 
further computation). 

Chapter 2 contains error analyses for the evaluation of truncated power series 
and polynomials, a discussion of the condition of zeros of polynomials and a 
series of error analyses on zero finding procedures including the methods of Bi- 
section, Newton, Polynomial Deflation, Root Squaring, and Bairstow. All of 
these methods involve recursive procedures which, with perfect operations, are 
independent, in their regions of convergence, of initial values, and are, therefore, 
self correcting. Notwithstanding these properties, however, the accuracy of such 
a recursive method is not necessarily comparable to the accuracy of an iteration 
because of round off and ill conditioning problems. 

Chapter 3 is especially noteworthy and divided into two main parts, one 
dealing with solving linear systems and inverting matrices, the other with eigen- 
value computations. The first part includes a discussion of matrix norms; error 
analyses of matrix multiplication and vector orthogonalization. Then the condi- 
tion of a linear system is discussed and the method of Gaussian elimination and 
variants are analyzed for solving linear systems and inverting matrices in a se- 
quence of subanalyses. These subanalyses consider the reduction of linear 
systems to triangular form, solving triangular linear systems (with both single 
and double precision inner product operations), a discussion of left and right 
numerical inverses (they are surprisingly interchangeable), an analysis of 
Cholesky’s method for inverting positive definite matrices and its generaliza- 
tion, and finally the use of an approximate inverse in an iterative procedure. 

The remainder of Chapter 3 considers eigenvalue computations. The condi- 
tion of eigenvalues is discussed, and then methods of estimating the accuracy of 
a proposed eigenvalue and eigenvector are developed. An error analysis for the 
calculation of eigenvectors of a tri-diagonal matrix with known eigenvalues is 
given (this handles the general case with known reductions). Finally, an analysis 
of the determination of éigenvalues of a lower Hessenberg matrix by the method 
of Hyman is given. 

Dr. Wilkinson is a very clear writer and has supplied a profusion of numeri- 
cal examples worked out in decimal arithmetic. The work is accessible, with 
some diligence, to almost any level of background expected in a practicing nu- 
merical analyst. And, as indicated above, the rewards will merit the diligence 
required. Much of the material of this book has been taken from notes and 
papers prepared separately and the organization and some repetition shows in 
this. This is not all deficit, however, because the various analyses can be studied 
almost independently once a few basic ideas are grasped from the first chapter. 

Haran D. Mitts, International Business Machines Corp. 


Interpolation and Approximation. By Philip J. Davis. Blaisdell, New York, 1963. 
x+393 pp. $12.50. 


The author is well known for his work in interpolation and approximation 
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and this informative and well written book reflects his interests and pedagogical 
abilities. The book is a wonderful text book and can be read profitably by a 
beginning student with a modicum of knowledge of real and complex variables 
and matrix theory. There are 14 chapters in all. Chapter 1 is introductory in 
nature and contains basic material from matrix theory and linear algebra, real 
variables, complex variables and integration theory. Chapter 2 deals with 
polynomial interpolation. Chapter 3 is on remainder theory, Chapter 4 on con- 
vergence theorems for interpolatory processes, and Chapter 5 on infinite inter- 
polation. Chapter 6 is on uniform approximation and treats such topics as the 
Weierstrass approximation theorem and the Bernstein polynomials. Chapter 7 
is on best approximation, and Chapter 8 on least squares approximation. The 
elementary properties of Hilbert spaces are discussed in Chapter 9, and Chapter 
10 is devoted to orthogonal polynomials. Chapter 11 deals with closure and 
completeness, Chapter 12 with orthogonal functions, Chapter 13 with degree of 
approximation and Chapter 14 with approximation of linear functionals. There 
is an appendix on orthogonal polynomials, giving tables of the Tschebyscheff 
and Legendre polynomials. 

A vast amount of material is treated in this book but the author observes 
that it is only a small part of the information available. The author does not 
hesitate to give complete definitions for concepts which might not be familiar 
to a beginning student. In addition, complete proofs of important theorems are 
given. The book is consequently somewhat leisurely for the professional mathe- 
matician, but it is never tedious. The author’s delightful literary style serves to 
maintain the reader’s interest by such remarks as “Zorn’s Lemma. Today a 
mathematics book without this lemma would be like an 18th century gentleman 
without his sword.” 

There are many excellent problems, chosen to develop the skill of the reader. 
The book is a valuable source book in the areas of interpolation and approxima- 
tion and deserves a place in the library of the working mathematician, as well 
as in that of the numerical analyst. 

Morris NEWMAN, National Bureau of Standards 


A Sophisticate’s Primer of Relativity. By P. W. Bridgman. Wesleyan University 
Press, Middletown, 1962. 191 pp. $4.50. 


This is an interesting book, like the earlier books by Bridgman. It is ad- 
dressed to the philosopher of science or to the interested layman. The modern 
physicist or applied mathematician, who is familiar with the theory of special 
relativity, will occasionally find a new and stimulating thought; on the whole, 
however, he will have known before what the author says. Adolf Griinbaum has 
written a short prologue and a long epilogue, which discusses and compares the 
points of view of Bridgman and Reichenbach. 

ALFRED SCHILD, The University of Texas 
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Complex Numbers and Conformal Mappings. By A. I. Markushevich. Pergamon 
Press, New York, 1963. 53 pp. $1.50. 


This booklet is based upon a lecture given by the author to high school stu- 
dents. It “aims at acquainting the reader with complex numbers and elementary 
functions of them...” using ideas no more sophisticated than geometric in- 
tuition and the angle-preserving properties of the conformal maps, (i) 2’ = (g—a) 
/(2—b), (ii) 2’ =2? and (hence) the Joukovsky function (iii) 2’ =4(z+1/z). No 
proofs are given. 

The presentation is clear, the translation reads well and the text is free of 
misprints. Except for sections 27-34, which appear rather crowded and tedious, 
the author’s exposition is well-motivated and expertly done. 

J. L. GoLpBERG, University of Michigan 


NEWS AND NOTICES 
EDITED BY RAouL HAILPERN, SUNY at Buffalo 


Readers are invited to contribute to the general interest of this department by sending news 
items to Raoul Hatilpern, Associate Secretary, Mathematical Association of America, SUNY 
at Buffalo (University of Buffalo), Buffalo, New York 14214. Items must be submitted at 
least two months before publication can take place. 


PERSONAL ITEMS 


Professor Francis P. Egan, State University College of New York at Oneonta, repre- 
sented the Association at the inauguration of William L. Gragg as President of Fulton- 
Montgomery Community College on May 18, 1965. 

University of Bridgeport: Professor W. G. Brady, Washington and Jefferson College, 
has been appointed Bernhard Professor of Mathematics and Chairman of the Depart- 
ment of Mathematics; Associate Professor Martin Lipschutz, Fairleigh Dickinson 
University, has been appointed Professor. 

Professor H. W. Alexander, Earlham College, has been appointed Chairman of the 
Department of Mathematics at University College, Nairobi, Kenya, Africa. 

Mr. D. R. Baker, Melpar, Inc., Falls Church, Virginia, has accepted a position on the 
technical staff of Wolf Research and Development Corporation, College Park, Maryland. 

Dr. L. E. Blumenson, University of Chicago, has been appointed Senior Cancer 
Research Scientist at Roswell Park Memorial Institute. 

Assistant Professor L. R. Bragg, Case Institute of Technology, has been promoted 
to Associate Professor. 

Associate Professor B. F. Bryant, Vanderbilt University, has won the 1964-1965 
Madison Sarratt Prize for excellence in undergraduate teaching. 

Associate Professor John Dyer-Bennet, Carleton College, has been promoted to 
Professor. 

Professor Melvin Henriksen, Purdue University, has been appointed Head of the 
Department of Mathematics at Case Institute of Technology. 
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Assistant Professor J. P. King, Lehigh University, has been promoted to Associate 
Professor. 

Associate Professor G. J. Minty, University of Michigan, has been appointed Pro- 
fessor at Indiana University. 

Mr. Herbert Nadler, Manhattan Life Insurance Company, New York, New York, 
has been promoted to Assistant Actuary. 

Dr. Katharine E. O’Brien, Deering High School and University of Maine, Portland, 
has been awarded an honorary degree of Doctor of Humane Letters by Bowdoin College. 

Assistant Professor Richard Rodgers, Earlham College, has been appointed Chair- 
man of the Department of Mathematics. 

Mr. Steven Rosencrans, Massachusetts Institute of Technology, has been appointed 
Assistant Professor at Tulane University. 

Professor Alberto Saez has been appointed Head of the Physics Department of the 
Universidad Central de Venezuela, Caracas, Venezuela. 

Dr. H. W. Vayo, Harvard University, has been apppointed Assistant Professor at 
the University of Toledo. 


Mr. L. J. Adams, Santa Monica City College, died on April 24, 1965. He was a 
member of the Association for 31 years. 

Mr. R. A. Bach, State University of New York at Binghamton, died on February 
25, 1965. He was a member of the Association for 8 years. 

Professor Emeritus W. E. Brooke, University of Minnesota, died on December 22, 
1963. He was a charter member of the Association. 

Professor José Gallego-Diaz, Universidad Central de Venezuela, Caracas, died on 
February 16, 1965. He was a member of the Association for 17 years. 

Mr. R. L. Huckins, Beech Aircraft Corporation, Wichita, Kansas, died on October 
3, 1964. He was a member of the Association for 13 years. 

Mr. A. F. Payton, South Orange, New Jersey, died on April 21, 1963. He was a mem- 
ber of the Association for 15 years. 

Mr. G. C. Wolf, Washington, D. C., died on December 24, 1964. He was a member 
of the Association for 6 years. 


THE JOURNAL OF THE FRANKLIN INSTITUTE PREMIUM 


The Journal of The Franklin Institute, the oldest continuing scientific publication in 
the United States, founded 1826, announces the founding of a special JouRNAL PREMIUM 
in the amount of $1000. It is to be awarded annually to the author of the outstanding 
paper published in the JouRNAL during the preceding year, The award will be presented, 
in general, to the recipient of the Louis E. Levy Medal. 

Established in 1923, the Levy Gold Medal is awarded by The Franklin Institute “to 
the author of a paper of special merit published in the JOURNAL, preference being given 
to one describing the author’s experimental and theoretical researches in a subject of 
fundamental importance.” 

The Journal of The Franklin Institute accepts contribution in all traditional branches 
of mathematics and the physical sciences, pure and applied, as well as in interdisciplinary 
fields or composite sciences that combine the philosophies of two or more disciplines. 

Consideration for the JOURNAL PREMIUM will be given for the first time to papers 
published during the calendar year 1965. 


Query: Mr. H. Lonpon, Pennsylvania State University, McAllister Building, Uni- 
versity Park, Pa. 16802, requests information from anyone on the solvability of the 
Diophantine equation y?=x?--k, 
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BELFER GRADUATE SCHOOL OF SCIENCE—YESHIVA UNIVERSITY 


The fourth Annual Science Conference sponsored by the Belfer Graduate School of 
Science will be held on November 15 and 16, 1965 at the Hotel Astor in New York City. 
The sessions are open to all who wish to attend and admission is free. The schedule of the 
program will be: 

Monday, November 15th—Physics: Professors Feza Giirsey, T. D. Lee, A. S. Wight- 
man, P. W. Anderson, E. E. Salpeter, and G. C. Wick. 

Tuesday, November 16th—Mathematics: Professors B. M. Dwork, C. E. Shannon, 
P. A. Smith, Kenkichi Iwasawa, G. D Mostow and Richard Brauer. 

The annual award for distinguished service to science will be presented by the Belfer 
Graduate School of Science at that time. 


MATHEMATICAL ASSOCIATION OF AMERICA 
Official Reporis and Communications 


APRIL MEETING OF THE IOWA SECTION 


The fifty-second regular meeting of the Iowa Section of the MAA was held at the 
University of Dubuque on April 23, 1965. Chairman Robert V. Hogg presided. Total 
attendance was 89, including 49 members of the Association. Routine business was con- 
sidered during the afternoon meeting. 

A report of the Iowa 1965 high school mathematics contest was given. The contest is 
sponsored by the Des Moines Actuaries Club. 

The following officers were elected: Chairman, Donald E. Sanderson, Iowa State 
University, Ames; Vice-Chairman, Charles M. Lindsay, Coe College, Cedar Rapids; 
Secretary-Treasurer, Earle L. Canfield, Drake University, Des Moines. The following 
papers completed the Program: 


A report of the MAA Cooperative Summer Seminar of 1964, by E. R. Mullins, Jr., Grinnell 
College. 

A report of the first MAA Cooperative Summer Seminar for college teachers of mathematics 
held at Cornell University, Ithaca, N. Y., for eight weeks in the summer of 1964. The purpose, the 
structure and the subject matter of the seminar are the essentials of the report. 


Central automorphisms of a finite p-group, by A. D. Otto, State University of Iowa. 

Suppose that G is a finite p-group. The order of the group A.(G) of central automorphisms of 
G is studied to help determine when the order of G divides the order of A.(G)-I(G), where I(G) is 
the group of inner automorphisms. Attention is centered on those non-abelian p-groups which 
have no non-trivial abelian direct factors. For such a group G, A,(G) is a p-group and the order of 
A,(G) is between p? and "* where #” is the order of the center and * is the order of the factor com- 
mutator group. 


Function spaces of invertible spaces, by S. A. Naimpally, Iowa State University. 
This will appear as a note in the MONTHLY. 


Complete normality, the long line, and products, by D. E. Sanderson, Iowa State University. 
The long line is completely normal (75) and its product with an interval, though not Ts, is 
surprisingly close to it. Any uncountable product of intervals contains a long line and a half-open 
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GOALS FOR MATHEMATICS INSTRUCTION 
R. C. BUCK, University of Wisconsin 


In recent years, the mathematical community has been well supplied with 
articles and brochures which set forth detailed recommendations for curricula 
and courses, both at the college level and for K-12. More often, the suggestions 
which follow a title such as the one above have been very specific, saying such 
things as: “The number line should be done before fractions,” or “In linear 
algebra, one should treat matrices after one has discussed linear transforma- 
tions,” or “The central core of grades 1-5 should be Naive Set Theory and an 
introduction to formalized Intuitionistic Logic.” 

In the remarks to follow, I wish to present some goals which are less specific 
and I hope more universally applicable. They are intended to be more or less 
independent of courses or content; some may help to supply an answer to the 
person who asks: “Aside from its technological importance, what are the educa- 
tional values of mathematics?” 


Goat 1: To provide understanding of the interaction between mathematics and reality. 


The point here is one that has been said many times, but I feel it is important 
enough to repeat the plea, [1]. 


“Regardless of his ultimate interests and career, a student of mathematics 
ought to understand something about the way in which mathematics is used 
in applications, and the complicated interaction between mathematics and 
the sciences. For many mathematicians, engaged in pure research, contact 
with other sciences may be infrequent; they are apt to see their subject as 
one that is largely self-sufficient, breeding its own sub-disciplines and creat- 
ing its own research problems with only occasional stimulus from outside. 
Others who are more directly involved in neighboring disciplines may find it 
difficult to agree with this position, and indeed may lay great stress upon the 
role of the physical sciences as a source for mathematical ideas and tech- 
niques.” 


These apparently opposing views are, of course, merely two sides of the same 
coin, and it is certainly not fair to a student to present only one. Continuing the 
same quotation: 


“What is then the role of mathematics in the sciences? We think that mathe- 
matics offers the scientist a vast warehouse full of objects, each available as a 
model for various aspects of physical reality.” 


By ‘model,’ we do not mean the plaster form on the shelf but a mathematical 
structure which represents one of the possible abstractions from the concrete 
problem. The model can be a system of differential equations, or a group with 
its associated representations, or a differentiable manifold. A wide variety of 
illustrations may be found in the September 1964 issue of Scientific American, 
devoted to “Mathematics in the Modern World.” 
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Finally, there is a philosophical question which must be posed. Why is 
mathematics useful? The physicist E. P. Wigner addressed himself to this in an 
article [12] with the title: “The unreasonable effectiveness of mathematics in 
the natural sciences.” From our ‘mcdel oriented’ point of view, a possible answer 
can be given [1]: 


“The richness and diversity of this supply [of mathematical structures] are 
central reasons for the importance of mathematics; another is that—along 
with these objects—mathematics offers a system for using the models to 
help raise or answer questions about physical reality, as well as techniques 
for exploring the behavior of the models themselves.” 


Goat 2: To convey the fact that mathematics, like everything else, is built upon intuitive 
understandings and agreed conventions, and that these are not eternally fixed. 

Ever since Euclid, students have been reminded that mathematics rests upon 
a collection of undefined terms and accepted axioms. It is perhaps less often 
pointed out that we must also agree upon a system of deduction. (Anyone in 
doubt about the last point should reread what the Tortoise said to Achilles! 
[2]). At the same time, however, I think we should point out the flexibility of 
these starting points, and that dogmatism in mathematics is not a virtue. An 
instance can be found in the notions of function and set. 

During the last decades of the 19th century, mathematics went through a 
period of intensive self-examination and purification in the attempt (ultimately 
vain) to achieve a complete codification of its foundations. The notion of ‘set’ 
was selected as a basic undefined term. The rules of the game then require you 
to impose a collection of axioms, and then to define all later concepts in terms 
of the primitive ones. The purpose here is not primarily mathematical but 
philosophical. As mathematicians, we operate in a world of entities whose exist- 
ence and properties we understand on the intuitive level. The approach of the 
formalist is to construct models for these entities within a selected system (say 
‘set theory’) which mimic the platonic ideas in our mind, and then to propose 
these models as definitions for the concepts themselves, thus identifying the 
model with the object. 

It is this process which led to the statement which has been so fashionable 
in the last several decades (mostly in very elementary books): “A function is a 
certain sort of class of ordered pairs.” Indeed, if this is done in the proper 19th 
century spirit, one should also define the ordered pair (a, b) to be the set 
{ {a, b } ; ja} } , and it does not take much effort to see that a formalized presen- 
tation of analysis in this fashion is not very rewarding. A function of two vari- 
ables becomes a class of pairs ((a, b), c), each of which has the set description: 


Lttta Of, Lash, oS, thle, bf, taps yy. 


For example, it is tedious to check that another correct description of (a, b), c) 


7 {Ef}, fa, B}}}, (Efabs fa, b} fo}. 
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While there are times when it is necessary to work with formal models for 
‘ordered pair’ and ‘function,’ most mathematicians find it far easier to leave 
these unformalized, and to treat both ‘set’ and ‘function’ as independent primi- 
tive concepts, defined only by their properties; the collection of ordered pairs 
associated with a function is then the graph of the function, and is regarded as 
something you construct from the function, not the function itself. In support 
of this position, Saunders MacLane recently wrote [7]: 


“For effectiveness in teaching mathematics, it would be more in order to 
follow a balanced approach, using the intuition of both ‘set’ and ‘function.’ 
Unfortunately, recent American reformers of elementary mathematics teach- 
ing have been over-zealous in propagandizing the notion of set. This has led 
to elementary books grossly overemphasizing sets (and logic). This over- 
emphasis should be reversed: for example, one should no longer preach that 
a function ts a certain sort of set of ordered pairs.” 


But, students should also know that this is not the only possible axiomatiza- 
tion of the foundations of mathematics. In his 1925 thesis [10], von Neumann 
proposed an alternate development in which “function” is the primitive con- 
cept, and “set” is derived. Moreover, it should also be pointed out that recent 
work in category theory has revived interest in these matters, and that it now 
appears that another fruitful approach [5] is to adopt “morphism” as the basic 
primitive. The moral is that there is no single approach, and that coming gener- 
ations may adopt different views about the axiomatics of mathematics, but that 
the test is whether they agree with our intuitive picture of mathematics, not 
whether they are ‘right’ in some absolute sense. 


Goat 3: To demonstrate that mathematics is a human activity and that its history is marked 
by inventions, discoveries, guesses, both good and bad, and that the frontier of its growth is 
covered by interesting unanswered questions. 

We speak here of the historicity of mathematics. Examples from the past 
can be given which make this clear, and which show individuals at work and the 
nature of their contributions. There is, for instance, Decartes’ invention of the 
exponential notation for integral powers, followed by the emotional need to 
attach meaning to a” for general choices of x which led to a considerable amount 
of research work culminating in the general treatment by Euler in 1750 which 
allowed complex x. Another illustration is to be found in the work of Hamilton 
who tried for ten years to solve the problem of making appropriate definitions 
of multiplication and addition so that 3-space became a division algebra, and 
who at last took the leap into 4-space and discovered quaternions [3]. The effect 
of Hilbert’s 1900 speech on the directions of mathematical activity in the half 
century which followed is again such an illustration [4]. (In this, it is also inter- 
esting to speculate upon the effect of this speech, had Hilbert himself not been 
one of the major contributors to mathematics during this same period.) 

We all recognise that it is difficult to present problems of current interest 
to an unsophisticated audience. In certain areas, however, this can and has been 
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done, and it is important for the future development of mathematics and its 
status in the world that more attention be given to exposition of this sort. 


Goat 4: To contrast “argument by authority” and ‘“‘argument by evidence and proof”; 
to explain the difference between ‘‘not proved’ and ‘‘disproved,’? and between a constructive 
proof and a nonconstructive proof. 

In many fields of study, questions are settled by citation of authorities, and 
even by oratory and polemic. In the sciences, one more often finds argument 
which is based upon evidence, and is inductive or deductive in structure. 
Throughout all its history, mathematics has made “proof” itself a subject ol 
study, and has a special contribution to make. 

Let us examine a special situation. Suppose someone asks: “Is it possible 
to ...,” where the blank is to be filled with some specific objective. In many 
areas of human concern, the answer may have to be: “No, that is impossible; 
assuming, of course, that our present understanding of the world is correct.” 
(Unfortunately, too often the last qualification is omitted.) 

As I have indicated, answers of this sort must be tzme-bound. Answer for 
yourself, each of the following: 


1845 Can you see through a sheet of metal? 
1950 Can argon form chemical compounds? 
1965 Can you transmit information at a speed faster than light? 


In mathematics, it seems possible for many questions to provide eternally 
negative answers. In 1965, we do not know how to square a circle; we believe, 
in fact, that we can prove that no one will ever be able to square the circle. We 
also believe that we can prove that no one will ever be able to find integers x, y, 2 
such that «?+y3=32', xyz+0. Fermat’s conjecture, of course, remains “not 
proved.” 

For many people, a more interesting example is to be found in the so-called 
Arrow Paradox. (No relation to Zeno.) The problem posed is to obtain a com- 
pletely fair method for arriving at a group consensus ranking of a set of alterna- 
tives when one has been given a collection of individual rankings of these alter- 
natives. (Each judge has ranked the beauty queen contestants from 1 to 10; 
what should the final ranking be?) Being objective about this, we list a set of 
criteria which any admissible system should satisfy. (For example, if each judge 
ranks contestant C higher than contestant D, then the group ranking should also 
place C higher than D, although the interval need not be the same.) Having 
completed this, we seek those group ranking schemes which satisfy the criteria. 
The paradox is that, in spite of the apparent utter reasonableness of the criteria, 
there is no admissible solution! Here, again, we prove that no one will ever ar- 
rive at a completely ‘fair’ system for deciding such matters [6]. 

I also feel that the typical non-constructive proof of existence is peculiar to 
mathematical thought, and that it is therefore important for students to be 
made aware of this consciously at some time. En passant, it should be remarked 
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that the recent argument which was used in nuclear physics to deduce the exis- 
tence of a particle by the absence of interactions sounds a lot like this mode of 
proof! 


Goat 5: To demonstrate that the question ‘‘Why?” is important to ask, and that in mathe~ 
matics, an answer is not always supplied by merely giving a detailed proof. 

Suppose we have just finished proving an interesting and perhaps somewhat 
surprising result. Is it meaningful to ask why it is true? In many cases, I think 
it is, and that a correct answer may not be to repeat the proof just given. What 
I would hope for is an insight which illuminates the entire matter, which goes 
to the heart and lets the student see why the whole result came out as it did. 
Such insights are seldom unique, for one may look at a situation from many 
viewpoints. 

Perhaps several illustrations will explain what I mean. In number theory, 
Euler’s generalization of Fermat’s theorem asserts that if ¢ is relatively prime 
to m, then 


c#(™) = 1 (mod m). 


For me, the clarifying insight is that the integers between 1 and m which are 
prime to m form a multiplicative group. Since the order of this group is ¢(m), 
the Euler relation becomes an instance of Lagrange’s theorem on groups. 

As another illustration, suppose we have just shown by the usual process 
that the real and imaginary parts of a holomorphic function obey the Cauchy- 
Riemann equations. Is there a viewpoint which makes this look sensible? For 
me, the following has been helpful. Suppose the function is given by f: zw, 
with zg=(x, y) and w=(u, v). The differential of this mapping is represented by 


the matrix 
Ou S| 
ox oO 
=! 4, oe ) 
aw 4 
The Cauchy-Riemann equations assert: 0u/dx=0v/dy and 0u/dy= —0v/0x. 
Looking at df, this means that the matrix has the form 


A B 
y= - i: 


The illuminating insight is that matrices of this form are precisely those which 
arise in the representation of the complex field as an algebra of real 2-by-2 
matrices. (The actual connection is made by re-examining the nature of the 
differentiation process for complex valued functions.) 

Finally, the change of variable formula for multiple integrals in elementary 
calculus is made more transparent for me by the following observations. Sup- 


954 GOALS FOR MATHEMATICS INSTRUCTION [November 


pose that T is an orientation preserving homeomorphism of class C’, defined in a 
region R in m-space, and let D be a compact quadrable set in R, and D* its image 
under 7. Let f be a continuous function defined on D*. We want to understand 
why it is true that 


i Lae i -f wae J sr@e dxydx%_- + + dxXn, 


where J(x) is the Jacobian of T at x. 
First, introduce a set function F for suitable sets SCR by 


F(S) = Lak f. 
T(S) 
(Note that we want to calculate the value of F(D)). As a general rule (the 
fundamental theorem of calculus), set functions are the integrals of their de- 
rivatives. If g is the point function which is the derivative of the set function 
F, i.e. 


a FS) 
8 (#0) = hm vol (S) ) 


where the limit is taken as the set S closes down on xo, then we would have for 


any set S, 
roy= fo: fs 
s 


(Looking at the answer, we want to show g(x) =f(T(x))J(x).) If To) =o and 
S is closing down on xo, then T(S) is closing down on yo. When 7J(S) is small 
enough, f is essentially constantly f(yo) on T(S), so that F(S) is approximately 
f(yo) vol(T(S)). This gives us 


vol (T(S)) . 


8(%0) = foo) lim —~ (s) 


Now, the differential of T, dT, is a linear transformation which gives a local 
approximation to 7. Linear transformations alter the volumes of sets by a 
multiplicative factor, namely their determinant. But, the determinant of dT is 
J, sO we arrive at 


_ . J (0) vol (S) 
g(x%o) = f(yo) lim Val) 


= f(L(x0))F (0). 


(In a simplified form, and with the details supplied, this approach is to be found 
in [1], 300.) 
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Goat 6: To show that complex things are sometimes simple, and simple things are some- 
times complex; and that, in mathematics as well as in other fields, it pays to subject a familiar 
thing to detailed study, and to study something which seems hopelessly intricate. 

The physical sciences have made much of their progress by repeating older 
experiments with greater and greater precision. In a similar way, progress in 
mathematics has often been made by re-examining some apparently well-worked 
vein with totally new tools and viewpoint. 

Surely, the nature of the real numbers system and the elements of calculus 
are sterile ground! The classical work of Weierstrass and others succeeded in 
erasing the embarrassing unrigor of Leibnitz and Cauchy, and we know where 
we stand. Nevertheless, those with an ear to the ground and an eye on Mathe- 
matical Reviews know that “infinitesimals” have once more crept out into the 
open, and with new and impressive credentials! The subject of nonstandard 
analysis owes its origin to recent work in mathematical logic, model theory, and 
the study of syntactical descriptions. The nonstandard reals not only have 
infinitesimals, but also their reciprocals, and we can construct tangents in non- 
standard calculus by drawing secants through points which are infinitely close! 
Moreover, it even seems possible to work within nonstandard analysis and ob- 
tain solutions to previously unanswered problems. If significant new results in 
classical mathematics continue to emerge from beneath the cloak of this heresy, 
it may become necessary for us to re-examine the nature of the elementary cal- 
culus we teach in colleges. (See [8] and [9].) 

In another direction, the amorphous collection of all social games must 
surely seem an unlikely arena in which to employ the tools of mathematics. The 
simple steps by which von Neumann analysed this, to emerge at the end [11] 
with the common abstraction of a game in normalized form, about which certain 
general statements could be made, is a perfect example of the last sentence in 
Goal 6. Another example on a much simpler level occurs when a student replaces 


(= -- *) 1 24? + 5 


x+i1 


“+ i rs 
by 
y+ ay + 4 
in order to obtain the simplification 
(2a + 2” + 7)? 
(e+ 1)? 


In another sense, the same pattern occurs whenever one divides out the 
radical of an algebra to get something one may hope to work with more easily, 
postponing the analysis of the radical and the original algebra until later. In 
applications, it often pays to isolate certain components of a complex structure 
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and study their interaction, before attempting to investigate the internal struc- 
ture of each of the components. 

I hope by these remarks that I have succeeded in showing that mathe- 
matics need be neither austere nor remote, that it has relevance for almost all 
human activities, and that it can be of value to any sincerely interested person. 
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A CLASS OF INTEGRAL EQUATIONS 
A. G. MACKIE, Victoria University of Wellington, New Zealand 


In a recent paper Buschman [1] solved the integral equation 


(1) J Pa(=) ste ae = 100, 


X00 


where x>1 and P, is a Legendre polynomial. In a later note Erdélyi [2] gave 
a more direct proof of the inversion formula with fewer restrictions on the func- 
tion f(x). These papers prompted the author to examine whether it would be 
possible to solve the integral equation (1) when the limits in the integral are from 
0 to x instead of 1 to x. Because of the singularity at «x» =0 there will need to be 
certain restrictions on the f and g functions to ensure convergence of the integral 
but once these are met it is in fact possible to solve for g(x) explicitly. Moreover, 
the solution is valid for any real value of ~ and not merely for positive integral 
values. 
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A very similar integral equation can arise in the following way. Let us con- 
sider the equation 
0°o 2N 06 06 


2 —— + —_———_ = 0 
2) or? Yr or Ot? 


which may be thought of as the generalized radially symmetric wave equation in 
2N-+1 variables. Formally, however, we do not need to take 2N integral. If 
Cauchy data 


dp 
o=0 — = g(r 
ary g(r) 
are given on t=O, then the solution at a point (70, to), where 0 Sty) S7p, is given by 
Riemann’s method as 


1 ro+to 
b(7o, to) = — R(x, 95 ro, to) g(r) ar, 


To—to 


where R(r, ¢; 70, to) 1s the Riemann function for equation (2). In particular when 
to =o we have 


(3) mr) =f (=) Py-s (=) cea, 


since this is the form (see, for example, Copson [3]) to which the Riemann func- 
tion reduces when ¢=0 and t)=7o. If O(70, ro) is regarded as known, then (3) is 
essentially the integral equation (1) for the unknown function g but with the 
lower limit on the integral 0 instead of 1 and with the argument of the Legendre 
function inverted. 

The manner in which this integral equation has arisen suggests the method by 
which it can be solved. We are given ¢, say ¢=f(r), on the characteristic r=t 
and also we are given that 6=0 on ¢=0. We seek the unknown function g(r) 
which is the value of 06/0? on ¢=0. We can find g(r) by setting up the char- 
acteristic boundary value problem for ¢ in which ¢=f(r) on r= and ¢= —/f(r) 
on r= —1, thus satisfying 6 =0 on t=0 automatically by symmetry. This bound- 
ary value problem also can be solved by using the Riemann function and the 
result of differentiating with respect to t and then setting t=0 is the solution of 
the integral equation. 

We now proceed to the details. Equation (2) was used to supply the motiva- 
tion but we can now establish a more general result. Moreover, the details are 
less cumbersome if we work throughout in characteristic co-ordinates. Accord- 
ingly, we shall consider the self-adjoint equation 


2 


p 
+ ¢(x, yo = 9, 


4) Oxdy 
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where c(x, y) is a function of « and y for which 
(S) c(y, %) = c(x, 9). 


The Riemann function R(x, y; Xo, yo) of equation (4) will satisfy equation (4) as 
a function either of x, y or of Xo, yo. It is unchanged when x is interchanged with 
xo and y with yo simultaneously. Finally R has the value unity when «=X» for 
all y and when y=¥yp for all x. 

If Cauchy data 


(6) ¢=0, ~~ 7 = 2g(x), 
y 


are given on y=x, x«>0, where the factor 2 is included for later convenience, 
then the solution at a point (%o, 0) is given by a standard application of Rie- 
mann’s method in the form 


(7) fle) = J " R(2, #3 0, O)g(x) de. 


Let us now consider the boundary value problem in which ¢@=f(x) on 
y=0 («>0) and d= —f(y) on x=0 (y>0). Because of (5), symmetry ensures 
that 6=0 on y=x. This characteristic boundary value problem also can be 
solved by Riemann’s method and the solution is 


6(%0, Yo) = J Re 0; x0, yo)f' (x) dx — J -r0, V3 Xo, Yo)f (y) dy. 


We must now form 0¢/0x)»—0@/0yo and equate this to 2g(xo) from (6). Con- 
tributions will come both from the limits and from differentiating the integrands. 
When use is made of the existing symmetry we obtain 


lan) =n) + f° | (S$ - ) Rl 05 a 90) 


f'(«) dx, 
OXo OY0 0 


Your 
since R(%o, 0; Xo, %9) =1 by definition. This, then, is the solution of the integral 
equation (7). The class of integral equations thus solved is formed by the set of 
Riemann functions of equations such as (4) provided (5) is satisfied. We illus- 
trate by two examples, the first of which leads to the solution of our original 
equation involving Legendre functions. 

If c(x, y) = —n(n+1)/(x+y)2, where 1 is a constant, it can be shown [3] 
that the Riemann function is 


2(% — ao) (y — ol | 


R(x, v3 Xo, = P,<it+ 
(95 oy Ye) (% + y) (a0 + 0) 


Thus the associated integral equation (7) becomes 
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(9) fos) = f° P.(~) g(x) de 


and the solution (8) gives 
1 ”0 Xo 
a(t) = f'n) +— fp'@yPs (=)as 
Xo wv oO xX 
or 


1 x9 
(10) g(%o) = =| 


0 0 


P, (=) { 22f’"(a) ++ 2af’(a)} de 
Xx 


on integration by parts. Equation (10) therefore gives the solution of the integral 
equation (9). If we write 


d 
(11) F(x) = wife) + 2af!(@) = — faf'(@)} 
and G(xo) =x%g(xo) we obtain from (10) a second integral equation 


Ga) = J ”p, (=)re dx 


which differs from (9) in that the argument of the Legendre polynomial is in- 
verted and is really equation (1) with the lower limit 1 replaced by 0. By (9) the 


solution of this is 
x9 x \ G(x) 
f(%) = f P,, (= ; ax 
0 Xo xX 


or, from (11) after some simplification, 


F(a) = < Fo Pr, (=) { &G" (x) — G(«)} da. 


As a second example we select c(x, y) =m*, where m is a constant. The equa- 
tion which results is the equation of telegraphy or, with suitable variable 
changes, the damped wave equation and the Riemann function [3] is 


R(x, y; 0, Yo) = Jol 2mv/[(xo — x) (yo — y)]f- 
When the necessary substitutions are made in (7) and (8) we recover the result 
that the solution of f(«) = [Io {2m [x(x0—x) |} g(x) dx is 
1 *0 /} / 
gts) = — f “Fol 2mV/ [lem — 291} x7") + f'@)} ae 
0 0 


We have assumed in the previous work that the functions f and g are bounded 
and differentiable as required. In practice the restrictions on them are fairly 
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obvious since the requirements for the various integrals to exist are easily worked 
out from the asymptotic forms of the Legendre and Bessel functions. The 
formulae which involve f’’(x) can be written in forms which do not require f(x) 
to be twice differentiable. 

Finally we note that a further class of integral equations and their solutions 
is obtained by replacing the boundary conditions (6) by 


dp 
b = g(x), —- T= 
xX 


The characteristic boundary value problem has now ¢=f(x) on y=0(x>0) and 
6=f(y) on x=O0(y>0). 

Since completing this note the author has become grateful to Professor Erdélyi for sending him 
the typescript of a paper which is shortly to appear in the SIAM Journal. In this paper the tech- 
niques of fractional integration are used to solve an integral equation involving Legendre functions 
and a special case of this is one of the results contained here. In a note appended to Professor 
Erdélyi’s paper are to be found some interesting references to work involving integral equations of 
this general type. The method used in the present note does not appear to have been considered 
by any of the authors of these various papers. 
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FURTHER REMARKS ON CONCENTRIC POLYGONS 
DAVID MERRIELL, University of California, Santa Barbara 


1. Introduction. An article on concentric polygons, defined as polygons 
which have the same centroid, appeared recently in this Monruty [7]. There 
is a considerably larger literature on this subject than was indicated in that 
article. The purpose of this paper is to give some of the history of the subject 
and to state some additional theorems concerning particular polygons which 
should be of interest to teachers of elementary geometry. 


2. Historical background. The earliest known theorem concerning concen- 
tric polygons was that the midpoints of the sides of any quadrilateral are the 
vertices of a parallelogram. According to Tropfke, this theorem was first re- 
corded by Varignon in 1731. It seems likely, however, that it was known to the 
Greeks. The next theorem to be discovered was that the centers of equilateral 
triangles, constructed either inwardly or outwardly on the sides of any triangle, 
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are vertices of an equilateral triangle. Although this theorem has been credited 
to Napoleon Bonaparte, there seems to be no definite historical evidence for 
this attribution. Two proofs of the theorem appeared in 1863 in [5] and another 
in 1870 in [6]. 

The key to the generalization of these theorems and to the discovery of 
many new properties of elementary geometric figures in the nineteenth century 
lay in the development of vector methods. Although forgotten today, the first 
of these was the method of equipollences invented by the self-taught Italian 
mathematician Giusto Bellavitis in 1832. His work was translated into French 
and popularized by C. A. Laisant and others. It particularly influenced the 
work of French and Belgian geometers of the time. Essentially, the method in- 
volves the use of complex coordinates to represent points in the plane. 

In 1877, Laisant published an application of the method of equipollences to 
polygons [8]. The results for the triangle and quadrilateral were: (1) If P, QO, R 
are the centers of squares constructed on the sides AB, BC, CA of any triangle, 
then the segments AQ and PR are perpendicular and equal in length, and sim- 
ilarly for the segment pairs BR, PO and CP, OR; (2) The centers of squares 
constructed on the sides of any quadrilateral are vertices of a quadrilateral 
whose diagonals are perpendicular and equal in length. (The first theorem may 
be considered a special case of the second where two of the vertices of the given 
quadrilateral coincide.) These theorems were proved about the same time by 
H. van Aubel of Antwerp [1] and by J. Neuberg of Liége [11]. They were also 
included in 1891 in a paper by Collignon [3] who apparently was unaware of 
their earlier appearance. Among other theorems in this paper was Theorem 4 
of [7]. 

The idea of constructing similar triangles on the sides of a general polygon 
goes back at least to 1870 [6]. The general case was discussed by Laisant in 
[8, 9] who observed the concentric property of the polygon of vertices of the 
triangles. The general theorem which was attributed to Douglas in [7] was 
actually first proved by K. Petr of Prague in 1905 [14] using complex coordi- 
nates. Theorem 3 of [7] first appeared in [16]. 

The bibliography given in [7] and in this paper indicates the interest in 
these problems. There are doubtless other sources which should be included for 
completeness. 


3. Pentagons. In the sections which follow, an u-gon with vertices P,, 
Po, “+ + , P, will be denoted by II or by {P;}. The notation of [7] will be used. 
In particular, P; will designate both the vertex and its representation in the 
complex plane. Any subscripts exceeding ” are to be reduced modulo nz. The 
proofs which are given illustrate a general method of proof. 


THEOREM 1 (Douctas). Let | P;} be any pentagon. Designate the median of 
the triangle P;1P;Pj41 from the vertex P; by P;M;. Shorten each median to Q; by 
1/+/5 times its length so that Q;M;=P,;M;/-+/5. On the sides of the new pentagon 
{Q;} construct isosceles triangles outwardly with vertex angle 712°. The vertices of 


962 FURTHER REMARKS ON CONCENTRIC POLYGONS [November 


the isosceles triangles form a regular convex pentagon. If the medians are lengthened 
by 1/+/5 times their length and isosceles triangles with vertex angle 144° are con- 
structed on the sides of the new pentagon, the vertices of the isosceles triangles form 
a regular star pentagon. 


THEOREM 2 (Douctas). Let |P;} be any pentagon and define the median of 
the pentagon from P; to be the segment joining P; to the midpoint M; of Pjs2P j43. 
Extend each median to Q; by 1/+/5 times its length, so that M;Q;=P,;M;/V/5. On 
the sides of the new pentagon {Q;} construct isosceles triangles with vertex angle 
72°. The vertices of the triangles form a regular convex pentagon. If the medians are 
shortened by 1/+/5 times their length and tsosceles triangles with vertex angle 144° 
are constructed on the sides of the new pentagon, the vertices of the triangles form a 
regular star pentagon. 


Proof. Since 
M; = (Pie + Pi+s)/2, 
Q; = Mj + (M; — Pi)/VS = (Pia + Pits) + -V5)/10 — P/V. 


The construction of isosceles triangles on the sides of 1Q;} is the construction of 
the c-derived polygon | R;} for c=(1—7 cot 36°)/2. If a similar construction 
with inward isosceles triangles of vertex angle 72° is carried out on the sides of 
| R;} and the resulting vertices coincide, then | R;} is a regular convex penta- 
gon. The second construction is the derived polygon 1S j} for €=(1+i cot 36°)/2. 
Thus 


Sj = (1 —¢ — €+ 66)Q; + (6 + & — 26) Qj41 + CEQj42. 
Since cos 36°=(1++/5)/4, one can verify that c€=(5++/5)/10. Substituting 
for Q;, Qjz1 and Qj. and simplifying, using Pj4; = P,;, one finds that S; 
=()> 2, P;)/5. Thus the vertices of 1 S;} coincide in the centroid of | P;h. A 
similar calculation establishes the second part of the theorem. 


4, Hexagons. 

THEOREM 3 (LAISANT). On the sides of any hexagon, construct isosceles tri- 
angles outwardly with vertex angle 120°. The vertices of these triangles form a new 
hexagon. The midpotnts of the diagonals joining opposite vertices of the new hexagon 
form an equilateral triangle. 


Proof. Let the given hexagon be | P;t. The new hexagon is 10;} where 
O;= €EP;t+eP ja1 and c= (1 —i/+/3)/2. The midpoint of 0;Qj43 is 


M; = (QO; + Qj+s)/2 = [6(P3 + Pits) + c(Pia + Pita)]/2. 
On the sides of the triangle | M il, construct inwardly isosceles triangles of 
vertex angle 120°. The vertices are given by 
N; = ¢M; + €Mj41 
[ce(Pj + Piz2 + Pays + Piys) + (c? + 0) (Pina + Pya)|/2. 
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Since c¢=1/3 and c?+@=1/3, N;=(>02., P,;)/5, and | M;} is equilateral. 


THEOREM 4 (ZACHARIAS). On the sides of any hexagon, construct equilateral 
triangles outwardly. The vertices of these triangles form a new hexagon. The mid- 
points of the sides of this hexagon form a third hexagon whose main diagonals are 
equal and intersect at 60°. (The order of the two constructions can be reversed.) 


Proof. Let the given hexagon be | P;} =I and the third hexagon be | R;} 
=Ii,,4 where c= (1 —7+/3)/2 and d=1/2. Then R;= (€Pj;+PjyitecP jy.) /2. Using 
the relations c€=1 and é?= —c, the main diagonals are Rj43— Rj = €(Rjy2—Rj-1). 
Since | é| =1 and multiplication by ¢ induces a rotation of 60°, the diagonals are 
equal and inclined at 60°. 


THEOREM 5 (Douatas). Let Ii be any hexagon and obtain the hexagon II’ by 
taking the midpoints of the sides of II. Obtain a third hexagon II"’ by taking the 
centroids of the triangles of consecutive vertices of II’. Then the vertices of equi- 
lateral triangles constructed on the sides of II'’ form a regular hexagon. (The order 
of the three constructions can be permuted.) 


5. Octagons. 

THEOREM 6 (LAISANT). Construct squares outwardly on the sides of any octa- 
gon. Their centers form a new octagon. Let {M ;} be the midpoints of the four main 
diagonals of the new octagon. The diagonals of the quadrilateral | M j;} are per- 
pendicular and equal in length. 


Proof. Let the given octagon be | P;} . The centers of the squares on its sides 
are O;= €P;+cPj41 where c=(1—1)/2. By definition 


M; = (Qi + Qita)/2 = (CP3 + Pina + CPin4 + CPi 48)/2. 
Then 
M j42 — M; = [é(Pit2 + Pie — Ps — Piss) + c(Pyas + Pinr — Pina — Pi4s)]/2. 


Since 1é= —c and €=1¢, it follows that M,— M,=1(M3— ™M;). Hence MoM, and 
MM; are perpendicular and equal in length. 


6. The centroid of an n-gon. The constructions in Theorems 1 and 2 give 
methods for obtaining concentric polygons which are different from c-derived 
polygons. A general construction which includes these as special cases is given 
in the next theorem. 


THEOREM 7. Let | P;} be any n-gon and let M; be the centroid of the k-gon 
P j4mP j4m,* * * Pim, where Rin, m;20, j-+m; 1s reduced modulo n if greater 
than n, and the points Pj4m, ave distinct. Extend P;M; to Q; by r times its length. 
Then the n-gon {Q;} is concentric with | P;}. 


Proof. By the construction, 0;=M;+r(M;—P, =(1-4+7r)(>oh, Pim) /P 
—rP;. Then 
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La=a+n(e Le) /e-rLr= drs 


j=l 


If complex values are allowed for 7, then the construction of the c-derived 
polygon is a special case of the above construction for R=1, M;=Pjs1, and 
r=c—1. 

An interesting application of this construction occurs in the next theorem. 


THEOREM 8. Let I= {P;} be any n-gon and let M; be the centroid of the 
(n—1)-gon obtained from IL by omitting the vertex P;. Shorten the segment P;M; to 
O; by 1/n times tts length, so that Q;}M;=P;M,/n. Then all the points Q; coincide 
an the centroid of II. 


Proof. Here r= —1/n and k=n—1, so 


Q;= (1 - 1/0) (LP) / 1) + Pla (2) /m 


This theorem is a generalization of the theorem that the centroid of a tri- 
angle is located on the median at a distance which is 1/3 of the length of the 
median from the midpoint of the side of the triangle. The theorem gives a simple 
construction for locating the centroid of any n-gon | P;} in 2—1 steps: 

(1) Locate the midpoint C; of P1P2. 

(2) Locate the point C, on CiP3 such that CiC2= CiP3/3. 

(3) Locate the point C3 on C,P, such that C,C3= CoP 4/4. 

Continuing this construction, we see that the point C,_1 on Cy_-2P, such that 
Cy—2Cn—1= Cn—2P,,/n is the centroid of {P;}. 
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A NOTE ON DIMENSIONAL ANALYSIS 
RUDOLF KURTH, Michigan State University 


The method of dimensional analysis for establishing quantitative physical 
hypotheses has received attention again and again. Two recent outstanding con- 
tributions to the clarification of its foundations are the papers of Brand [2] and 
Drobot [3]. The present note tries to combine the latter’s axiomatical approach 
(in Section I) with the former’s simple algebra (in Section II) which, I feel, be- 
comes more perspicuous by the logarithmic notation used in this note. Some of 
the axioms are similar to Birkhoff’s “Assumptions” in his book [1]. 


I. Axioms. 


1. “Physical quantity” is taken as an undefined primitive notion. 
AxioMS: I.1. The positive real numbers are physical quantities, the nonposttive 
real numbers are not. 


1.2. In the set Q of all physical quantities a binary operation 1s defined which 1s 
called “multiplication” (and denoted correspondingly) and with respect to which O 
1s a commutative group. For positive real numbers the operation is identical with 
their numerical multiplication. 


Examples: angle, area, velocity, etc. 

The exclusion of the nonpositive numbers, though not necessary, appears 
both mathematically convenient and physically appropriate —“measurement,” 
in a strict sense, can only yield a positive number as its result. 

- 2. Thus, if g isa physical quantity and a isa positive real number, then ag is 
a physical quantity. Any two physical quantities g and 7 for which qr is a 
positive real number are said to be “comparable.” Comparability is an equiva- 
lence relation and defines, therefore, a partition of the set Q into classes 
Ci, Co, +++ of comparable physical quantities. The set of all these classes is a 
homomorphic image of the group Q and, therefore, a commutative group itself. 

3. Let u be any fixed physical quantity belonging to the class C, and q be 
an arbitrary physical quantity of this class. Then wu is called a “unit” of (the 
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physical quantities belonging to ) the class C, and the positive real number 
\=qu-' is said to be the “measure” of ¢ (with respect to the unit u). The units 
form a group which is isomorphic to that of the classes C. 

4. Let u and @ be any two units of the same class C, and A and 2d be the 
measures of a physical quantity g of the class C with respect to these units. Then 


u = TU, 
where 7 is a positive real number, and 
N= 7X, 


5. Axioms: IIL.1. In any class C of physical quantities a binary operation 1s 
defined which 1s called “addition” (and denoted correspondingly). C 1s closed under 
this operation which 1s commutative and associative. 


11.2. If qand r are any two physical quantities belonging to the same class and 
sas any third physical quantity, then 


(q+ r)s = qs + rs. 


6. Axioms: III.1. If any two powers of a physical quantity q with distinct ex- 
ponents belong to the same class, then q 1s a real number. 


I1.2. There ts a finite set of distinct classes Bi, Bo, + + +, Bs of physical quan- 
tities of the following kind. Let bi, bo, - ++, bs be units of these classes, and u be a 
unit of any class C. Then the transformation of the units b: 


bs = Taba, o=1,2,---,5s, 
where the r’s are any positive real numbers, implies the transformation 


_ ay a ae, 
UuU= 7172 *°**TstU 


of the unit u where the a’s are constant real numbers which are specific for the 
class C of the unit u. 


The s-vector (a1, @, - + - , &) is called the “dimension” of the class C, or of 
the physical quantities of the class C, with respect to the basis | Bu, Boy +++, B,} , 
The set of all dimensions is an s-dimensional vector-space; it is a homomorphic 
image of the group of units. 

_7 The unit transformations 
. ay ag 
“= 71 °+*T,U 
form an s-parametric transformation group operating on the units of any given 
classes; i.e., if | Ci, (Oy } is a given finite or infinite sequence of classes and 
\u1, Us, °° } is a corresponding sequence of units, w,@C;,, then the group of 
unit transformations operates on the set of all {w, m,---} with u,CCy. 
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There is, by Section 4, an isomorphic group, I’, of “measure transformations,” 
VIZ. 


= 7, +':T, X. 


8. Axioms: IV.1. Jf there 1s a functional relationship between the physical 


quantities G1, Ja, °° * » In, and these quantities only, then it can be given the form 
o(1, Aas re) An) = 0, 

where @ 1s a numerical function of the measures M1, de, +++, An Of the physical 
quantities qi, do) °° * 1 Qn (with respect to a given system of units 1, U2, ++ * , Un). 

IV.2. Such a relationship dQ1, - + +, An) =0 is invariant under the group T of 
measure transformations, 1.€., f PQ, +++, An) =O and 

i, _ aids a tT. Noy po 1, cy n, 
then 
o(A1, my Xn) = 0, 


Axiom IV.1 may appear as self-evident: when the units have been fixed, any 
relationship between physical quantities can be only one between their measures. 
It seems that Axiom IV.2 also is sometimes taken as a matter of course: but I 
do not think that it is. It is conceivable that a relationship 


o(\1, a) \n) — 0, 


referring to given units, is only a special case of the relationship 


P(A, ° ° +, Xnj tay ° ° - 5 tn) = 0 
holding for arbitrary units. Hence, first, [V.2 is independent of IV.1, and sec- 
ondly, it needs a justification. It seems that this can be given only by physical 
experience. 
Axioms I-III describe the algebra of physical quantities, and Axioms IV 
may be considered as an exposition of the notion of a physical law. 


II. The Pi Theorem. 

9, Dimensional Analysis is an application of the Axioms I, III and IV (with- 
out IJ). Its basic problem reads: to determine all the possible functional rela- 
tionships between z physical quantities qi, ge, --°, Qn of given classes Ci, Co, 

-, Cyt i.e., to determine all the equations 


p(A1, Xo, rs) An) = 0 


which are invariant under the group I. 
It is convenient to introduce the following definitions: 
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G11 °° * Aig log Al log T1 


) ) 


A = e ° ) 4 4 e y = 
Qnl °° * Ans log An log Ts 
v(x) = b(A1, sy An). 


Thus all the equations y(x) =0 are to be determined which for arbitrary y and 
&=x—Ay imply that p(%) =0. 

10. The solution of this problem is given by the following variant of the Pi 
Theorem as formulated by Brand [2]: 

Let 7 be the rank of the Xs “dimension matrix” A, and 


Ay A 
A= | 11 "| 
Aoi Ao 
be a partition of it, such that Au is a nonsingular r Xr matrix; let 


x 
[2] > 2 
v2 Vo 


where x; and y; are 7-columns, and x(z) be an arbitrary function of the variable 
(1—r)-column gz. Then, any equation of the form 
—1 
X (He — AuAn %1) = 0 
is invariant under the group I’. Conversely, if an equation (x) =0 is invariant 
under I’, then (by a suitable choice of 1) it can be put in the form x(z) =0, where 
2 =X —AyAj'*1. 
For the proof of either statement Brand ’s identity 
—1 
Ag» = AgAr A1p 


is used [2]. It is a necessary and sufficient condition that the matrix A have 
the rank r. The first part of the theorem is shown by direct verification. As to 
the second part, note that Y(#) =0 or 


70 — Aiy1 — oe) _ 9 
2 Aoiy1 _ A o9'Vo 


for,any y implies that 


0 
v( (0) ) 
xv Any. — A see = 0, 


where y is defined by 


(0) 
v1 — Ay - A12Veo = 0. 
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Hence, by substituting for y in y(---)=0 and applying Brand’s identity, 
the second assertion of the theorem is obtained. 

11. One of the so-called “paradoxes of dimensional analysis” [3] occurs when 
r=n. Then Aon =0, Ao=0, x2=0 and the invariance of the equation W(x) =0 
implies that ¥() vanishes identically; i.e., there is no (genuine) invariant rela- 
tionship between the physical quantities. 

Other “paradoxes” have successfully been cleared up by Drobot and Brand 
in their papers quoted. 
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TWO-DIMENSIONAL HONEYCOMBS 
M. N. BLEICHER anp L. FEJES TOTH, University of Wisconsin 


The honeycomb of hive-bees consists of prismatic cells having regular hex- 
agonal openings while the bottom is closed by three equal rhombuses. The cells 
are situated between two parallel planes filling the space bounded by them with- 
out interstices (Fig. 1). 


Pappus tried to explain the hexagonal shape of the bee-cells by the fact that 
among the regular plane-fillers of equal area (i.e., among the regular triangle, 
quadrangle and hexagon) the hexagon has the least perimeter. Since generally 
the depth of a cell is considerably larger than the diameter of its opening, the 
bottom makes only a small contribution to the surface-area of a cell. Therefore, 
the observation of Pappus implies that the shape of the bee-cells are favorable 
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from the point of view of minimizing the surface-area and thus the wax used in 
constructing a cell of given volume. 

In the 18th century, interest turned to the problem of choosing the rhom- 
buses at the bottom of the cells so as to make the surface-area of the cells as 
small as possible. The result, which amazed the mathematicians and natural 
scientists, was that, in close accordance with the real shape of the bee-cells, the 
rhombuses must meet in an angle equal to 120° [1]. 

After these preliminaries it is reasonable to formulate the isoperimetric 
problem of the bee-cells as follows [2]: Divide the space bounded by two parallel 
planes of given distance d into congruent convex cells of given volume v with a 
distinguished face called its base. Each cell has its base on one of the two planes 
and has no face in common with the other plane. Consider the cells as open ves- 
sels, the surface-area of which is composed only of the area of the internal walls. 
Find the cell of least surface-area. 

Obviously, this problem cannot be considered as being settled by the above 
results. For in the traditional “solution” first the question of the most econom- 
ical cross-section (opening), then the question of the most economical bottom- 
figure are considered separately (both under further special conditions). This 
is of course by no means justified and it is interesting to note that for all values 
of d and v we know better cells than those of the bees [3]. The problem seems 
to be rather difficult, and it has not been solved as yet. 

In this paper we concern ourselves with the analogous two-dimensional prob- 
lem. We define a two-dimensional honeycomb, shortly a comb, as a set of con- 
gruent convex polygons, called cells, lying in a parallel strip without overlapping 
and without interstices in such a way that 


1. Each cell has a side, called base (or opening) on one line bounding the 
strip, but does not have sides on both lines. 
2. In the congruence of the cells, their bases correspond to each other. 


The distance between the parallel lines is the width of the comb. 

First we shall give an enumeration of all combs. This will enable us to solve 
the isoperimetric problem concerning combs, i.e., to select from all polygons of 
given area generating a comb of given width the one of least perimeter. 

We call a comb whose cells have common points with both lines bounding 
the strip a reduced comb. The enumeration of the combs rests on the remark that 
the cells of a reduced comb are triangles. 

+ In order to see this we note that in a reduced comb each cell has exactly one 
point on one of the lines bounding the strip. If this point is C, we denote the cell 
by co (Fig. 2). If AB is the base of cg then the cells adjacent to cg (and meeting 
at C) are c4 and Cp. Since the cells are convex, AC and CB are common sides of 
ca and Cg, and cg and cz, respectively. Thus cg is the triangle ABC. 

Now we consider a nonreduced comb. Let / and m be the lines bounding the 
comb. Let J’ be the line parallel to / and nearest to it which has common points 
with cells having their bases on m. In a similar way we define m’ (Fig. 3). Since 
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Fic. 2 Fic. 3 


the cells lying along / are congruent in a base preserving manner, they are either 
translates or mirror images of one another with respect to a line perpendicular 
to 1. Obviously, the same holds for the parts of the cells lying between / and I’. 
Furthermore, since these partial cells are convex and they fill the strip bounded 
by J and /’ without overlapping and without gaps, they must be parallelograms. 

If /’ and m’ do not coincide, the part of the comb between 1’ and m’ is a re- 
duced comb and its cells are triangles. If, on the other hand, l’ and m’ coincide, 
the cells are parallelograms. Thus we can state the following 


THEOREM 1. A cell of a comb 1s etther a triangle or a parallelogram or the union 
of a triangle and a parallelogram. 


In the last case the base is the side of the parallelogram opposite to the tri- 
angle. 


Fic, 4 Fic. 5 


Obviously, any convex polygon of one of the above types generates a comb. 
The comb is uniquely determined if the cell is a triangle, except (1) a right tri- 
angle having a leg as base (Fig. 4), or the union of a triangle and a parallelogram, 


Fic. 6 


except (ii) a right triangle and a rectangle adjoining to a leg (Fig. 5), or (iii) an 
isosceles triangle and a nonrectangular parallelogram adjoining to the base 
(Fig. 6). There are exactly two combs in case (iii), a denumerable set of combs in 
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Fic. 7 


each of the cases (i) and (ii), a continuous set of combs if the cell is a rectangle 
(Fig. 7), and two continuous sets of combs if the cell is a nonrectangular paral- 
lelogram (Fig. 8). 


Fic. 8 


Before considering the isoperimetric problem, we note that between the 
width w of a comb, the area a of a cell and its base-length b we have the relation 
2a=bw. This is obvious if the cell is a triangle or a parallelogram. If the cell 
consists of a triangle and a parallelogram, we transform it into a parallelogram 
of the same base and area and observe that it generates a comb of the same width 
as the original cell (Fig. 9). This relation enables us to consider cells of given 
base-length b generating a comb of given width w, instead of cells with given 
area. 


Fic. 10 


We start with pentagonal cells. To minimize the perimeter, we can restrict 
ourself to a cell composed of a rectangle and an isosceles triangle. If the length 
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of a “vertical” side equals }w—x (Fig. 10), then the total length ¢ of the internal 
sides is 


i= w— 2x+ V(b? + 162). 


The condition of a free minimum is 


dt ye 1H ng we y/|(2) ee) 
in V(b + 16s] » le, 24 = | r x? |. 


This means that the angles of the cell different from a right angle must be 120°. 
In view of 4w—x>0, this condition is fulfilled only if b<+/12w. If b2-V/12w 
the best cell is a triangle. This completes the proof of 


THEOREM 2. Among the cells of given area generating a comb of given width the 
cell having the least perimeter 1s either an isosceles triangle having an angle =120° 
at its apex or a pentagon composed of a rectangle and an tsosceles triangle having an 
angle equal to 120° at its apex. 
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HISTORICAL NOTE ON A RECURRENT 
COMBINATORIAL PROBLEM 


WILLIAM G. BROWN, University of British Columbia 


1. In two forthcoming papers [45, 46] the author enumerates dissections 
of the disc into triangles and quadrangles. These results generalize a much studied 
problem whose history will be described briefly in this paper. 

A dissection of the disc will be a cell complex whose polyhedron is the closed 
disc B®, (The reader who is unfamiliar with this concept can consult, for example, 
Chapter I of Riemann Surfaces by L. Ahlfors and L. Sario, Princeton Univ. 
Press, 1960.) 

It will be required that 


a) every edge be incident with two distinct vertices (called its ends); 

b)‘no two edges have the same ends; 

c) every vertex be incident with at least two edges; and 

d) every edge not in the boundary of B? be incident with two distinct faces 
(2-cells). 


Alternatively, a dissection of the disc can be thought of as a map on the 
sphere from which one face whose boundary is a simple polygon is removed; 
(cf. for example, Chapter 21 of Introduction to Geometry by H. S. M. Coxeter, 
Wiley, 1961; or Chapter 3 of Generators and Relations for Discrete Groups by 
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H.S. M. Coxeter and W. O. J. Moser, Springer, 1957). Conditions a) to d) will 
be retained. 

A dissection is rooted if an edge in the boundary of B? is oriented and desig- 
nated as the root. 

Two rooted dissections will be said to be ¢somorphic if there exists a homeo- 
morphism of B? with itself carrying vertices and edges of one dissection respec- 
tively onto vertices and edges of the other, and preserving the root (including its 
orientation). 

A dissection will be said to be of type |, m], if 


(i) each of its faces is incident with exactly k edges; 
(ii) exactly x of its vertices lie in the interior of B?; 
(iii) exactly m+ of its vertices lie in the boundary of B®. 


Fig. 1 Fic. 2 


Examples of dissections of types [4, 2]; and [6, 0], are shown in Figures 1 
and 2 respectively. The number, up to isomorphisms, of rooted dissections of 
type [n, m], will be denoted by D™,. In [45, 46] it is shown that 


(3) 2(2m + 3)l(4n + 2m + 1)! 


(1.1) Drm = 
(m + 2)lm!n!(3n + 2m + 3)! 
(1.2) Deon= 362 + Gn F 8p Ft (m even; p = m/2) 
| (2p + 3)!pln!(2n + 36 + 4)! def 
0 (m odd) 


for 220, mZ0. 

Zz. The problem of computing the number of ways of dissecting a convex 
polygonal region into triangular regions by means of its diagonals appears to have 
been first posed by Euler to Segner, who developed a recurrence for the numbers 
which we have denoted by D?),. In his memoir on the subject [2] Segner in- 
cluded a table of values of D§?, for m<18; because of an unfortunate computa- 
tional error, however, the values for m>11 were incorrect. This latter fact was 
pointed out by Euler, who published the correct values for m<23; Euler also 
stated without proof the equivalent of our formula (1.1) for 7=0, viz. 
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@) (2m + 2)! 
(m + 1) Km + 2)! 


0,m — 


The more general problem of computing the number of dissections of a con- 
vex n-gonal region into m-gonal regions by means of its diagonals was posed by 
Pfaff to N. von Fuss, who generalized Segner’s recurrence [3]. 

The Euler-Segner problem reappeared in the years 1838-1839 in a series of 
papers in Liouville’s Journal [4-10 inclusive] in which it was solved in various 
ways, notably by Binet, who used generating functions, and Rodrigues, who 
provided a very elegant direct solution. The Pfaff-Fuss problem was again con- 
sidered in [11, 12, 13]. 

Numerous authors have observed [5, 7, 21, etc.| the equivalence of the 
Euler-Segner problem with the following algebraic problem: In how many ways 
can a product of factors be interpreted in a non-commutative non-associative 
algebra? This latter problem and its generalizations are posed periodically in 
the Problems section of this Monruty [23, 24, 27, 32, 35, 43] and have also 
been considered in [18, 22, 25, 28, 29, 30, 36, 38, 39, 40]. 

The equivalence of the Euler-Segner problem to yet other algebraic and 
combinatorial problems has been demonstrated in [21, 26, 30, 31, 34, 41, etc. |. 

Generalizations of the Pfaff-Fuss problem (still involving dissections of a 
polygonal region by its diagonals) have been considered in [19, 20, 31]. Further 
generalizations (allowing internal vertices) were considered at great length by 
Kirkman [14, 15, 16, etc.] who developed numerous recurrences in an attempt 
to enumerate polyedra (sic). 

The accompanying bibliography (undoubtedly incomplete) traces the ap- 
pearances of these problems in print in chronological order of publication. The 
author will be indebted to any reader who can supply missing references. 
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ON SOME PROPERTIES OF SHORTEST HAMILTONIAN CIRCUITS 


L. V. QUINTAS, St. John’s University, Jamaica, New York and 
FRED SUPNICK, City College, City University of New York 


1. Introduction. In this paper proofs are given of the following “folk theo- 
rems.” 

By the covertex class of a polygon is meant the class of all polygons having 
the same vertex set as the given polygon. 


THEOREM 1. A spherical or planar polygon which 1s shortest of tts covertex 
class and whose vertices are noncogeodesic cannot intersect itself. 


THEOREM 2. A spherical or planar polygon which 1s shortest of tts covertex 
class and whose vertices are noncogeodesic must contain the vertices on the boundary 
of its convex hull in their cyclic order. 


When on a 2-sphere we shall assume that the vertex set of a polygon does 
not contain a pair of antipodal points and that all edges are minor geodesic arcs. 

The symbols for polygons [Vi - - - V,| are to be considered cyclic and sym- 
metric. The symbol 


[Vi- ++ ViVi ~ ++ Vs)Vier- + + Val 
will denote the arc-inversion that operates on the polygon 
[Vie Vise + Vea Vga + Val 
to produce 
[Va + * ViaV Vea + ViV yar + Val. 


2. Proof of Theorem 1. Let # denote a polygon which intersects itself. Then 
there is a closed edge of h which intersects an (open) edge of h. Let P.P, be the 
open edge and denote the closed edge by Cl(P.Pa), where 


h=[P.P.--:P.Pa-:: |. 
We have the following cases: 


1. The intersection of P,P, and Cl(P.Pa) is a point, i.e., the intersection 
point is P,, Pa, or a point of P.Pa. 
2. The intersection of P,P, and P,P, is a geodesic arc and when P,P, and 
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P,P are thought of as directed arcs, P,P, and P.Pg have the same direction. By 
this we mean P,P; and P,P lie on the same geodesic and induce the same orien- 
tation of this geodesic. 

3. The intersection of P,P, and P,Pa is a geodesic arc and P,P, and P,Pa 
have opposite direction. 


In Cases 1 and 2, the arc-inversion 
(2.1) [Pa(Ps +++ P.)Pa:+: | 


yields a polygon which is strictly shorter than h. This is clear for a plane. For 
a 2-sphere, this is seen by noting that, in Case 1, the edges 


(2.2) P,Ps, PePa, PaPc, and PPa, 


all lie in a hemisphere. Since the triangle inequality is valid for geodesic triangles 
on a 2-sphere, our assertion for Case 1 follows. Note that by a geodesic triangle 
on a 2-sphere we mean a triangle whose sides are minor geodesic arcs (by minor 
we mean strictly less than a semigreat circle in length) and whose area is less 
than the area of a hemisphere. In Case 2, all of the edges (2.2) lie on the same 
geodesic. In particular, we have 


PP. U PoPa G PoP U P. Po. 


Thus, our assertion for Case 2 is verified. 

In Case 3, we have a different situation. All of the edges (2.2) lie on the 
same geodesic, but there are distributions of P., Py, P., and Pa for which the 
arc-inversion (2.1) yields a polygon which has the same length as h. This occurs, 
for example, when P.PaCPaP». 

We shall now show that for every possibility included in Case 3, there is an 
arc-inversion which yields a polygon which is strictly shorter than h. 

Let each edge of h be thought of as a directed arc having the direction in- 
duced by the orientation of h compatible with the direction of P,P. Let 


(2.3) P,P, +++ PaPy +++ Pubs 


denote the maximal path of edges in h which contains P,P, and all of whose 
edges have the same direction as P,P». Let 


(2.4) P,P, +++ P.Pa++ + PoP: 


denote the maximal path of edges in # which contains P,P, and all of whose 
edges have the same direction as P,Pg. Note that both paths, (2.3) and (2.4), 
are contained in the same geodesic and that each edge of (2.3) has direction 
opposite to every edge of (2.4). 

Gi) If P,#P,, then either P, is contained in an edge P,,-Pa having the same 
direction as P,P, or P, is contained in an edge P,P,» having the same direction 
as P,P,. We shall resolve the former situation and note that the latter is handled 
similarly. 
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Let P,, denote the vertex of / which immediately precedes P, (in the order- 
ing of the vertices induced by the orientation of h that we have chosen). Then, 
since (2.3) is maximal, Cl(P;,, Ps) \PePa = Ps } or P,,P, has the same direction 
as Py Pw. Thus, the arc-inversion 


[Pe (Ps +++ Pe)Pas: | 


yields a polygon which is strictly shorter than h. 

(ii) If P,=P,, we consider the other two ends of the maximal paths (2.3) 
and (2.4). Since not all of the vertices of the polygon under consideration lie 
on the same geodesic, we must have P,~AP,. Thus, this case reduces to the situa- 
tion we have resolved in (i). 

This completes the proof of Theorem 1. 


3. Proof of Theorem 2. A set W of points on a 2-sphere is convex if every 
minor geodesic arc joining points of W is contained in W. The convex hull of a 
set W’ of points on a 2-sphere or on a plane is the intersection of all the convex 
sets containing W’. 


Lemma. Every proper convex subset W on a 2-sphere S? 1s contained in a closed 
hemisphere of S?. 


Proof. lf W is dense in S?, then W=S?. For, if P is a point in S?— W, then 
there exist three points of W defining a geodesic triangle which contains P in 
its interior. Since W is convex this triangle together with its interior would lie 
entirely in W. If W is not dense in S?, then let D denote a maximal closed cir- 
cular region on S? such that the interior of D does not intersect the closure 
Cl(W) of W. If D does not contain a great circle, then D is contained in the 
interior of a closed hemisphere. Since D is maximal, D has at least two points 
A, B of Cl(W) on its boundary which are not antipodal with respect to S*. The 
minor geodesic arc AB intersects the interior of D. Since CI(W) is convex, AB 
must be in Cl(W). This contradicts the fact that the interior of D and Cl(W) 
are disjoint. Thus, D must contain a great circle and W is contained in a closed 
hemisphere. 

Proof of Theorem 2. Let h denote any spherical polygon. If the convex hull 
of # is the entire 2-sphere, then the boundary B of its convex hull is null. If the 
convex hull of # is a proper subset of S?, then by the Lemma / must lie in a 
closed hemisphere. Assume that the vertices of # which are contained in B are 
not in cyclic order. Now consider all the closed paths in # which start and end 
at vertices in B and which do not contain any vertices of B other than their 
endpoints. Since the vertices of h which are contained in B are not in cyclic order, 
B must contain at least four vertices and at least one of the paths defined above 
does not join adjacent vertices of B. Denote this path by p. Then, the endpoints 
of p separate B into two components, B; and Be, each of which contains vertices 
of B (exclusive of the endpoints of p). Since p lies in the convex hull of h, any 
path in # joining a vertex in B, to a vertex in Bz must intersect p. Thus, h must 
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intersect itself and by Theorem 1 cannot be shortest of its covertex class. 

For planar polygons, let # denote a planar polygon and delete the second and 
third sentences in the above proof for spherical polygons. 

This completes the proof of Theorem 2. 


CoROLLARY 1. (The convex case for shortest polygons). Let P;, Po, +++, Pr 
denote n points on a 2-sphere or on a plane which fall on the boundary B of their 
convex hull in the stated order (cyclic, or linear tf the points are collinear on a plane). 
Then B=|P1P,--+ P,| ts shortest of its covertex class. 


CoROLLARY 2. (The almost-convex case for shortest polygons.) Let n—1 points 
of n points on a 2-sphere or on a plane fall on the boundary B of their convex hull. 
Let Q denote the point in the interior of the convex hull, B=|P,P.- ++ Pas|, and 
d(S, T) the length of the edge ST. Then, 1f 


d(Q, P;) + d(Q, P3541) _ d(P3, P3541) 


is least for j=jo for all j=1, 2,---,n—-1(Pr=P1), then [Pi- +--+ Pj OPiai- +: 
P,,-1| is shortest of its covertex class. 
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Mathematical Swifties 


“My, this is for real!” cried Tom irrationally, raising x to the é-th. 

“An unconditionally convergent series converges,” Tom said. “Absolutely!” 
“I find your work such a bore, Harald,” said Tom almost periodically. 

“I can’t find a trace of it,” said Tom characteristically. 
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A SINGLE AXIOM FOR GROUPS 


Jos& Morcapo, Universidade do Recife, Brasil 
Michael Slater [1] characterizes a group by a single axiom, in terms of two 
operations. He considers a nonempty set G= a, b,c,d,e@,-°° } on which are 


defined: a binary operation : (multiplication) and a unary operation ’ (inver- 
sion). He shows that the system (G, -,’) is a group, if and only if 


ab-c = ad-e implies 6 = d-ec’. 

In [2], p. 6, Marshall Hall gives a definition of a group in terms of one of 
the inverse operations of the multiplication by means of four axioms. These 
axioms are not independent, however, as shown in [3]. In [3] we have defined 
a group in terms of the same operation by using only two axioms. 

The purpose of this note is to characterize a group by means of one axiom, 


written in terms of one binary operation. The operation to be considered is just 
one of the inverse operations of the multiplication. 


THEOREM. Let (G, -) be a groupoid satisfying the following condition: 
C: a(bb-b)-(cc-c) = a(dd-d)-(ee-e) implies b = d-ce. 

Then, if one defines a0b =a(bb-b), for all a, b, in G, the groupoid (G, ©) is a 
group. 


Proof. Since ab-c=ab-c, one has, by condition C, )=b-cc, for every b, cEG. 
In particular, one has 


bb = bb-cc = bb-bdd, 
hence 
a[(bb- bb) -bb]- (ccc) = a(cc-c)-[(bb-bb)- bd]. 


From this it follows that bb =c(c-bb) =cc, i.e., bb does not depend on 0. 
1. Let us set 2=bbd. Since 12=12, one has clearly 


2o0%4= ait) =ai=a 


and, consequently, 7 is a right identity of the groupoid (G, o). 
2. It is obvious that a(aa-a) - (4-7) =a(it-7)-(aa-a) and from this it results, 
by the condition C, that 


(1) a = 4°40 
and therefore, ao(ta) =a[(ia-ia)-ia]=a(i-ia) =aa=1, that is to say, in the 
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groupoid (G, ©), for each element a, there is a right inverse element za. 
3. One has ao(boc) =a-2(b-ic) and (aob)oc = (a-2b) te. 
In order to establish the associativity of the operation 0, it will be shown that 


(2) ab = ac-bc, for every a,b,c GG. 
Utilizing (1), one may write 
ab = i(aa-a)-|(ib-ib)-ib| = i] (ad- ad) - ab] - (4-2), 
and so one has, by condition C, 
(3) a = ab-(ib:7) = ab-ib, for every a,b EG. 
Consequently, from (1) and (3) one obtains 
a = i|(ab-ab)-ab]-(bb-b) = i[(ac-ac)-ac]-(cc-c) 


and hence, by condition C, it follows that ab=ac-bc, as was claimed. 
In particular, one has 


(4) t:ab = bb-ab = ba, for every a,b € G. 


Then we can write ao(boc) =a(ic-b). 
On the other hand, one has from (1) and (2), 


(5) a= 1:10 = (4-ib)-(ta-ib) = b(ia-2b), for every a,b ECG, 
and therefore, employing (5), (4) and (2), we see that 
a(ic-b) = (a-ib)- {ila(ic-b)]-i(a-id)} 
= (a:ib)-[(ic-b)a-(ib-a)] = (a-ib)-[(ic-b) -id] 
= (a-ib) -ic, 
which proves the associativity of the operation o. 
In short, the groupoid (G, ©) is a group. 


Furthermore, if a-b=aob’, where b’ denotes the inverse of b in the group 
(G, ©), then the groupoid (G, -) is such that 


aob=a(bb-b), for alla, binG 
and if a(bb-b)-(cc-c) =a(dd-d) -(ee-e), that is to say, if (aob)oc = (aod)oe, then 
one has obviously 
b=(doe)jod=doleod)=d-(eocd) =d-(coe) 
and hence b=d-ce. This means that the group axioms imply the single axiom 
above. Consequently, the single axiom above is equivalent to the group axioms. 


References 


1. Michael Slater, A single postulate for groups, this MONTHLY, 68 (1961) 346-347. 
2. Marshall Hall, Jr., The Theory of Groups, Macmillan, New York, 1959. 
3. José Morgado, Nota sobre quasigrupos subtractivos, 92—93 (1963) 11-17. 


1965] MATHEMATICAL NOTES 983 


THE DIFFERENTIABILITY OF LOCALLY RECURRENT FUNCTIONS 
J. G. MauLpon, Corpus Christi College, Oxford 


In a recent paper [1] S. Marcus has asked whether there exists a noncon- 
stant continuous locally recurrent function possessing a dense set of points of 
differentiability. [A locally recurrent function f(-) is one such that, for all real 
x and all positive ¢, there exists y with f(y) =f(x) and 0<|y—x| <e.] I show 
here that such a function may be differentiable almost everywhere, though 
((2] p. 364, Section 267) it must certainly be nondifferentiable at a nonenum- 
erable set of points. In fact I exhibit two such functions fi(-) and fe(-), each of 
which is differentiable except on a set of measure zero, of which fi(-) has the very 
much stronger property of being almost everywhere locally constant—that is, 
except on a set of measure zero, every real number is an interior point of an 
interval throughout which fi(-) isconstant. By way of contrast fo(-), though con- 
tinuous everywhere and differentiable almost everywhere, is not of bounded 
variation on any interval. An open question is 

Does there exist a nonconstant continuous locally recurrent function of bounded 
variation? 

Let any real number x be expressed as an ordinary nonterminating decimal 


(1) 2 = m-dydod3+++ = m+ >, 10-"d,, 
r=1 

where m and the d, are integers, 0 Sd,S9, and there is an infinity of nonzero d,. 
We now derive from the sequence didxd3 +++ a new sequence C10:63-°+ by 
inserting, at certain points, the symbol @. In fact, whenever 3 Sd, <6, we insert 
between d, and d,41 a set of R=k, symbols @ (w=1, 2), where the value k= ky 
[k=k2] is to be used in the definition of the function f,(-) [fo(-)]. The value 
chosen for k, is 


(2)3 ky = ©, 


so that the effect is to delete all the d, after the first d,=3, 4, 5 or 6. This means 
that a separate definition of f1(-) could be given more simply, without introduc- 
ing 9, but there is overall economy in dealing with the two functions f,(-) and 
jo(-) simultaneously. For the function fe(-) it is convenient to take 


(2)o ko = 13. 
We now define inductively a sequence { ba, bo, b3, °° * } of zeros and ones 
by writing b,=0 if and only if either 
cy = 6 or 1 or 8 (r = 1) 
or c, = O or 9 and ¢,_1 = 0 
©) or ¢, = 0 or 9, ¢, = ¢,1 and 5,1 = 0 (r & 2). 


or c, = O or 9, ¢ ¥ c_1 and 0,1 ¥ 0 
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In all other cases 0, =1. Finally we define f,(-) and fo(-) by 


(4) a(x) = ys 2-"b, (w = 1, 2) 
the equation (2). being used in the definition of f.(-). Since f.(4) = 4% and f,(1) =1 
it follows that f.(-) is nonconstant (a=1, 2) and we proceed to show that each 
function f,(-) has the other properties claimed for it. 

It is readily verified that if x admits a terminating decimal expansion, then 
the use of this instead of (1) would yield the same sequence 0,b,b3 - - - except 
possibly when the sequence didod3 +--+ of (1) ends in 09 or 19 or 79 or 89. If the 
sequences bibobs +--+ obtained from the alternative expressions for x differ, 
however, they differ only in that --- Ol is replaced by ---10, so that the 
corresponding values of the function f,(-) are identical. It follows that the value 
of the function f.(x) (independent of m) is unaltered if in (1) we replace d, by 
9—d, throughout, and hence, 


(5) fa(-) is an even function, (a = 1, 2). 


Since the binary “decimal” digits for f.(%) are determined recursively by the 
decimal digits for x, and since we used the nonterminating expansion (1), it 
follows that f.(-) is continuous on the left and hence, from (5), that f.(-) is 
continuous (a=1, 2). 

Since the pairs of values (1, 8), (2, 7), (3, 6) and (4, 5) of any particular d, 
are interchangeable without altering the sequence b,b2b3 - + + , fa(-) is certainly 
locally recurrent unless all but a finite number of the d, have the value 0 or 9. 
If, in the case a=1, there is a d, =3, 4, 5 or 6, local recurrence is trivial, and so 
finally we may suppose that, for all r>N, d,=0 or 9 and the value of d, deter- 
mines that of b,,«%. Now choose large n> N and, whenever r>n, replace d, by 
boix+1 (=1 or 2). Then x is varied by a nonzero quantity whose absolute value 
does not exceed 10-”, whereas the sequence 0;b.b3 - ++ is unaltered. It follows 
that, for each a=1, 2, the function f,(-) is everywhere locally recurrent. 

If there exists k with d,=4, then f,(-) is constant throughout the interval 
(x—10-*, «+10-*). Hence fi(-) is locally constant except perhaps on the set of 
real numbers containing no digit 4 in their decimal expansion, and this set [3, 
Theorem 145] is of measure zero as required. This completes our study of fi(-) 
and we go on to consider f2(-). 

In fact it is true [3, Theorem 148], not merely that almost all real numbers 
contain a 4 in their decimal expansion, but that almost all real numbers are 
normal, in the sense that every digit occurs with exactly its expected frequency 
1/10. Hence, for almost all real x, there exists N= N(x) such that, whenever 
n> WN, the number of zeros and nines in the sequence did, - - - d4, is less than n 
and the number of digits 3, 4, 5 or 6 in the sequence djd2- -~- ds, is greater 
than n. It follows that d,, cannot be immediately preceded by as many as 2 
zeros or nines and also that, in the case (2)2, the sequence cy, - - « Cm derived 
from did2 + - + d3, contains at least 13” symbols @ and consequently that m= 16n. 
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For any sufficiently small nonzero increment 6x of « we may suppose that 
| dx] E[10-4@+D, 10-4] where n> WN. Thus if we vary x by an amount 6x we 
shall not alter the sequences did, - - + dy, and bibe +++ bm and so | 6f,| <2-™ 
<16-*" and | 8f2/ S| <A", where A =104 and B=(10/16)4<1. Since n—>o as 
d6x—>0, it follows that the function f,(-) is differentiable almost everywhere. 

We now define the sets 


P= fe= Stora: d, € (1, 2,8}, r= 12,3004, 


r=1 


Py ={xCP:d,=1forr>M}, M =1,2,3,---. 


Then, by making use of the finite partition Py, we see that the variation of 
fe(-) on the interval (0, 1) is at least (3%—1)2-™. Since M is arbitrary, it follows 
that fo(-) is not of bounded variation on the interval (0, 1). [The same argument 
proves the same result for f,(-). | 

Finally, since any nondegenerate interval contains some interval (m/10”, 
(m+1)/10%), where m and N>0O are integers, and since throughout the sub- 
interval 


{fy = (10m + 1+ 2)/10%11:0 <x < 1}, 


we have fo(y) =A+Bf,(x), where A and B¥0 are independent of x, it follows 
that fo(-) as not of bounded variation on any interval. 

By using the construction of [4] we may arrange that the exceptional set 
implied by the phrase “almost everywhere” is not merely of measure zero but 
actually of dimension zero. The ideas of the present note can also be used to 
simplify the exposition of [4] by taking u,=0 if and only if 


either x4, = 1 or k-—tI 


or x, = 0, Xp—1 = 0 and UpR—-1 = 0, 
(6) or ty = 0, tr-1 ¥ 0 and mwm1 ¥ 0, 
or Mt = k, Xp—-1 = kR—1 and Un—1 = 0, 


or tp = ky 1A R—-1 and m1 + 0, 
and u,=1 otherwise. For the purposes of the present note, the alternative 
or 2<4;<7-—-2 forsome7 < k 
should be added to (6). 
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COVERING A RECTANGLE WITH 7-TETROMINOES 


D. W. Wavkup, Boeing Scientific Research Laboratories, Seattle, Washington 
The principal objective of this note is to prove the following: 


THEOREM 1. A necessary and sufficient condition for an aXb rectangle to be 
dissectable into T-tetrominoes 1s that a and b be integral mulirples of 4. 


A T-tetromino is a plane figure constructed from four unit squares arranged 
in the form of a 7’; it has a boundary of length ten with six outside corners and 
two inside corners. Since the 4X4 rectangle can be dissected into four T- 
tetrominoes, the sufficiency of the condition in Theorem 1 is clear. Certainly it 
is necessary that a and b be integers. A result of the above type is asked for in 
an editorial note to the solution of Elementary Problem E1543, this MoNTHLY 
70 (1963) 760-761. 

Let the cartesian plane be marked off into unit squares by the lines with 
integral coordinates. Let R be a rectangle bounded by the axes and the lines 
y=a and x=b. If R can be dissected into 7-tetrominoes, then, by a simple 
repetition scheme, so can the entire quadrant between the positive axes. In 
Lemma 1 certain properties of dissections of the quadrant will be established, 
from which Theorem 1 will follow. For convenience we will use some special 
terminology: 


DEFINITION 1. A segment 1s a line segment of length 1 forming the edge of a 
unit square of the quadrant. A segment is a cut segment (or cut) if in every dissec- 
tion of the quadrant 1t 1s one of the ten boundary segments of some T-tetromino. A 
point with nonnegative integer coordinates is a cornerless point tf it does not le 
at any one of the six outside corners of any T-tetromino in any dissection of the 
quadrant. A point is atype-A point tf its coordinates are nonnegative and congruent 
modulo 4 to (0, 0) or (2, 2); it is a type-B point if its coordinates are nonnegative 
and congruent modulo 4 to (0, 2) or (2,0). A translate of a point, segment, or T- 
tetromino 1s another point, segment, or T-tetromino in the quadrant obtained from 
the first by a displacement of 2k in y and —2k in x, where k may be any positive or 
negative integer. 


Note that every segment on the axes is a cut segment and any translate of a 
type-A or type-B point is again a point of the same type. 


LEMMA 1. Every type-B point is cornerless and each of the 2, 3, or 4 segments 
incident on a type-A point is a cut. 


Proof. For each nonnegative integer \ let P(A) be the proposition that the 
lemma holds for all type-A and type-B points on or below the line x«-+y=A). 
P(O) is true as the two segments incident on the origin are necessarily cuts. We 
shall demonstrate that P(A) implies P(A+1) using, for clarity, Figure 1, which 
shows the situation for \=2. Certain cut segments and cornerless points re- 
quired by P(A) are indicated in Figure 1 by heavy lines and dots. 
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Fic. 1 


If a dissection of the quadrant contained the T-tetromino 1-2-3-4 (Figure 1), 
it would also contain the 7-tetromino 8-10-11-12 and hence, by induction, all 
upward translates of 1-2-3-4, since no other arrangement could cover squares 8 
and 9. But, because of the relative position of the y-axis, not all upward trans- 
lates of 1-2-3-4 can be in a dissection. Therefore, neither 1-2-3-4 nor, by sym- 
metry, 1-5-6-7 can be in any dissection of the quadrant. The four remaining T- 
tetrominoes containing square 1 which do not overlap the cut segments c and 
d have segments a and b as edges. It follows that a, b, and their translates are 
all cut segments so that the Cagrammed conditions of Figure 2 hold. 


FIG. 2 


We wish to prove the type-B point a@ is cornerless. (See Figure 2.) Suppose, 
to the contrary, that there is a dissection containing a 7-tetromino having «a 
at an outside corner. In this tetromino the unit square forming the outside 
corner at a cannot be 1, 2, or 3 because of the nearby cut segments. Conse- 
quently, either 1-2-3-5 or 1-2-3-6 is a tetromino of the supposed dissection. But 
no tetromino could then contain square 6 or 5 respectively, as 8 is a cornerless 
point. This proves that @ is cornerless. By the same or similar arguments all 
translates of a, either inside the quadrant or on the axes, are cornerless. 
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We shall have shown P(A+1) true and consequently proven the lemma if we 
show that segments a, b, (Figure 2) and their translates are cuts. By symmetry, 
we need only show a and its translates are cuts. Since the border segment c must 
be a cut, it is sufficient to show that if some segment a is a cut so also is its adja- 
cent translate d. Suppose, for the contradiction, that a is a cut and a dissection 
exists involving a tetromino containing 7 and 8. This tetromino cannot contain 
4 since a is cornerless. It must contain two of the three squares 9, 10 and 11. If 
it contained 9 there would be no way of assigning 12 and 13. The tetromino 
must be 7-8-10-11. The squares 14 and 15 must be parts of different tetrominoes 
because y is cornerless. But the only way to fill 15 and 16 then is to include 
15-17-18-19 in the supposed dissection. It follows that all upward translates of 
7-8-10-11 would be in the dissection. The absurdity of this is apparent at the y 
axis. We conclude d is a cut segment if a is. Thus the lemma is proven. 


Proof of Theorem 1. Only the necessity remains to be proven. For which 
values of b does there exist a dissection of the quadrant which is simultaneously 
a dissection of the rectangle R? We cannot have } congruent to 2 modulo 4 as 
this puts a corner of R at a type-B point which, by Lemma 1, is cornerless. 
Moreover, b cannot be congruent to 3 or 1 modulo 4. To see this, note that 
there is no way to cover square 20 or 21 if the bounding line x=) stands at P 
or Q, respectively, in Figure 2. Consequently b, and by symmetry a, must be 
congruent to 0 modulo 4. 

Through use of some additional construction, Lemma 1 may be made to 
yield further information about dissections of a rectangle. 


DEFINITION 2. Let R be ana Xb rectangle dissected into T-tetrominoes. A block 
of Ris a 2X2 square of R whose vertices have even coordinates. A chain of Ris any 
minimal subset of R which ts both a union of blocks and a unton of T-tetrominoes. 


THEOREM 2. Let R be anaxXb rectangle dissected tnto T-tetrominoes. Color every 
other block of Rin checkerboard fashion. Every T-tetromino of the dissection will have 
three unit squares in one block and one unit square in an adjacent block. Every 
chain consists of an even number of blocks which may be cyclically ordered in such 
a way that the blocks are alternately colored and uncolored and the T-tetrominoes of 
the chain contain three unit squares of one block and one untt square of the succeed- 
ang block. 


Proof. The three-and-one coloration of T-tetrominoes follows from Lemma 1 
and, say, inspection of Figure 2. Note that the type-A and type-B points are 
the corners of the blocks of R. The rest of the theorem is straightforward. 
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ON THE RELATIVE EXTREMA OF THE TURAN EXPRESSION 
FOR THE GENERAL LAGUERRE FUNCTION 


S. K. LAKSHMANA RAO, Regional Engineering College, Warangal (A.P.), India 


The general Laguerre function L(x) which is regular in the neighbourhood 
of the origin is defined as a solution of the differential equation 


(1) xy + (a+ 1 — x)y' + ny = 0 


for any real index n> —1 and reala>—1 and may be explicitly represented as 


(2) 1 (a) = ("**) 3(—n, a+ 132), 
nN 


where ®(a, b; x) denotes the confluent hypergeometric function in Humbert’s 
notation. It reduces to the orthogonal polynomial L4(«) when n=0,1,2,---. 
It was shown by G. Szegé [1] that the polynomials L©(x) satisfy Turdn’s 
inequality, viz., 


(3) An(a) = [L.(a)) — D(a) Lo 1(@) 


and this result was extended by the author [2] for the general Laguerre function 
LG (x), when n>0, a20 and «>0. 

In this note we study the sequences of the relative maxima and relative 
minima of the expression T,,(x) =e—*x*—!A,(«), associated with the Turdn ex- 
pression A,(x) for the general Laguerre function L% (x), where n>0, a>1 and 
x>0. 

From [2] we know that 


—Z a—-2_a py 


d (a) 
” Tala) = x Lae) [Lnya(a) — 2Ln (a) + Lrer(a)| 


for 2>0 and a>—1. Since z and a are both real, the functions L(x) and 
Li) (x) —2L@ (x) +L&,(«) both have only a finite number of zeros on the real 
axis (cf. [3], p. 288). Let (8):0<61<Bo< +--+ and (6):0<6,:<6:< +--+ denote 
the zeros of L@ (x) and L'?, (x) —2L@ (x) +L, (x) respectively, on the positive 
real axis. We find that when ~>0 and a>l 


a? (a — 1)(w + a) og 
a Tn(x ie Far ° [Zn1(6)| > 0 


and 


da? —3 a3. (a) (a) 
{TW} = @— De ~ LOT < 


Hence we have 
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THEOREM 1. When n>0,a>1, and x>0, the relatwe maxima M,,» of the func- 
tion T',(x) occur at the zeros of L(x) —2L@ (x) +L©®, (x) and the relative minima 
Mr,n occur at the zeros of L(x). 


Let M,..=T,(6,) and m,,.=T,(@,) denote the rth relative maximum and 
minimum respectively, of T(x”) and let 


(a — 1)(a — 3) at — I 
lc —eeeeee—eee and Uf} = ee 
nMmtatl 2ntatil 
THEOREM 2. If a> 3, the sequence {Min is r=1,2,3,---,¢%s increasing when 
5, <& and decreasing when 6,>& If 1<asS3, the sequence {Min} 4s decreasing. 
If a>1, the sequence {mnt r=1, 2, 3,--+-+, 4s increasing when B,<n and de- 
creasing when B,>%. 


Introduce the functions 


—z a~3 (a) (a) 


f(a) = Ta(e) + Ha = tee [Lnea(s) — 2Ln" @) Le] 


and 
a—l 


wine rn € 

2(7 + 1)(n + a) 

It is obvious that when ~>0, a>1 and x>0, 
f(«) 2 T.(*) and g(x) S T, (2). 


(a) 


g(x) = Ta(x) — [Ln (a) 


We note further that f(x) coincides with T,,(x) at the points (6,), and g(x) coin- 
cides with T7,,(«) at the points (@,). Differentiating the functions f(x) and g(x), 
we find that 


—z a—4 


f'(*)=—he x [Qn +a+1)x— (a— 1)(a— 3)] 


x [Lnga(e) — 20 (x) + Lea (a)] 


and 


g(x) = —3[(n+1)(a+a)] es” [Qntatle—(a —1)][L.@))’. 


If a>3, f(x) is increasing in 0<x <& and decreasing in x >£, while in the case 
1<a3s3, f(x) is decreasing in x>0. Also g(x) is increasing in 0<«<y and de- 
creasing in x >7. Hence the theorem. 


I thank the referee for suggesting modifications. 
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ABSOLUTELY INDEPENDENT AXIOMS FOR ABELIAN GROUPS 


R. A. JAcosson, Houghton College 


In a recent note [1], it was suggested that there might exist an absolutely 
independent set of axioms describing an abelian group. The search for such 
axioms might well begin by adding the axiom x * y=y * x to the previous axioms, 
followed by an attempt to build 24 models that satisfy all combinations for 
which the axioms “hold” or “never hold.” Upon deploying such an attack, one 
quickly becomes aware of the fact that even after suitable modification of the 
axioms the task of finding all sixteen examples is still somewhat staggering. 

In this note, we approach the problem by describing an abelian group with 
only three axioms and thus require but eight models to show that the axioms are 
absolutely independent. In the following, let * be a binary operation over a set 
S, where e is a specific element of S and x, y, z are arbitrary elements of S. The 
set S is an abelian group if: 


(i) for all x, xe; x * e=x 
(ii) for all x, y, 2, x¥y, xe; (K*¥Y) ¥Z=y * (KX * 3B); 
(iii) for all x, y, x#y, xe; x * w=y has a unique solution. 


Before considering the complete denial of these axioms we pause to show 
that they do define an abelian group. 
Letting z=e in (ii), we have 


(1) (xy)e = y(xe) = yx forx Xx y, «x Fe. 


For xyxe, we utilize (i) and simplify (1) to read xy=yx. Letting y=z=e in 
(ii) gives xe=ex. Then since xx =x for all x, it follows that xy = yx for all x, y 
provided xye. If xy=e, we assume yx +e. This implies that x+y and ye; 
thus, employing (i) and (ii), we can write yx = (yx)e=xy =e. Hence our assump- 
tion yx +e is false and * is commutative for all x and y. 

In view of (i) and (iii), it is clear that the system has a right identity and 
right inverses if ee=e. To show this, we choose an xe, such that xx +e. It 
follows from (iii) that there exists a y, yx, such that xy=e. The commutative 
property and (i) yield ee=(xy)e=yx =xy =e. Suppose there exists no such x as 
mentioned above; that is, all elements xe are such that xx =e. Let ee=y and 
assume ys#e. We can then employ (i) and (ii) to arrive at the contradiction, 
e=yy =(ye)y =e(yy) =ee. Thus ee =e. 

We have yet to establish that the system is associative; that is, (yx)z 
= (xz) for all x, y, 2. Since the identity element commutes, we see that 


(ye)2 = yz = y(ze) = y(ez) for x = e. 
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For «+e, we use (ii) and the commutative property in order to establish 
that: 


(yax)e = (xy)z = y(x2) for x ¥ 9; 
(xx)z = 2(xx) = x(2x) = x(vz), forx = y, x ¥ 2; 
(xx) = x(x) forx=y=z. 


Thus, operation * is associative and the axioms do indeed describe an abelian 


group. 
Axioms (i), (ii), and (iii) are all of the form (a) “for all x, y, z,---+ (A is 

B).” The simple contradiction (4) is “for some x, y, 2, --- (A is not B).” We 

shall refer to the complete denial as being (4) “for all x, y, 2, - - - (A is not B).” 


The simple contradiction of each axiom is: 
(i) for some x, xe; x * eK; 
(ii) for some x, y, 2, x¥#y, xe; (N*Y) * oH * (HK *¥ 2B); 
(iii) for some xX, y, x¥y, Xe; x *w = y does not have a unique solution. 
We assert that the complete denial of each axiom is: 


(i) for all x, xe; x * ex; 
(ii) for all x, y, 2, xy, wre; (x # y) * BAY & (H * 2); 
(iii) for all x, y, xy, xe; x * w=y does not have a unique solution. 


The following examples, in which S is the set of all integers and e=0, indi- 
cates that the axioms are absolutely independent. 


BINARY OPERATIONS AXIOMS 
cey= apy (i), Gi), (i) 
x*¥*Y= Yy (i), (ii), (iil) 
—y+i1,y>0 
—y, y<O pase 
CkY = 1), (i), Gu 
an rr (), @, Gi) 
—1, = 0, «= 0 
x+y; xy =0 wpsey EEF 
eey = 1), Gi), Gu 
y= { eo (), (i), Gi 
reY = Xx (i), (ii), (iii) 
| «| — | yl, xy £0 
x| +1 *x~#0, y=0 _ ___ 
rey! i+, a (i), Gi), Gi) 


1 + |y|, «=0, y#0 
2 x#=0, y= 0 
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y+2,*%-y>2 SR OTST pees 
veya | 6), ©, (ii 
y+3,%-yS2 
—y, #20, | y| 
y, 2 <0, |y| 
—4, x20, |y| <2 


4, «<0, |y| <2 


2 
2 


IV IN 


@), Gi), Gi) 


ReMARK. The above examples also hold for the somewhat stricter cases in 
which (i) is replaced by “for all x, y, xy; x * yx.” 

As in the previous paper, we note that the set S is infinite and the axioms 
might depend on the cardinality of S. Hence, the problem of finding absolutely 
independent axioms for a finite abelian group still remains. 


I wish to thank the referee for his comments. 
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OPEN EVERYWHERE DISCONTINUOUS FUNCTIONS 
SOLOMON Marcus, University of Bucharest 


A function f is said to be open if for each open set G the set f(G) is also open. 
In [3], Robert Spira considers the following problem: Can a function be open and 
not continuous? 

Spira gives an example of a real function f, defined and open on [0, 1] and 
such that f is continuous at x [0, 1] if and only if x does not belong to the Can- 
tor middle third set. 

If A and B are two topological spaces and each subset of B is open, then 
every function f (continuous or not) which maps A into B is open. But we will 
consider the case A = B= the set of reals with the usual topology. Spira observes 
that, in this case, “the discontinuities of an open function must be particularly 
violent and shattering to the nerves”. 

In the following we shall prove the existence of several types of open every- 
where discontinuous functions. All results are obtained as corollaries of our 
theorems given in [1] and [2]. 


PROPOSITION 1. There exists a real function f defined and open on (— ©, @)s 
everywhere discontinuous and such that f 1s not measurable and tts graph ts con- 
nected. 


Proof. Theorem 1 of [2] asserts the existence of a real function f defined on 
(— 0, ©), which possesses a connected graph and takes, on each real perfect 
set, each real value. Since each open set G contains a perfect set, one has f(G) 
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=(— oo, o) for each open set G; thus f is open and everywhere discontinuous. 
By using Lusin’s theorem concerning the continuous restrictions of a measurable 
function, it is easy to see that f is not measurable. 

REMARK. A sharper result than Proposition 1 can be obtained with Theorem 
2 of [2]. 

We recall that-a function f has the Darboux property if, for each connected 
set A, the set f(A) is connected. 


PROPOSITION 2. There exists a real function f defined and open on (— ©, ©), 
everywhere discontinuous and such that f 1s not measurable, has the Darboux prop- 
erty and tts graph ts totally disconnected. 


Proof. Theorem 4 of [2] asserts the existence of a real function f defined on 
(— 0, ©), which takes every real value on each real perfect set and such that 
its graph is totally disconnected. As in the proof of Proposition 1, it follows 
that f is open, everywhere discontinuous and not measurable. Since each real 
connected set is an interval and each interval contains a perfect set, it follows 
that f(Z) =(— ©, o) for each real interval J; thus, f has the Darboux property. 


PROPOSITION 3. There exists a real function f, defined and open on (— ©, ©), 
everywhere discontinuous and such that: 1° f ts measurable (in the sense of Lebesgue); 
2° f ts not a Borel function; 3° f has the Darboux property; 4° the graph of f ts 
totally disconnected. 


Proof. Theorem 5 of [2] asserts the existence of a real function f defined on 
(—o, o) and such that: a) it is measurable in the sense of Lebesgue; b) it is 
not a Borel function; c) it takes each real value in each real interval; d) its 
graph is totally disconnected. Since each open set G contains an interval, it 
follows that f(G)=(— ©, o) for each open G; thus f is open and everywhere 
discontinuous and has the Darboux property. 


PROPOSITION 4. Each real function defined on (—@, ©) ts the sum of two 
open functions. 


Proof. Thetheorem of [1 ]assertsthat each real valued function defined on the 
real line can be expressed as a sum of two functions each of which carries every 
perfect set of real numbers onto the set of all real numbers. Since each real open 
set contains a perfect set, Proposition 4 follows. 

Open problems on open functions. 1° Does there exist an open function which 
does not have the Darboux property? 

2° If the answer to 1° is affirmative, does there exist an open function which 
has the Darboux property in no interval? 

3° Does there exist a Borel function which is open and everywhere dis- 
continuous? 

4° If the answer to 3° is affirmative, does there exist an open function of 
the second class of Baire, which is everywhere discontinuous? 

ReMARK. All problems concern real functions defined on the real line. 


1965] MATHEMATICAL NOTES 995 


References 


1. S. Marcus, On a theorem formulated by A. Lindenbaum and proved by W. Sierpifiski (in 
Rumanian), Com. Acad. R.P.R., 10 (1960) 547-550. 

2. S. Marcus, Functions with the Darboux property and functions with connected graphs, 
Math. Annalen, 141 (1960) 311-317. 

3. R. Spira, An open discontinuous function, this MONTHLY, 69 (1962) 128-129. 


ON MEASURES OF NON-NORMALITY FOR MATRICES 
P. J. EBERLEIN, University of Rochester 
1. Introduction. Given an nXn matrix A with eigenvalues Ni, de, - ++, Any 
let A=diag(Au, Ao, - + +, An). Then |[A|]/?S|] A]? (Euclidean norm), and it is well 
known that equality occurs if and only if A is normal. Since || A||?—||A||? and 


||AA*—A*A|| both measure departure from normality it is of interest to obtain 
relations between them. In a recent paper [1] Peter Henrici proves that 


() all? — lal’ s ¢/——* ae — aral 


and exhibits for every 1 a matrix for which equality holds. 
In this note we obtain an inequality in the reverse direction: 


1 || AA*— A*All? 


Q) al lake oe (4 #0) 


2. Proof of the inequality. We may assume that A is in Schur triangular 
form, i.e. A =A-+M, where M=(m,,;) is upper triangular. Then 
|44* — A*All = |[(A-+ 1)(A* + M*) — (A* + M*)(A + M)| 
< ||Ma* + AM* — A*M — M*all + || u* — M*m|| 
1/2 
= 2 D> | my [2 | 2 - wl + || eu — M*ml. 
i<j 

Hence 
(3) ||44* — A*Al| S V2s||Ml] + V2]|a|I2, 


where s=max,; |\;—~—d,| and we have employed the inequality || M@M*~— M*M|| 
< 5/2|| M||2, valid for any matrix: 


|| 4.4* — A* All? = trace(A A* — A*A)? = 2 tr(A A*A A*) — 2 tr(A A*A*A) 
= 2|| 4.4¥|? — 2|| 49? < 2]] all 
When A=QNI, 
|| 44* — A*A]| = || MM* — M*M|| S V2||M\[? = V2( All? — |All), oF 
|All? — |[al]? 2 |[44* — 4*4l|/v2 2 || 4.4* — A*a]]?/2]] 4]|*. 
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Hence we may assume A¥NJ; then s+0 and |/A|/?40. Let 
(4) 4 == HAN y= 144 ANAll and a=. 
| 4] v2] Al)? V2 A 


Then 0Sx S81, OSyS1, 0Sa3S1. In this notation we want to show that 


yy" 
2’ 1—02—.- 
(2’) 3 
Now (3) becomes: yS1—x?++/2ax+/1—x?, or 
(5) y-1tes< Vlax/1 — x. 


If y—1+x?<0, y?/3Sy<1—-x? and we are done. If y—1+x?20, square (5) 
and rearrange terms to obtain 


(6) P(x?) = A + 2a7)x* — 201 — y+ a*)x? + (? — 2y +1) S$ 0. 


Since P has two real zeros, x? must be less than or equal to the larger: 


1 

7 x? Ss ———— 1 -ytart+ 2+ Qy — Dy?)t/2), 
(7) Gh aa § y a(a? +- 2y — 2y?)N?) 
Note that 

y) 2 y) 1/2 2 

(a? + 2y — 2y2)t/2 = a(1 ey =) < a(1 _ 7+). 

a? a? ae? 

Use this inequality with (7) to obtain x? $1 — [y?/(1+2a2) | or, since a? $1, 
yy? 

2! wesi-—- 
(2’) = 3 
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SEMI-TOPOLOGICAL GROUPS 


ELwoop Boun, Miami University, Oxford, Ohio, AND Jonc LEE, Indiana University 


1. Introduction. Let T=(X, 3) denote a topological space. In accordance with 
[1], let A CX be semi-open if and only if there exists OC 3 such that OCA CO, 
where O denotes the closure of set O in T. As in [1], let S.O.(7) denote the class 
of all semi-open sets in T. Some of the basic properties concerning semi-open sets 
are summarized in the remarks which follow, and formal proofs of the theorems 
are given in [1]. 


THEOREM 1. If A.gES.O.(T) for each aEA, then Uses AgES.O.(T). 
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DEFINITION 1. A set M,C X 1s a semi-neighborhood of a point xX if and only 
af there exists AES.O.(T) such that xC A CM, 


THEOREM 2. If A CX, then a necessary and sufficient condition thatA €S.O.(T) 
ts that A be a semi-netghborhood of each xC A. 


Proof. The necessity is trivial. For the sufficiency, there exists A,CS.O.(T) 
such that x€A,CA for each xE A. Thus, Usea Az = AES.O.(T) by Theorem 1. 


DEFINITION 2. A function f: (X1, ti)—(Xa, 3) ts semi-continuous at xEX, tf 
and only tf for each neighborhood Nj x) of f(x), f-1(N yay) 1s @ semi-neighborhood of 
x. f is semi-continuous on X, tf and only tf f 1s semi-continuous at each potnt of X1. 


THEOREM 3. A function f: (X1, t1)—>(X2, 32) ts semi-continuous on X, tf and 
only tf for each x© X, and each neighborhood Nj 2) there exists a semi-neighborhood 
M, such that f(M,) C Nyc). 


THEOREM 4. Let T,;=(X1, 31) and T,=(Xe, 3) be topological spaces and let 
T=(XiXXo, 31 X 5e) be their product Space. If A1,ES.0.(T1) and A,€ES.0.(T2), 
then Ay XALES.O.(T). 


2. Semi-topological groups. We introduce the notion of a semi-topological 
group as a generalization of a topological group (see definition in [2]). 


DEFINITION 3. A triple (G, 0, 3) 1s termed a semi-topological group tf and only 
uf (G, 0) is a group, T=(G, 3) ts a topological space, and for each x, yEG and each 
neighborhood Neoy—1 there exist semi-neighborhoods M, and M, such that M, 0 M,’ 
C Neoy-! where M;* is defined below. 


DEFINITION 4. For subsets A, BCG A-! = {ala GA} and AoB 
={aoblacA and bEB. 


THEOREM 5. If AES.O.(T), then AES.O.(T). 


Proof. Since AES.O.(T) there exists O€5 such that OCA CO. The conclu- 
sion follows since O-!C A-1C(0)1= 0-1. 


THEOREM 6. If (G, 0, 3) is a@ semt-topological group then the function f: GXG 
—G, where f((x, y)) =x 0 y7! ts semi-continuous relative to the product topology for 
GXG. 


Proof. For any (x, y)EGXG let Nzaoy-1 be given. There exist semi-neighbor- 
hoods M, and M, such that M,o Mj'CNooy-t. Theorem 4 implies MxM, 
is a semi-neighborhood of (x, y). Thus, f(Mz x M,) = M, 0 Mj'C Nz, implies 
f is semi-continuous on GXG. 


THEOREM 7. If (G, 0, 3) ts a semi-topological group then the functions 1: GG, 
where i(x)=x7! and m:GXG-G, where m((x, y))=xoy are semi-continuous 
functions. 
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Proof. Let x€G, e be the unity of G, and N,-1 be given. Since there exist 
semi-neighborhoods M, and M, such that 


i(M,z) = Mr'=eoMz!C M.o Mz! C Neor-i = N,z-1, 


zis semi-continuous. Now let (x, y)€&GXG and Nay be given. There exist semi- 
neighborhoods M, and M,-1 such that M,o My'C Noy. By Theorem 5, My" 
is a semi-neighborhood of y, say M,. Since M,xX M, is a semi-neighborhood of 
(x, y) and since m(M,X M,) = M, 0 M, CNooy, m is semi-continuous. 


THEOREM 8. If AGS.O.(T) and BCG, then Ao B, BO AES.O.(T). 


Proof. Letx€GB and z€A ox, z=yox for some yEA =(A 0x) o x71. Since 
there exist semi-neighborhoods M, and M, such that M,ox7-!CM,0 M;'CA, 
we have M,CA ox; thus, Ao x€S.0.(T). By Theorem 1 A o BES.O.(T). 


REMARK. The converses of Theorems 6 and 7 are not true. This can be seen 
by considering the following example: Let (G, +) be the group of integers 
modulo 2, with the usual operation of addition, and let J= 1D, fo}, G}. 11s 
continuous on G. Similarly, m=f is continuous at (0, 0), (1, 0), and (0, 1) and 
semi-continuous at (1, 1). However, in view of Theorem 8, since {1} is not 
semi-open, (G, +, 3) is not a semi-topological group. 
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ON NORMAL METRICS 


S. G. Mrowk4A, Pennsylvania State University 


Throughout this paper, by a function we mean a real-valued function. 

It is well known that every completely regular space X admits a uniformity 
U such that every continuous function on X is uniformly continuous with re- 
spect to the uniformity 1]. Even when the space X is metrizable, however, we 
cannot assert the existence of a metrizable uniformity with this property. That 
is, even if there exists a metric for the space X (i.e., a metric compatible with 
the topology in X), there need not exist a metric p for X such that every con- 
tinuous function on X is uniformly continuous with respect to the metric p. 
Necessary and sufficient conditions for the existence of such a metric are given 
in Theorem 4. 


DEFINITION. Let X be a space and let p be a metric for X. p 1s said to be a nor- 
mal metric for X provided that for every two disjoint closed subsets A and B of X 
we have p(A, B)>0. 


THEOREM 1. A metric p for X is normal «f and only «f every continuous function 
fon X ts untformly continuous with respect to p. 
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Proof. Let d denote the standard metric for the reals R (that is, d(x,y) 
= | x — | for x, yER). It is well known that a function f on X is uniformly con- 
tinuous with respect to the metric p iff the condition p(A, B)=0 implies 
d(f[A]|, f[B]) =0 for every pair A, B of subsets of X. 

Assume that p is a normal metric for X and let f be a continuous function on 
X. If A, B is any pair of subsets of X with p(A, B) =0, then p(A, B) =0; hence 
in view of the normality of p, AN B#¥@. Let poEC ANB. By the continuity of f, 


ern Weel ewer 


(bo) E FLA] OB]; hence a(f[A], f[B]) = a(f[A], f1B]) = 9; 


thus f is uniformly continuous with respect to p. 

Conversely, assume that the metric p is not normal. Then there exists a 
pair of disjoint closed subsets A and B of X with p(A, B)=0. But, by the 
Urysohn lemma, there exists a continuous function f on X such that f(p) =0 for 


pEA and f(p) =1 for pEB. Clearly, 
d(f[A], f[B]) = 4@, 1) = 1 # 0; 
thus the function f is not uniformly continuous. The theorem is proved. 


THEOREM 2. [f p ts a normal metric for X, then X 1s complete with respect to 
the metric p. 


Proof. Assume that p is a normal metric for X and let {Pa} be a Cauchy se- 
quence of points of X. We shall show that {,} is convergent. Of course, we can 
assume that the terms of the sequence {,} are distinct. Suppose that {Pn} is 
not convergent. Then { Pa} has no convergent subsequence; consequently, the 
sets A= | Pont n= 1, 2,°°° } and B= | Ponti n=1, 2,°°° } are both closed. 
But A(\B=@; hence p(A, B) =e>0. But p(pen_-1, bon) Ze for every n, contrary 
to the assumption that 1 Pa} is a Cauchy sequence. Thus 1 Pa} is convergent. 


THEOREM 3. Let X be a metrizable space. Every metric for X 1s normal tf and 
only if X 1s compact. 


Proof. Obviously, if X is compact, then every metric for X is normal. Con- 
versely, assume that X is not compact. Then, according to a result of Niemytzki 
and Tihonov [1], there is a metric p for X such that X is not complete with 
respect to p. By Theorem 2 this metric is not normal. 

The main theorem of the present paper is the following: 


THEOREM 4. Let X be a metrizable space. X admits a normal metric tf and only 
af the set X’ of all nonisolated points of X 1s compact. 


Proof. Assume that the set X’ is not compact and let p be any metric for X. 
There exists a sequence {f,} of points of X’ which has no convergent subse- 
quence (note that X’ is closed in X). Of course, we can assume that all p, are 
distinct: p,4#p)m for nx¥m. It follows that c,=p(pn, Zn) >0 for every n, where 
Zn=\Pmim¥n}. Since pp, is a nonisolated point of X, we can find a point 
gn X such that 
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1 
(1) Qn % fn and p(pnay dn) < min \— ) cxf . 
n 


Observe that if msn then, by (1), 


P(Pm, Qn) Z P(Pm; Pn) — P(Pas In) 2 P(Pny Zn) — P(Pa Gn) = Cn — p( Pn; Yn) 
> Cra — Cn = 0; 
thus 
(2) bm % Qn for m¥n. 


It follows from (1) and (2) that the sets of terms of the sequences A = { Pn: 
n=1,2,--- } and B= {Qnin=1, 2,¢°° \ are disjoint. Now {pn} has no con- 
vergent subsequence and, by (1), p(pn, gn) 20; hence {Gn} has no convergent 
subsequence; therefore the sets A and B are closed. But p(A, B)Sp(phn, Gn) 
<1/n for every n and hence p(A, B) =0. Thus the metric p is not normal. 

Conversely, assume that the set X’ is compact. Let p be any metric for X; 
we are going to construct a normal metric for X. Let us set 


A, = {p © X:p(p, X’) 2 1} 


and 
1 1 
An= {9X 5 0(,X) <—t for kR=2,3-->. 
Clearly 
(3) K=XUAU AU: ++UARU ee: 


moreover the sets occurring in the left-hand side of (3) are mutually disjoint. 
Define the function p’(?, q); », gEX, in the following way: 
If p=q, then p’(p, g) =0 and if +4, then 
p'(p, 9g) = 9, if og EX; 
p’ (p,q) = 1/2", if p, g © An; 
(4)  p'(p,q) = 1/2", if p C X’ and gE A, or 6b€ A, and gE X’; 


if pEA, and gq@ Anw or pC Aw and g © An, where n ¥ m. 


It is easy to check that p’ is a pseudo-metric for X (that is, p’ satisfies all the 
conditions of a metric except this condition: p’(p, g) =0 implies p= q). 

Observe that, if p(pn, p)—-0 and p, >, then is a nonisolated point of X; 
i.e., DEX’. But, if pEX’, then p’(pa, p) Sp(pn, p). Indeed, if p, is also a non- 
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isolated point of X, then p’(p,, p) =0 and if p, is an isolated point of X, then 
baiCA, for some k and hence 


) 


Si 


(Pn; p) = p( Pn, X") = 


while p’(pn, p) =1/2*. It follows from the preceding that 
(5) the condition p(pn, ) > 0 implies p’(pn, p) > 0. 


Since p is a metric and p’ is a pseudo-metric, the function pi(p, ¢g)=p(p, g) 
+p’(p, g) is a metric. Moreover, from (5) we obtain immediately 


(6) the conditions p(fr, p) > 0 and pi(pn, p) ~ 0 are equivalent, 


and it follows that the metric p1 is compatible with the topology of X. The proof 
that p: is a normal metric for X can be based on the following facts: 

If p, and g, are two sequences of points of X with pi(pa, gn) 0 and pr¥dn 
for every n, then p1(fn, X’)—0. Consequently, we can find a sequence |,’ } 
of points of X’ such that pi(pn, pr )—0. But X’ is compact; consequently, the 
sequence iPr } has a limit point, say fo. Clearly, this point ) is a common 
limit point of both sequences { Pr} and {Qn \ This proves Theorem 4. 

From Theorem 4 we obtain immediately: 


COROLLARY. A dense-in-ttself metrizable space X admits a normal metric tf 
and only if X 1s compact. 


The above corollary is due to N. Levine and W. G. Saunders [2]. 


The author was supported by a National Science Foundation Research Grant No. GP 1843. 
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BARELY FAITHFUL ALGEBRAS 
HARRIET FELL AND JOHN MATHER, National Bureau of Standards 


We deal with nontrivial associative linear algebras over a field F. An algebra 
A will be called faithful if its regular representations are both isomorphisms, 
which is true if and only if A has no annihilators. Some texts, however, mention 
only the stronger sufficient condition that A have no zero-divisors. This sug- 
gests studying those algebras, to be called barely faithful, in which each nonzero 
element is both a right and left zero-divisor, but neither a right nor a left anni- 
hilator. It will be shown here that such algebras exist in all dimensions 24, but 
not in lower dimensions. 
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If A is barely faithful, then a barely faithful algebra of dimension dim(A)+k 
is obtained from the direct sum A+ 5, where B is any k-dimensional faithful 
algebra, by setting xy=yx =0if xCA and yCB. A 4-dimensional barely faith- 
ful algebra (a modification of a 5-dimensional example due to M. Newman) is 
given by the matrices over F 


a, 0 0 | a 0 QO 
M,={;h O Of, M,= |b, 0 O 
¢, dy mn Co dy as 
so that 
A1Q2 0 0 
M,M, = bia» 0 0 


€10_ + dybe + A1Cn  Ayd_g A102 


Each element M, of A isa left zero-divisor, since we can take a,=d,=0 and then 
choose nonzero by and c, for which dyb.+a,c, =0; similarly each element of Aisa 
right zero-divisor. No nonzero element M, of A is a left annihilator, for if 
M,M,=0 for all M, then we can take a.+0 and d,+0 to prove a,=b1=0, then 
take a,+0 and b.=0 to prove 4 =0, then take 0.0 to prove d;=0; similarly no 
nonzero element of A is a right annihilator. 

Thus there are barely faithful algebras of all dimensions 24, and it suffices 
to rule out dimensions 1, 2, and 3. The remainder of the paper is devoted to 
showing that there exist no barely faithful algebras of dimensions 1, 2, or 3. 
Throughout the rest of the paper, A denotes a barely faithful algebra, Greek 
letters denote scalars, and Latin letters denote members of A. For x€ A, let 
tz (lz) denote the image of x in the right (left) regular representation. Nonzero 
elements of the (left ideal) null space N(r,) will be called left nulls of x; right 
nulls are defined similarly. Note that nulls (right or left) of x are linearly inde- 
pendent of x if x?;40. Note also that 


dim(N(rz)) + dim(im(r,)) = dim(N(J,)) + dim(im(J,)) = dim(A), 


with all summands positive if «+0. It follows that dim(A)>1. 

Suppose dim(A) =2. There are two cases. First assume x?=0 for some non- 
zero x. Then x generates N(r,). Choose y’ so that 1%, ay’ } is a basis. Then 
0+#y'xE N(rz), so yx =ax for some nonzero a and we can replace y’ by y=a71y’; 
{x, y} is a basis and ye=x. A right null By+6éx of y ({8, 6} {0}) leads to 
By? +8x«=0, implying 640 and thus y?=I'x with T= —66-!. Then 


x= yx = y(yx) = Tx? = 0, 
a contradiction. 
Second, assume x?0 for all nonzero x. For such an x, choose a generator +’ 


of N(rz). Since (y’)?€ N(rz), we have (y’)?=ay’ for some nonzero a, and can re- 
place y’ by y=a7y’. Then {x, y} is a basis, y2=y and yx =0. Similarly we can 
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adjust x by a scalar multiplication so that x?=x. Since yx=0 implies (vy)?=0, 
the case hypothesis yields xy=0. It readily follows that x+y is a multiplicative 
two-sided identity in A and thus not a zero-divisor. This completes the proof 
that dim(A) >2. 

Now assume dim(A) =3. For nonzero t€ A, if the left ideal N(r;) is not a line 
it must be 2-dimensional, and then the left ideal im(7;) is a line. This shows that 
some xCA generates a line [x] which is a left ideal. Then yx=x for some y. 
Since dim(im(r,)) =1, we have dim(NV(r,)) =2 and N(re)U fy} spans A in the 
vector space sense. A left null ay—v of y (with v€ N(r,), a and v not both zero) 
leads to ay?=vy, and since vy© N(rz) we have either y2€ N(r,) or ~=0. The first 
alternative implies 0=y2x = yx =x and is impossible; hence w=0, so that vy=0 
with 0+#vC€ N(7,). Considering a right null of y leads similarly to yw=0 with 
0+wEN(r,). 


CasE 1. Suppose x? =0. Then 1x, w} is a basis for N(r,) and 1%, W, y} a basis 
for A. Application of 1, to w?=6x-+Tw yields w?=Tw. Also xy€ [x], for other- 
wise {x, xy} would span M(r,) and v would be a left annihilator of A. Say 
xy = 6x. Since im(/,) C N(I,), N(J,) is 2-dimensional like N(rz), and N(rz)(\N(z) 
> [x]. 


Cask 1A. Suppose N(r,) = N(I,). Then 60; «w=0, and 40 since w is not 
a right annihilator; we may assume w?=w. Applying 7» to wy =Ax-+uw leads to 
wy=)x, and application of 1, gives wy=0. Thus we have the indicated multi- 
plication table, with (+0 since y?G N(1,); it is easily shown that x-+w-+y has 
no right null. 


Case 1B. N(rz)\N(z) =[x]| is the only alternative to Case 1A. Then 
N(rz) J N(lz) spans A, and we can take yE N(Iz), y\EN(rz). Applying I, to xw 
=)\x-+uw, and noting that xw+0 since x is not a left annihilator, we get xw=Ax 
with \;+0 and can adjust w so xw=x. It follows that wy€ N(r,z)(\ NU), and 
applying 7, to wy=vx shows wy =0. 0 since w is not a left annihilator. Since 
vy? N(I,), we can write y?=py+ox and apply ry, to obtain y?=py; p+~0 since y 
is not a right annihilator. We have the indicated multiplication table, and again 
x-+w-+-y has no right null. 


Case 1A CASE 1B 
x w y x ew yy 
x | 0 0 5x x | 0 x 0 
w| 0 w 0 wi OO Tw 0 
, yl x OO fx+nuwt+sy yl x O - py 


CasE 2. Suppose x? +0, so that N(rz)U {x} spans A. We may assume 
N(rz)C N(iz), since for any uC N(rz), uE N(1z), x’ =xu would fall under Case 1. 
Dimensionality shows that N(r,) = N(,) =N, a 2-dimensional algebra. A right 
or left annihilator of N would annihilate A, so there are none. A left null 
n'+ax of n+x, O4#nEN (with n’CN) exhibits v’ as a left null of 2 in N and 
similarly for right nulls; hence N is barely faithful, which is impossible. 
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A FIXED POINT THEOREM FOR MAPPINGS WHICH 
DO NOT INCREASE DISTANCES 


W. A. Kirk, University of California, Riverside 


In this note we use a characterization of reflexivity due to Smulian and a 
concept of Brodskif and Milman to prove a fixed point theorem for mappings 
which do not increase distances. 

Smulian proved [4] that a necessary and sufficient condition that a Banach 
space X be reflexive is that: 


(C) Every bounded descending sequence (transfinite) of nonempty closed con- 
vex subsets of X have a nonempty intersection. 


For SCX we denote the diameter of S by 6(S). A point xES is a diametral 
point of S provided sup {||x—yl||: yE.S} =8(S). A convex set KCX is said to 
have normal structure (cf. [1]) if for each bounded convex subset H of K which 
contains more than one point, there is some point x GH which is not a diametral 
point of H. 

We shall prove the following: 


THEOREM. Let K be a nonempty, bounded, closed and convex subset of a reflexive 
Banach space X, and suppose that K has normal structure. If 6 1s a mapping of K 
into itself which does not increase distances, then @ has a fixed point. 


Professor Klee has observed that this theorem is true, but apparently no 
mention of it has been made in the literature. We feel, however, that the theorem 
is not generally known, and is of sufficient interest to warrant its mention. We 
should also remark that the construction of Brodskii and Milman [1] yields a 
unique point of K which is fixed under every isometry of K onto itself. While 
our proof is a modification of their procedure, it is the case that the point they 
construct is not necessarily fixed under mappings of the type we consider. 

We also obtain the following corollary. 


Coro.uary. If in the above theorem the condition that K be bounded 1s replaced 
by the requirement that the sequence 1o"(p) } be bounded for some pEK, then > 
has a fixed potnt. 


The following lemmas will be helpful in proving the theorem. 
Let F denote a nonempty, bounded, closed and convex subset of the Banach 
space X. Let 


r.(F) = sup{l|x — al]: 9 EF}, 
r(F) = inf{r,(F): « € F}, 
F, = {x € F:1,(F) = 1r(F)}. 
LemMA 1. If X 1s reflexive then F,1s nonempty, closed and convex. 


Proof. Let F(x, n)={yEF: |x| <r(F)+1/n}. It is easily seen that the 
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sets C,=(\rzer F(x, m) form a decreasing sequence of nonempty closed convex 
sets, and hence F,=\,.,C, is closed, convex, and by (C), nonempty. 


LEMMA 2. Let F be a closed convex subset of X which contains more than one 
point. If F has normal structure, then 5(F.)< 6(F). 


Proof. By normal structure F contains at least one nondiametral point x. 
Hence 7,(F)< 6(F). If 2 and w are any two points of F, then ]z—w| Sr.(F) 
=r(F). Hence 


b(F.) = sup{|lz — w||: w, Z2€E F,} <r(F) S7.(f) < 6(P). 


Proof of the theorem. Let &§ denote the collection of all nonempty closed and 
convex subsets of K, each of which is mapped into itself by ¢. By (C) and Zorn’s 
lemma & has a minimal element which we denote by F. We complete the proof 
by showing that F consists of a single point. 

Let «GC F,. Then ||¢(x) —6()|| S||x— y||Sr(F) for all yEF, and hence ¢(F) 
is contained in the spherical ball U centered at $(x) with radius r(F). Since 
d(FOU) CFOU, the minimality of F implies FCU. Hence ¢(x)€ F, and F, is 
mapped into itself by ¢; by Lemma 1, F.C Ss. If 6(F) >0 then, by Lemma 2, F, is 
properly contained in F. Since this contradicts the minimality of F, 6(¥) =0 and 
F consists of a single point. 


Proof of the corollary. Let S= {6"(p)}. Choose r>0 so that S is contained in 
the spherical ball U(p; 7) centered at » with radius 7. For each n let U(6"(p); 7) 
denote the ball centered at @”(p) with radius 7, and let K,=U er); r)(\K. 
Since @ does not increase distances, we have "(S) CKn, n=1, 2, 

Thus for each n, K, is closed, convex and nonempty. 

Let 


W = PE Kixe N) K, for some &h . 
na=xk 
The sequence {K,} has the finite intersection property, so it follows from (C) 
that W is not empty. It is easily seen that the closure W of W is bounded, con- 
vex, and mapped into itself by é—thus establishing the corollary. 

Examples. Let B denote the unit ball in the Hilbert space /,. This space is 
reflexive and it is easily seen that B has normal structure. Let k be any number 
greater than 1. 

For x= (a1, %2, +++ )EGB, let d(x) =(¢(1—|lxl]), x1, x2, ++), where ¢ is a 
constant chosen so that <1 and 0<iS (k?—1)¥/2. 

It is easily verified that ¢ maps B into itself and has the property that for 
each x, yEB, 


I|o(x) — o()|| S alle — yl]. 


Clearly ¢ has no fixed point. 
This example shows that our theorem cannot be extended to include map- 
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pings of the above slightly more general type. (Fixed point theorems for map- 
pings of this type, with weaker space hypotheses but with certain additional 
conditions on the mappings, have been obtained by Edelstein [2; 3].) 

Another example might be of interest. The Banach space C|0, 1] of continu- 
ous functions is not reflexive. Let K = {fEC[0, 1]: (0) =0, f(1) =1, OSf(«) $1 , 
K is bounded, closed and convex. Define the mapping ¢ as follows: 


$F («)) = af(#). 


It is easily seen that @ maps K into itself, does not increase distances, and has no 
fixed point. 

Various questions regarding additional weakenings of our hypotheses remain 
unanswered. In particular, we do not know whether normal structure is essential 
for the result of this paper. 
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A NOTE ON CONVERGENT MATRICES 


C. G. CULLEN, University of Pittsburgh 


Let A be a square matrix over the complex field and let 


p(A) = max 1 | Ai| : A; is a characteristic value of A} 
t 


be the spectral radius of A. It is a well-known fact that A is convergent 
(lim,.. A”=0) if and only if all characteristic values of A have modulus less 
than 1, ie, p(A)<1. P. Stein [1] gave an alternate necessary and sufficient 
condition for A to be convergent when he proved that lim,.,. A” =0 if and only 
if there exists a positive definite Hermitian matrix H for which H—A*HA is 
also positive definite. The sufficiency is clear if one considers a characteristic 
vector associated with a characteristic value of A of maximum modulus. Stein’s 
proof of the necessity is quite involved and it is my purpose here to present a 
mueh simpler proof. 

We first observe that if | B v} is any sequence of square matrices which con- 
verges to the zero matrix then the scalar sequence {p(Bw)} must also approach 
zero. Since lim,..A”=0, then lim,.,.(A*)"=0 and hence, lim,.,.4*"A”=0. 
From our remark above we can find a positive integer M such that, for n2 M, 
p(A*"A") <1/2. Now 


H=I+ A*A+ AMAR +... + AtM-1YQM-1 
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is clearly positive definite and a direct calculation shows that H~A*HA 
= [—A™*A™ which, since p(A”*A™”) $1/2, is certainly positive definite. 

Our construction also shows, as observed by Stein, that if A is real then H 
may also be taken to be real. 
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CLASSROOM NOTES 
EDITED BY GERTRUDE EHRLICH, University of Maryland 


This department welcomes brief expository articles on topics closely related to classroom 
experience 1n courses that are normally available to undergraduate students, from the fresh- 
man year through early graduate work. Items of interest to teachers, such as pedagogical tactics, 
course improvement, new proofs and counterexamples, and fresh viewpoints in general, are in- 
vited. All material should be sent to Gertrude Ehrlich, Mathematics Department, University of 
Maryland, College Park, Maryland 20740. 


TWO EXTENDED BOLZANO-WEIERSTRASS THEOREMS 
J. E. Kimper, Jr., Utah State University 


In this note the Bolzano-Weierstrass Theorem is extended in a form which is 
exceedingly convenient for applications. It involves the replacement of finite 
and infinite sets by light and heavy sets, where lightness and heaviness are un- 
defined concepts satisfying several natural axioms. A number of applications are 
given, followed by a modified version of the new theorem. 

We first give a preliminary definition. Let R*® be Euclidean n-space, with the 
n-tuples (x1, - + +, %,) of real numbers as its points. A pair of subsets A and B 
of R® will be called cleft if there exists a coordinate hyperplane x;=c neither side 
of which contains points of both A and B. For example, in R? let A be the set 
xi-+x3<1, B the set x,21, C the set x.=1, and D the set x,-+x.>2. Then the 
pairs A and B, A and C, B and C are cleft, while the pairs A and D, 8B and D, 
C and D are not. 

The properties to be imposed on the notions of lightness and heaviness will 
now be given. We shall be given a subset S of R*, and lightness and heaviness 
of the subsets of S are to satisfy the following axioms: 


(i) Every subset of S is light or heavy, but not light and heavy. 
(ii) The empty set is light. 
(iii) Two cleft subsets of S are light if and only if their union ts light. 


Clearly (iii) is equivalent to the condition that if A and B are cleft then 
AUB is heavy if and only if A or B is heavy. It would seem more natural to use 
the following condition in place of (iii): 
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(iii’) Two subsets of S are light if and only tf their union ts light. 

The use of (iii) instead of (iii’), however, allows the utility of the ordering of 
the real numbers to come into play. Notions of heaviness that satisfy (iii’) will be 
called topological. 


Examples. 1. Take the heavy subsets of S to be the infinite subsets. 

2. Take a subset of S to be heavy if it is uncountable. 

3. Call a subset of R" heavy if it contains an open interval. (An open inter- 
val in R* is a set of the form a) <x, <b), +--+, @,<%,<bn, where di<bi,---, 
Qn <b,.) In this example (iii’) is not satisfied, but (iii) is. 

4. By an interval of rationals in R' we shall mean the set of all rationals that 
lie in some given interval] in R!. Calla subset of R! heavy if its intersection with 
some interval in R! is an interval of rationals. Since R! is light but the set of all 
rationals is heavy, this example shows that heaviness is not in general a mono- 
tonic property. We can even find subsets A, B, Cof R! with AC BCC but with 
B light and A and C heavy. However a topological heaviness 1s monotonic, since 
(iii’) implies that a subset of a light set is light. 


It will be convenient to call a subset S of R” provided with a notion of heavi- 
ness of its subsets a wezghted set. A point b will be called a barypoint of S if 
every neighborhood of 0 has a heavy intersection with S§. Clearly 0 is a point 
in S, the closure of S. Using (iii) it is easy to see that b is a barypoint of S if and 
only uf every open interval in R” containing b has a heavy intersection with S. The 
extension of the Bolzano-Weierstrass Theorem is 


THEOREM 1. Every bounded heavy subset of R" has a barypoint. 


(The proof that follows is based on the Dedekind Completeness Principle, 
the least upper bound property of the real numbers being obtained later as a 
corollary of Theorem 1. It is just as easy to base a proof of Theorem 1 on the 
least upper bound property.) 


Proof. Let T be a weighted bounded heavy subset of R!. Let LZ be the set of 
all real numbers x for which (— ©, x)(\T is light, and let H be the set of all 
real numbers y such that (— «, y)(\T is heavy. It follows from (iii) that if 
xe L and yEH then x<y. Since T is bounded, ZL and A are both nonempty. 
By the Dedekind Principle there exists a real number c such that x ScSy for 
all xin Land y in H. The set (— ~, g)(\T is light or heavy according as s<c or 
z>c. Let e>0. Since 


(~wx,cete) =(—w,c—O)Ulec—ecte 


and (~— ©, c+e)(\T is heavy while (— ©, c—e)(MT is light, it follows from (iii) 
that [c—e, c+e)T is heavy. If N is any neighborhood of c then N contains an 
interval |c—e, c+e) with e>0, and it follows easily from (iii) that NT is 
heavy. Therefore c is a barypoint of T. 

Now assume the theorem is true for n=k—1, where k22, and let S bea 
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weighted, bounded, heavy subset of R*. Let Q and T be the images of S in 
Re! and R! under the projections (41, + + + , %,)—>(%1, - - * , %p-1) and (41, ---, 
Xn) —>x, respectively, so that SCQXT. Weight T by taking a subset B of T to 
be heavy if SO\(QXB) is heavy, and let ¢ be a barypoint of T. Call a subset A 
of O heavy if SO\(A XV) is heavy whenever WN is a neighborhood of c. It is easy 
to verify that this weights Q, and Q is obviously heavy. Let b be a barypoint of 
Q. Then (0, c) is a barypoint of S. 

Next we shall illustrate the utility of Theorem 1 with some applications in 
proofs of various classical theorems. It will be seen that proofs based on Theo- 
rem 1 are often simpler and easier to think up than proofs based on other prin- 
ciples. In what follows, b will always denote some barypoint. 

Taking heaviness to mean infinite, a barypoint bd is a limit point. This shows 
that every bounded infinite subset of R™ has a limit point. Taking heaviness to 
mean uncountable, b is a condensation point, so every bounded uncountable 
subset of R” has a condensation point. It follows by usual arguments that every 
uncountable subset of R” has a condensation point. Similarly if {xn} is a bounded 
sequence whose points make up the set S, taking a set to be heavy if it contains 
X, for infinitely many values of 2, every neighborhood of 0b contains x, for in- 
finitely many values of x. Hence a subsequence can be obtained which con- 
verges to b, showing that every bounded sequence in R” has a convergent subse- 
quence. 

Let {X.} be a collection of bounded sets in R" with the finite intersection 
property, and let S be one of the sets Xs. Writing Ya=SMXa, { Y,} has the 
finite intersection property. Call a subset A of S heavy if { A(\Y,.} has the 
finite intersection property. Using the relation (AU B)O(POQ) C(ANMP) 
U(BI\Q), it is easy to verify that this weights S. Since every neighborhood of b 
must meet each Y, we have bE VY, Hence the intersection of a collection of closed 
bounded subsets of R” with the finite intersection property 1s nonempty. 

Let S be closed and bounded and let { W.} be an open covering of S. Take 
a subset of S to be heavy if it is not covered by a finite subcollection of {Wa}. 
If S were heavy it would have a barypoint b contained in some W,, contradict- 
ing the fact that every neighborhood of b must contain a heavy subset of S. 
Hence every open covering of a closed bounded subset of R” contains a finite sub- 
covering. 

Let S be a bounded nonempty set of real numbers. Call a subset of S heavy 
if it is cofinal in S (4 is cofinal in S if every element of S is less than or equal to 
some element of A). Since b€S and S can contain no numbers greater than 3, 
b is the least upper bound of S. Hence, every bounded nonempty set of real numbers 
has a least upper bound. 

Similarly let S be a compact subset of R* and let f be a continuous (or upper 
semi-continuous) real-valued function on S. Call a subset A of S heavy if f(A) 
is cofinal in f(S). If f(x) >f(b) for some «CS then some neighborhood of b would 
contain no heavy set. It follows that a continuous (or upper semi-continuous) 
real-valued function on a compact set has a maximum value. 
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Similarly let f be a continuous function from a compact subset S of R* into 
R™, and let w be a point in f(S) (we shall follow the convention that w could be 
oo if f(S) were unbounded). Call a subset A of S heavy if w&f(A). Since every 
neighborhood of b contains a set A with wEf(A) we must have w=f(b). Hence 
wo, so f(S) is closed and bounded. Hence a continuous image of a compact 
set 1s compact. 

With f and S the same as in the preceding application, let e>0, and call a 
subset of S heavy if it meets pairs {x, y} of points of S with | ~«— | arbitrarily 
small but with | f(x) —f(y) | =e. If f were not uniformly continuous then for some 
e>0, S would be heavy. But since f(z)—/(b) as z—b, some neighborhood of b 
would contain no heavy set. It follows that a continuous function on a compact 
set 1s untformly continuous. 

Let f and S be as before except that we also take f one-to-one. Let «>0, let 
a€sS, and call a subset of S heavy if it contains points x with | f(x) — f(a) | arbi- 
trarily small but with |x—a| =e. If the inverse of f were discontinuous at f(a) 
then for some e>0, S would be heavy. We then would have |b—a| 2e but 
| f(b) — f(a) | =(Q, a contradiction. Hence a continuous one-to-one function on a 
compact set 1s a homeomorphism. 

Up to now all of the kinds of heaviness involved in the applications have 
been topological. We now take up some applications where (iii) is satisfied but 
not (iii’). Let f be a continuous real-valued function on a closed interval [a, c] 
in R}, and suppose that f(a) <k <f(c). Call a subset of |a, c] heavy if it contains 
an open interval (a, y) such that f(a) S$kSf(y). It is not difficult to verify (iii). 
Since f(x)—f(b) as x—>b, f(b) =k. Hence a continuous real-valued function on an 
interval takes on all values between any two values. 

Again let f be a continuous real-valued function on [a, c| and let e>0. Call a 
subset of [a, c] light if whenever an open interval (a, y) is contained in it there 
exists a step-function g on [a, y] such that | f(x) — g(x) | <e for all x in [a, y]. 
Suppose that for some e>0 [a, c] were heavy. Then f would be discontinuous 
at b. Hence a continuous real-valued function on a closed wnterval can be approxi- 
mated arbitrarily closely by a step-function. The same result can be obtained for 
a continuous function on a compact subset of Rk”. This theorem seems to have 
important pedagogical advantages over uniform continuity in the elementary 
theory of integration, especially when upper and lower integrals are defined as 
the greatest lower and least upper bounds respectively of integrals of step- 
functions that are greater than and less than the integrand. 

Let J be an open interval in R? and let f(z) =2"+aiz""1+ +--+ +a,-12+4, 
be a polynomial having no zeros in the boundary I of I. The winding number 
of f(z) on I is the net number of counterclockwise revolutions that f(z) makes 
about the origin as zg traverses J once in the counterclockwise direction. If 
and J, are disjoint open intervals in R? such that l,\.UJ2 is a closed interval J 
containing no zeros of f then the winding number of f(z) on J is the sum of the 
winding numbers of f(z) on I, and J. Let S be an open interval in R? with no 
zeros of f in S. Call a subset of S heavy if it contains an open interval I such 
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that the winding number of f(z) on J is nonzero. From the preceding remarks 
about J; and J, it is seen that (iii) is satisfied. If S were heavy, from f(b) #0 we 
would have arg f(z)—arg f(b) as z—b. Hence some neighborhood of b would 
contain no heavy set. It follows that S must be light. Now suppose that f(z) is 
of positive degree and has no zeros in R?. Since 


f(z) = 2(1 + aye! + aoe? + + + + + ane”), 
arg f(z) = arg2*-+ arg (1+ ae'+---+ a2”). 


It follows that if S is a sufficiently large square open interval with center at the 
origin the winding number of f(z) on S equals n. Thus S is heavy, which we saw 
was impossible. Hence every polynomial of positive degree has a zero. 

Let S be an open interval in R*, let f be a continuous real-valued function 
on S, and let e>0. If E is a closed subinterval of S let A(E) denote the difference 
between the upper and lower integrals of f on £, and let m(£) be the volume of 
E. Call a subset of S heavy if it contains an open interval J such that A(/) 
>em(1). From the additivity of upper and lower integrals (iii) is easily verified. 
If f were not integrable on S then for some e>0, S would be heavy. Then every 
neighborhood of b would contain an interval J with A(1) Zem(Z), which would 
imply that f is discontinuous at b. It follows that a continuous function on a closed 
interval in R® 1s integrable. 

For a subset S of an arbitrary topological space X we shall be concerned with 
topological heaviness. Suppose that SC CCX, where C is compact, and that S$ 
has no barypoint. Then each point x of C has an open neighborhood W, having 
a light intersection with S. Then for some finite subcollection W,,---, W, of 
{W.} we have 


S= WyOS)U->-UWLOS), 


from which it follows that S is light. Following the convention that a subset of 
a compact set is called topologically bounded, this proves 


THEOREM 2. Every topologically bounded heavy subset of a topological space 
has a barypotnt. 


Theorem 2 makes it possible for many of the applications of Theorem 1 to 
carry over into more general settings than Euclidean spaces. Both of the ex- 
tended Bolzano-Weierstrass theorems have other important applications. To- 
gether they have a unifying effect in analysis and general topology, tying results 
of various sorts together by the common property that they are easy corollaries. 

The converse of Theorem 2 is interesting. It will be convenient to first put 
the theorem in a different form. A subset of a topological space will be called a 
baryset if whenever it is weighted and heavy it has a barypoint. Theorem 2 
states that every topologically bounded set 1s a baryset. The converse is true in a 
large class of spaces. 
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THEOREM 3. In a space that 1s locally compact or regular, every baryset 1s topo- 
logically bounded. 


Proof. Let X be a topological space and S a subspace of X that is a baryset. 
Consider first the case when X is locally compact. Weight S by taking ACS 
to be light if A is bounded. Suppose S were unbounded, and therefore heavy. If 
b were a barypoint there would exist a bounded neighborhood WN of b, since X 
is locally compact. This would contradict the fact that N(/\S must be heavy. 

Finally consider the case when X is regular. Suppose that S is unbounded. 
Then there exists a covering {W.} of S by open sets W, which contains no 
finite subcovering of S. Weight S by taking ACS to be light if A is covered by 
a finite subcovering of { W.}. Since S is heavy, it has a barypoint DGS, and b 
is in some one of the W., say D€ W;. Since X is regular, there exists a neighbor- 
hood WN of b such that VN CW,. But then NOS is light, which contradicts the 
fact that b is a barypoint. 


Example. Let S be a bounded open interval in R?, let X be the set of points 
that are in S, and topologize X by taking its open sets to be the sets of the form 
(SAW)UVUE, where ECS—S and W is an open subset of R? which contains E. 
The space X is Hausdorff, but is neither locally compact nor regular. From the 
fact that S considered as a subspace of R? is a baryset, it follows easily that S 
considered as a subspace of X is a baryset. Since S is an unbounded subspace of 
X, this example shows that the hypothesis of Theorem 3 is needed. 


Acknowledgments. I wish to thank the referee for suggestions which have led to extensive 
improvements in terminology and clarity over my original exposition. I also wish to thank 
Professor E. Halfar for a valuable suggestion. 


ON THE IRRATIONALITY OF CERTAIN TRIGONOMETRIC NUMBERS 
E. A. Mater, University of Oregon 


In this note we present an elementary proof of the following theorem. (See 
Niven, Irrational Numbers, Carus Mathematical Monograph No. 11, MAA, 
1956, p. 41, for references to other proofs.) 


THEOREM. Jf 6 1s rational in degrees, then (1) cos 0=0, +4, 1 or 1s t,ra- 
tional, (11) sin @=0, +4, +1 or ts irrational, (iii) tan 0=0, +1, 2s undefined or 1s 
arrational, 


LemMMA. If there exists a positive integer n such that cos nO 1s integral, then 
cos @=0, +4, +1 or ts trrational. 


Proof. From the identity 2 cos (n+1)@=(2 cos 6) 2 cos nO—2 cos (n—1)9, it 
follows by induction that if 2 is a positive integer then there exists a monic poly- 
nomial of degree z with integral coefficients such that 2 cos n0=f(2 cos #). Thus 
if cos 76 is an integer, 2 cos 8 is a root of the monic polynomial f(x) —2 cos né. 
Hence 2 cos @ is an integer or is irrational. Since | 2 cos 6| <2, the lemma follows. 
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Proof of the theorem. If @ is rational in degrees then for appropriate integers 
a and b>0 we have 6=7(a/b) in radian measure. Then cos 6, cos n(7/2—0) and 
cos 2(2@) are integers for 7=b. Thus (i) follows directly from the lemma and 
(ii) and (iii) follow from the lemma and the identities sin 0=cos(7/2—8), 
tan? 6=(1—cos 20)/(1-+cos 26). Note that the latter identity implies that if 
tan 6 is rational, then cos 26 is rational. . 


POSTSCRIPT 
NATHAN ALTSHILLER Court, University of Oklahoma, Norman 


A recent note of mine [1] includes the following proposition: 

Given two unequal chords of a circle, the ratio of the shorter chord to the longer 1s 
greater than the ratio of the minor arcs subtended respectively by the given chords. 

At the time the note was offered for publication I was aware of no reference 
for that proposition. 

When the note was already in the hands of the printer I came across a state- 
ment of the proposition in a very recent Polish history of mathematics [2]. 
It is quoted there from a book entitled De Lateribus et Angulis Triangulorum 
(On sides and angles of a triangle) which was published in Wiirttemberg, in 
1542. The author of the book is no lesser a person than Mikolaj Kopernik 
(Copernicus) (1473-1543). This is the only other book of his, besides the famous 
De Revolutionibus Orbium Celestium, the latter having come off the press in 1543. 

The proposition in question is, however, far more ancient. It is to be found 
in the celebrated Almagest of Ptolemy (2nd cent. A.D.) (Courtesy of Raymond 
Haas, The Key School, Annapolis, Md.) [3]. Thus it happens that by his minor 
book Copernicus adds prestige, whether knowingly or not, to the very work he 
was destined to dethrone by his own epoch-making major opus. Such is the 
subtle irony of history. 
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A DENUMERABILITY FORMULA FOR THE RATIONALS 


GERALD FREILICH, City College of New York 


Though it is well known that the set of rational numbers is denumerable, 
the usual demonstrations of this fact rely upon embedding the rationals as a 
proper subset of some denumerable set. To construct a one-to-one correspond- 
ence with the integers then requires an inductive procedure. Thus, the question 
of actually exhibiting a one-to-one correspondence between the integers and the 
rational numbers by a simple, noninductive formula is interesting. The purpose 


1014 MATHEMATICAL EDUCATION NOTES [November 


of this note is to construct such a formula, based upon the Fundamental Theo- 
rem of Arithmetic. 

Let f be the one-to-one mapping from the set of nonnegative integers onto 
the set of all integers defined by: 


n/2 for m even, m = 0 


Hn) = _ + 1)/2 for m odd, x > 0. 


If m>1 is an integer, then m can be represented uniquely as: 


where $;<pii1, each p; is a prime, and each 7; is a positive integer. For such 
an m, define 

ty f(s) 

gm) = [] ps”. 

i=1 
Complete the definition by letting g(1)=1, g(0) =0, and g(m) = —g(—m) for 
negative integral m. It is obvious that g is a one-to-one mapping from the set 
of all integers onto the set of all rational numbers. Superposition of g on f 
gives a mapping from the nonnegative integers onto the rationals, if desired. 
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THE NEW MATHEMATICAL LIBRARY 
A PROJECT TO PROMOTE GOOD ELEMENTARY MATHEMATICAL EXPOSITION 
ANNELI Lax, New York University 


The New Mathematical Library is a series of expository paperbacks, not 
texts, on various topics in elementary mathematics. These books are published 
by Random House, Inc. and The L. W. Singer Company for the Monograph 
Project of the School Mathematics Study Group, a project set up seven years 
ago by the founders of the SMSG to counteract the scarcity of good mathe- 
matical writing accessible to young people between the ages of about fourteen 
and twenty. The monographs are written by individual mathematicians of 
varied pedagogical persuasions. The authors’ common goal is to involve the 


1965] MATHEMATICAL EDUCATION NOTES 1015 


reader in some meaningful mathematical activity, and their approaches to this 
task are independent of any specific path outlined by any particular curriculum 
reform movement. Consequently, the fifteen books published to date (see list 
at end) differ a great deal from each other in subject, style and level. 

The purpose of the present article is to acquaint the mathematical commu- 
nity with the Monograph Project, to describe briefly its history, its main objec- 
tives, the actual processes involved in producing the NML books, and the 
strengths and weaknesses of the series to date. 

At the time the School Mathematics Study Group was formed, almost the 
only mathematics books available to high school and beginning college students 
were textbooks, advanced treatises, and popularizations. An interested student 
had difficulty finding what he was after in the thick tomes of special libraries 
and, once having found the relevant reference, would easily become discouraged 
in his effort to understand the sophisticated concise presentation. 

At the same time, he was not satisfied with the frequently superficial treat- 
ment in popularizations. In view of these conditions, the Monograph Project 
was created to bring about the publication of readable books on mathematical 
topics for interested young people whose mathematical background consisted 
mainly of what they had studied in the first few years of their high school 
careers. Professor E. G. Begle, director of the SMSG, appointed an editorial 
panel of about twelve members, among them high school teachers, university 
mathematicians and some mathematicians who work in industry. The first 
chairman was Professor L. Bers, then at the Courant Institute of Mathematical 
Sciences at New York University, who suggested that I take over the actual 
editing of the manuscripts. Members of the editorial panel serve for approxi- 
mately three years; Lipman Bers was succeeded as chairman by Mark Kac of 
the Rockefeller Institute (1961-1964), and then by Ivan Niven of the Univer- 
sity of Oregon who is currently chairman. 

The founders and first members of the Monograph Project felt that the 
project should remain alive until the great need for good elementary expository 
books on mathematics is at least partially met, either by the publication of 
approximately thirty monographs in the New Mathematical Library, or by the 
appearance of such books published by commercial American publishers. 

The major concern discussed at the very first meeting of the editorial panel 
(and at every subsequent meeting) was to find the proper level at which the 
NML monographs should be written. Clearly, this problem has no precise solu- 
tion, and the search for approximate solutions continues. 

A second major task was to find authors. In contrast to many European 
countries, where experienced research mathematicians traditionally write texts 
for secondary school students, American mathematicians had, for the most part, 
never written anything besides papers for professional journals, i.e., for other 
mathematicians (preferably working in the same field). So the editorial panel 
undertook not only to interest American authors in expository writing, but to 
offer help, guidance, and criticism to those who were willing to try their hands 
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at it. In the latter task the panel is assisted by some high school teachers and 
by enterprising high school students who read and comment on a preliminary 
version of a manuscript. 

A third problem was to select topics in such a way that the series as a whole 
would eventually represent a fairly balanced diet of good mathematics, rather 
than an exploration of selected nooks and crannies. The main difficulties here 
are two-fold: It is difficult to agree on the importance of various topics. Not 
only do individual tastes play a role, but good mathematics often consists in 
certain ways of attacking a problem, certain ways of thinking about it, certain 
methods of analyzing its ingredients, etc., and the field or “branch” of mathe- 
matics to which these insights are applied seems of secondary importance. 
Secondly, even if a list of priorities is made (and such lists have been made), the 
authors who agree to write on these priority subjects often do not deliver the 
promised manuscripts. They are busy people and cannot be held to deadlines. 
Consequently, we publish the manuscripts in the order in which their authors 
submit them and not according to their place in a priority list. 

Now that fifteen NML books (including three problem collections) have 
appeared and four more are in preparation, the panel is taking a particularly 
critical look at its achievements to date and is screening with special care the 
dozen or so additional books that it wishes to publish before it disbands. In try- 
ing to evaluate the effect of NML books on students, the panel members have 
little to go on except sales figures, letters from students and teachers, oral reac- 
tions and reviews. Letters as well as reviews have been almost exclusively favor- 
able. High school teachers in charge of superior students are especially delighted 
with the series. College teachers report that, in certain courses, their students 
greatly profited from reading one or another NML book. The sales figures are 
surprisingly encouraging in spite of the extremely small amount of publicity and 
advertising of the NML, and many NML books are being translated into Turk- 
ish, Swedish, Italian, Spanish and Russian. Perhaps the most frequently leveled 
criticism of the books is that they are too difficult for the average high school 
student, and that relatively few of them actually motivate a person not inter- 
ested in mathematics to study it. 

The difficulties inherent in the panel’s task have been dealt with, to some 
extent, successfully. The price of this partial success is our rather complicated 
procedure for processing manuscripts; it has to be paid by authors and editors. 
For example, the panel attacks the problem of finding the right level of sophisti- 
cation by asking an author for a representative sample chapter, examining it, 
and then deciding whether or not the author should be encouraged to continue. 
The first draft of a manuscript is scrutinized and criticized by a few members of 
the panel; the final version is circulated to the whole panel and needs a favorable 
majority vote to be published. The wishes of the author are, of course, respected 
and prevail in the final version, but he has to put up with a great deal of advice, 
often on many seemingly trivial matters. I am grateful indeed to all who good- 
naturedly submitted to our procedure. 

We try to persuade each author to begin his book at a leisurely pace and, 
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after taxing the reader, to reward him with interesting applications and illustra- 
tions. We advise the reader (in a Note to the Reader) not to expect to breeze 
through a mathematics book as through a novel, not to get discouraged when 
he gets stuck, and to return to difficult parts later. We would guess that many 
a student might read the first half of an NML book while he is in high 
school and the balance a year or two later, when he is in college. While the 
Monograph Project is aimed mainly at high school students, it is hitting also a 
good part of the college population. This is not surprising, since some of its 
monographs reach considerable depths. 

The problem of finding authors has been met very satisfactorily, though no 
systematic method was employed. We have approached many individuals who 
were known to have a knack for expository writing. Among these, many have 
responded, motivated mainly by the conviction that they were contributing to 
a worthwhile cause. Many wanted to contribute but simply could not sacrifice 
the time. We have also received manuscripts from people who had heard of the 
Monograph Project and were interested in contributing to it. 

Now that about two-thirds of the projected output has been reached (at 
least quantitatively), we feel that we have not only added significantly to the 
supply of readable books, but that we have begun to make expository writing 
at an elementary level a more respectable activity for mathematicians. We are 
watching eagerly the appearance of similar books published commercially, that 
is, without government subsidy. Some good ones have indeed appeared recently. 
We hope that projects of high quality will emerge and be self-supporting. 


There are three editions: a school edition for pre-college students and teachers only, available 
for 90 cents per volume from the Singer Co., 249 W. Erie Blvd., Syracuse, N. Y. 13201; a trade 
edition available for $1.95 per volume from Random House, 457 Madison Ave., New York; and a 
hard bound library edition costing $2.95 per volume, available from the Random House School and 
Library Services. 


List of NML volumes published to date 


. Numbers: Rational and Irrational—by Ivan Niven. 

. What is Calculus About?—by W. W. Sawyer. 

. Introduction to Inequalities—by E. Beckenbach and R. Bellman. 

. Geometric Inequalities—by N. D. Kazarinoff. 

. The Contest Problem Book (MAA High School Contests, 1950-1960). 

. The Lore of Large Numbers—by P. J. Davis. 

. Uses of Infinity—by Leo Zippin. 

. Geometric Transformations—by I. M. Yaglom, translated from the Russian by Allen 
Shields. 
9. Continued Fractions—by C. D. Olds. 

10. Graphs and Their Uses—by Oystein Ore. 

11. Hungarian Problem Book I, based on the Eétvis Competitions, 1894-1905. 

12. Hungarian Problem Book II, based on the Eétvis Competitions, 1906-1928. 

13. Episodes from the Early History of Mathematics—by Asger Aaboe. 

14. Groups and Their Graphs—by I. Grossman and W. Magnus. 

15. Mathematics of Choice—by Ivan Niven. 
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BRIEF COMMENT 


In response to requests from readers of the MONTHLY a new feature has been added to Mathe- 
matical Education Notes. Professor John D. Baum, of Oberlin College, has kindly agreed to review 
articles in other publications which are believed to be of interest to readers of the MONTHLY. 


New textbooks for the ‘‘New Mathematics,” RICHARD P. FEYNMAN, Engineering 
and Science, March, No. 6, 28 (1965) 9-15. 


Professor Feynman is Richard Chace Tolman Professor of Theoretical 
Physics at the California Institute of Technology and last year was a member of 
the California State Curriculum Commission, during his tenure on which he 
spent considerable time on the selection of textbooks for a modified arithmetic 
course for grades 1 to 8. The article is the result of this experience. 

The article is generally quite critical of the text materials available for grades 
1 to 8. For example, “Many of the books go into considerable detail on subjects 
that are only of interest to pure mathematicians.” Or again, “It is possible to 
give an illusion of knowledge by teaching the technical words which someone 
uses in a field (which sound unusual to ordinary ears) without at the same time 
teaching any ideas or facts using these words.” It is clear, however, that Pro- 
fessor Feynman’s aim in the indicated grades in the “new” mathematics is quite 
close to those of an informed mathematician or mathematical educator, since 
“in the ‘new’ mathematics, then, first there must be freedom of thought; second, 
we do not want to teach just words; and third, subjects should not be introduced 
without explaining the purpose or reason.” Much of the criticism in the article 
probably stems from looking at the first eight grades in isolation from the full 
school program, for much of the terminology introduced in the earlier grades is 
put to use in later grades. 

The article is provocative, and well worth reading, in spite of the fact that 
one may disagree with much of what is said. It is unfortunate that some of the 
statements are either the result of misinformation or over-simplification; for 
example, “one of the best ways to solve complex algebraic equations is by trial 
and error.” Or again, “all the elaborate notation for sets that is given in these 
books, almost never appear in any writings in theoretical physics, in engineer- 
ing, in business arithmetic, computer design, or other places where mathematics 
is being used.” 

The journal, Engineering and Science, is a publication of the California In- 
stitute of Technology; individual copies of the journal are available at 50 cents 
each, by writing to the offices of the journal at 1201 East California Blvd., Pasa- 
dena, California 91104. 


Mathematics in education and industry, Supplement to The Mathematical Ga- 
zelte, 17 (1963) No. 362, December. 


This is a report of the experience of two teachers of mathematics, one a 
secondary school teacher, the other a college teacher, who spent some time in 
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industry (with British Petroleum) and of the conclusions they drew from that 
experience. The report is cogent to those of us who may bespending much of our 
time in the teaching of people who will be using mathematics as a tool, but 
whose main interest is not mathematics per se. 

The following are pointed out as being significant needs of people who must 
use mathematics in industry: knowledge of basic mathematics and the skill to 
apply these basic concepts in problems from a variety of sources; knowledge of 
what a computer can do, not how it does it; a knowledge of statistics, a knowl- 
edge of numerical methods; the ability to set up differential equations. In re- 
gard to the last point concerning differential equations, it is pointed out that 
“these are continually needed in order to set up mathematical models of opera- 
tions which are being investigated. The chief difficulty les in the setting up of 
these equations, for approximate solutions are usually quite sufficient.” 

An interesting point is made that the approach to abstract concepts is best 
made via the recognition of the concept as a common pattern in a variety of 
real situations. 


The supply and training of teachers of mathematics, A report prepared for the 
Mathematical Association, London, 1963. 


This report prepared by a sub-committee of the Mathematical Association 
(of Great Britain) in conjunction with representatives of the Association of 
Teachers in Training Colleges and Departments of Education (Mathematics 
Section) details some of the acute shortages of teachers of mathematics in the 
British Isles at all levels. Since we face or will face similar problems, this report 
may have considerable value for us. The shortage is acute, for example, “the 
supply of potential university teachers is only half that required to maintain 
university staffs” with similar shortages at the secondary school level. The short- 
age is due to a variety of factors, among others, “the number of places available 
in universities for potential mathematics graduates is inadequate”; the too high 
standards at big universities discourage the matriculation of students as mathe- 
matics graduates; and the status of mathematics graduates is poor. 

Among other interesting comments in the report one notes the emphasis on 
better training in mathematics for teachers whose specialty is other than mathe- 
matics, the strong stress on the interpersonal factors in teaching, or as it is 
put in the report, “a teacher is concerned first to teach a person, then a subject.” 
The importance of discovery by the student as a teaching technique is also 
emphasized. 


Education: scholars organize a National Academy intended to advance educa- 
tional scholarship, JoHN WatsH, Science, April 9, No. 3667, 148 (1965) 
202 ff. 


“Establishment has been announced of a National Academy of Education, 
which its founders hope will parallel in prestige the National Academy of Sci- 
ences, but which will not have the quasi-governmental status of NAS.” 
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Headed by Ralph Tyler, director of the Center for Advanced Study in the 
Behavioral Sciences, and chartered by the New York State Board of Regents, 
the Academy is intended to create “a forum which will set the highest standards 
for educational inquiry and discussion.” 

Of considerable interest to mathematicians will be the fact that Patrick 
Suppes of Stanford University is a charter member of the Academy. 


PROBLEMS AND SOLUTIONS 


EpITED BY E. P. STaRKE, Bloomfield College 


COLLABORATING EpiTors: J. BARLAZ, Rutgers—The State University; L. Cartitz, Duke 
University; H. S. M. Coxeter, University of Toronto; H. Eves, University of Maine; 
A. E. Lrvincston, University of Alberta; and A. WiLansky, Lehigh University 


All problems (both elementary and advanced) proposed for inclusion in this Department 
should be sent to E. P. Starke, Bloomfield College, Bloomfield, N. J. 07003. Proposers of 
problems are urged to enclose any solutions or information that will assist the editors. Ordi- 
narily, problems in well-known textbooks and results in generally accessible sources are 
not appropriate for this Department. No solutions (except those accompanying proposals) 
should be sent to Professor Starke. 


ELEMENTARY PROBLEMS 


All solutions of Elementary Problems should be sent to A. E. Livingston, University of 
Alberta, Edmonton, Canada. To facilitate their consideration, solutions for Elementary 
Problems in this issue should be submitted on separate, signed sheets and should be matled 
before March 31, 1966. 


E 1825. Proposed by A. K. Austin, The University, Sheffield, England 


Find the number of noncongruent triangles with integral sides and peri- 
meter 7. 


E 1826. Proposed by A. K. Austin, The University, Sheffield, England 


Does there exist a quadrilateral ABCD such that the sides and diagonals 
have rational length, but AO, BO, CO, DO are all irrational? O is the intersection 
of the diagonals. 


E 1827. Proposed by Joseph Arkin, Spring Valley, New York 


Given an integer 722 and the system of n—1 equations: 


n n n nN 
0= ante +(")aut(? mat (7S )aet eo +( "eet 
0 = yay + ("") tn + ("Sm + ( 5 a ("~") vo + 4 
1 2 3 n—-2 
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n—2 n—2 n—2 
0 = Onaate +( 1 ) tana + ( 2 ) taoa + ( 3 Jima b es $041 


3 3 
0= ast t+ (1 )aat( 5) ma 0+ -+- +O+1, 


2 
0= ast + (1 Jar tO+04 ++ 4041 


in ~—1 quantities (2, 3, °° +, X,). Determine the value of the one quantity 
X, in terms of the a,j. 
E 1828. Proposed by D. S. Mitrinovié, University of Belgrade, Yugoslavia 


Form the differential equation for which the general solution is 


y= > Ape, 


k=l 
where the constants A; and a, are arbitrary. 


E 1829. Proposed by M. J. Pascual and S. D. Beck, Watervliet Arsenal, N. Y. 


If m is a positive integer and x is arbitrary, establish the following identity: 


2m—-1 2 — 1 2m—1 k _. 1 
> ( m ) aa _ gp) 21k — > ( ) na _ eye, 
k m— 1 


komm k=m 
E 1830. Proposed by Michael Gemignant, University of Notre Dame 


Let 1S, . i be a semigroup such that, given any aC 5S, x and y can be found 
in S such that (xa)a=a, and a(ay) =a. Prove (1) Every element aC 5S has at 
least one two-sided identity, i.e., given a, Se, in S with e,a=ae,=a. (2) Each 
a€S has at least one two-sided inverse, say b,, such that b,a =ab, =a, €g being 
a two-sided identity for a. 


E 1831. Proposed by Wiliam Becker, New York University 


Let F and G be fields with G (properly) embedded in F. Let P(x) be a poly- 
nomial with coefficients in G such that xGG implies P(x) GG, and xG(F—G) 
implies P(x) €(F—G). Must P(x) be linear? (Compare E 1642 [1964, 914] and 
E 1696 [1965, 550].) 


E 1832. Proposed by Alan Sutcliffe, Congleton, Cheshire, England 


There is a well-known problem in which a ladder rests against a wall and 
just touches a cube having one face in contact with the wall. The lengths of the 
ladder and of an edge of the cube are given, and it is required to find the dis- 
tances of the ends of the ladder from the base of the wall. When are all four 
quantities integers? 
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E 1833. Proposed by Alan Sutcliffe, Congleton, Cheshire, England 


If m=min(r, s) and M=max(r, s), prove that 


Ae (V+m)! (V+r+1)! 
a ris(N- MM)! Srl t+ DUN — Dn)! 


E 1834. Proposed by Douglas Lind, Falls Church, Virginia 
Prove that 


r= VJV{rtr+2/[rtr +3VBrtr +--+), 


where r=7—3 and 7 =7r?+37r-+1. 


SOLUTIONS OF ELEMENTARY PROBLEMS 


Lagrange’s Theorem 


E 1712 [1964, 793]. Proposed by Michael Gemignani, University of Notre 
Dame 


Let G be a finite group of order n, and let H be a subset of G containing m 
elements. Suppose gH/\g'H # @ implies gH =g’'H for any g, g’ in G. Then prove 
(a) m|n; (b) if eG is the unit element of G and e€dH, then A is a subgroup 
of G. 


Solution by Paul S. Schnare, Louisiana State University in New Orleans. We 
prove first the 


THEOREM. Let G be a (not necessarily finite) group and H a nonempty subset 
of G. Then H is a left-translate of a subgroup of G if and only if gH(\e'H#D 
implies that gH=g'H for any g, g’CG. 


Proof. For the sufficiency, suppose that hGH, so that eC K=h-H. If 
k, k’'CR, then k’=RRORCKORR1K =h AN \k'kOh-H. ~By hypothesis, 
hH=k'kh- or K =k'k'K. In particular, k’k-1C K, so that K isa subgroup 
and H=hkK. 

The converse is trivial. 

For the proposed problem, (b) is clearly true since e@H implies that ZH is 
the identity coset of some subgroup of G. And (a) is true since H is a left-trans- 
late of some subgroup with m elements, so that Lagrange’s Theorem tells us 
that m|n. 

We note also that Problem 5247 [1964, 1138] is a corollary of our Theorem 
above. 

Also solved by Raymond Balbes, W. E. Bodden, J. L. Brown, Jr., M. M. Chawla and K. M, 


Das (jointly) (India), D. I. A. Cohen, Eleanor G. Dawley, M. J. DeLeon, J. F. Dillon, L. L. English, 
E. W. Ewing, Philip Fung, P. K. Garlick, A. A. Gioia, M. G. Greening (Australia), Israel Gross- 
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man, C. P. Gupta, C. V. Heuer, J. E. Homer, Jr., W. D. Jackson, R. A. Jacobson, Thomas Jeffer- 
son, Jr., Sister Mary Justin, Roman Kaluzniacki, Donald Kanzaki, M. L. Klasi, E. S. Langford, 
C. C. Lindner, D. C. B. Marsh, M. D. Mavinkurve (India), T. M. Morrisette, W. O. J. Moser, 
M. G. Murdeshwar, J. C. Nichols, T. M. O'Leary, Neal Parker, Harsh Pittie, P. J. Ryan, Gary 
Sampson and David Zitarelli (jointly), M.S. R. K. Sastry, Gerald Schrag, Frank Servas, Jr., 
R. Shantaram, D. R. Shoemaker, Ronald Shubert, Robin Sibson (England), Indranand Sinha, 
E. R. Sparks, Raymond Stockton, Helen Strassberg, L. Y. L. Tong, B. R. Toskey, J. E. Turner, 
William Vale, Van de Vyle, Emanuel Vegh, D. A. Wick, S. W. Williams, L. D. Wojnowski, 
Kenneth Yanosko, and the proposer. 


The Euler-Mascheroni Constant 
E 1736 [1964, 1042]. Proposed by E. R. Barnes, Student, Morgan State College 


Evaluate 
00 1 00 1 2) 
s-¥(52(-)). 
p=2 \P qa2\ 9 


Solution by William E. Kaufman, Student, University of Texas. It is well 
known that log (1—x) = — )02., «*/n for | x <1. Inverting the order of summa- 
tion in S (all terms are positive), we therefore have 


s=>S>¥ (/9?/p = D (10g a =) 


g=2 p=2 q=2 q—1i q 


ll 


tim (Sloe ! -d 1/1) 


la 0 g=2 qd —_ 1 


lim E — (x 1/q — log ") | = 1— y = 0.422784, 


where y is the Euler-Mascheroni constant. 


Also solved by A. N. Aheart, W. A. Al-Salam, M. T. L. Bizley (England), T. J. Burke, F. A. 
Butter, Jr., F. V. Cavoto, P. L. Chessin, G. L. Cole, M.S. Demos, P. G. Engstrom, R. V. Esperti, 
A. C. Fang, J. A. Faucher, N. J. Fine, Murray Geller, Michael Goldberg, F. R. Gray and R. L. 
Price (jointly), M. G. Greening (Australia), L. O. Hagglund, Eldon Hansen, D. R. Hayes, Stephen 
Hoffman, J. M. Horner, R. F. Jackson, Erwin Just and Norman Schaumberger (jointly), Frank 
Kocher, J. D. E. Konhauser, E. S. Langford, Sim Lasher, D. N. Lehman, D. H. Lehmer, D. C. B. 
Marsh, Gus Mavrigian, M. A. Mustafa (England), D. E. Myers, F. D. Parker, J. M. Perry, C. R. 
Rao, M.S. R. K. Sastry, P. A. Scheinok, Klaus Schmitt, P. S. Schnare, H. D. Shane, Robin Sibson 
(England), Arnold Singer, Richard Sinkhorn, Al Somayajulu, K. Soni and R. P. Soni (jointly), 
G. P. Speck, Sidney Spital, R. L. Tangeman, C. A. Tsonis, Van de Vyle, W. C. Waterhouse, K. L. 
Yocom, David Zeitlin, and the proposer. 

Chessin, Goldberg, Hansen, and Zeitlin observe that S Pee I<(p)—1]/p and appeal to the 
known result > [¢(p)—1](—2)?/p= log T1(2+2)+ log (1+s)—2(1—7) for —1<z<1. [Formula 
6.1.33 on page 256 of the Handbook of Mathematical Functions, National Bureau of Standards, 
Washington, D. C. (1964), or equation 6.342 (1) in Ryshik and Gradstein, Tables of Sertes, Products, 
and Integrals, Plenum, New York. ] 
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‘‘Telescoping” Sums and Products 


E 1737 [1964, 1042]. Proposed by F. L. Bookstein, University of Michigan 


Define a telescoping product for a natural number ¢ as a sequence of u in- 
tegers a;>1, 1S71Sn, such that a; divides a;1 for 257m and such that 
[[%., a;=t. Define a telescoping sum for a natural number ¢ as a sequence of 
positive integers a;, 1SiSn, such that a;Sa@j1, 1S1Sn-—1, and such that 
duint Gs=t. 

Let g have prime factorization pip? - +--+ pi. Let c; be the number of tele- 
scoping sums for };. Prove that the number of telescoping products for gq is 


Thi, Cy. 


Solution by D. C. B. Marsh, Colorado School of Mines. There is a one-to-one 
correspondence between the telescoping sums for a natural number 0) and the 
telescoping products for p°(p prime), namely: (a1, de, + + +, Gn)O(P™, + + + , p%, p%). 
For gq= ppp? - + + pz*, the selection of a telescoping sum for each b; may be made 
independently of the others, whence the total number of telescoping products 
for g is given by the product of the total number of telescoping sums for each b,, 
ie, [[Ky ce. 

Also solved by J. C. Abad, Andreas Blass, J. A. Burslem, D. J. A. Cohen, R. B. Eggleton 


(Australia), M. G. Greening (Australia), R. F. Jackson, Kenneth Kramer, E. S. Langford, Robin 
Sibson (England), Simon Vatriquant (Belgium), P. C. Yang, and the proposer. 


A Difference Equation 
E 1738 [1964, 1042]. Proposed by Michael Fried, Bell Aerosystems 


Given Ti = 2, T» = 3, Ton = Ton—-1+2 Ton—2; Tony = Tent Ten—1- Find an explicit 
expression for T;;. 


I. Solution by Paul S. Schnare, Louisiana State University 1n New Orleans. 
For convenience define T_,= —1/2, T_1=3/2, and 7)=1/2. Observing that 


LP ont1 = (Ten—1 + 2T n—2) + Ten-1 = 2Ton—2 + 2T on—1) 


we express the recurrence equations by the matrix equation X,=AXy,z-1 
(n=0, 1, 2,---) with 


Ton 2 1 
x = ( ) and 4=( ), 
Pony 2 2 


Thus, X,=A"tlX_1. Since A satisfies its characteristic equation, we have 
A*™ti=~q,IJ+8,A for appropriate scalars a, and 6,. But the characteristic values 
of A are 2++/2, so we must have (2+/2)"tl=a,+(2£~V72)6., whence 
On = [(2—V/2)"9—(2-+-V2)"]/V2 and Ba=[(2+V/2)"*t—(2—V2)"*1]/(2/2) 


and then 
n 2Bn n 
Xn = (* + ° 6 ) x 
2Bn An + 2Bn 
1.€., Ton = (Bn—On) /2 and Ton41 =26,+3a,/2. 
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II. Solution by Orville Goering, Southern Illinots University, Edwardsville, 
Iilinots. Starting with the matrix equation X,=AX,4 (Ty) =1/2, n=1, 2,3, ---) 
as in Solution I, if A were a diagonal matrix, the solution would be evident. 
Since it is not, we seek a linear transformation defined by X,=PY, so that 
(of course) Y,=PAPY,-1 and P-'!AP is diagonal. Since the characteristic 
roots of A are 2+/2, a suitable P is 


1 1 
(_, va) 


and solution then follows routinely. 


III. Solution by Cornelius Groenewoud, 255 Roycroft Blud., Buffalo, New York. 
Let a, b, c, and d be fixed numbers and consider the problem 


Don = AT on~1 + OT on-2, Dont = ¢€T 9, + dT on-1 


with initial terms 7, and T, specified. Then Unsi—(b+ac+d) U,+bdU,1=0 
where U,= Ton or Un=Ton_1. If 11 and 72 are the roots of x? —(b-+ac+d)x+bd=0, 


it follows routinely (consider f(x) = D3, Unx") that 
for + Bre if 71 # ro, 
7 a(n + 1)r7>+ Bur ifr, =r. = 7, 


where a and 6 are determined by Ui and U2; so that a=(7.U1— U2) /11(%2—-11) 
and B=(U2~— U1) /re(v2e—11) if 113472, while w= (27 Ui — U2) /r? and B=(U2—7 U1) /r 


if 11, = 77. 


Also solved by W. A. Al-Salam, Joseph Arkin, Mordecai Avriel, M. T. L. Bizley (England), 
A. P. Boblett, Paul Chessin, C. A. Church, Jr., and D. P. Roselle (jointly), R. B. Eggleton (Aus- 
tralia), Gary Ford, Michael Goldberg, S. H. Greene, M. G. Greening (Australia), Carl Harris, 
Stephen Hoffman, J. M. Horner, J. A. H. Hunter, R. F. Jackson, R. A. Jacobson, A. W. Johnson, 
Jr., Erwin Just and Norman Schaumberger (jointly), P. G. Kirmser, E. S. Langford, D. C. B. 
Marsh, T. M. Morrisette, Ralph Oravec, F. D. Parker, Richard Pavelle, J. J. Price, Joel Recht, 
H. D. Ruderman, P. A. Scheinok, P. S. Schnare, R. S. Seamons, Robin Sibson (England), Arnold 
Singer, F. C. Smith, G. P. Speck, Sidney Spital, C. A. Tsonis, R. E. Whitney, Jet Wimp, K. L. 
Yocom, David Zeitlin, and the proposer. 


A Rectangle Associated with Four Concyclic Points 


E 1739 [1964, 1132]. Proposed by D. P. Ambrose, University of Colorado 


Let A, B, C, D be four points on a circle, and let Z4, Iz, Ic, Ip be the in- 
centers of triangles BCD, CDA, DAB, ABC. Prove that I4, Iz, Ic, Ip is a rec- 


tangle. 


Solution by Hui-hsiang Kuo, National Taiwan University, Tatper, Taiwan, 
China. ZBI,C=r—34(ZDBC4+ ZDCB) =r—-4(r— ZBDC)=7/24+5ZBDC. 
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Similarly, ZBI pC=7/2+4ZBAC. Since ZBDC= Z BAC, we have ZBI,4C 
= £BIpC, and, hence, B, C, I4, Ip are concyclic and ZIpBC+ ZIpI,C=m. 
Similarly, ZJgDC + ZIpI,C = 7, whence ZIpBC + ZIpInC + ZIgDC 
+ ZIpI,4C = 27. But ZIpBC+ ZIpgDC = 3(ZABC + ZLADC) = w/2 
and ZIplI,lp=2ar—(ZIpI4C+ ZIplsC), so that ZI[pIylIp=7/2. In more Or 
less the same way, we find that the other angles in I,JpIc¢Ip are right angles. 


Also solved by Leon Bankoff, M. G. Beumer (Netherlands), Marjorie Bicknell, Jim Campbell, 
K. W. Crain, Huseyin Demir (Turkey), L. R. De Ritter, Alwin Gran, D. M. Hancasky, Arun 
Lanyal (India), Ruth S. Lefkowitz, W. R. McEwen, D. C. B. Marsh, J. K. Moulton, J. M. Quoniam 
(France), Simeon Reich (Israel), Sister M. Stephanie, Simon Vatriquant (Belgium), and the 
proposer. 

The problem is not new: Bankoff and Crain found it as a theorem on page 255 of R. A. Johnson, 
Modern Geometry, Dover (reprint); Beumer finds it attributed to J. Neuberg in 1875 [Max Simon, 
Uber die Entwicklung der Elementar-Geometrie im 19 Jahrhundert, Leipzig (1906), p. 159]; Bicknell, 
De Ritter, Lefkowitz, and McEwen located it as a theorem on page 133 in R. A. Court, College 
Geometry, Barnes and Noble (1952); Demir calls attention to Antoine Dalle, Problémes et Exercices 
de Géometrie (1931); and Vatriquant cites page 194 of F. and F. V. Morley, Inversive Geometry. 


Four Concyclic Points 


E 1740 [1964, 1132]. Proposed by D. P. Ambrose, University of Colorado 


Let A, B, C, D be four points on a circle, and let G4, Gg, Gc, Gp be the cen- 
troids of the triangles BCD, CDA, DAB, ABC. Prove that Gu, Gz, Ge, Gp are 
also concyclic. 


I. Solution by Huseyin Demir, Middle East Technical University, Ankara, 
Turkey. This known property [see Antoine Dalle, Problémes et Exercices de 
Géometrie, (1931), p. 136] may be proved as follows. The figure G4GgGcGop is 
homothetic to HzHsHcHp where H’s are respective orthocenters. So it will 
suffice to prove the property for the latter quadrangle. If (O) is the circumcenter 


—— —— —— 
and X is the midpoint of BC, the relation DH,=20X =AHp shows that the 
figure AHpH,D is a parallelogram and hence H~zHgHcHp is congruent to 
ABCD which is concylic. 


Il. Solution by D. C. B. Marsh, Colorado School of Mines. Establish coordi- 
nate axes so that the given circle has radius 7 and center at the origin. Relabel 
the points A, B, C, Das P; (¢=1, 2, 3, 4) with coordinates (7 cos 6;, r sin 6;). 
Then the centroids 


r r 3 
G; = (= >; cos 0;, — >, sin ,) 
3 jot 3 ja 
jt jAt 
all obviously lie on a circle of radius 7/3 with center at 


r 3 r 3 
(= >> cos 6;, — >, sin i). 
3 j=l 3 j=l 
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III. Solution by Michael Goldberg, Washington, D. C. Let equal weights be 
placed at four points A, B, C, D in the plane (not necessarily concyclic). Let 
their center of gravity be E. Then £ must lie on the line from Gy, to A and divide 
it in the ratio of 3 to 1. Similarly, E divides GgB, GcC and GpD in the same 
ratio. Hence, G4GgGceGp is homothetic to ABCD and, therefore, similar to 
ABCD. If ABCD isa cyclic quadrilateral, then GaGgGcGp is also a cyclic quad- 
rilateral inscribed in a circle of one-third the diameter. 

For any n weights, the centers of gravity of the 2 sets of (n—1) weights will 
produce a polygon similar to the polygon of the original z weights. If the original 
set lies on a circle, then the derived set of points lies on a circle which is 1/(z—1) 
times the diameter of the original circle. 

A similar condition holds for weights in three-space. The derived configura- 
tion is similar and homothetic to the original configuration. 


Comment by M. G. Beumer, Information Systems, Inc., The Hague, Nether- 
lands. The same result applies if “centroids” is replaced by “orthocenters,” in 
which case the multiplication factor of 1/3 in the solutions above is replaced 
by 1. Quite generally, this kind of problem is due to Steiner. References: Max 
Simon, Entwicklung der Elementar-Geometrie im 19 Jahrhundert, Leipzig (1906), 
p. 159, and J. Steiner, Gesammelte Werke I, p. 128. 


Also solved by A. N. Aheart, Leon Bankoff, M. A. Bershad, Jim Campbell, Hui-hsiung Kuo 
(Taiwan), E. S. Langford, W. R. McEwen, S. R. Mandan (India), J. K. Moulton, J. M. Quoniam 
(France), Simeon Reich (Israel), Sidney Spital, Sister M. Stephanie, Simon Vatriquant (Belgium), 
and the proposer. 

Bankoff found E 1740 as Problem 4 on page 234 of H. G. Forder, Higher Course Geometry, 
Cambridge University Press (1931), while Mandan calls attention to his paper Harmonic chains 
of equal circles, Scripta Mathematica, 26 (1961) 47-65. 


Scf(x)dx and f[g(t) dt Converge and Diverge Together 
E 1741 [1964, 1132]. Proposed by Harold Peacock, Hyattsville, Maryland 


Suppose that limz.o f(x) = ©, where f(x) is a nonincreasing continuous func- 
tion defined on some interval (0, a]. Suppose that lim,.,, g(é) =0, where g(é) isa 
strictly decreasing continuous function defined on some interval [b, 0). Define 
h(x) =g(f(x)) and h(0) =0. Suppose that, for some natural number 1, the integral 


J “Ler at 


converges (diverges) and that the derivative d*x/dh” is finite (nonzero) when 
h=0. In the event that n>1, suppose also that the lower order derivatives are 
zero ath=x=0. 

Under these conditions, prove that the integral /(f(«)dx converges (di- 
verges.) 
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Solution by E. S. Langford, U. S. Naval Postgraduate School, Monterey, Cali- 
fornia. With regard to differentiability, we assume only that D*h-1(0) exists 
(finite) and, hence, that D*h-1G€ C[0, c) for some c>0 (R=0, 1, 2,- +--+, —1). 
It follows that f is strictly decreasing near 0 and, hence, that # and /7! are 
strictly increasing near 0 and ©, respectively. 

Applying Taylor’s Theorem in its “local” form and recalling that D*h-1(0) =0 
for k=0,1,--+-,n#—1, we have 


0S i *(y) = D'e(0)y"/n! + yd), 


where ¢(y)—0 as y-0. [See Ch. J. de la Valleé Poussin, Cours d’Analyse 
Infinitésimale, Tome 1, Dover (reprint), (1946) pp. 79-80, or this MONTHLY, 70 
(1963) p. 866.] With y=h(x) and x=f—1(£), this becomes 


0<f() = Drh-(0)[g@)]"/n! + [e@Irv@, 


where W(£)—>0 as [> ©. 

For /@[g(t) |"dt convergent, our differentiability assumption gives 0<f-1(é) 
< {D*h-(0)/n!-+1 } [g(t) |” for all large ¢. But then /*f-1(£)dt is convergent and, 
hence, /¢f(u)du is convergent for some a>0. 

If /-[g() |"dt is divergent, our differentiability assumption requires that 
D*h-1(0) #0. Since W(é) =0(1), we have f-1(#) >A [g(t) |», 4>0, for all large ¢; 
i.e., f°f-1(e)dt (and, hence, /¢f(u)du for some a>0) is divergent. 


Also solved by the proposer. 


A Counting Problem 
E 1742 [1964, 1132]. Proposed by M. T. Salhab, Illinois Institute of Tech- 
nology 


Arrange the forty playing cards, one through 10 of each unit, face up in four 
rows as follows: 


Istrow: 1, 2,---, 10 of clubs 
2nd row: 10, 1, 2,°--, 9 of diamonds 
3rd row: 9,10, 1,---, 8 of hearts 
Ath row: 8, 9, 10,1,---,7 of spades 


Pick them up, face down, from right to left, a column at a time, always start- 
ing with the first row. The bottom card will be the 10 of clubs, and the top, the 
eight of spades. Now distribute them face down, in four equal rows from left 
to right. Find a formula which identifies the card in each of the forty positions. 


Solution by A. M. Vaidya and V. A. Vaidya, Texas Technological College. We 
observe that the (4¢-++1)-st card (g=0, 1, -- - , 9) in the new arrangement is the 
(q-+1)-st card from the left in the last row of the original arrangement and, 
hence, has for value the least positive residue of 8-++gq (modulo 10). Since the 
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next three cards in the new arrangement have consecutive values (modulo 10), 
we see that the card numbered n =4q-+r7 (r =0, 1, 2, 3) has for face value the least 
positive residue of 7-+q-+7 (modulo 10) and is a club, spade, heart, or diamond 
according as r=0Q, 1, 2, or 3. (Of course, the least positive residue of 7-+q-+r 
(modulo 10) is 7-+g+r—10[(6+q¢+r)/10].) 

Also solved by D. A. Blaeuer, Walter Bluger, J. W. Burns, J. A. Burslem, Jim Campbell, 
C. C. Clever, D. I. A. Cohen, Gil De Bartolo, R. B. Eggleton (Australia), E. V. Gadecki, Cornelius 
Groenewoud, David Herlacher, R. A. Jacobson, Linda Kalver, F. A. Kros, E. S. Langford, 
Margaret M. La Salle, D. C. B. Marsh, Mrs. Merkel, M. J. Sheridan, Arnold Singer, Mitchell 
Snyder, G. P. Speck, C. R. Wall, and the proposer. 

Many of these solutions were based on the observation that the card a;; originally in the 7-th 
row and j-th column (7=0, 1, 2, 3;7=0, 1, - +, 9) winds up in the (4—7)-th row and g-th column, 
where 10i-+j7=4¢-+7 (r=0, 1, 2, 3). By observing next that a;; is the least positive residue of 
11-—2-++7 (modulo 10) and that 7=0, 1, 2,and 3 correspond to clubs, diamonds, hearts, and spades, 
respectively, it is then easy to identify card (4—7, q) in the new array. 


An Increasing Function 


E 1743 [1964, 1133]. Proposed by H. S. M. Coxeter, University of Toronto 


Prove that (sinh x—x) {arc sec (2+sech x) —2/ 3\ is a steadily increasing 
function of x. 


Solution by E. S. Langford, U. S. Naval Postgraduate School, Monterey, Cali- 
fornia. Let f(x) =sinh «—x and g(x) =sec7!(2+sech x) —7/3. Since sec y and 
sech x are even, g is even, while f is odd because sinh x and x are odd. Thus, fg 
is odd, and it suffices to show that fg is increasing for x20. We have 


2+sech x 


g(x) = sec7} (2 + sech x) — sec! 2 = i) h(t) dt, 


2 


where A(t) =1/t(t?—1)1/2. Since h is decreasing, g(x) 2 (sech x)h(2-+sech x) >0, 
and, of course, cosh x—120. Thus, 


(fg) = f'g + fg’ 

(cosh « — 1)(sech «)A(2 + sech x) 

— (sinh « — x)(sech x tanh «)2(2 + sech x) 

(sech? *)h(2 + sech x)[cosh? x — cosh « — sinh? x + «sinh a] 
= (sech? x)h(2 + sech x)[1 — cosh x + «sinh x]. 


IV 


Since (sech? «)h(2-+sech x) >0, it suffices to show that k(x) =1—cosh x-+<x sinh x 
=0 for x20. But k(0) =0, and k’(x) = —sinh x+sinh «+ cosh x =x cosh x20, 
with equality only if «=0. Therefore fg is strictly increasing on (— ~, ©). 


Also solved by August Florian (Austria), and the proposer. 
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ADVANCED PROBLEMS 


Solutions of Advanced Problems in this issue should be submitted on separate, signed sheets 
and should be mailed before May 31, 1966, to J. Barlaz, Ruigers—The State University, 
New Brunswick, N. J. 08903. 


5330. Proposed by M. Edelstein, Dalhouste University 

Let S be a subset of #” and suppose that the distance d(s1, s2) is rational for 
all pairs si, s.€.S. Prove, or disprove, that S is countable. 

5331. Proposed by M. Edelstein, Dalhousie University 

Let f be a mapping of J, into itself defined as follows. If x=(x1, %2, - + + , Xn; 
-++)Eh, then y= (1, ya, °° +5 Mn =F (x) if, and only if, yp =e27#/""(«%, —1) 
+1. Is the sequence of iterates f"(0) of the origin bounded? 

5332. Proposed by R. W. Forcade, Southern Illinots University 


Let J be an operator on (all) the subsets of a set X, such that the image 
of an arbitrary union of subsets is the intersection of their images. Prove that if 
every nonempty subset has a nonempty intersection with its image, then there 
is exactly one subset of X which is fixed by T. 

5333. Proposed by Masakazu Aoyagi, Chiba University, Japan 


If 0<xy<x2< +++ <x,S1, then prove that 


n n n 1 
(yn) / (Seat manta om) BD ; 
k=1 k=1 kat Ll + xX 


5334. Proposed by L. A. Shepp, Bell Telephone Laboratories, Murray Aull, 
N. J. 

If b=[0;,] is a symmetric square matrix with b;;=1, >>: | b;,| <1 for each 2, 
then det(b) $1. 


5335. Proposed by James Chew, Virginia Polytechnic Institute 


In this MontTHLy (Dec. 1963) Doyle and Warne, Some properties of group- 
oids, the following theorem is given without proof: The set of idempotents in a 
topological groupoid is (topologically) closed. Supply a proof. 

5336. Proposed by D. J. Newman, Yeshiva University 

Let & be an integer greater than 1. Prove that 


1 
i = 
MyNe + + M(t + Me +--+: + mM) 


the sum extending over all &-tuples of positive integers which have no nontrivial 
common factor. 
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5337. Proposed by C. S. Venkataraman, Sri Kerala Varma College, Trichur, 
India 


Evaluate 


d. (n/e)/ D1 o(n/d), 
where e runs through the even divisors and d runs through the odd divisors of n, 
and ¢ is Euler’s function. 
5338. Proposed by J. W. Wyman, Pasadena College 


Let f: D—D bea continuous function on the unit disk D in the complex plane 
such that f(z)z for each z©@D. Let 0D denote the boundary of D and let 
y: D-0D be defined as follows: If z©D, the line determined by f(z) and z inter 
sects 0D in exactly two places. Let ¥(x) be the point on 0D such that f(z), 2 
and W(z) are in that order. Then yw is continuous. Supply a proof. (This result is 
stated without proof in Tucker, Some topological properties of disk and sphere, 
Proceedings of the First Canadian Mathematical Congress, 1946, pp. 285-309.) 

5339. Proposed by Necdet Ucoluk, Purdue University 


Let ABC be a given triangle in the plane, with a nonempty interior. Deter- 
mine the position of a point N of the plane for which the product NA XNB 
X NC attains an extreme value. 

SOLUTIONS OF ADVANCED PROBLEMS 
Self-adjoint Operators on Hilbert Space 


5233 [1964, 923]. Proposed by R. M. Redheffer, University of California, Los 
Angeles 


Let p and q be linear operators on a Hilbert space, with ||p|| <1 and gq vari- 
able. Evaluate 


f(i) = sup (1 — g*p*)-(1 — g*g)(1 — pg). 


Solution by Mary R. Embry, Charlotte College, Charlotte, N. C. If ||q|| $1, let 
h(q) = (1 -—q*p*)-1(1 —¢q*q) (1—pq)-!. Observe that h(p*) =(1—pp*)-1. Suppose 
there exists g such that h(q)>>h(p*). Let r=q—p*. Then 


(1 — (r* + p)r + p*) > (1 — *p* — pp*)(1 — pp*)"*(1 — pr — pp*). 
Simplifying and cancelling, one has 
—r*r >> rp*(1 — pp*)— or. 
Therefore, r=0 and gq=p*. Consequently, f(p) =(1—pp*)-1. 
Also solved by the proposer. 
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Rings Isomorphic to the Direct Product of Copies of R 
5235 [1964, 924]. Proposed by Hans Schneider, University of Wisconsin 


Let R be an associative ring with unity, and let J be a transfinite cardinal. If 
F is a left R-module which is the (weak) direct sum of J copies of R, then it is 
known that every other representation of F as a direct sum of copies of R con- 
tains J summands. 

Now let J be an arbitrary cardinal. Show that there exists a ring R (depend- 
ing on J) with unity, which is isomorphic as a left R-module to the (complete) 
direct product of J copies of R. 


I. Solution by the proposer. Let J be a transfinite cardinal, with J2J. Let 
(E;)r be a family of vector spaces over some division ring D, and suppose 
dim £;=J, for EJ. Set F= 1 OE, and note that dim F=J, since J-J=J. 
Thus there exists a D-isomorphism o; of F onto E;. Let a; be the inverse iso- 
morphism and extend a; to F by defining a,;H;=0, 742. Thus 


ajo; = id on F, 7:02: | F;=0o0n Fj, Jj #1, 
ocr; | E; = ad on Ei, ajo, = 0 j ae 1. 


Let R be the ring of D-linear transformations on F into itself. Define 
Tl: R-II (Ro;)r by TA) = (Ao;) r Then 


(1) Ra; = R, since AQ;o; = A, 
(2) I is a left R-module homomorphism, as may be computed, 
(3) I’ is one to one, 


Finally 


(4) I is onto, 
for, let (A,o:)€ [[(Ro.)1, and define X by \| B:=,o:0; 


=),0,0,0;=A.0;, since a,o;=0, 72. 
The requirements for R now follow from (1), (2), (3), (4). 


E; =),| E;. Then do; 


II. Solution by W. C. Waterhouse, Harvard University. Let J be any infinite 
cardinal 2J, so that J-T=J, and let R be the direct product of J copies of the 
integers. Then we can break up the product into a product of I copies of rings 
isomorphic to R, and the decomposition respects the module structure. 


Integral Equations with Bessel Function Kerneis 
5236 [1964, 1046]. Proposed by James F. Heyda, General Electric Company 


Solve in closed form the integral equations 
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1 60) + | OF dt = g@), 
0 


IL Jf sOF@ a + OFC) = fe, 


where z=x(«—#) and the prime indicates differentiation with respect to z. F(z) 
is the modified Bessel function [)(2z1/2). The free functions f(x), g(x) are assumed 
to be continuously differentiable. 


Solution by A. G. Mackie, Victoria University, Wellington, New Zealand. Hf 
R(x, y; Xo, Yo) is the Riemann function associated with the equation 0°¢/dxdy 
+c(x, y)6=0, where c(x, y) =c(y, x), and if 


(1) flee) = R(x, 25 m0, Ogla) de, 
then 


@ a =e) + ["|(—- =) Re 05%] se) ax 


0X9 do Yorro 


(This result may be found in A. G. Mackie, A class of integral equations, in 
this issue of the MONTHLY, pp. 956-960.) 
If we take c(x, y) = —1, then 


R(x, 3 Xo, Yo) = Tof2V/ (ao — «) (yo — 9)} 


) ) #I§ {2./xo(xo — «)} 
| (— — =.) R(x, 0; xo, v) | = I$ {2Va(to = 2} : 
0X9 OY Youre V/ xo(Xo ~~ x) 


Thus I is precisely (2) above with f’ corresponding to ¢. Hence from (1) 


and 


77 OR 9 v5 0, O 
fe) = f° RRO gay dr + aCe), 


(since R(x», Xo; Xo, 0) =1), and the solution to I is found to be 


t #62) =) — f 


ef 


t ) 
(—) g(t)Ji{ 2/t(x — t)} dt. 


In the final paragraph of the paper referred to above, it is noted that a 
further class of integral equations and their solutions, analogous to (1) and (2), 
can be obtained by considering a boundary value problem similar to but slightly 
different from that which motivated the derivation of equations (1) and (2). 
The equivalent pair of equations is 
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(3) f(%o) = fO)RO, 0; xo, %o) + i) “LR 0; Xo, Xo) da, 
and 

6 
@ ale) = soe) + f [5 ) RG 950.0] fe an 


g(x) being the solution of (3) for which g(0) =f(0). 

If again we choose c(x, y) = —1, then IT is precisely (3) with g’(«) taking the 
role of d(x). Hence by (4), in the notation of the problem, we have, again after 
some manipulation, 


II. o(x) = ro - =f 2 Ti{2V/t(x% — t)} dt 


Also solved by the proposer, (who used equations derived in his paper, A Note concerning 
Hyperbolic Equations, Quarterly J. of Appl. Math., Oct. 1960). 


Sets Dense in L°(0, 1) 


5237 [1964, 1046]. Proposed by I. I. Hirschman, Jr. and Guido Weiss, Wash- 
ington University, St. Louts 


Let F(x) be a complex measurable function on 0<x<1 such that F(x) 
¢£2(0, 1) and let P be the subset of Z2(0, 1) consisting of those functions (x) 
for which F(x)o(x) EL1(0, 1) and />F(x)o(x)dx=0. Show that P is dense in 
L2(0, 1). 


Solution by Sim Lasher, University of Illinois, Chicago. Let PE L?, F(x) EL’, 
€>0 be given. Then we construct a function (x) CL? such that [po F(x)o(~)dx =0 
and ||s—yl| <e. 

First, select a function G(x), G(x) EL*, FG20 and /jF(x)G(x)dx= © (see 
e.g., A. C. Zaanen, Linear Analysis, p. 137, 1; P. Natanson, Theory of Functions 
of a Real Variable, p. 202, ex. 5). Let EL, = { 2| FG Sn} Wn=xz,°v; n=1,2,---, 
(x is the characteristic function) and note that nE, increases to 1 as no. 
Choose m sufficiently large in order that |/Wn—y|| <e/2 and ||xcz,,-G|| <e/2. Let 


1 
» =f Pm dx = Fy dx. 
Em 


Choose K sufficiently large in order that /z, 2, FGdx> RN and HC(Ex—Em) 
so that fx FGdx = [A]. Denoting \= RY sen A, let (x) =Wn(x) —sgn A-xH:G(X). 
It now follows that /oF¢édx=0 and [|b (x) —(x)|| <e. 

Also solved by P. M. Chernoff, R. O. Davies (England), W. C. Waterhouse, the proposer, and 


J. P. Williams who noted that a corresponding result is possible if FEL —0, 0) but FEL —N 
N) for all N. Then the subset of L7( -— ©, «) “orthogonal” to F is dense in L?(— 0, ), 
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Identity for the I'-function 


5238 [1964, 1046]. Proposed by Z. Govindarajulu, Case Institute of Tech- 
nology 


Show that for a>—1, 


p—- ME TET) PUT) 
gunl sl(2s + 1) (2 ++ 2a) 


Solution by Max A. Bershad, Bureau of the Census, U. S. Department of Com- 
merce. The left side of the identity is easily seen to be $f2,(1—~y?)“dy, and this 
becomes 22¢/§x«*(1—x)*dx upon using the transformation 1—y=2x. The result 
now follows from the identity 


I?(1 + a) . 
T'(2 + 2a) 


Also solved by W. A. Al-Salam, P. T. Bateman, M. G. Beumer (Netherlands), A. P. Boblétt, 
L. R. Bragg, R. G. Buschman, Mrs. A. C. Garstang, S. H. Greene, M. G. Greening (Australia), 
Eldon Hansen, E.S. Langford, A. E. Livingston, J. L. Pabrinkis, J. M. Perry, Stanton Philipp, 
J. M. Quoniam (France), S. K. Rangarajan (England), B. E. Rhoades, P. A. Scheinok and 
W. F. Trench, V. Seshadri, A. Sharma, R. L. Shively, Arnold Singer, F. C. Smith, Al Soma- 
yajulu, K. Soni and R. P. Soni, F. W. Steutel (Netherlands), J. van Yzeren (Netherlands), 
L. D. Wojnowski, G. M. Yadao (India), David Zeitlin, and the proposer. 

Somayajulu solves the problem by setting p=1, g=4, @=—a in the known identity (Whit- 
taker and Watson, A course in Modern Analysis) 


BBM) ya pq 4 B(B + 1)g(q + 1) 
B(P, 9) p+q WoetgetaqtD) 


Livingston noted that the identity is valid for complex a, Ra>—1. 


1 
f x*(1 — «)*dx = BA +a,1+a) = 
0 


S 


The Iterated ¢-function 


5239 [1964, 1047]. Proposed by Douglas Lind, Falls Church, Va. 

Let ¢,(m) be the iterated ¢ function (Euler’s) such that ¢:(m) =d(m), on(m) 
=(dn_1(m)), and let w(m) =n denote the smallest m such that ¢,(m) =1. Then 
prove that if m<2+¢, then w(m) Sa. 


Solution by Rosalind Ruggiero, Harpur College. Suppose ¢,(m) =1 and 7 is 
the smallest such integer; then ¢;-1(m) =2. Also o1(m) <m <22, and since ¢1(m) 
is even 2(m) <4¢:(m) <2*-1. Continuing this process we find that ¢,1(m) 
<22-G-2) or 2<2e-G-), Thus j<a+l1, or j7Sa. 


Also solved by M. G. Beumer (Netherlands), J. E. H. Elliott, N. J. Fine, M. G. Greening 
(Australia), S. K. Gupta (India), D. L. Silverman, A. M. Vaidya, and the proposer. 

Fine and Vaidya proved that w(m)Sa—1 if mis even. P. T. Bateman, Underwood Dudley, 
and the proposer (post facto) noted that the result is in the literature: H. N. Shapiro, this 
MOoNTRLY, 50 (1943), 18-30; S. S. Pillai, Bull. Amer. Math. Soc., 35 (1929) 837-841. 
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Convoluted Sums of I-functions 
5240 [1964, 1047; 1965, 192]. Proposed by D. G. Bourgin, University of Illinois 
Prove the following identity: 


rte) we GG Ha) 
Tam) OP Gy prGepren-p 


Solution by Eldon Hansen, Lockheed Corporation, Los Altos Hills, Calif. Con- 
sider the sum 


a (Ht ak +8 
0) 5= Ean pil m ) 2, 


where p(k) is a polynomial of degree d in k and m is an integer such that m+d 
<n. Since (“t°) is a polynomial of degree m in k, we have 


(2) "ow = > Ak 


where the coefficients A, are independent of k. Substituting (2) into (1) and 
interchanging the order of summation, we obtain 
mtd n (—1)* 


S= >> A, >> ——— ke. 


rao .~—liaka RC — RY! 
Now r<m-+d<n, by hypothesis, and hence 
a (HIF 870 


& Bln — B)! nl 


where 6,9 is the Kronecker delta. (This is easily verified by induction on 7 and n, 
or see p. 100 of I. J. Schwatt, An Introduction to the Operations with Series, 1924.) 
Therefore 


The desired sum is a special case of S. To show this, let p(k) =k—1, R=r-+2, 
n=IN+1, a=i, b=—5/4, and m=N. Then, from equations (1) and (3), we 
easily obtain 

Si (—1)'T(r/2 + 3/4) 7 r(—1/4) 

rao (r+ 2)ri(2N —r — 1)!IT (7/2 —-N+ 3/4) (2N + 1)!D(-—N — 1/4) 
Using the relations ['(z)I'(1 —2z) =m csc wz and 

(—1)' sin a(r/2 — N + 3/4) = (—1)¥tEr/212-172, 
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we obtain 
a (APD /2 + 3/4) (WN — 4/2 + 1/4) 4083/4) (WN + 5/4) 
a0 (ry + 2)r\(2N — r — 1)! 7 (2N + 1)! 


which is the desired result. 


Also solved by the proposer who uses ideas in his paper, Associated transforms and convolu- 
tions, Revista de Ciencias, 1949, pp. 5-46. 


Representation of Prime Numbers 


5241 [1964, 1047]. Proposed by Necdet Ucoluk, Purdue University. 


Let p,; be the jth prime (so that p)=2, pp=3, - - - ) and let m be the greatest 
even number less than x. Prove, or disprove, that it is possible to choose e;= +1 
such that pra= D741 6b;. 

Solution by J. Moser and J. Riddell, University of Alberta. From Bertrand’s 
postulate that for every 21 there is a prime » such that n<pS2zu, it follows 
that 


(1) Pati < 2b, for all n. 


We shall also use the result 
(2) Pate < 2p, forn = 4. 


This follows from, for example, the result of Nagura that for every 1225 there 
is a prime » such that n<pS6n/5. (See J. Nagura, On the interval containing at 
least one prime number, Proc. Japan Acad., 28 (1952) 177-181.) 

We prove that if m26, m even, then any odd number in (—2pm, 2pm) can 
be expressed in the form 


(3) + pm ~ pm +++ + f1. 


By (2) it then follows that if m is the greatest even number less than n(n27), 
Pn is in the interval (—2pm, 2pm), and hence p, is representable in the desired 
form. For smaller primes, 5, 11, and 13 have the desired representation; 2, 3, 
and 7 do not. 

First, it is easily checked that any odd number in (— 26, 26) can be expressed 
by £134114+7+5+3+2 for some choice of signs. Now suppose any odd num- 
ber in (—2pm—2, 2m—2) can be expressed 


(4) kt Pm—2 = pms E+ Ep (m = 8, even), 


To get the numbers (3), we add to (4) one of £(pm—Dm—1), E(Sm+Pm-1). 
By (1), Pm-1<2Pm—2 and Pm—Pma1a<Pm—1; hence by adding +(/u—Pm-1) to the 
numbers (4) we can get any odd number in 


(— (2Pm—2 + Pin a Pm~1), 2Pm—2 + Pin a Pm-1)s 
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Then by adding +(m+hm—_1) or + (Sm—Pm-1) to the numbers (4) we will get 
any odd number in 


(5) (— (2)m—2 + Pm + Dm); 2Pm—2 + Pm + Pm-1) 


provided that —2pm.2tpPmtPm—1S2pm2+bm—Pm—-1 (so that there shall not 
be any gap). This inequality is equivalent to 2pm_1S4hm_2, which follows from 
(1). Since 2pm2+Pmtpm-1>pmatPmtpma>2pm, the interval (5) contains 
(—2Dm, 2Pm). 


Connected Unions of Disconnected Sets 


5242 [1964, 1047]. Proposed by M. K. Fort, Jr., University of Georgia, and 
B. Peterson, Middleburg College 


If a topological space is the union of two closed totally disconnected subsets: 
is the space necessarily totally disconnected? 


I. Solution by Martin Tangora, Northwestern University. No; we construct 
an example in which £ is connected. 

Let the set £ be the set of all real numbers, to which we will assign a topology 
strictly finer than the usual one. Let X, Y, Z be three disjoint subsets whose 
union is £, each of which is everywhere dense (with respect to the usual topol- 
ogy); for example, let X be the dyadic rationals, Y the remaining rationals, Z 
the irrationals. We make X and Y open subsets of £, along with all subsets of 
X which are relatively open in X under the usual topology, and likewise the 
corresponding subsets of Y. A basis for the neighborhoods of a point z in Z 
will be provided by sets of the form {2} U{wEXUY: |w—s] <r} for positive 
r;i.e., the usual neighborhoods in £ but with all points of Z deleted apart from 
z itself, 

In this way £ becomes a topological space partitioned into two totally dis- 
connected open subsets X, Y and a discrete subset Z. We put A and B equal to 
the complements of X and Y respectively, and thus obtain the desired example. 

A and B are closed subsets: since X and Y are open. 

A is totally disconnected: since X is everywhere dense in the usual topology, 
any two points of A are separated in E by a point of X. More precisely, every 
point of X divides A into two disjoint open and closed sets, using the usual order- 
ing of the real numbers. Thus no two points of A can belong to the same com- 
ponent. Similarly for B. 

Fis connected: The usual argument that the real line is connected can be 
carried over to — with no essential modification: that is, if D were a nonempty 
open and closed subset of & whose complement were also nonempty, choose a 
point d in D and let p be the L.u.b. jeCE—D: e<d} (the usual ordering is 
intended). A study of the possible cases (with respect to X, Y, Z) shows that p 
cannot lie either in D or in its complement. 
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Il. Solution by F. Burton Jones, University of California, Riverside. Let f bea 
discontinuous solution of the functional equation f(x)+/f(y) =f(x+y) whose 
graph F in the number plane is connected (see F. B. Jones, Connected and dis- 
connected plane sets, Bull. Amer. Math. Soc., 48 (1942) 115-120). Let Z be any 
line parallel to the x-axis. Since F is dense in the plane, between any two points 
of F there is a point of F belonging to L. Now consider F to be the space (giving 
it the relative topology of the plane) and let F, be the set of all points on F on 
or above the x-axis and let F, be the set of all points of F on or below the x- 
axis. Then F= Fi Fy and each of F; and fF» is closed and totally disconnected. 
It is perhaps notable that, since f is an odd function, Ff; and F, are congruent. 


III. Solution by R. F. Jolly, University of California, Riverside. Examples in 
a metric space of a connected point set S with a dispersion point are well known. 
(A dispersion point of a point set Sis a point 0 such that S— {o} is totally dis- 
connected.) See R. Duda, On biconnected sets with dispersion points, Rozprawy 
Mat., 37 (1964) 1-60. With the relative topology S is a topological space. Let 
{R,} denote the sequence of open spheres in S with center O such that Ro=S 
and R, has radius 1/n for n=1, 2, ---. The two sets of the form U(R, — Ray) 
U { 0 \ where 7 is taken to be even in one case and odd in the other, are clearly 
two closed and totally disconnected sets whose union is S. (Here R, denotes the 
closure of R,.) The figure may help to clarify the situation. 


S=HUK 


Also solved by John Cobb, William Huebsch, E. S. Langford, John Webb, and the proposers. 

Jones notes the interesting and much more difficult situation if the topological space happens 
to be a complete metric space. Using Jolly’s procedure and some results in a paper by Knaster and 
Kuratowski, (Rendiconti del Circolo Matematico di Palermo, 59 (1925), 382-386), an example 
may be given. 
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The End of a Knight 


5243 [1964, 1047]. Proposed by Erwin Just, Bronx Community College, and 
Herbert Sullivan, Lear Sigler, Inc. 


Let a knight’s tour of a chess board be the number of random moves made 
by the knight before it moves off the board. If a knight’s tour begins on one of 
the four center squares of the chess board, what is the probability that its tour 
will be 2 moves? 


Solution by A. J. Bosch and J. van Yzeren, Technical University, Eindhoven, 
Netherlands. We first consider the same problem on a 6X6 board. If the 36 
squares are classified as below, the matrix of mutual transition probabilities 
(apart from a factor 1/8) is A. The probabilities of leaving the board (in one 
move) are complementary to the row totals. In the same way A?, A’, A* provide 
the probabilities of leaving the board in 2, 3, 4 moves. Starting from the squares 
6 one successively finds probabilities 0, 15/32, 11/64, 147/1024; but the general 
rule is not immediately clear. 


To 12345 6 


Fron > 
412214 1 011001 18 0 —-2 -6 —8 0 
153351 2 101011 00 0 0 00 
236632 3 112101 20 2-2 00 
=A, F(A)= 
236632 4 002000 —12 0-4 12 8 0 
153351 5 020002 -146 0 0 8 80 
412214 6 222020 00 0 0 00 


The characteristic polynomial of A is 
u(a + 1)(x* — 343 — 144? + 14% + 32) = x(x + 1) F(x). 


We now calculate F(A). The result appears to have a vanishing sixth row. Hence, 
the probabilities p, of moving from 6 off the board in m moves are related by 


3 14. 14 32 
Pn = "g Pr + gz Pr? — 3 Pn—3 rv Pn—4- 


This leads to an explicit but very complicated expression for p, as a combination 
of the mth powers of the zeros of F(x) (which are not rational). 
We restrict ourselves to finding the generating function 


(: 3 ee ie ‘) g(a 
—-—x*-—24+—24+—2x x 
8 83 84 ° 


g(x) = >> px? from 3 


t=] 


- + (m-Sn)a4 SE) 
= pix pe “g Pt) @ g P gz Pt) 
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3 14 14 
+ (m6 -S- Ste os) 


The result is 
120x? — x? — 6x4 
2(4) = —— 
256 — 96x — 56x? + 7x? + 2x4 


The expansion 


— 


53 600 179-784\ # 
ge) = 143 1+ ( )s 


113 113 113? 2 
gives 
53 3396 
E(n) = 3—>, and Var(n) = 4— - 
113 12769 
On an 8X8 board an analogous pattern of squares gives a 10X10 matrix A: 
0 10 01 0 0 0 1 0 
7 123 32 %1@«+7 1 0 11100 0 0 
1845 5 4 8 1 000 101 0i1 1 «0 
249 669 4 2 0 1101110041 
3 5 61010 6 5 3 A= 1i10%10%10 01 41 
3 5 61010 6 5 3 O 11112041041 
249 669 4 2 000 20 00 0 0 0 
1845 5 4 8 1 002002 00 0 0 
7 12 3 3 2 1 «+7 202 02 0 0 0 0 2 
0 002 2 2 0 0 2 0 
Here we restrict ourselves to presenting the numerical values of py, p2,- ++, pu: 


0.0000, 0.1250, 0.2539, 0.1382, 0.1273, 
0.0854, 0.0686, 0.0496, 0.0381, 0.0282, 0.0214. 


In the latter p’s the influence of the maximum latent root of the characteristic 
polynomial is predominant, giving practically 


nm—11 
Pn = 0.o214-(—) m= 12 


Using this approximation we find E(m)&5.41. 
Also solved by D. C. B. Marsh. 
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Although many basic homological concepts do not appear, this in no way 
lessens the usefulness of the book. Indeed, this monograph has already moti- 
vated many students to undertake a serious study of homological algebra. It is 
an excellent preparation for the later reading of, say, Cartan-Eilenberg or 
MacLane. 

Each chapter, other than the first, contains a large number of good exercises, 
designed to illustrate and develop topics introduced in the text, and to test the 
student’s comprehension of the material. There is also a large, pertinent bib- 
liography. 

The main fault of the text lies in the large number of typographical errors. 
For example, there are many incorrect subscripts and misdirected arrows. Cor- 
recting these, however, provides another excellent exercise for the reader. 

Hiram PAtey, University of Illinois, Urbana 


Measure and Integration. By C. Carathéodory, translated by F. E. J. Linton. 
Chelsea, New York, 1963. 378 pp. $7.50. 


The theory of measure and integration is usually constructed on a a-ring S 
of subsets of a set. Later one is led to consider the measure on the associated 
quotient ring obtained by dividing S by the ideal of nullsets. It is then natural 
to ask how the theory would be altered if it were formulated from the outset for 
an abstract Boolean o-ring A. This is the program which Carathéodory carried 
out, very elegantly, in his last book Mass und Integral und threr Algebraisterung, 
published posthumously in 1956, of which the book under review is a transla- 
tion. 

It turns out that while most of measure theory generalizes easily, integration 
is more complicated. The trouble, of course, is that point functions no longer 
exist. They are replaced by “place functions”—-monotone mappings S(y) of the 
real numbers into A. Algebraic operations on place functions have to be defined 
indirectly with the aid of the bounds a(X) =sup {y: XS(y)=0} and B(X) 
= inf { y: XS(y) =X}. The integral p(X) = fxfd¢ of a nonnegative, ¢-measurable 
place function f is defined to be a measure function W such that a(X)@(X) SW(X) 
<B(X)d(X) whenever 0<(X) <0. 

In this connection the representation theorems of Stone and Loomis might 
have been used to simplify matters, at least in principle. These theorems are 
mentioned in a footnote in the Appendix, but they are not exploited, nor is their 
significance more than hinted at. They imply that the theory for a Boolean 
o-ring is actually no more general than for a quotient o-ring of sets. Neverthe- 
less, since the representation theorems are not constructive, it is interesting and 
worth while to see how the theory can be developed without them, and new in- 
sight is gained thereby. 

A somewhat unusual feature, independent of the Boolean generalization, is 
that the integral y(X) is defined even when X is nonmeasurable. This is because 
¢@ is assumed to be only an outer measure. For example, when f is the character- 
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istic function of a ¢-measurable set E, [xfdé=¢(EX) for all sets X, measurable 
or not. 

The translation is literal and generally quite accurate. However, there are a 
few instances of logical inversion,* for exampleat the places indicated by the 
following page and line numbers: 71, 11; 79, 24; 83, 20-22; 87, 29; 300, 10. 

Joun C. Oxtosy, Bryn Mawr College 


Introduction to Vector Analysts. By Frank Tiller. Ronald Press, New York, 1963. 
215 pp. $6.00. 


This is a textbook in which only the most basic topics of vector analysis and 
its applications are treated. Definitions are stated in an elementary manner (e.g. 
the definition of vector), and explanations are given in great detail throughout 
the book. Many drawings illustrate simple facts and relationships, and the 
author recommends memorizing certain formulas. The material treated is class- 
ical in every detail. 

The book consists of six chapters. Chapter 1, which is concerned with addi- 
tion and subtraction of vectors, contains some applications involving the prin- 
ciples of statics, electrical and gravitational fields, and complex numbers. Chap- 
ter 2 is about the applications of vector addition and subtraction to elementary 
geometry. Chapters 3 and 4 treat the subject of vector multiplication. The usual 
vector identities and applications of multiple vector products are presented. The 
subject of Chapter 5 is three-dimensional Euclidean geometry. Chapter 6 is an 
elementary treatment of vector calculus. 

In the preface the author states clearly that he intends that the book be an 
introductory treatment and elementary in scope. In this he has succeeded, and 
consequently this book might well serve as a text for students to use either early 
in their mathematical careers or for self study. Very few errors were noted, and 
the exposition is good. There are numerous worked examples which serve as 
illustrations of important ideas, and there is an ample supply of exercises for 
the students to work. 

RALPH L. SHIVELY, Oak Ridge National Laboratory 


Principles of Modern Algebra. By J. Eldon Whitesitt. Addison-Wesley, 
Reading, Mass., 1964. 262 pp. $7.50. 


Among the variety of texts in modern algebra published recently, this one is 
directed to a specific audience: prospective teachers of school algebra. The topics 
included draw their motivation from school algebra and are well chosen to throw 
conteptual light on all school mathematics. As a text for mathematics majors 
at a sophomore or higher level it might tell too much of the elementary part of 
the story and not suggest enough of the meatier portions. 

The first chapter is about as clear a description of the terminology of sets, 
relations, functions, operations and partitions as one could find (although the 
section on logical terms is somewhat sparse). Then some specific systems are 


* The logical inversions are due to interchanges of formulas on the part of the printer. The 
erratum sheet is available from the publisher. 


NEWS AND NOTICES 
EDITED BY RAOUL HAILPERN, SUNY at Buffalo 


Readers are invited to contribute to the general interest of this department by sending 
news ttems to Raoul Hailpern, Mathematical Association of America, SUNY at Buffalo 
(University of Buffalo), Buffalo, New York 14214. Items must be submitted at least two months 
before publication can take place. 


PERSONAL ITEMS 


Professor Arthur Danese, State University of New York at Buffalo, represented the 
Association at the inauguration of Harold C. Martin as President of Union College on 
October 2, 1965. 

Dean R. D. Larsson, Mohawk Valley Community College, represented the Associa- 
tion at the installation ceremonies of the Hamilton College Chapter of the Society of the 
Sigma Xion September 24, 1965. 

Dr. H. O. Pollak, Bell Telephone Laboratories, Murray Hill, New Jersey, represented 
the Association at the convocation on needed research in mathematical education 
sponsored by Teachers College, Columbia University, on October 30-31, 1965. 

University of California, San Diego: Professor E. A. Bishop, University of California, 
Berkeley, has been appointed Professor; Dr. S. G. Williamson, University of California, 
Santa Barbara, has been appointed Assistant Professor; Dr. George Senge, University 
of California, Los Angeles, has been appointed Acting Assistant Professor; Dr. Gilbert 
Walter, University of Wisconsin, Milwaukee, has been appointed Visiting Assistant 
Professor. 

Cornell University: Dr. Juris Hartmanis, General Electric Research Laboratory, 
Schenectady, New York, has been appointed Professor of Computer Science and Chair- 
man of the Department of Computer Science; Assistant Professor P. C. Fischer, Harvard 
University, has been appointed Associate Professor of Computer Science. 

Grand Valley State College: Professor Holmes Boynton, Northern Michigan Univer- 
sity, has been appointed Professor; Professor Henry Hanson, Upsala College, has been 
appointed Lecturer. 

Hampden-Sydney College: Assistant Professor D. B. Selden has been promoted to 
Associate Professor; Mr. M. A. Espigh has been promoted to Assistant Professor. 

Shippensburg State College: Assistant Professor J. L. Sieber has been promoted to 
Associate Professor; Mr. Michael Varano has been promoted to Assistant Professor. 


Professor A. G. Anderson, Western Kentucky State College, has been appointed 
Professor and Chairman of the Department of Mathematics, at Upsala College. 

Assistant Professor Elaine Cook, Jamestown College, has been appointed Acting 
Chairman of the Department of Mathematics. 

Associate Professor M. J. Hellman, Newark College of Rutgers, The State University, 
has been promoted to Professor. 

Assistant Professor E. M. Hughes, Chadron State College, has been appointed 
Director of Institutional Research. 
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Mr. P. M. Kannan, Louisiana State University, Baton Rouge, has accepted a position 
on the staff of the Oak Ridge National Laboratory, Oak Ridge, Tennessee. 

Visiting Professor M.S. Klamkin, University of Minnesota, has joined the Ford Sci- 
entific Laboratory at Dearborn, Michigan, as a Principal Research Scientist. 

Assistant Professor Visvanatha Krishnamurthy, University of Illinois, has been 
appointed Associate Professor at the Birla Institute of Technology and Science, Pilani, 
India. 

Dr. W. F. Lucas, Princeton University, has been awarded a Fulbright grant to 
lecture at the Middle East Technical University, Ankara, Turkey, during the 1965-66 
academic year. 

Associate Professor A. F. Strehler, Carnegie Institute of Technology, has been ap- 
pointed Associate Dean of Graduate Studies. 

Professor Emeritus D. J. Struik, Massachusetts Institute of Technology, was 
appointed Visiting Professor at the University of Costa Rica from March 1, 1965 to 
June 30, 1965. 

Professor T. Y. Thomas, Indiana University, has been granted a leave of absence to 
accept a Visiting Professorship in Engineering at the University of California, Los 
Angeles, during the academic year 1965-66. 

Dr. J. A. Thorpe, Massachusetts Institute of Technology, has been appointed Assis- 
tant Professor at Haverford College. 


Mr. R. F. Baker, Chevron Oil Company, New Orleans, Louisiana, died on April 18, 
1965. He was a member of the Association for 6 years. 

Professor Emeritus Claribel Kendall, University of Colorado, died on April 17, 1965. 
She was a charter member of the Association. 


THE UNIVERSITY OF TEXAS—FOURTH ANNUAL SYMPOSIUM ON 
BIOMATHEMATICS AND COMPUTER SCIENCE IN 
THE LIFE SCIENCES 


The Division of Continuing Education of The University of Texas Graduate School 
of Biomedical Sciences at Houston is pleased to announce the Fourth Annual Symposium 
on Biomathematics and Computer Science in the Life Sciences, which will be held at the 
Shamrock Hilton Hotel in Houston, Texas, on Thursday, Friday and Saturday, March 24, 
25 and 26, 1966. The symposium will center its sessions around the following general 
topics: “Simulation and modeling of biological processes,” “Training for bio-engineering 
and biomathematics,” “Analysis of biological processes with time sharing computation,” 
“Records and library information systems for a medical center,” “Biostatistical techniques 
and biologically oriented computer languages.” 

For further information address the Office of the Dean, Division of Continuing Edu- 
cation, The University of Texas Graduate School of Biomedical Sciences at Houston, 
102 Jesse Jones Library Building, Texas Medical Center, Houston, Texas 77025. 


FELLOWSHIP AND RESEARCH OPPORTUNITIES IN MATHEMATICS 


The Division of Mathematics, National Academy of Sciences—National Research 
Council, calls attention to a variety of fellowship and other support for basic research in 
mathematics at both the predoctoral and postdoctoral levels to be awarded during the 
year 1964-65. Copies of the complete announcement are available from the Division of 
Mathematics, National Academy of Sciences—National Research Council, 2101 Consti- 
tution Avenue, N. W., Washington, D. C. 20418. 
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THE CIRCULAR TRACTRIX 
W. G. CADY, 127 Power St., Providence, Rhode Island 


Abstract. After a historical sketch the equations are derived for tractrix curves whose directrix 
is a circle. Two types are distinguished. In one, the curve has the form of a spiral. In the other, 
there is a succession of cusps forming a flower-like pattern; the conditions are considered under 
which the curve can close upon itself. A mechanical device for drawing the curves is described. 


At a meeting in Paris in 1693 Claude Perrault laid his watch on the table, 
with the long chain drawn out in a straight line ({1] vol. 3). He showed that 
when he moved the end of the chain along a straight line, keeping the chain 
taut, the watch was dragged along a certain curve. This was one of the early 
demonstrations of the tractrix. The line along which the chain is pulled is called 
the directrix. Perrault did not know that the curve had already been recognized, 
and its equation derived, by Sir Isaac Newton [2] in 1676. This is said to have 
been the first example of the determination of a curve by the process of integra- 
tion. 

The theory of the tractrix was treated by Huygens and Leibniz, both of 
whom considered the case in which the directrix was any arbitrary curve. It was 
not until almost a century later that Euler [3] treated the problem so com- 
pletely that little or nothing on the subject has appeared since. Among other 
things Euler derived equations for the case in which the directrix was a circle 
instead of a straight line. 

Hitherto no one seems to have pointed out the fact that a tractrix can be 
drawn not only by pulling (whence the name “tractrix”), but also by pushing. 
That is, the string or chain can be replaced by a rigid bar; a mirror image of 
the same curve is then obtained. Such a reverse tractrix might appropriately be 
called a “trudrix,” from the Latin trudere, to push. In the circular tractrix dis- 
cussed here both pulling and pushing occur. 

The ordinary tractrix, having a straight line as directrix, is the one treated 
in textbooks. It may be called a linear tractrix. The circular tractrix, though 
really more interesting, does not seem to have been considered at all in our day. 
It is interesting mechanically and aesthetically as well as mathematically and 
historically. 

We now derive the equations for the circular tractrix in a form better 
adapted for comparison with the actual curves than that given by Euler. 

, Fig. 1 shows a linear tractrix, and for comparison part of a circular tractrix. 
As in the linear case, the curve is characterized by the fact that the length of the 
tangent from any point on the curve to the directrix is constant. 

The differential equation of the circular tractrix is easily derived with the 
aid of Fig. 2, in which OA and AB are the driving and tracing arms. Initially 
the arms are in line, with a=OA and b=AB. If y is the angle between 0 and a, 
measured counter-clockwise from b, we have at the start y=7. Now let a be 
rotated in the positive direction about the origin O to the position OA’, through 
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the angle 6. The tracing point, initially at B, is dragged along the curve to B’, 
where A’B’=), B’ thus represents any point on the curve, and b is tangent to 
the curve at B’. If a were rotated in the negative direction, the branch of the 
curve shown below OB would be traced. The angular amplitude of the radius 
vector at any point on the curve ts y. 


O 


Fic. 1. A linear tractrix DBC with a straight line as directrix, and a circular tractrix FBE with 
a circle of radius a as directrix. The tangent lines AB, A’B’, and GH are of equal length. 


-y 


G 


, Frio. 2. Part of a circular tractrix generated by rotation of the driving arm a about the origin 
O. The circle with radius a is the directrix. When a has rotated through the angle 0, the point on 
the curve is at B’, with A’B’=b, The angle between ) and a is y. y is the angular amplitude of any 
point on the curve. OA =a, AB=5b. 


Now suppose a to be rotated further positively through an infinitesimal angle 
d§. A’ moves through the small distance ad@ along the a-circle, while B’ moves 
a short distance along the curve. The arm }b becomes rotated through the angle 
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ad@ a 
(1) dB = —— cos (y — m) = — ~~ d cos ¥. 


These changes in 9 and 8 cause y to change by the amount dy =d@+ dB, or 
from (1), 


a 
(2) dy = d§ — 7 d@ cos y. 


Evidently the relation between y and 6 depends only on the ratio of the two 


arms. We now write a/b=p, and find from (2): 
d 

(3) 9 = 

1— pcosy 


The integral of (3) assumes different forms according to whether p>1, 
p<i, or p=1. 
When p>1, a is greater than b, and 


een 
sin 3(@ + 7) 
where a=cos! (b/a) =cos~! (1/p), whence 
1 
Vv (p? — 1) 
To find C, set 0@=0 and y=7 in (4) and find that C=0. Therefore for all 
values of 8, when a>b, we have 


(4) 6 = cotaln 


(5) cota = 


sin 3(a — 7) 
sin 3(a@ + y) 


When p <1, a is smaller than b, and the integral is 


2 1+>p *) 
7 = —-——— tan! TT an —— : 
” Vb WG) 03 re 


To find C, set 0=0 and y=7 as before. Then 


(6) 6 = cota ln 


C= T _ wb 
V(1l— p?) V0? — a’) 
The final form of (7) is therefore 


_ : a1 i+? ae 
(8) 0 TG pe {2 tan (4/ (55) wt a 


Finally when p=1, a=), and the integral is simply 
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Y 
(9) 6 = — cot—- 
2 


Here, as is easily verified, the constant of integration vanishes. 


Case 1. We consider first the case in which a>b, and therefore p>1. If the 
driving arm a continues to rotate counter-clockwise, the curve shown in Fig. 2 
and expressed by (6) passes inside the a-circle and forms a spiral, approaching 
asymptotically a circle of radius R=a?—)?. This is illustrated in Fig. 3, in which 
the arms @=OA and b=AB are initially in line. When a rotates clockwise, one 


Fic. 3. Circular tractrix with the driving arm longer than the tracing arm. 


branch of the curve is traced as shown, spiraling around the R-circle. A second 
branch would be traced if @ rotated counter-clockwise. Moreover, if at the 
start the point B is located at B’ instead of B, so that B’A’ =b, two more spiral 
branches become traced, starting from an inwardly-facing cusp at B’. These 
branches approach the R-circle asymptotically from the inside. In all these cases 
the angle y between b and a approaches the final value y =27—cos—!(b/a). The 
starting point for the driving arm a can of course be anywhere on the a-circle, 
which is the directrix. If A’ had been located in coincidence with A, B’ would 
have fallen between O and A. 
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Case Il. There are two extreme cases of (6). The first is when a=) and p=1. 
This is the case expressed by (9), illustrated by Fig. 4. The radius R in Fig. 3 
has become equal to zero, so that the curve converges asyinptotically upon the 
pole. This curve was called by R. Cotes the Tractrix Complicata (see [4| 
p. 202). 


Fic. 4. Circular tractrix with driving and tracing arms equal. 


Case III. The other extreme case is when, with 0 finite, a becomes infin:te, 
so that p= ©. The equation becomes that for the familiar linear tractrix, and 
the four branches of the circular tractrix mentioned above become the four 
branches of the linear tractrix. 


1 ¥ 


Fic. 5. Circular tractrix with the driving arm shorter than the tracing arm. 


Case \V. The driving arm a is shorter than the tracing arm ), so that p<. 
This is the case expressed by (8), yielding curves of the form shown in Fig. 5, 
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with a succession of positive and negative cusps, like a flower with petals spread 
out into a circle. The radial difference between positive and negative cusps is 2a. 

Figures 3, 4, and 5 are reproduced from actual curves traced with the 
apparatus described below. 

With the aid of Eq. (8) the following relations can be derived. Since, at each 
positive cusp, 0 is an extension of a, it follows that between two successive posi- 
tive cusps the angular rotation of y is 27; the angular rotation 6 of the arm a is 
27//(1—?); and the angular change in the radius vector is 


(10) dy = on — In = tr to vd = #) = on radians, 
Vv (1 — p’) V(1 — 9p’) m 

where 

an Vi=p) Ve a) 


m =———__12- = . 
1—-vV(l—- pp?) b6- V(b? — a) 


In general the quantity m, which may have any value from zero to infinity, 
is an irrational number. This means that in general the circular tractrix does 
not become a closed curve for any finite rotation of the arm a. It is only when 
m is a rational fraction that the curve closes upon itself. 

When m=0, b =a, and the curve has one positive (or one negative) cusp and 
a spiral converging on a point, as we have already seen. When m is an integer we 
have a closed curve with m positive cusps, completed in one revolution of the 
amplitude y. The curve then has m-fold symmetry. 

When ™m is a rational fraction it may be written in lowest terms as m =m/m», 
where m, and mg are integers. Then, as the driving arm is rotated, m positive 
cusps become described, while the covering operation is completed in mz, revolu- 
tions of the curve. 

If m is very small, m<mz, a is nearly as large as b, and there are few cusps 
in many revolutions of the curve. Fig. 5 illustrates this, for in this figure m ~ 5/2. 
The negative cusps come inside the a-circle. 

If m is large, m1>>me, a<b, and there are many small “petals” in few revolu- 
tions. If m,=1, the curve closes on itself in one revolution. 

Returning to Figure 5, we see that the curve apparently closes upon itself 
with m,=5, m.=2, so that m=2.5. Actually the curve was drawn with a=31.8 
mm, 6=46.2 mm, from which, by (11), m=2.64. The discrepancy is to be at- 
tributed to faulty mechanical tracking, together with possible errors in the 
medsurement of a and b. 

A mechanical device for drawing circular tractrix curves with any ratio of 
b to a is pictured in Fig. 6. A flat wooden base about 28 cm square, carefully 
leveled, carries a bridge below which there is a clearance of about 9 cm. Through 
the center of the bridge passes the vertical driving shaft, turned by a handle 
that plays over a graduated dial, so as to be set at any desired angle. The driving 


1965] THE CIRCULAR TRACTRIX 1071 


arm a passes through a hole in this shaft, and by means of a set screw can be 
clamped at any desired length. 

Fastened to the free end of the driving arm is a yoke bent out of a strip of 
sheet metal. The yoke carries a thin tracing shaft, at the lower end of which isa 
block for holding the tracing arm b. This tracing arm should be as close to the 
paper as practicable; it can be set at any length and clamped by a set screw. 
At the end of this arm is a block with vertical bore to hold the lead for drawing 
the curve. The softest type of lead should be used; it is pressed onto the paper 
by a weight of 3 or 4 ounces. 

The device must be as free as possible from loose play, and from any friction 
except that between tracing point and paper. 


driving shaft 
— 


Fic. 6. Machine for drawing circular tractrix curves. 
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OW THE SOLUTIONS OF SOME “ISOMOMENT” 
FUNCTIONAL EQUATIONS 


SAMUEL KOTZ, University of Toronto (Industrial Engineering) 


1. Let Ro = {XER, x,;20,74=1,---, nk, where R,, is the n-dimensional 
Euclidean space and let & be an element of Ry: X=(x1, x2, °° +, Xn), where 
x; (t=1,---,m) arereal numbers. Let f(u) be a real valued function of a single 
real variable u, defined for all ~@ Ri. By means of this function we define a 
transformation of RF, into itself: 


(1) f: (%4, M2, * 8 8 y Xn) ce R,—- (f(%1), f(%2), so i (&n)) ce Rp. 


The r.h.s. of (1) can be denoted by fX; we also denote fu=f(u) (uE R). 
Consider the “isomoment” functional equations: 


n 


dD LF (wi) |” 
1 n m t=] Vy = 1, 2, o 8 ) 
Q) (—¥ sf) = 2, 


% j=1 n = 2. 


Introducing the operator yu,, over R,, which corresponds to each LCR, a real 
number 


1 om 
md = — > Vi y 
N j=1 
we can rewrite (2) in the form 
(2a) Tem X = Lmf X, m=1,2,--- 


In this note we obtain the set of all continuous solutions of the functional equa- 
tions (2a) in the case of XE RI. In addition, some symmetry properties of re- 
gions { (x, 4) } CR, for which the equation f(x+y) =f(x)+f(y) is satisfied are 
examined. The concluding remarks contain a discussion of the general formula- 
tion of problems considered in this note. 


2. Let S(R,, m) = {f| fom XC = Mn f XC, (XLER,)}. Choose X=(c, c, *-+°, C); 
where c is an arbitrary real number, and consider some fES(R,, m). We get 
(3) fe") = fc). 


Hence for every real «20, f(x!/") =f'/™(x), and, in particular, for c=1, f(1) 
= f™(1). Hence f(1) is either 0 or 1 (and possibly —1 in the case of odd m). 

In a similar manner, we obtain (using c=0) that f(0) is either 0 or 1 (and 
possibly —1 in case m is odd). 

Consider now X@ Rt and let Y=(xl™,-- +, x), where x” is the non- 
negative root of x;20. 

The correspondence X<Y is one-to-one of R, onto itself. \foreover, 


§(R,t, m) & F(R; 1) 
1072 
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since if fES(R*, m), then for every XE Ri, using (3) we obtain, 
1 7 1 n m 1 2 1 n m 1 un 
(—¥ 2) =7(— Dot) = = Lov = — Dao) = — Lae. 
NM j=l WM j=) M j=l W j=] rs | 


Hence, fES(Ri, 1). Suppose now that x1 20, x2 20. Since fEF(RF, 1), choosing 
X= (x1, Xo, 0,---, OVE RT, we then get 


x1 + Xe 1 1 n—2 
i ) = — sen) + = fee) + fo) 
n n n n 


If we now choose X= (x1-+x%», 0, ---,0)CR* then we have 


s(— =) = ae + 2X9) - nat f(0). 
1 n n 

Hence, f(xi +2) =f(%1) +f(«2) —f(0), and defining g(x) =f(x)—f(0), we get 
2 (x1 +%2) = g(%1) + ¢(x2) for any +120, x,20. The only solution of this equation, 
continuous at least at one point, is g(x) =ax(« 20), where a is an arbitrary real 
number. Hence 


f(x) = ax +b, where a = f(1) — f(0), b= f(0). 


Using the values of f(0), f(1) found above, we see that a is one of the numbers 
O, +1, +2, and bd is one of the numbers 0, +1. Substitution in (2) eliminates 
(for m>1) most of these functions, and we obtain the following theorem: 


THEOREM 1. Let §(Ri, m) denote the set of all functions f, continuous at least at 
one point, which satisfy the functional equation: 


1 n m 1 n 

t(— 2d «*) =— do [fed], with x 20 i =1,--++, 2). 
NM 4=1 WN j=1 

Then: (Rt, 2k)={0, 1, «}, and & (RI, 2k+1)={0, 1, —1, x, —x} for any 

integers k=1 and n=?. 


3. Consider now mi, operating on Re, and let Q2(f, 1) be the set of all LER, 
for which the equation fuiX = wif X is satisfied. Clearly Qe(f, 1) is symmetric with 
respect to the line /: y=x. Moreover, if the origin of R., OE Q2(f, 1) then f(0) =0 
and both x and y axes belong to Q(f, 1). Also, f is an odd function at any point 
xo, such that (—%o, x9) EM (f, 1), provided OE M(f, 1). 

, Put Of) = { (2, y) ERy| f(x+y) = f(x) +fy) I Let x, y be two real numbers, 
both different from 0 and x+y. Consider the following set @ of 11 points in Re. 


gQ= \" y), (x, — 2), (y, —y¥), (x, —y¥), (x + y; —x ~~ yy); (0, ” 
(y, x), (—4, x), (—y, y); (—y, —x), (—x — ¥, & ++ y) 
Clearly, if the restricted set of 6 points 
Q* = t (x, y), (x, —%), (y, —y), (—x, —y), (x + yy 7~% = y), (0, 0)} 
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belongs to Q(f) then @ belongs to Q(/). The following stronger result is also 
valid: 


THEOREM 2. If any 5 points of the set @* belong to Q(f) then the whole set @ 
belongs to Q(f). 


Proof. Set f(0)=20, f(e)=2, 0) =a, fet) =a f(—2) =a f(—9) =26, 
f(—x—y) =25. That @* belongs to Q(f) can be expressed by the equations: 
Ey: Zo = 0 
Fie: 2 — 2 — &4 = 0 
E3: 29 — 22 — 2 = 0 
Eat 29 — 23 — 2 = O 
Es: 21 - 22 — 23 = O 
Ee: 24 + 25 — 25 = O. 


The theorem is equivalent to the statement that any 5 of these equations imply 
the remaining one. This is proved by showing that each equation £; is a linear 
combination of the other ones. Indeed, 


Fy = Ey, + E3 — Ey + Es + Ee 

fo = Ey — Eg + Ey — Hg — Ee 

E3 = By — Eo + By — Es — Ee 

Eig = —by + Eo + Bg + Eg + Le 

Ey = Ey — Ey — E3 + Eg — Ee 

Ee = Ey — BE, — Ez + Es, — Es 
and this completes the proof. 


4, Concluding remarks. The problem dealt with in this paper can be stated 
in more general form. 

The operator wu, acting on YER, may be viewed as the mth sampling mo- 
ment of a given sequence Y. A function f defined over Ri may be called an zso- 
moment of order m over some 2,C R, if it satisfies equation (2a) for all LEQ,. 
Moreover, the set Q,(/, m) = {eER,,| fumx = wmf x } may be referred to as the 
“m-tsomoment” region of fn R,. Using these definitions we can consider the class 
5(Q,, m), defined at the beginning of the note, as the class of all isomoment func- 
tions of order m over Q,. Clearly f(x) =x and f(x) =0 both belong to (Q,, m) 
for any m21,n22 and Q,CR,. In this note we characterized the class 5(Q,, m) 
for the particular case of Q,=R,. 

It would be interesting to investigate the structure of this class for various 
other subsets of R,. Moreover, the inverse problem, namely: to find, for a given 
function f over Rj, its m-isomoment region Q,(f, m) in Ra, still remains open. 
We hope that our remarks will stimulate further investigation in this area. 
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N-POINT COMPACTIFICATIONS 
K. D. MAGILL, Jr., State University of New York at Buffalo 


1. Introduction. It is assumed that all topological spaces discussed in this 
paper are Hausdorff spaces. By a compactification ¢(X) of a space X, we mean 
a compact space containing X as a dense subspace. As is customary, we define 
two compactifications ¢(X) and n(X) to be equivalent if there is a homeomor- 
phism h# from ¢(X) onto 7(X) such that h(x) =x for each xC X. We shall regard 
¢(X) and 7(X) as being the same compactification if they are equivalent and 
different compactifications otherwise. 

Let N be a positive integer. A compactification ¢(X) is called an N-point 
compactification if ¢(X) —X consists of N points, in which case we shall use the 
notation ¢y(X). A characterization of those spaces which have an N-point 
compactification is given in the first theorem of the next section. In Theorem 
(2.3) it is shown that there is a one-to-one correspondence between the number 
of N-point compactifications of a locally compact space X and the number of 
equivalence classes of certain families of open subsets of X. Theorem (2.4) gives 
a necessary and sufficient condition that a space have precisely one N-point 
compactification. These results, along with some others obtained in Section 2, 
are applied to some well-known spaces in Section 3 to show, among other things, 
that the two familiar 1- and 2-point compactifications of the space of real num- 
bers are the only N-point compactifications; the only N-point compactification 
of the complex plane is the 1-point compactification; and an infinite discrete 
space has infinitely many N-point compactifications for each positive integer 
N>1. 


2. Theorems and Proofs. For ACX, we let CxA denote the complement 


of A with respect to X. If no confusion can result, we use the simpler notation, 
CA. 


THEOREM (2.1). The following statements concerning a space X are equivalent: 


(2.1.1). X has an N-point compactification. 

(2.1.2). X 4s locally compact and contains a compact subset K whose complement is 
the union of N mutually disjoint, open subsets {Gile, such that KUG; 1s 
not compact for each 1. 

(2.1.3). X 2s locally compact and contains a compact subset K whose complement 
is the union of N mutually disjoint, open subsets 1Ghn, such that KUG; 
4s contained 1n no compact subset for each 1. 
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(2.1.4). X 1s locally compact and contains N mutually disjoint, open subsets 
{G;}4, such that C[GVUG2U + +» + UGy] is compact while for each i, 


e[G.U +» UGiaU Gai U +++ U Gy] 
(which equals X 4f N=1) 1s not compact. 
Proof. (2.1.1)=3(2.1.2). Denote the points in (y(X) —X by 1, ©2,-- +, oy. 
Since ¢v(X) is Hausdorff, there exists a mutually disjoint family \G! \N of 


open subsets of (v(X) where © ;€©G/ for each 2. Let G;=G} — { 00 it. Since X is 
dense in (y(X), each G; is a nonempty open subset of X. Then 


K = @x[G,.UG.U +++ U Gy] = Crycx) [G1 U GU + +» U Gy] 
is a closed subset of (y(X) and is therefore compact. Now 
KUG: = @x[G,U ---UGirU Gai U - > > U Gy] 
= [Cryo [GiU «+» U Grr U Gar U + +» U Grd O [Cry oc} J. 


So the assumption that KUG; is compact implies it is a closed subset of (y(X) 
and hence that 


fo, }U[GU+--UG@AU GU ++ UGH! 


is an open subset of (v(X). The intersection of this latter set with G/ is { 00 i 
which results in the contradiction that ©; is an isolated point of (y(X). There- 
fore, KUG; is not compact. Finally, X =¢w(X) — { 00 }N, and is therefore an 
open subset of (y(X). This implies X is locally compact. 

(2.1.2)=>(2.1.3). We need only show that if KUG; is not compact, then it is 
contained in no compact subset. But this is a consequence of the fact that 


KUG; = Cx[G,U - ~U Gir U Gin U * -U Gy] 


and is therefore a closed subset of X. 
(2.1.3)=9(2.1.4). This also follows from the fact that 


KU G;=@x[GiU ---U Gia U Gar U - > + U Gy]. 


(2.1.4)=9(2.1.1). Denote @x[GiUG.U + + - UGy] by K. Let {0 ;}", denote 
N distinct elements not in the space X. For any subset H of X, we let H‘ denote 
the set HU} 0 i}. If H is an open subset of X and [KUG;|N@CxZ is compact, 
we say H has property P;. Now, if Hi and H, have property P,, then 


[K UG] O ex[Ai AN #2] = [[K UG] A ex] U [[K UG] A ex] 


is compact and thus Aif\H, has property P;. Therefore, the collection of all 
sets of the form H*, where H has property P;, is a neighborhood basis for © ; in 
Cn(X) =XU} 00 fy. We want to show that the topology on ¢y(X) for which 
these sets, along with the open subsets of X, form a basis is Hausdorff and com- 


pact. Since 
[K UG] AO CxG; = K for each i, 
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G, and Gj are disjoint open subsets of {y(X) containing ©; and ©; respectively. 
Now let x©X and some ~; be given. Since X is locally compact, there is an 
open subset G* and a compact subset K* such that x € G* C K*. Then 
[KUG;|NK*, being a closed subset of K*, is compact. Therefore [CxK*]i is 
an open set containing © ; which is disjoint from G*. The remaining case follows 
from the fact that X is Hausdorff. 

Now let U= { Ua och be an open cover of (yv(X). Then WN of these sets 
(Uy, Us, +++, Uy) contain, respectively, sets of the form Hi, H?,---, HY 
where for each i, H; is an open subset of X and [KUG;]NCxH; is compact. Since 
Gi\G;= @ for 14}, 


N 
N[G.U---UGAUHUGaiU-+-UGy] C[MU AU + +> URy]. 
t=1 


This implies 
Cx[H, U H,U---U Hy 


N 
CU exg[G,U---UGirtU HU Gar U- > -U Gy 


t=] 


and we get 


Ceycxy[U1 UU U2U +> ++ U Und C Cx[#i U A2U +++ U By] 


N N 
CU ex[G.U---UGi1U AU Gani U +++ U Gy] = U [[K UG] 0 exd;] 


t=1 i=] 


which is compact. Thus @,(x)[U, U2 ---UUy]| is a compact subset of 
¢v(X) and is covered by a finite subfamily of U. Therefore (y(X) is compact. 

It remains to show that X is a dense subset of (y(X). Let H* be a basic open 
set containing © ;. Since [KUG;|NCxH is compact and K\UG; is not, we must 
conclude CrH#X. Thus Hn X =H#@. 


DEFINITION (2.2). We shall refer to a mutually disjoint, open family G = { G;, 
of N subsets of X with the properties 


(2.2.1). e@[Gr,.UG,U--+UGy| is compact, 
(2,2.2). C[G,.\U ---UGirU Gar U +++ U Gy] is not compact for each i, 
as an N-star of X. (The symbol Ke will be used to denote C[GiU - - » UGy].) 


In proving that (2.1.4)=>(2.1.1), we showed that each N-star of a locally 
compact space X gives rise to an N-point compactification of X. We shall refer 
to this as the compactification induced by the N-star. Now, let 8y(X) be the 
collection of N-stars of X. Define a relation ® on Sy(X) by putting GRA if the 
elements 1Giny and \H aa of G and & respectively can be ordered in such a 
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manner that [Kye UH |NeG; is compact for each 7. Concerning this relation, 
we have 


THEOREM (2.3). If X 1s a locally compact space, then & 1s an equivalence 
relation on Sn(X) and there 1s a one-to-one correspondence between the equivalence 
classes of Sy(X) and the different N-point compactifications of X. 


Proof. Let G and 8 be elements of 8y(X), where G= {a,}*, and #= {ANN 
Let ¢v(X) and yy(X) be the compactifications induced by G and 3¢ respectively 
(see the proof that (2.1.4)=9>(2.1.1)). Furthermore, denote the points of (y(X) 
—X by { 00 }N and those of nw(X)—X by {Aj}. Now, if GR, then for some 
ordering of the elements of § and 3, [KzeUH;]MeCG; is compact for each 7. 
Hence, if U is any open subset of X such that [KeUG,|NeCU is compact, then 
[Kye Hi | ACU is compact since it is a closed subset of 


[[Kae U Hi] A ea] U [[kKg UG] A ev]. 


This implies that if V is any open subset of (y(X) which contains ,, then 
[V— { 0 ; | JU {A;} is an open subset of yy(X) which contains A,. Therefore, the 
mapping f# from yy(X) onto (y(X) defined by h(A;) = ©; and h(x) =x for xCX 
is continuous. In fact, since / is a one-to-one continuous mapping of a compact 
space onto a Hausdorff space, h is a homeomorphism. Thus, we see that if GR, 
then the compactifications induced by G and & are equivalent. 

We note that the converse also holds. That is, if the compactifications in- 
duced by G and & are equivalent, then there is an ordering (determined by the 
homeomorphism) for the elements of G and 3¢ such that [KyeUH;|NeG; is 
compact for each i (and, of course, [KgUG,;|\@H; is compact for each 4). 
Summarizing, we see that to each N-star there corresponds an N-point com- 
pactification; to each compactification, there corresponds an N-star; and for two 
N-stars G and #, GR if and only if the corresponding compactifications are 
equivalent. It follows that ® is an equivalence relation on S8y(X) and the result- 
ing equivalence classes are in one-to-one correspondence with the different N- 
point compactifications of X. 

From the previous two theorems, we get 


THEOREM (2.4). X has exactly one N-point compactification 1f and only if X 
ts locally compact, has an N-star, and all other N-stars are equivalent to it. 


Using the facts that a space has a 1-star if and only if it is not compact, and 
any two 1-stars are equivalent, we obtain the well-known results that a space 
has a 1-point compactification if and only if it is locally compact and not com- 
pact and no space has more than one 1-point compactification. 

From Theorem (2.1), we get 


COROLLARY (2.5). If X has an N-point compactification, then 1t has an M- 
point compactification for every positive integer M<QN. 
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THEOREM (2.6). If X has the property that every compact subset of X is con- 
tained in a compact subset whose complement has at most N components (maximal 
connected sets), then X has no M-point compactification for M>N. 


Proof. Suppose X has an M-star {G;} 1, (M> N). Let K* be a compact sub- 
set containing C[GUGU - - - UGa|=K such that CK* has r components Fh, 
H,, ---, H, wherersN. Then 


[#,0U H,U-+-UB,] CIG4.U GU +++ U Gal. 


Since r< M and H; is connected for each i, G;jV\[MUHLU -- - UH,|=@ for 
some j. Then G;CK* and it follows that [KUG,;]CK* which contradicts 
(2.2.2). Hence, X has no M-point compactification for > N. 

Let us recall that a mapping is said to be compact if pre-images of compact 
sets are compact. 


THEOREM (2.7). If Y has an N-point compactification and 1s the image of X 
under a compact, continuous mapping, then X also has an N-point compacttfica- 
tion. 


Proof. lf Y has an N-point compactification, it is locally compact and has an 
N-star, 1Gi he. It follows that if f is a compact, continuous mapping from X 
onto Y, then X is also locally compact and {f[G;]}%, is an N-star of X. 


LEMMA (2.8). Let (X, di) and (Y, dz) be two unbounded, connected metric spaces 
and denote their product by XX Y. Let (xo, yo) be a point in X XY, let k be any 
positive number and put K =} (x, y)EXXY: di(x, xo) Sk and dx(y, yo) Sk \ Then 
CK 1s a connected set. 


Proof. Suppose (x1, y1) and (x2, ye) are points of CK. Then either d(x, xo) 
>k or do(y1, Yo) >k and either di(x2, x0) >k or de(ye, yo) >k. We shall suppose 
dy(x1, Xo) >k and di(x2, x0) >k. The arguments for the remaining cases are 
similar. Let Ai={(m, y): y¥EV}. Since Y is an unbounded metric space, there 
exists a point y;© Y such that do(ys, yo) >k. Let As= { (x, ys): xEX} and let 
A3= | (x2, Wve VY}. Let us note that A; and A; are homeomorphic to Y, and 
Az is homeomorphic to X. Hence, Ai, Az, and As are connected. Furthermore, 
since (x1, ¥3)G Aif\Aeg and (x2, v3) EG Aol \A3, 41. A2,/A is connected. Finally, 
KN [Ai1\UVA,U A3] = @, and we see that each pair of points of CK is contained 
in a connected subset of CK. Thus CK is connected. 


THEOREM (2.9). Let (X, di) and CY, dz) be two unbounded, connected metric 
spaces and suppose for every real number r and points x»\EX and wEY, the sets 
1\xEX: d(x, Xo) <r} and we Y: do(y, Vo) <r} are compact. Then X XY has no 
N-point compactification for N>1. 


Proof. Let K#@ be a compact subset of X X Y. Let Px and Py denote the 
projection mappings into X and Y respectively. Then Px|K]| and Py|K] are 
compact subsets of X and Y respectively. Choose 1€Px|K| and ywEPy{K |. 
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Since compact subsets of metric spaces are bounded, there exists a positive 
number 7 such that Px[K]C{xGX: di(x, xo) Sr} =Hx and Py[K] C{yEY: 
de(y, Vo) <r} = Hy. By hypothesis, Hx and Hy are compact, so Hx X Hy is com- 
pact. Moreover, KC Hx XHy and by Lemma (2.8), C/Hx Hy] has precisely 
one component. It now follows from Theorem (2.6) that X X Y has no N-point 
compactification for V>1. 


3. Discussions of some special spaces. 

(3.1) The Complex Plane. It follows immediately from Theorem (2.9) that 
the Complex Plane has no N-point compactification other than the well-known 
1-point compactification. More generally, Theorem (2.9) implies that the only 
M-point compactification of EY (N>1), the Euclidean N-space, is the 1-point 
compactification. 

(3.2) The Space R of Real Numbers. Since every compact subset of R is con- 
tained in a bounded, closed interval, it follows from Theorem (2.6) that R has 
no N-point compactifications for N>2. As we noted previously, two 1-point 
compactifications of any space are equivalent. For R, the same is true for any 
two 2-point compactifications. To see this, let S={Gi, G.} and sc={M, Hy} 
be two 2-stars. Then some bounded, closed interval [a, b] contains €[G,UG,| 
and e[MUHpI. Therefore, (— ©, a) is contained in one of Gi, G2 and one of 
Hi, Hz. Suppose, then, (— ©, a) CGi and (— ~, a) C Mi. Since CG; and CH; are 
not compact, we must have (b,+ ©) C G and (b, +“) C Ay. Then 
[KeUG NCH = eG.NCMh=e|MUG Cla, b]. Similarly, [KGUG.]AeH, 
= e[GiU Hy, | Cc la, b|. Therefore G and % are equivalent and the assertion now 
follows from Theorem (2.4). 

We summarize our observations of R by stating that R has precisely one 
1-point compactification, precisely one 2-point compactification and no N-point 
compactifications for NV>2. 

(3.3) The “S” Spaces. This class of spaces is considered chiefly because it 
provides an answer to the question, “Given a positive integer N, does there 
exist a space which has an N-point compactification but no M-point compacti- 
fication for > Ne” Let n be a positive integer and define 


1 
Ln = 1) ERX Ry =—s and x oh, 


WH 


where R again denotes the space of real numbers. Thus L, is a ray of the 
Euclidean plane which emanates from the origin. Define Sy =U*_, L,. If we let 
K= | (0, 0) ie we note that 

N 

Cs,K = UL, where Li = L, — {(0,0)}. 

n=1 
Furthermore, the family {Li vt is mutually disjoint and for each n, KUL, 
is not compact. Therefore, by Theorem (2.1), Sy has an N-point compactifica- 
tion. 
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Now if K is any compact subset of Sy, there exists a positive number 7 such 
that 


KC {(, 9) € Sy: Ve? + 9°) Sr} = Kr. 


K* is compact and @s,K™* has precisely N components. Therefore, by Theorem 
(2.6), Sy has no M-point compactification for M>WN. 

It is well known that the product of two spaces having a 1-point compacti- 
fication also has a 1-point compactification. This does not, in general, hold true 
for M-point compactifications, for it follows from Theorem (2.9) that Sy Sy 
has no M-point compactification for M>1. 

(3.4) Infinite Discrete Spaces. Let X be an infinite discrete space and Na 
positive integer larger than 1. Let {Gi;} ua be a mutually disjoint collection of 
infinite subsets whose union is all of X. Now, for each 7 where 15j<N, let 
Gah be a sequence of sets such that 


(3.4.1). Gis4,j C Gi; forza = 1, 2, sty and 
(3.4.2). Giz; — Gis1,; contains infinitely many elements fori = 1, 2,---. 


Finally, for each i>1, let Giy=C[GaUGpeU -- - UG;,n-1], and denote the 
family {Gi ht by G;. Each GS; consists of N mutually disjoint subsets each con- 
taining an infinite number of elements. Moreover, UL, G,;=X for each i. Thus 
each G;is an N-star. We want to show that if 1154722, then G;, is not equivalent to 
G;,. It will be sufficient to show that for 11 <7, and ji% N, then 


C[Gi1U Ga2U ++ U Gaga U Gig U +: U Gav] O CGi,;, 


is not compact, i.e., contains an infinite number of elements. But this set is 
equal to Gi,;,.\CG;,.;, which, in the event j1=je, is infinite by (3.4.2). If ji ¥je, 


Cixi, (\ CGinj. > Gini, (\ CGinjn = Gisjy 


which is infinite. It now follows from Theorem (2.3) that X has infinitely many 
N-point compactifications for each N>1. 

We make one final remark. The latter procedure can be used to yield a more 
general result. If X is the union of an infinite number of mutually disjoint, open 
sets, a suitable modification (let each G;; be the union of an infinite number of 
these sets) of the previous argument results in 


(3.4.3). If X 1s locally compact and the union of an infinite number of mutually 
disjoint, open sets, then for each N>1, X has infinitely many N-point 
compactifications. 
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THE HOUSE PROBLEM 
RAPHAEL FINKELSTEIN, University of Arizona 


1. Introduction. A very well-known problem, found in many books of puzzles 
(see, e.g., [1]) is the following: 

“When a professor went to make a social call on one of his former students, he 
got as far as the street on which the student’s house was located before he real- 
ized he had forgotten the street-number of the house. 

The professor knew his friend’s house was in the numerical center of his side 
of the road. That is, the numbers from his house to one end of the street totalled 
the numbers from his house to the other end. The professor could see that the 
houses were numbered consecutively (1, 2, 3, etc.), starting on the right hand 
side, then turning back along the left hand. It was obvious that there were more 
than 200 but less than 500 houses on the right, and the professor knew the 
student’s house was on that side. From this, he worked out the right house. Can 
your” 

In this article we shall solve this problem, and shall conduct an investiga- 
tion of a more generalized version of it. We begin with the following: 


DEFINITION. Given the positive integer n, we shall call the positive integer N, 
(Nn), a k-th-power numerical center for n in case the sum of the k-th powers of 
the integers from 1 to N equals the sum of the k-th powers of the integers from N ton. 


It is obvious that for any , 1 is trivially a kth-power numerical center for 
n=1. Therefore, we ask the following question: For any given k, which positive 
integers n>1 possess kth-power numerical centers N? In this article we shall 
show that infinitely many integers m possess first-power numerical centers, 
and that the only positive integer m possessing a second-power numerical center 
is 1. 

We now state without proof the following theorems of number theory, which 
we shall use in parts 2 and 3. 


THEOREM A. Pell’s equation, x? --Dy?=1, where D>0 and D 1s not a square, 
has infinitely many solutions in positive integers [x, y]. If [x1, 91] is the smallest 
such solution, then any positive integer solution |x,, yq| 1s given by 


tq + Ye D = (41 + nv D)4, 
where g 1s a positive integer. 
‘THEOREM B (HEMER). Let K(p) be a cubic field over the field of rational num- 
bers, and let a=Ap?+Bp+C be an integer in the ring (1, p, p*). Suppose A=B 
=0 (mod p*), where p is an odd rational prime, and (a, p) =1. Further, suppose 


that tA-+sB 40 (mod p**), where t, s, and k are rational integers, and k>0. Then tf 
a’=A,p?+BrptCn, tAn+tsBn 1s never zero for any nA. 


The proof of Theorem B may be found on page 97 of [3]. 
1082 
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THEOREM C (NAGELL [4]). The Diophantine equation Ax8-+By®=C (C=1 
or 3; 3{AB if C=3; A>B; A, B, positive integers) has at most one solution in 
nonzero integers |x, y|. There is the unique exception for the equation 2x3+-y? = 3, 
which has exactly the two integral solutions |x, y|=|1, 1] and |4, —5]. 


2. Solution for k=1. In this section we shall prove the following 


THEOREM 1. There are infinitely many positwe integers n possessing first- 
power numerical centers N. If we set T=2n-+1, then any such T and N may be 
obtained from the solution of the equation T?—8N?=1. 


Proof. Let N be any first-power numerical center for the positive integer 7. 
Since 


N N)N + 1 
fs ro) 
| z=1 2 

n n N—1 y — N 1 
[sie hy Ry wee 
| y=N (= a=1 2 


the condition that N be a first-power numerical center for ” requires 
N(N+ 1) (w+N)(~— N +1) 
(1) a 
2 2 
On letting 7 =2n+1, we reduce (1) to 
(2) T? — 8N? = 1. 
Now (2) is a Pell equation, and therefore it has infinitely many positive 
integral solutions. Clearly the smallest solution of (2) in positive integers 1s 
[71, Ni] = [3, 1]. 
Hence, any positive integral solution [7,, N,| is given by T, + NyvV8 
=(3-+4+/8)%, where g is a positive integer. 
By actual computation, we deduce 


[T2, No| = [17, 6], wm = 8; [Ts, N23] = [99, 35], ms = 49; 
[T4, Na] = [577, 204], um, = 288; [7s, Ns] = [3363, 1189], ms = 1681, etc. 


Thus we see that infinitely many positive integers n possess first powe1 
numerical centers, and that the required solution for 200 <2 <500 is given by 
N = 204, n= 288, e.g. 


204 288 
> i = Di = 20,910. 
t=1 4==204 


It is also clear that the above argument is reversible, i.e., any N found in the 
above manner is a first power numerical center for the corresponding n. 
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3. Solution for k=2. In this part of this paper we shall prove the following 


THEOREM 2. The only positive integer n possessing a second-power numerical 
center 1s 1. 


Proof. Let N be any second-power numerical center for the positive integer n. 
Since the sum of the squares of the first N positive integers is given by 


NW + 1)(2N + 1) 
i= 6 


} 


the condition that NV be a second-power numerical center for requires 


N’ n N-1 
Le= Le pe, 
t=1 i=l i=1 
1.€., 
(3) NW +1)2N +1) n(w + 1)Qn + 1) — NIN — 1)(2N — 1) 


6 6 
On simplifying (3), and setting T=2n+1, S=—2N, we obtain 
(4) —2S° — 4S = T? — T, 


We shall now prove several lemmas which together imply that the only 
integral solution of (4) subject to the conditions 


(5) T positive and odd, S negative and even, 
is [T, S]}=[3, —2]. From this, Theorem 2 will follow immediately. 


LEMMA 1. All the integral solutions of (4), subject to conditions (5), correspond 
to the tntegral solutions of the equations 


(6) a3 + 208 = 11 and 33. 


Proof. Let [T, S| be any integral solution of (4), subject to the conditions 
(5). We put (7, S)=d, where d is the greatest common divisor of T and S. 
Then, on substituting T=ad, S=bd in (4) and simplifying, we have 


(7) d*(a8 + 208) = — 4b+ 4, 

where 

(8) (a, 6) = 1, a is positive and odd, 0 is negative and even, and d is odd. 
We set 


(9) a® -+- 26° = ¢. 
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Then (a, c)=1, and —4b-+a=cd?’, ie., 


(10) a= cd? + 4b. 

Now we substitute (10) for a in (9) and expand, obtaining 
(11) c = c8d® + 12c*d*b + 48cd7b? -+ 660°. 
But from (9), 

(12) 66b® = 33c — 3323, 


so we can substitute (12) in (11) to get 33a3 =c3d°+ 12c?d*+ 48cd’b?+32c. Hence, 
c| 3303, and thus c| 33, because (a’, c)=1. Also c>0, by (8) and (10). Thus 
c=1, 3, 11, or 33, and solving (4) in integers, subject to conditions (5), is 
equivalent to solving the set of equations 


a + 203 = 1, 3, 11, or 33, 


subject to conditions (8). By Theorem C, however, the only nonzero integral 
solutions of the equations a*+2b3=1 or 3 are given by [a, b]}=[—1, 1], [1, 1] 
and [—5, 4], and none of these solutions satisfies the conditions (8), whence 
Lemma 1 follows. 


Lemma 2. The only integral solution of the equation a?+2b3=11 is f[a, b| 
=[3, —2]. 


Proof. The method to be used requires a discussion of the cubic field K(@), 
where 6°=2. The necessary information for our problem is provided in articles 
by Nagell [4] and Dedekind [2], and is as follows: 

(i) The integers of K(@) take the form a=A+B6+C6?, where A, B and C 
are rational integers; i.e., (1, 0, 6?) is an integral basis for K (6). 

(ii) The ring of integers of K(@) is a unique factorization domain. 

Gii) By Dirichlet’s theorem on units, there is only one fundamental unit 
of the field, which we designate by e€). From the table on page 120 of [2], the 
fundamental unit, €) of K(@), with 0<e)< 1, is given by 


gQ= —-1i+8. 


All the units of the field are given by +¢, where m is any rational integer. Any 
such power of € is of the form u+v6-+w6?, where u, v and w are rational integers. 
The product uvw is zero only when m=0 and m=1. All units of norm 1 of 
K(@) are given by ¢. 

(iv) Since if is a rational prime of the form 37+2, the integer 11 splits into 
two primes in K(@), one of the first degree and one of the second degree, because 
11 does not divide the discriminant of the field, —108. We have, in fact, 


(13) 11 = (3 — 20)(9 + 60 + 46°), 


and it is readily verified that each integer on the right-hand side of (13) is a 
prime of K(@). Since the norm of a=A-+B0-+ CO? is given by 
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N(a) = A? + 2B3 + 4C3 — 6ABC, 


the first of the factors of 11 shown in (13) has norm 11, the second norm 121. 
Hence, there is only one equivalence class of associated primes of norm 11 in 
K(6), as any integer in K(6) which has norm 11 must divide 11, and, apart from 
unit factors, there is only one such integer. 

We seek all the integers of K(@) of norm 11 which are of the form a+08. Since 
all primes of norm ii in K(@) are associated, any such prime must be an associate 
of 3—26. Let 6 =Umn+ImO +wrb? be a unit of K(@) of norm 1. We require the 
coefficient of 6? in 


(3 — 20) (ttm + Um 4- Wb”) 
to be zero. This yields 
(14) 3Wm — 20m = 0. 


We shall show that (14) is impossible for m0, which will imply Lemma 2. 
We now set 


(15) tm + mb + Sn) = (3 — 20)(e0). 
Since 
(16) eo + 3) + 3e —1= 9, 


ie, eo +3e + 3et'—e& =0, and (1, 0, 6%) is an integral basis for K(@), it 
follows at once that 


(17) om+8 + 3 (Sn-+2 - S41) — Bn > 0. 


From (15) we have *m+m0 +2n02 = (3 — 26) (tn tim +Wnb?), and thus 2, =3Wm 
— 20m =0 by equation (14). Also (17) gives 


(18) Sm+3 = 2m (mod 3). 


Since wo =o =0, 2) =0 (mod 3). 
Furthermore, since w,=0, »1.=1, and w.=1, v.= —2, we have 


2, = 22 = 1 (mod 3), 


which, by (18), implies that z, can be zero only when m=0 (mod 3). However, 
an easy calculation shows that 


v3 = ws = 0 (mod 3), and 3w3 — 23 = 3 (mod 9). 


Hence, by Theorem B, 2, is never zero for any m0, and Lemma 2 follows im- 
mediately. 


Lemma 3. The equation a*+2b3 = 33 is impossible in rational integers |a, b |. 


Proof. First, we must find the number of equivalence classes of associated 
primes of norm 3 in K(@). Since x? —2=(x%—2) (mod 3), the general theory of 
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algebraic numbers shows that 3 is a perfect cube in K(@), apart from unit factors. 
We have, in fact, 


3 = (9 + 1)8(6 — 1), 


and 3 is the cube of a prime of norm 3 times a unit factor, since N(@—1) =1. 
Hence, there is only one equivalence class of associated primes of norm 3 in 
K(@), as any integer of norm 3 in K(@) must divide 3, and, apart from unit fac- 
tors, there is only one such integer. 

We consider now the integer 1+26°. Its norm is 33, and any other integer 
of norm 33 in K(@) must be of the form (1-+26?)(e), as all primes of norm 11 in 
K (6) are associated, as are all primes of norm 3. 

As in the proof of Lemma 2, we put € =UmtinO+w,6?, and 


Xin t Vind + ZnO? = (A + 267) (tn + nO + Wn 8?). 


Hence 

(19) Lm = 2m + Wm. 

Also, (16) yields 

(20) Zm+3 + 3(Zmz2 + Zmzi) — Zm = 0. 


We seek all integers of K(@) with norm 33 of the form a+06. Hence, Zm must 
be zero, and thus the congruence Z,=0 (mod #) must be solvable for every mod- 
ulus t. We shall prove Lemma 3 by showing that the congruence 


(21) Zm = 0 (mod 31) 
is impossible. 
To this end, we note that e¢=1 (mod 31), and, after some calculation, we find 


10 


& = 521 — 620 — 2790, ie, e = — 6 (mod 31). 
This implies 


30 


e) = 5 (mod 31), and ¢ =1 (mod 31). 
Hence, the Z,, must satisfy the conditions 
Zmvi0 = — 6Zm (mod 31), Zmieo = 5Zm (mod 31), and Zmnsiso = Zm (mod 31). 
Thus to prove the impossibility of (21), it is sufficient to show that 

Z; (44 =0, 1, 2,---,9), 40 (mod 31). 

By actual computation, using (19) and (20), we find the values of Zp» to Zs, 
modulo 31, to be 2, —2, 3, —1, —8, —1, —5, 10, 15 and 13, and none of these is 
zero. This proves Lemma 3. 


Note: One may also prove Lemma 3 in exactly the same manner as above, by 
showing the impossibility of the congruence Z,=0 (mod 11). 
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Lemma 4. For integral solutions |T, S| of equation (4), subject to the conditions 
(5),d=1. 


Proof. Lemmas 2 and 3 show that the only integral solution of equations (6) 
is |a, b| = [3, —2], and this solution clearly fulfills all the conditions (8). Hence, 


from (7), we get 
{id? = 11, ie, d=. 


Thus, the only integral solution of equation (4), subject to conditions (5), 
is [T, S|=[3, —2], and therefore the only positive integral solution of (3) is 
[N, x|=[1, 1]. The proof is complete. 


4. A summary, a conjecture, and some concluding remarks. We have shown 
that there are infinitely many positive integers m which possess first-power nu- 
merical centers and that the only positive integer possessing a second-power 
numerical center is 1. The results of part 3 suggest the following 


ConjJECTURE. If k>1, 1 ts the only positive integer which possesses a k-th- 
power numerical center. 


In a future article, we shall prove the validity of this conjecture for k=3, 
and shall conduct a partial investigation of it for k=4 and 5. 
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TWO TERNARY ALGEBRAS AND THEIR ASSOCIATED LATTICES 
L. H. MARTIN, Harvey Mudd College 


This note is concerned with ternary algebras and their associated lattices. 
A background in lattice theory and a familiarity with ternary operations in 
lattices may be obtained in Birkhoff [1]. Papers by Birkhoff, Kiss, and Grau 
have discussed ternary algebras and associated distributive lattices [2, 3]. In 
these papers, the ternary operation, 0, had the following realization in a general 
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distributive lattice: 

O(a,b,c) = GUNN CUAN CUA =(@NDNUCNAUCON aA). 
This self-dual ternary operation gave rise to distributive lattice operations in a 
natural way. 


In this discussion, ternary operations 2 will be considered which have the 
following dual realizations in their respective lattices: 


Qi(a, b,c) = (@U dO cU (a D)), 

Q(a, b,c) = (€Ob)U CO (aU B)). 
These two operations are generalizations of the @-operation, for in a distributive 
lattice Q\(a, b, c) = O(a, b, c) =Q.(a, b, c). The remainder of this note will be con- 
cerned with two algebras, the A and the p, which lead to more general structures 
than distributive lattices. 


Let L be a set containing distinguished elements 0 and J. Let \ be a ternary 
operation closed in Z and satisfying the following relations for all a, b, cEL: 


(i) A(a, b,c) = A, a, c) 
(ii) (0, a, 7) = a = AC, a, 0) 
(iii) (a, (6, ¢, D, D = Ac, A, a, D, D) 
h(a, \(b, c, 9), 0) = ACC, ACB, a, 0), 0) 
(iv) Aa, XA(a, 6, 2), 0) = a = XC, A(a, 8, 0), L). 


The system (L, A, 0, 2) will be called a A-ternary algebra. The axioms are con- 
sistent since they are satisfied in any lattice with 0 and J if we set (a, J, c) 
=((a, b, c) or Q2(a, b, c). The following two theorems are consequences of the 
axioms: 


THEOREM 1. X(a, a, 1) =a=X(GG, a, 0). 
THEOREM 2. X(a, I, 1) =I; Xa, 0, 0) = 0. 


The proofs of the two theorems are similar, so only the proof of Theorem 2 


will be given. 
Proof of Theorem 2. It is necessary to show only that A(a, J, I) =I since the 
axioms occur in dual pairs. 


h(a, I, I) = AU, a, L) by (i) 
= AU, AG, a, 9), £) (11) 
. M(a,J,l)=1 (iv) 


We now define meet and join: 
DEFINITION 1. (aUb) =X(a, b, JD); (ab) =X(a, b, 0). 
With these definitions we have: 
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aJVJa=a=al\a by Th. 1 
avVb=bVUa a(\b = bf \a (1) 
aJv(bUc) =(@aUbUc a(\ (6f\c) = (af\ b) Me (111) 
aU (a('b) =a=al\ (aU 3B) (iv) 
a(\0=0 aJI=T1 Th. 2 
avV0=a a(\IT =a (ii) 


We may now conclude the following important theorem: 


THEOREM 3. The system (L, U, (, 0, I) ts a lattice with null element 0 and 
universe element I. Further, any lattice with 0 and I may be represented as a d- 
ternary algebra. 


In other words, lattices with 0 and J may be characterized as algebraic 
systems having a single ternary operation. 

Let M bea set containing distinguished elements 0 and J. Let yu be a ternary 
operation closed in M and satisfying the following relations for all a, b, ce M: 


(i) (a, b,c) = ud, a, c) 
(iil) p(a, a,c) =a 
(ili) wlu(a, b, 0), wc, u(@, b, Z), 0), Z) = ua, B, ©) 
u(u(a, b, I), u(c, w(a, 6, 9), L), 0) = w(@, 8, c) 
(iv) ula, u(d, ¢, J), LT) = we, wd, a, 2), 7) 
w(a, w(d, ¢, 0), 0) = we, w(, a, 0), 0); 
the system (M, yp, 0, I) will be called a y-ternary algebra. Again the axioms are 


consistent for they have the (-realizations in modular lattices. Also, we have 
the following theorems: 


THEOREM 4. p(a, ua, 0, I), 0) =a=pnla, pla, b, 0), J). 
THEOREM 5. u(0, a, J) =a=p, a, 0). 
THEOREM 6. u(a, 0, 0) =0, ula, I, J) =T. 


The proofs for the three theorems are similar, so only Theorem 4 is proven 
below: 

Proof of Theorem 4. It is necessary to prove only that u(a, ula, b, 0), 1) =a 
sin¢e the axioms occur in dual pairs. 


a = p(a, a, c) by (ii) 
= p(u(a, a, 0), u(c, w(a, a, L), 0), Z) (ili) 
= w(4, w(c, a, 0), L) (i1) 

a = wa, wa, ¢, 0), 1) (i) 
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Again we make the following definition: 
DEFINITION 2. (a/b) =a, b, I) (a(\b) =p(a, b, 0). 


From the discussion of the \-ternary algebra and the corresponding axioms, 
theorems, and definitions, it should be clear that the ordering relation deter- 
mined by Definition 2 produces a lattice. Further, axiom (iii) says that in this 
lattice, (M, U, O, 0, 1), we have for all a, b, cE M: 


u(a, b,c) = (@U DM (€U (€N )) = (AN 8) U CEN (aU D)). 


The last half of this relationship, by the Dedekind Theorem, is equivalent to 
asserting that the lattice is modular. Thus, we have: 


THEOREM 7. The p-ternary algebra completely characterizes modular lattices 
with null and universe elements. 


Thus, we have shown that all lattices with null and universe elements can be 
characterized as algebraic systems with a single operation. Further, we have 
displayed a system, the w-ternary algebra, in which modular lattice operations 
arise naturally from the algebraic operation and vice versa. 


This work was supported by funds from the National Science Foundation, NSF-USE grant 
21755. 
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SOME REMARKS ON THE ISOGONAL AND CEVIAN TRANSFORMS. 
ALIGNMENTS OF REMARKABLE POINTS OF A TRIANGLE 


A. VANDEGHEN, Liége, Belgium 


1. Let ABC be a triangle of reference; a, 8, y the normal (or trilinear) co- 
ordinates of a point P; a’, B’, y’ the coordinates of its isogonal conjugate P’; a’, 
B"’, y" the coordinates of its cevian (or isotomic) conjugate P” [1, p. 69]. Then 


aa! = BB" = yy’, aaa!” = 5°68" = cPyy". 


It follows that the isogonal and the cevian transforms of a line d, whose 
equation is Ja+m6-+ny=0, are conics circumscribed to ABC [2]. 

The equation of the line at infinity being aa+b8-+cy =0, its isogonal trans- 
form is the circumcircle a@’y’--by’a’ +co’B’ =0 [2] and its cevian transform is 
Steiner’s ellipse 


By” yal! al’ BY" 
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It is known that any circumscribed hyperbola passing through the ortho- 
center H is equilateral and that its center is on Euler’s circle [3]. The isogonal 
conjugate of H is O (the circumcenter); let U be the cevian conjugate of H. 
Then: 


(a) If d does not meet the circumcircle, its isogonal transform is an ellipse; 
if d is tangent to the circumcircle, its isogonal transform is a parabola; if d meets 
the circumcircle, its isogonal transform is a hyperbola; if d passes through O, 
its isogonal transform is an equilateral hyperbola. 


(b) If d does not meet Steiner’s ellipse, its cevian transform is an ellipse; 
if d is tangent to Steiner’s ellipse, its cevian transform is a parabola; if d meets 
Steiner’s ellipse, its cevian transform is a hyperbola; if d passes through JU, its 
cevian transform is an equilateral hyperbola. 

The propositions under (a) are given in [2]. 


2. (a) The isogonal transform of the line PP’ meets this line in P and P’. 
Conversely, the points where d meets its isogonal transform are isogonal con- 
jugates. 

If P is self-conjugate (i.e., one of the tritangent centers), the line is tangent 
in P to its isogonal transform. 


(b) The cevian transform of the line PP” meets this line in P and P”. 
Conversely, the points where d meets its cevian transform are cevian con- 
jugates. 

If P is self-conjugate (i.e., the centroid G or one of the points where the 
parallels to the sides through the vertices meet), the line is tangent in P to its 
cevian transform. 


3. (a) Kiepert’s hyperbola passes through A, B, C, H, G, F, and F, (isogonal 
centers or inner and outer Fermat’s points), and T (Tarry’s point) [2]. It is the 
isogonal transform of Apollonius’ line which passes through O, L (Lemoine’s 
point), the isodynamic points V and W (which are isogonal conjugates of Fer- 
mat’s points); the point at infinity on this line is the isogonal conjugate of T. 


Various properties of this hyperbola are given in [2] and [4]. Also its center 
is the midpoint of FF»; the line Fi F, is the diameter conjugate to the direction 
of Euler’s line, thus it intersects Euler’s line in the midpoint of GH. 

This hyperbola is also the cevian transform of its tangent at G, which passes 
through U and the cevian conjugates of /1, FP, and T. 


(b) Jerabek’s hyperbola passes through A, B, C, H, O, L and the isogonal 
conjugates of N (the nine-point center) and Z (de Longchamps’ point) [2]. 
It is the isogonal transform of Euler’s line. Thus the cevian conjugates of O and 
L are on a line through U. 


(c) The equilateral hyperbola which is the isogonal transform of the line 
OI passes through A, B, C, H, I, Ge (Gergonne’s point) and Na (Nagel’s point); 
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\ 
List of the points in the figure: 
H orthocenter F, second Fermat's point, second isogonal 
N ~ center of nine-point circle center 
G centroid Cx center of Kiepert’s hyperbola 
Q midpoint of HG L Lemoine’s point 
O center of circumcircle V, W isodynamic points 
Z de Longchamps’ point T  ‘Tarry’s point 
S, S’ centers of Soddy’s circles F Feuerbach’s point 
I center of incircle U _ cevian conjugate of H 
Ge Gergonne’s point cP means cevian conjugate of point P 
Na _ Nagel’s point 1P means isogonal conjugate of point P 


F,  Fermat’s (or Steiner’s) point, isogonal HZ _ Euler’s line 
center GeZ Soddy’s line 
OW Apollonius’ line 
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its center is Feuerbach’s point F (where the incircle and the nine-point circle 
are tangent) [2]. Thus the isogonal conjugates of Ge and Na are on OI; Ge and 
Na being cevian conjugates, these points, U, and the cevian conjugate of J, 
are on a line. 


4, A circumscribed conic has a line d’ as isogonal transform and a line d” as 
cevian transform. Thus the product of the two transformations is a collineation; 
this results also from the relations 


/} /} aA 
a 6 Y 
C Py 


This collineation transforms the sides into themselves. 

The cevian transform of the circumcircle and the isogonal transform of 
Steiner’s ellipse are reciprocal transverse lines of A BC; also, the second of these 
lines divides externally each side of ABC in lengths proportional to the squares 
of the adjacent sides: it is Lemoine’s axis [ 1, p. 156]. 


5. It is interesting to gather in a figure various alignments of remarkable 
points of the triangle A BC, some of which are well known. The author would like 
readers to point out some other remarkable alignments. 

Of course, the triangles that can be derived from ABC produce other align- 
ments related to those of ABC. E.g., the triangles whose vertices are the points 
where the incircle and excircles are tangent to the sides: their Euler’s lines pass 
through O. It has also been shown that the 3 external Soddy’s lines meet in Z [5]. 
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HOW TO CREASE A SHEET OF PAPER 


M. A. GoLpMAN, Norman, Oklahoma 


1. Definition of a fold. Given a metric space (X, d) with topology associated 
with the metric d, given a subset 4 CX which is metrized by the restriction of 
dto AXA and given a mapping f: d—X, assume there exists subsets CCX, 
DCX with the following properties: 

(1) C=C, C is closed, 

(2) X-D=X—D, Dis open, 

(3) A=CUD, 

(4) COD=@, 

(5) fD)AD=@, 


1965] MATHEMATICAL NOTES 1095 


(6) WEG, fle) =o, 

(7) Wa, rED, df(@), f(r) =4@, 7). _ 

Define the C—D fold of A in (X, d), as F=CO\D. If one can find sets 
C, DCX with properties (1)-(7) one says that A can be folded along F. The 
mapping f: A—X is given the name of a folding operation in (X, da). 


2. Example of a fold. As an example of a folding operation in a metric space 
let (X, d) be the euclidean plane (E?, d), whose points are described by a car- 
tesian coordinate system (x, y). 


Let A be the closed rectangle { (2, yNEC R08 « 

Let C be the closed rectangle 1 (x, yER:08 « 

Let D be the open rectangle { (2, yNER:0<a«<1,0<y< i}. 
Define f by 


1, 0 
14 


IA IIA 
IA IIA 


Wow, 9) EC, fla, y) = (@, 9), 
W(x, 9) & D, f(x,y) = (@, 2 — 9), 
Vix, 9) © D—C, f(x, y) = (@, 2 — 9). 
F is the line segment { (x, VCH: 0SxSl, y=}. 


3. Fold boundary points. Points of a fold F, are boundary points of both 
sets C and D. A point xEF lies in C1\D so xEC and xE D. By (4), COND=@ 
so CCX—DCX-—D, giving xC©X—D. Thus xG© DI\X—D. From (1), «EC. 
DCX —C by (4) hence DC X¥—C and x€ D=xEC X—C giving xe CNX —C. 


4. Geodesic foldsin ?. In the special case that (X, d) is the euclidean plane 
(E?, d), folds possess a geodesic property. If «1, x2, x3 are given to be any three 
distinct points of an arbitrary C—D fold of A in (2?, d) then x1, x2, x3 lie upon a 
line segment. The proof follows. 

There exists an open sphere, S, of radius e>0 centered about x; which does 
not contain x2 or x3. This is true whenever 0<e<4 minimum d(x, x;) for 7=2, 3. 
Since *,€Bdry(D) and «GC which implies x.¢D, there exists a point q@D 
such that g@S and g#x. Thus q is distinct from “4, x, and x3. Because x1, 2, x3 
EC, f(x) =x1, f(x2) =x, f(x3) =x3, from (6). Condition (7) implies that since 
x1, Xe, x3 and q are all in D, 


d(xi, q) = d(f(x), f(D) = d(ai, f(@) ford = 4, 2, 3. 


But’since g&D and (5) requires f(D)(\D = © it follows that qg and f(q) are dis- 
tinct points. Hence each x,, for1=1, 2, 3, is equidistant from the distinct points 
g and f(q). In E? this implies that x1, x, and x3 each lie on the perpendicular bi- 
sector of the line segment included between g and f(q) and thus lie on a common 
line. 


5. Intuitive content of the definitions. The concepts of fold and folding 
operation are developed to characterize mathematically the essentially physical 
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problem of singly folding a flat sheet of paper flat on a table without tearing or 
otherwise stretching the paper. One must define what is done to the sheet when 
one folds it flat, before one can explain the straight crease which is empirically 
observed. The desired definition is given in the first section of the paper provided 
(X, d) is taken to be the euclidean plane. Straightness of the fold, which is the 
crease, follows. 

The problem can be extended to metric spaces more general than (H?, d) 
and has been formulated in language which allows an extension. The extended 
problem can be stated: For what metric spaces (X, d) is it true that given F, 
any fold in X and given any three points x1, %2, «3€ F, it follows that d(x,, x,) 
+d(x;, x) =d(x;, xx) for (4, 7, k) some permutation of (1, 2, 3)? That is, in what 
metric spaces do folds possess a geodesic property? 


Reference 
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A REMARK ON STIRLING’S FORMULA 
A. J. Marta, late of Brooklyn College 


For Stirling’s formula, given by n!=+/2rn"+¥V2e-ne™m, Herbert Robbins [1 | 
proved by elementary means that 


Vn 


Tn db 1 < tn < Don’ 

In the cited article the author showed that 7,= > |°_,, €p, where 
t 

~ 3Qp 41)" 50p+ 1! TOprpe ” 


and by observing that 


En 


1 1 
> 4 G+ - 
> apap * 30p+)* GOp + ny? 
1 1 1 1 1 
CTs V1 ee 
. { —- —— _ {+ — 
3(2p + 1)? Pro pt uy 


he-concluded that 1/(12”+1) <71r,. 
In this note we use a larger lower bound for e, and obtain by simple means 
the much better inequality 


1 
<i tn. 


12” -- ——_—_—_-_— 
2(2n + 1) 
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We shall now prove this inequality. 
Proof. {t is clear that 


1 1 1 
———____—__—. {| ———________— — tee 
> 3009 + 1p \ *3@p tip” P@pty 
since 2”~!>(2n+1)/3, n22. Hence 


1 1 1 
1 — ———_——- 12p? 12 3 
2(26 + 1)? pees 


For each 2 we shall find a>0 so that 


1 1 1 1 
127? + 12” + 5~ plese) 
_ 120? + a(24n + 12) — 3 _ 
(12m? + 12n + 2)12(n + a)(n + a +1) 


It follows that we must have a= [—2n—-14+V (2n+1)?+4]/2, and since 
12a?+a(24p+12)—3>0, p>n, we have 


1 1/ 1 1 
ats (tt), sy, 
1292? +12p+3° 12\pt+a peat 


Therefore 


* 1 1 
n= ie > —({—— 


1 1 
> 


i 3 
12(n+——_——) 122 + ——_— 
(+ =) "+ On +d 


This completes the proof. 
It is to be observed that for 


1 


12n + ———— 
"+ Ont D 


we have 


em == | ee 


127 288n? 


+ o(n?), 
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while for 1/(12n+1) <r,<1/12n we can only conclude that e»=1-+4(1/127) 
+o(n). 


Reference 
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STRONGLY CONNECTED SETS IN TOPOLOGY 


NORMAN LEVINE, The Ohio State University 


1. Strong connectivity. 

DEFINITION 1. A set A of a topological space X will be termed strongly connected 
(written henceforth as s.c.) ff AC U or AC V whenever AC UUYV, U and V being 
open sets in X. 


THEOREM 1. Jf A ts s.c., then A 1s connected. 
Proof. If A is disconnected, then there exist open sets U and V for which 
A=(ANMNU)U(ANYV),ANUFDG,ANV#FD, and ANUNV=@. 


Then 4 CUUY, but ACU and A CV which contradicts A being s.c. 
Example 1. Let X:a, b, c and 7: 4, (a), (a, b), (a, c) and X. Now X is con- 
nected, but not s.c. 


DEFINITION 2. A set A will be termed weakly disconnected (written henceforth 
as w.d.) aff 1t 1s not s.c. 


Remark 1. From Theorem 1 it follows that disconnected implies w.d. 


THEOREM 2. A set A 1s w.d. iff there exist two nonempty disjoint sets EZ and F 
each closed in A. 


The proof is left as an exercise for the reader. 


CoROLLARY 1. A set A ts w.d. iff there exist two points x and y in A such that 
Al\c(x)(\c(y) = ©, ¢ denoting the closure operator. 


THEOREM 3, Let (X, 7) be the topological space 1n example 1 and let (X*, r*) 
be any topological space. Then X* 1s w.d. iff there exists a continuous mapping 
f: X*—X for which 1b, cl} Cf[X*]. If (X*, r*) is connected, then X* is w.d. iff 
there exists a continuous mapping g: X*—X which ts onto. 


THEOREM 4. Let F be a closed subset of X and suppose (X,7) 15 s.c. Then F is 
S.C. 


COROLLARY 2. (X, 7) ts 8.c. off every closed subset F 1s connected. 


Turorem 5. If f: XY is continuous and if A is s.c. in X, then f[A | is s.c. 
in Y, 


The proofs of Theorems 3, 4 and 5 and Corollary 2 are left as exercises. 


1965] MATHEMATICAL NOTES 1099 


DEFINITION 3. A topological space X 1s totally weakly disconnected (t.w.d.) 
iff singleton sets are the only nonempty s.c. sets. (See Remark 2 in section 2.) 


THEOREM 6. A topological space X 1s Ty, iff t¢ 1s t.w.d. 


Proof. Necessity: Singleton sets are clearly s.c. Now suppose A is a subset of 
X with two or more points. Let « be different from y in A. Then {x} and {[y} 
are nonempty disjoint closed subsets of A and by Theorem 2, A is w.d. 

Sufficiency. Take x«CGX and suppose ix} c(x). Let yEc(x) — fa} and let 
A= {x,y}. Then every open set which contains y also contains x and thus A is 
s.c. This is a contradiction. 


THEOREM 7. In a topological space (X, Tr), every subset of X 18 s.c. iff T 18 a 
chain, that 1s,1f U and V are open, then UC V or VCU. 


We omit the proof. 


THEOREM 8. Let (Xa, Ta)! aca} be a nonempty family of nonempty spaces 
and let (X, 7) be the product space. Then (X, 7) 18 s.c. aff (Xa, Ta) tS 8.C. for each 
aca. 


Proof. Necessity: This follows from Theorem 5 and the fact that projection 
maps are continuous and onto. 

Sufficiency: Suppose that (X, 7) is not s.c. Then by Corollary 1, there exist 
points «#y in X for which c(x)(\c(y) = @. Then 

B= e(u) M cly) 

cf NPzP.(x)} 0 cf NPs P.(y)} 
(NP 'CaP ale) OV (NP a aP aly) 
= NPZ} CaP ol) C) CoP (y)} 


l 


i 


Thus there exists an a*€A for which Cy#Poa«(x)M\CaxPax(y) = O. Then by 
Corollary 1, (Xa#, Ta*) iS not Ss.c. 


2. Strong local connectivity. 

DEFINITION 4. (X, 7) ts termed strongly locally connected at x (written hence- 
forth as s.l.c.) «ff for xGOCr7, there exists a s.c. open set G such that xEGCO. 
(X, 7) ts strongly locally connected 1ff it is s.l.c. at every point of X. 


CoRroLiaRy 3. If (X, 7) ts s.L.c., then it is locally connected. 


This follows from Theorem 1. 

Remark 1. s.l.c. does not imply s.c. (see example 1). 

Remark 2. s.c. does not imply s.l.c. To see this let (RX, 7) be the reals with the 
usual topology and let R* =RU} 00 with r*¥=rU LR*}, Then (R*, r*) is s.c., 
but not s.l.c. as the reader can easily verify. This example also serves as a “dis- 
persion point space,” that is, a strongly connected space which is rendered 
t.w.d. by the removal of a single point (see Definition 3). 


1100 MATHEMATICAL NOTES [December 


Remark 3. Local connectedness does not imply s.l.c. The real line with the 
usual topology serves as an example. 


LemMa 1. If X ts slic. and f: XY 1s continuous, open and onto, then Y 1s 
s.l.c. 


The proof follows from Theorem 5. 


THEOREM 9. Let (Xa Ta): ACA} be a nonempty family of nonempty s.c. 
spaces and let (X, 7) be the product space. Then (X, 7) is s.l.c. iff (Xa, Ta) is 8.Le. 
for each aCA. 


Use Lemma 1 and Theorem 8. 

Remark 4. We cannot drop s.c. from the hypotheses of Theorem 9. A dis- 
crete two-point space is s.l.c., but a product of such spaces may fail to be locally 
connected as is well known. 


3. Weak components. 
Lemma 2. Let @= {A} be a chain of s.c. sets in X. Then U{A: AEG} is s.c. 


Proof. Let U{A: A€@} CUUV where Uand V are open and suppose that 
U |A : AEG} is a subset of neither U nor V. There exists then an x© 41€C@ 
such that x«€& U and there exists a yC_A2€@ such that y€& V. Since @ is a chain 
we may assume that 41C Ae. Then 42CUUY, but 4.C.U and A,¢V which 
contradicts A» being s.c. 

Remark 5. Example 1 shows that “chain” in Lemma 2 cannot be dropped. 


DEFINITION 5. We call A a weak component of X iff (1) Aiss.c. and (2) A ts 
maximal relative to (1). 


THEOREM 10. Let A be as.c. subset of a topological space X. Then there exists 
a weak component of X which contains A. 


Proof. Let @ be the family of all s.c. sets which contain A. Then @ is non- 
empty and by Lemma 2, is chain closed. By Zorn’s lemma, @ has a maximal 
element. 


CoROLLARY 3. Each point x 1n a topological space X 1s contained 1n at least one 
weak component of X. 


Remark 6. In example 1, a isa member of two distinct weak components of X. 


Remark 7. Weak components may be neither open nor closed. On the line, 
weak components are points and thus not open. In example 1, the weak com- 
ponents are not closed. 


DEFINITION 6. A set A 1s called an open weak component of X iff (1) A ts open, 
(2) A is s.c., and (3) A is maximal relative to both (1) and (2). 


THEOREM 11. If X iss.l.c., then each point is contained in at least one open weak 
component. 
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Proof: Let « be a point of X and let @ be the family of all open s.c. sets 
which contain «. @ is nonempty since X is s.l.c. By Lemma 2 and the fact that 
a union of open sets is open, it follows that @ is chain closed. By Zorn’s lemma, 
@ has a maximal element. 

Example 2. Let X= jaa, #=1,2,°+- andisj7s2*", Let 


GQ = t M144) NQioy °° oy tsi, , 


where s21, 4 =1 and 22;.1—1 S12; 5 27;_, for 722. It is clear that @ is a base for 
a topology 7 for X. Each point of X gets into an uncountable number of distinct 
open weak components of X. The proof is left to the reader. 


THE DEGREE OF APPROXIMATION OF CERTAIN FUNCTIONS OF TWO 
VARIABLES BY A SUM OF FUNCTIONS OF ONE VARIABLE 


T. J. Rrvuin, IBM, Yorktown Heights, ano R. J. SIBNER, Stanford University 


Let f(x, y) be continuous on the unit square, S=I XJ, where J is [0, 1]. Let 
1 || denote the sup norm on S and suppose that g*, h*€C(J1) satisfy 


(1) m = \lf(a, 9) — (g*(x) + #*O))|| S IIf@, 9) — (e@) + 2O))| 


for all g, hE C(d), i.e. g*(x)-+h*(y) is a best approximation to f(x, y) among all 
sums of continuous functions g{x)+hA(y). A duality theorem of Banach (cf. 
Shapiro [3]) tells us that 


(2) m = sup | Lf|, 
the supremum being taken over all linear functionals Z of norm 1 which vanish 
on every continuous function of the form g(x) +A(y). 


Diliberto and Straus [1] showed that (2) holds if the supremum is taken over 
a more restricted set of linear functionals, the permissible functionals defined by 


1 2% 
(3) Lf = — 2 (—1)*f(on, ye), 


where the points (xz, y,) are vertices of a permissible line. A permissible line, 
according to Diliberto and Straus, is a closed polygonal line lying entirely in S, 
each side of which is parallel to either the x or y axis. Given a permissible line of 
which (1, 1), ° °°, (Xen) Yon) are vertices numbered by %oj;-1=%2;; Vosi1 = Ves, 
j=1, 2,--+-+, and the subscripts are taken modulo 2x, the corresponding per- 
missible functional given by (3) is defined. Note that a permissible functional is 
linear, has norm 1 and vanishes on functions of the form g(x)-+A(y). 

The purpose of this note is to prove that for a restricted class of f, the value 
of m is easily determined. Namely, 


THEOREM. If fry 20 tn S then 


() m= 4f f fod B = Hl, 1) ~ 70, 1) + 100, 0) ~ 44,0) 
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Proof. L* defined by 
L*f = 41/1, 1) — f@, 1) + £0, 0) — f, 0)] 


is a permissible functional. Hence, to prove our theorem we need only show 
that any permissible functional L, defined by (3) satisfies 


| Lf| = L*. 


It is no loss of generality to restrict ourselves, and we do, to permissible func- 
tionals Z which satisfy Lf20, since by reversing the labeling of the subscripts 
(i.e. the present sequence 1, 2,---,2n becomes 2n, 2n—1,---, 1), —ZL is 
seen to be permissible and | Lf| = | (—L)f|. 

We wish to prove, then, that 


(S) Lf S L*f. 


Consider the functional ZL given by (3). 
(a) If yvor1+<‘¥o, replace the terms —f(Xox-1, Yor—-1)+f(%2x, Yor) in (3) by 
—f(1, Yor+)+f(1, vo.) thus obtaining a new permissible functional, L’. Since 


F(A, vou) — FL, You—1) — f(%2ns Yor) + f(ee-1, Vou—1) = i J 


Y2k—-1 « 


1 
fu dxdy 2 0 
2k 


we see that L/SL’f. 

(b) If yor-1> Voz replace terms —f(%24-1, Vor—1) /(2n, Yor) in (3) by —/(O, Yor—1) 
+f(0, vox) thus obtaining a new permissible functional L’ such that Lf SL’. 

For each k=1, 2,---,m either (a) or (b) holds. If the functional is changed 
successively for each Rk=1,---,, we obtain finally a permissible functional 
L” with its defining vertices lying on the two vertical sides of S. Moreover, the 
2n points are vertices of a permissible line and so can be grouped (possibly after 
deleting a vertex which occurs with indices of opposite parity) into s sets each 
of which consists of the 4 vertices of a rectangle, where s <n/2, in such a fashion 
that the 4 vertices that make up a set contribute 4 terms to L” which add up to 


[ff tuaz eo 
R 


where R is the rectangle defined by these vertices. That this can always be done 
is not hard to establish by mathematical induction on n. 
Since ffrfad2=S ff sf2d2, we conclude that 


S 
ys 2 ff jars i 
2n 8 


Since Lf SL'f the theorem is proved. 
Remark 1. We have shown that if f,, 20 then 


max | Lf | = L*f, 
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Thus in this case a “rectangular” permissible functional achieves the supremum 
in (2). This is not the case when f(x, y) is an arbitrary continuous function. For 
consider the piecewise linear function 


4t+3, -18 
A(t) = 4 —21, | 2 | 


(4d ~~ 3, 3 


lA 

IA 
| 

bole 


IIA 


IA 
IA 


which is continuous for —1<#<1. Then f(x, y) =h(x—y) is continuous on S. 
Consider the linear functional defined by 


Lg = 3[g(3, 0) — g(1, 0) + g(t, 4) — g(0, ) + g(0, 1) — g(, 1)]. 


Then | Lf| =1, and hence m 21. But it is clear that | L’f| <1 for every “rectangu- 
lar” permissible functional L’. 

Remark 2. A simple illustration of our Theorem is the function f(x, y) =xy 
which cannot be approximated on S more closely than 4 by g(x)+A(y), as 
Golomb |2] notes. 


The Theorem of this paper was suggested to us by Professor J. Moser and we wish to thank 
Professor Moser for several interesting discussions of this topic. 
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ON THE PRODUCT OF QUOTIENT SPACES 
C. J. HIMMELBERG, University of Kansas 


Let fi: X1- V1, fe: X2— V2 be closed maps (map =continuous function) from 
the topological spaces X1, X2 onto the topological spaces Yi, Y2 respectively, 
and let f=(j/i, fe): X1X X27 Vix Y2 be the map defined by f(m, x2) =(fi(xi), 
fo(x2)) for (x1, x2) EG X1X Xo. Examples abound to show that f is not necessarily 
a closed map. In fact Y1X Y, need not have the quotient topology, as defined for 
instance in [2 page 94], relative to f. For an example see [1 page 90, exercise 11]. 
The purpose of this note is to give some simple sufficient conditions that Y1X V2 
have the quotient topology. 


THEOREM 1. Suppose that f; is a closed map from a topological space X ; onto 
a topological space Y; such that f71(y.) 1s compact for each y;E V;,1=1, 2. Then 
f=(hi, fe) 1s a closed map. 
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Proof. Note that f-'(y, ve) =fr1(n1) Xf (ye) for each (44, 92) EG Vix Vo. Let 
A be a closed subset of X1X Xe and let 
V = Ufo 92) | fo, 2) C XX Xe — A}. 


Then Yi:X Y,—f(A)=f(V). We will show that f(V) is open. Suppose that 
(x1, X2)E V and f(x1, x2) = (M1, ye). Then f-!(y1, ye) =f7!(1) Xfr'(ye) is a compact 
subset of X1X X.—A containing (x1, x2). By a theorem of Wallace [2, page 142 | 
there exist open neighborhoods Mi, M2 of fr'(y1), fe '(2) respectively such that 
MiX M,C X1X%X_—A. Since fi, fe are closed maps, the sets 


M1 = Utfor)| flor) CM},  ACVy 
No =U {fet(od) | fr'Ot) C Me}, fal») 
are all open, and of course (1, *2)E Nix N2CX1XX2—A. Moreover, Nix Ne 
CV, since, if (xi, x7 )E Nix Ne and f(x, x7) =(7, yd), then 
(af, x7) € fr'Or) & fri Os) C M1 XK Ne C X11 XK Xe — Az 


Finally, since f(NiX Ne) =fi(M1) Xfe(N2) is an open neighborhood of (1, ye), 
it follows that f(V) is a neighborhood of (41, ye). 


THEOREM 2 (Morita AND Hanat [3]). Let f be a closed map from a Ty-space X 
onto a topological space Y such that Bd f-'(y) ts compact for each yE Y. Then there 
is a Closed subspace A of X such that (a) g=f ois a closed map from A onto Y, 
where 0: A—>X 15 the identity injection, and (b) g-'(y) ts compact for each yEY. 


Proof. This theorem is contained in the proof of Theorem 1 in [3]. Its proof 
is so brief, however, that we include it (almost verbatim from [3]) for the sake of 
completeness. It is clear that, since f is closed, Y is a Ti-space. So, for each 
y€ Y, define an open subset L(y) of X as follows: 


Interior f(y), if Bd f(y) ¥ 4, 
L(y) = ve . | 
f(y) — {by}, if BAS) = 4, 
where p, is an arbitrary point of f-1(y). Set 
L=VU{Ly)|yEV}, A=X-L. 


Then A is a closed subset of X. If 0: A—X is the identity injection, then 
g=fo9 is aclosed map from A onto Y such that 


Bdf“(y), if Bd f"@) 4, 
{dn} if Bd f(y) = 6. 
Thus g~!(y) is compact for each yE Y. 


gy) = ‘ 


Lemma. Let f be a map from a topological space X onto a topological space Y. 
Then Y has the quotient topology relative to f if there exists a subspace A of X such 
that Y has the quotient topology relative to f 06, where 6 1s the identity injection of 
A into X. 
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Proof. Trivial application of the definition of the quotient topology. 


THEOREM 3. Suppose that f; 1s a closed map from a Ti-space X; onto a topo- 
logical space Y; and that Bd f7!(y,) ts compact, for each y;C Y;, i=1, 2. Then 
Y1X Yo has the quotient topology relative to (fi, fe). 


Proof. For 1=1, 2, let A; be a closed subset of X; such that, if 0;: A;—>X;, is 
the identity injection, then g;=f;00;is a closed map onto Y; and g7'(y;) is com- 
pact for each y,C Y;. This is possible by Theorem 2. By Theorem 1, the map 
g=(g1, 22): A1X Ae Vi X Yo is a closed map. Hence, by the Lemma, YX Y, 
has the quotient topology relative to f= (fi, fr). 

In [3] and in [4| it is shown that if f is a closed map from a metrizable space 
X onto a topological space Y, then Y is metrizable iff Bd f-'(y) is compact for 
each y€ Y. Hence we obtain the following corollary to Theorem 3. 


CoroLuARY. If f; 15 a closed map from a metrizable space X ; onto a metrizable 
space Y;,1=1, 2, then Y1X V2 has the quotient topology relative to (fi, fe). 


It should be observed that, in Theorem 1, we may not weaken the require- 
ment that f7!(y.:) be compact to the requirement that Bd f71(y,) be compact for 
yi:c Y;,7+=1, 2. In other words, in Theorem 3 and the Corollary, (fi, fe) need not 
be a closed map. For instance, let X1 be the real line, let Yi= {0}, let Xo= V, 
= 0, 1], let fi: X1-- Vi be the constant map, and let fo: X2— V2 be the identity 
map. Then the sets Bd f7!(y,) are compact for each y;G Y;, 7=1, 2; but (fi, fo) 
takes the closed set {(n, 1/n)|n=1, 2,--- } onto a nonclosed one. In fact, we 
may not even weaken the hypothesis of Theorem 1 by assuming Bd fr!(y1) com- 
pact for each yi€ VY; and fr'!(ye) compact for each yeC Yo, since, in the example 
above, fz1(ye) is compact. 

It is natural to ask whether Theorems 1 and 3 hold for infinite products, 
and it is not difficult to see that they do. The following extension of the theorem 
of Wallace used in the proof of Theorem 1 is needed. 


THEOREM 4. Let A; be a compact subset of a topological space X;, for eachkEk, 
let X =m7{X | kEK} have the product topology, and let U be a netghborhood of 
A={A,|kEK} in X. Then, for each REK, there exists an open neighborhood 
M;, of Ay such that A Cri My; | kEK} CU, where M, =X, for all but finitely many 
REK. 


Proof. lf K has two elements we have the Wallace Theorem referred to above. 
An easy induction yields Theorem 4 for K finite. To prove the general case, let 
Vi,°°-°, Vm be a finite open cover of A by basic open sets such that 
V=U{V.{1Sism} CU. Theneach V;is of theform Vi=7j Vix] EK}, where 
Vin=X; for all but finitely many k, say, except for RCL; where L; is a finite 
subset of K. Let D=U {T.,| 1 <ism}. Then, if we do not distinguish between 
w{X,(REK} and (r{X,|kEL}) xX (a { X.| kEK—L}), we have 


V=(U{a{Vief[ REL} | 1Sis m}) x e{X.| ke K — L}. 
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Denote the first factor above by W. Since L is finite, W is an open neighborhood 
of r{A,|REL} in r{|X.| REL}. By the finite case, there exists for each REL 
an open neighborhood M; of A, such that r{M,|kEL| CW. Hence A Cr} M;,| k 
EK}CVCU, where M,=X;, if REL. 

With little change in the proofs of Theorems 1 and 3, the reader may now 
prove the following 


THEOREM 5. Let fi, be a closed map from a topological space X, onto a topo- 
logical space Y,, for each REK; let X=a{X,|kCK} and V=r{¥.|/REK} each 
have the product topology; and let f: X—>Y be defined by f(x), =fr(xn), where xCX 
and x; 1s the k-th coordinate of x. Then 

a) If fc ‘(y,) ts compact for each yz in each Y;,, then f ts a closed map. 

b) If Bd fr'(y.) ts compact for each yy in each Y;, and tf each X;, is a Ty 

space, then Y has the quotient topology relative to f. 
c) If each X; and each VY; is metrizable, then V has the quotient topology rela- 
tave to f. 

The author wishes to thank the referee for several useful remarks, and in particular for the 
suggestion that Theorems 1 and 3 might be extended to arbitrary products as in Theorem 5, 

This work was supported by the National Science Foundation Grant GP-209. 
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A NOTE ON ADDITIVE COMMUTATORS IN A RING 
D. W. Rosinson, Brigham Young University 


For y an element of an arbitrary ring S, let A, be the mapping on S given by 
xA,=xy—yx. Also, for @ a mapping on S let K(@) = {xES| x0 =0}. In this note 
we prove the following 


THEOREM. Let a and e be elements of a ring such that e 1s idempotent. Then for 
every positive integer n, K(Au) CK(A.) implies K (AQ) CK (A). 


E= The proof is in two parts. 
(i) If K(A,) G K(A.), then K(Aj) G K(A)). 


Indeed, let K(A.) CK(A,). Since aE K(A,), it follows that aE K(A.). That is, @ 
commutes with e. Hence, A, commutes with A., which implies (i) by induction 
on 4. 


(ii) If ¢ is idempotent, then K (A;) = K(A,). 


1965] CLASSROOM NOTES 1107 


For if e is idempotent, then e(xA%) =e((xe —ex)e —e(xe —ex)) = —exe+ex. Thus, 
xA?=0 implies exe=ex and xA,=xe—exe—exe+ex=xAi=0. That is, K(A?) 
CK(A.), which implies (ii) by induction on n. 

The raison d@étre of the theorem is the following important 


Coro.uaRry. Let A and B be linear transformations on a finite-dimensional vec- 
tor space I over a field ®, and let u(r) be a polynomial over ®. If BA, =0 for some 
n, then the Fitting components of IN relative to u(A) are invariant under B. 


This corollary contains, in particular, both Lemma 1, p. 38 and Lemma 3, 
p. 40 of [1]. The proof is given as follows. Any linear transformation that com- 
mutes with (A) leaves invariant the Fitting components of It relative to u(A) 
and hence commutes with the projections on these components. That is, K(Ay,a)) 
CK(Az), where E is a projection determined by the Fitting decomposition of 
Mt relative to u(A). Therefore, since K(A4) CK (Aycay), it follows that K (Ag) 
CK (Az). The corollary is now an immediate consequence of the theorem. 


The author expresses appreciation to the referee for his comments. 
This paper was written while the author was on sabbatical leave at the California Institute of 
Technology, where he was supported in part by the National Science Foundation. 
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This department welcomes brief expository articles on topics closely related to classroom 
experience in courses that are normally available to undergraduate students, from the freshman 
year through early graduate work. Items of interest to teachers, such as pedagogtcal tactics, 
course improvement, new proofs and counterexamples, and fresh viewpoints in general, are 
tnvited. All material should be sent to Gertrude Ehrlich, Mathematics Department, Untversity 
of Maryland, College Park, Md. 20740. 


AN ALGEBRAIC METHOD IN DIFFERENTIAL EQUATIONS 
MICHAEL GOLOMB, Purdue University 


Many college curricula nowadays provide for an introduction to linear alge- 
bra and to linear differential equations in the same course or in nearly simul- 
taneous courses. However, no existing textbook of differential equations makes 
sufficient use of linear algebra to simplify traditional methods and to expose the 
structural identity of seemingly unrelated problems. This note may serve to il- 
lustrate the use of matrix algebra in elementary differential equations. 
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The traditional “method of undetermined coefficients” applies to equations 
of the form 


(1) p(D)y(x) = > prla)er™, 


where p(D) is a polynomial (of degree 21) with constant coefficients in the 
differential operator D=d/dx, the p;(x) are polynomials in the independent vari- 
able x, and the a, are distinct complex numbers. The method is an algorithm 
which does not give the solution in explicit form, and it is often presented with- 
out justification for its validity and limitation. We solve (1) by the inversion of 
a matrix. 

We first consider 


(2) p(D)y(x) = xe 
for a nonnegative integer n. Let V,,. denote the (7+1) dimensional vector space 
spanned by e®, xe", - + + , x"e**, D is a linear transformation of V,, into itself. 
Using the elements x*e**/k! (kR=0, 1, -- +, ”) asa basis, we have the representa- 
tion 

a 1 O . °| 

1 ° 0 | 

(3) De O a-:-0 

0 0 0 a 


We write (3) as 
(4) Deal +J, 


where J is the identity matrix, and J is the matrix whose element in the ith row 
and jth column is 6;41,;. J is nilpotent, J**!=0. From (4) it follows that the 
transformation p(D) has the representation p(al+J). The element x*e%*/k! of 
Vn.a is represented by the vector e, whose 7th component is 6;,,. If y(x) is in 
Vn.g and y is its representing vector then the representation of (2) is 


(5) pal + J)y = nle,. 


It is readily verified that the matrix p(aJ+J) has an inverse if and only if 
p(x) 0, and that it is given by 


1 1 
(6) pal + J) = qola)l + Ti qi(a)J + +++ + a snk d" 


where we write gq; for the kth derivative of 1/p. Therefore, the solution of (5) is 
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y = nip (el + SJ)jen 


(7) 1 1 
= nt] alae, + 71 eens se nl ga(a)eo|. 


This vector represents 


an A) 
(8) y(a) = > ( ) anla)oten 
k=0 k 
and this is the only solution of (2) in Va.. if p(a) #0. 
We now turn to the singular case p(a) =0. Then (2) has no solution in Vy. 
More generally, assume 


(9) Pe) = Pe) = ++ = pea) = 0, pM) #0. 


We show (2) has a solution in Vy,. where N=n-+m. The reduced system (2) 
(right-hand term =0) has the representation 


pb(al + J)y = 0 


or 
1 1 

(10) [— por(am + + + — pence) |y = 0 
m! N! 


It is easily seen that y is a solution of (10) if and only if the last VN—m-+1 com- 
ponents of y are 0. Thus, the nullspace of p(a/-+J) is spanned by the m vectors 
Go, G1, °° * , @m—1. This means that the solutions of p(D)y=0 (in Vy.) form the 
space Vin_1,a, which is of course a well-known consequence of (9). In the matrix 
pb(al+J) the last m rows consist of zeros; therefore, in the adjoint matrix 
b*(al+J) the last m columns consist of zeros, and this means that the m vectors 
Cv, @v-1,° °°, @n—m4i are in the nullspace of this matrix. By the Alternative 
Theorem for linear systems it follows that p(al+J)y=f has a solution if and 
only if the last m components of the vector f are 0. Consequently, p(D)y =f with 
fin Vy,« has a solution yin Vy,. if and only if f isin V,,,. Therefore, (2) has a 
solution in Vy,e, but not in V;z,. if R<N. There are infinitely many solutions 
in Vy,a, but, the solution is unique modulo V,»_1,.. In particular, there is a 
unique solution ys(x) which is a linear combination of x™e%,---, «Ne, We 
will now determine this solution. 
, The representation of (2) is 


{ 1 
(11) E P™(a)I™ + ree = 9 @)r]y = ne, 
m)} N! 


and if we write A(x) for p(x) /(x—a)™ then (11) becomes 


(12) I” b(al + J)y = nen. 


1110 CLASSROOM NOTES [December 


Since e, = Jey, (12) is satisfied if 
(13) b(al + J)y = nien. 
Equation (12) is of the same form as (5), and its solution is 


y = n!b (al + J)ey 


1 1 
(14) = 10 | dola)en + Tr G@i(a)en-a to + 7 in(a)en | 
2 
where @, is the kth derivative of 1/, and where we have omitted the part 
spanned by @m-i, + °°, @o. Thus we have found the desired solution 
n! 2fN 
15 yy) = TACs Nk eax, 
(15) sett) = (7) aul 


We have proved the 


THEOREM. If p(a) #0 then equation (2) has a unique solution 1n Vy, and it 1s 
given by (8). If pla) =p'(a) = +--+ - =p (a) =0, p™ (a) 40, then equation (2) has 
no solution 1n Vuattjan for R<m, but infinitely many solutions 1n Vnim,a; the unique 
solution with zero component in Vm—1,. 1s given by (15). 


As an example, we consider 
(D> + 1)y(x%) = xe. 


Heren=3,a= —1, p(D) =D*+1, p(a) =0, p’(a) 40, hencem =1, N=4. Further- 
more, 6(D) = D®?—D+1, goa) =4, f(a) =4, Gala) =4, g(a) =F. 


yal) = Qa Bx* + dat + peter, 


If we deal with equation (1) and the degree of , is m, then we look for a 
solution in the space V spanned by 


Qyr . 2 Ny parr . « « Arr oe @ Rep pare 
erie, , erent, » ert, » errerre, 


The representation of D in V is the direct sum of representations in Vn, ° °°; 
Vn,.c, Lherefore, 1/p(D) is represented by the direct sum of the matrices 
p-'(anle+Jx) (see (6)) if p(ar)plar) ++ + plar) #0. 

The method of solving differential equation (1) that we presented is based 
on the fact that V is an invariant subspace of the transformation D. Thus by 
choosing a basis of V, we obtained a matrix representation of p(D), and inver- 
sion of p(D) is reduced to an algebraic problem. The inverse matrix was easily 
found since the matrix representating p(D) is in canonical form. 
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EVALUATION OF CERTAIN IMPROPER INTEGRALS BY RESIDUES 


S. MELAMED AND H. KAUFMAN, McGill University 


The treatment in elementary texts of the evaluation of integrals fo f(x)dx, 
f rational, by residues is unnecessarily restricted on two counts: (a) f is assumed 
even, (b) the region of integration is a half plane. In this note we point out that 
a certain class of functions is as easily handled as the even functions and that in 
many cases the half plane of integration can be replaced by a wedge of angle less 
than 180°. The work was motivated by problems in the texts of Hille [1; p. 251, 
No. 6| and Cartan [2; p. 115, No. 23(i)]. 


THEOREM. Let f be a function satisfying the conditions: (i) f 1s meromorphic in 
the wedge 0<0<2n/n (n= positive integer 22) and analytic on the positive real 
axis, (i) f has a finite number of singular points in this wedge, (iii) f ts a function 
of 2", (iv) fo,f(z)dz-0 as R- © where Cp is the arc of a circle of radius R, centered 
at the origin and bounded by the rays 0=0 and 0=2x/n. Then 


214 w exp(—7i/n) 


[sea = —__s--** | 
0 1 — exp(27i/n) sin(a/7) 
where S ts the sum of the residues at the singular points of f lying in the above wedge. 


Proof. We first remark that (iii) and the latter part of (i) imply that f has 
no singular points on the line 6=2a/n. The proof follows the usual lines of 
integrating f(z) around a suitable contour and applying the residue theorem. 
The contour in this case consists of a segment of a circle of radius R bounded 
by a circular arc Cr and the portions of the rays 0=0 and 6=27/n intercepted 
by this arc. As R>o the contribution along Cer goes to zero by (iv). 

Example 1. f(z) =1/(1+2"). Here n=4, the only pole of f in the wedge 
0<6<7/2 is at g=exp (i7/4) with residue (—1/4) exp (t7/4). The theorem then 
leads to the result 


[axa + 44) = 7/2/2. 


It should be noted that this could also be considered an example with n =2. 
The ray 6=27/n is then along the negative real axis, so that the contour be- 
comes the standard semi-circle in the upper half plane. If the latter is used, 
however, then the residues at two poles must be evaluated. Similar remarks apply 
to any composite value of x. 

Example 2. (Cartan.) f(z) =1/(1+2"), m=positive integer 22. The only 
pole of f in the wedge 0<6<2r/n is at g=exp(ia/n) with residue —(1/n) 
exp(ir/n). Thus 


J aw) (1 tan) = ein’) (- - exp(in/n)) _ 


sin(/1) sin(a/7) ) 
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With the understanding that the principal value of the integral is taken, the 
theorem is readily generalized to the case where f has simple poles on the posi- 
tive real axis (hence by (iii) that it also has simple poles on the ray 6=27/n). If 
the contour is indented so that the poles on the bounding rays lie outside the 
contour, one obtains 


py [Has = SEE (sees), 


sin(a/2) 


where S is the sum of the residues at the poles in the wedge 0<6<22/n, and S’ 
is the sum of the residues at the simple poles on the rays 6=0, 0=27/n. 

Example 3. f(z) = 1/(a8 — z*), a > 0. Here n = 3, f has poles at zg = a, 
z=a exp(272/3) on the rays 0=0, 0=27/3, and has no poles within the wedge. 
The corresponding residues are —1/(3a?), —(exp(277/3)) /(3a?), whence 


py f ds/(o — x8) = a cot(r/3) = 2/(3/3a?2). 


Another problem in Cartan is the evaluation of the integral [px«*/(1-+x")dx 
(n>1+k>0) by the same type of contour. The present results can be extended 
to cover the more general case /¢x*f(x)dx, where f is a meromorphic function of 
x”. 
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ON Z- AND R-INTEGRALS 
K. V. RAJESWARA RAO, Harvard University 


In this note we give a proof—presumably new—of the following result on 
integrals of real functions. 


THEOREM. If f is a bounded real-valued function on the interval [a, b| which ts 
continuous except at points of a set S of Lebesgue measure zero, then f 1s both L- 


and R-tintegrable and 
b b 
L f f=R { f. 


Here L stands for Lebesgue and R for Riemann. Our proof has the advantage 
that it works with equal facility whatever be the approach to the Lebesgue 
theory. 

To proceed with the proof, let F and F be, respectively, the upper and lower 
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Riemann-Darboux indefinite integrals of f. We need to show that f is Lebesgue 
integrable and 


() FO) - Fa) = Lf f= FO) ~ FO. 


If |f(x)| $M, aSxSb, then 
(2) | F(a1) — F(a2)| < M(«2 — #1), @S$um<w Sb. 


Further, the standard argument for the differentiability of the indefinite integral 
of a continuous function shows that 


(3) F(x) = f(x), a<au<bdb, « ES. 


If we now set, for x>b, F(x) = F(b), then the sequence of continuous (and hence 
Lebesgue integrable) functions 


fa(x) =n [F(x + 1/n) — F(a)] 


is, in view of (2), uniformly bounded on |[a, b], and in view of (3), converges 
almost everywhere to f(x). Hence, by the Lebesgue dominated convergence 
theorem, f is Lebesgue integrable and 


(4) lim L eae f. 


nr ® 


But, by the translation-invariance of the L-integral, 


b b+1/n atlin 
(5) Lf fram f Fn f F; 
a b a 


here, the first term on the right is F(b), and the second, because of the (right) 
continuity of F at a tends, as n>, to F(a). Thus (4) and (5) yield the first 
equality of (1), and a similar argument applied to F completes the proof of the 
theorem. 

REMARK. If one does not wish to take the translation-invariance of the L- 
integral as known, one can obtain (5) by the following elementary argument: 
both the functions 


a+li/n 


Lf Fo+ 1/n) dt and Lf F(t) dt 


a ati1jn 


are continuous on fa, b], have the same derivative on (a, b) and the same value 
at x=a. Hence, by the mean value theorem of the differential calculus, they 
are equal for all x, aSxSb. 
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STRUCTURE THEOREM FOR OPEN SETS OF REAL NUMBERS 


A. E. LABARRE, JR., Fresno State College 
If Gis a nonempty open set of real numbers, then G is the union of a count- 
able number of disjoint open intervals. 
Proof. We shall define an equivalence relation S on G, and obtain the com- 
ponent intervals as the equivalence classes determined by S. 
Let xy denote the nonempty closed interval with endpoints x, y, and let 


S = {(, 9)|#, 9 € G wy CG}. 


The binary relation S is an equivalence relation on G since 


(1) (x, x) ES for allx € G. 
(2) (x,y) ES (y, ~) ES. 
(3) (x,y)ES and (y,2) CS (a, 2) CS. 


The equivalence classes C,= {y|xyCG}, «EG, form a partition of G, that is: 
UC.=G and 4,y€G with C,.# Cy SC,.0NC, = @. 


EG 

We show next that for arbitrary «GG, C, is an open interval. By definition, 

C.={y|xvyCG}. Let 
a, = inf {y}, b, = sup {y}. 
yECy yECy 

(We allow the infimum and supremum of a set to be infinite and adopt the usual 
convention that — © <y< o forall real numbers y.) Then a, <0d,. For, by defini- 
tion of a, and 6;, we have d;Sbz, and a,=0; is impossible since G is open and 
x€@G implies that there exists a neighborhood of x contained in G. Thus J, 
= iy] Ar<y <bz} is an open interval and it is clear from the way in which az, bz 
were obtained that J,CG. Assuming that either a, or b, belongs to G leads toa 
contradiction (again we need only the definition of az, bz and the assumption 
that G is open). Thus the equivalence classes determined by S are open intervals. 

Finally, the proof that the equivalence classes (open intervals here) are 
countable in number can be given in the standard way by associating with each 
interval a single rational number belonging to that interval and showing that 
the function defined in this way has an inverse because the open intervals form- 
ing the domain of the function are pairwise disjoint. 

The idea of the proof can be generalized to open sets in finite dimensional 
Euclidean spaces by replacing the definition of S with 


S={(x, y)| x, yEG and G contains an arc with end points x, y which is the 
homeomor phic image of the closed interval [0, 1]}. 
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THE DIAGONALS OF PASCAL’S TRIANGLE 
D. C. Duncan, Los Angeles 


Every freshman knows that the mth row of Pascal’s triangle gives the coeffi- 
cients in the expansion of (a+0)". Much less widely known is the fact that the 
nth diagonal of the triangle gives the coefficients in the Maclaurin series 

3 (" +k—I1 
k 


k=0 


Ja for (1 — x)~*, 


as shown in the figure below. The author first observed this during his retirement 
after 47 years of teaching mathematics. 


ON THE CARDINAL EQUALITY 2™=m" 
S. E. Dickson, New Mexico State University 


The purpose of this note is to give a short but instructive proof of the equal- 
ity 2"=im™ for any infinite cardinal m. 

Clearly it suffices to show that m™ $2". To this end, let M be a set of cardinal 
it. We shall show directly that the set of functions from M into M can be placed 
into One-to-one correspondence with a subset of the set of functions from a set 
I of cardinal m into the set {0, 1} of two elements. 

For each AX in M, let h= { (uw, ): wEM}, so that the family Ty} xem is dis- 
joint and so that 7=U{J,:XGM} has cardinal m-m=m. 

Now let f be any function from M into M. Define a function @,;: J {0, 1} 
as follows: For (u, A) EJ, let 


_ i if A = f(y), 
Clas X) = to if \  f(u). 


Given f, @; is clearly determined uniquely. But suppose also that g is a function 
from M into M and that €;= @,. Then for any we M, 1 = C;(u, f(u)) = C,(u, f(u)), 
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so that f(u) =g(u). Since w was arbitrary in M, f=g, which shows that the cor- 
respondence is one-to-one. This concludes the proof. 

The reader will note that the above proof can be summarized as follows: If 
M is a set of infinite cardinal in, the Cartesian product MXM has cardinal m. 
Moreover, any function from M into Mf determines a unique subset of Mx M, 
namely its graph. It is also clear that the graph determines the function, so that 
this correspondence is one-to-one. The subsets of MX M, however, are in one-to- 
one correspondence with the functions from MXM into {0, 1}, the number of 
these being exactly 2™. 


Reference 
1. W. Sierpinski, Cardinal and Ordinal Numbers, Warsaw, 1958, pp. 153-154. 
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UNIVERSITY PREPARATORY GEOMETRY PROGRAMS: 
A STUDY OF FOUR NATIONS 


FRANCINE ABELES, Newark State College 


Introduction. The rethinking of school mathematics is by no means con- 
fined to the United States alone. A similar movement is taking place throughout 
the major nations of Western Europe. There is much that is sound in the Euro- 
pean programs that may be used to provide greater insight for further steps in 
our reform movement. It is the purpose of this report to present current develop- 
ments in the national programs of Denmark, England and France, and in the 
states of the Federal Republic of West Germany. 

The author has chosen to describe only the university oriented geometry 
programs in the mathematics streams for several reasons. As indicated in the 
Cambridge Report [2], the problem of “what shall be the proper direction for 
the reform in geometry?” is still an unanswered question in the United States. 
Secondly, the restriction to the university oriented programs provides the maxi- 
mum information from which to draw guidelines for the articulation of second- 
ary school and college mathematics. Finally, the programs described herein de- 
note the flavor of the pre-university geometry background of future European 
mathematicians and scientists. Although it is the geometric content that is under 
study here, it should be understood that only in the existing English program Is 
geometry taught as a separate subject. 
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MATHEMATICAL CONTENT IN SOVIET TRAINING PROGRAMS 
FOR ELEMENTARY SCHOOL TEACHERS 


B. R. Voce, Teachers College, Columbia University 


The Soviet elementary school is comprised of four grades or levels. Children 
enter grade I at age seven and complete grade IV at age eleven. Upon com- 
pletion of the elementary school program pupils enter the four-year middle 
school and then, if qualified, the two-year secondary school. The mathematics 
curriculum in grades I-IV is comparable in scope and content to the American 
elementary school program. Altogether, Soviet children receive 840 hours of in- 
struction in mathematics in grades I-IV in comparison with an approximate 
total of 720 hours for pupils completing the six-year American elementary 
school. 

Soviet teachers in grades I-IV are not mathematics specialists. Like Amer- 
ican elementary school teachers, they teach all subjects at one grade level. The 
majority of Soviet elementary school teachers are prepared in normal schools 
[pedagogicheskikh uchilishch| operated for this purpose alone. Middle and 
secondary school teachers are prepared principally in pedagogical institutes. 
Recently, departments of elementary education have been established in peda- 
gogical institutes for the purpose of preparing elementary school teachers. 

Normal school curricula, like all other Soviet school programs, are dictated 
by the Ministry of Education. At present, two curricula—a two-year program 
and a four-year program—are mandatory for all normal schools. Prerequisites 
for admission to the two-year program include a secondary school education 
(10 years) and satisfactory performance on oral entrance examinations in Rus- 
sian language, literature and arithmetic |1]. Admission requirements for the 
four-year program include a middle-school education (8 years) and satisfactory 
performance on examinations in Russian language and literature, arithmetic, 
algebra, and geometry [2]. 

Students completing the four-year curriculum accumulate 4551 hours of in- 
struction in all areas. In addition, each student completes 1225 hours of various 
kinds of “pedagogical practice” with elementary school pupils. The two-year 
program consists of 1923 hours of instruction and 593 hours of pedagogical prac- 
tice. In contrast, graduates of American four-year colleges and universities re- 
ceive approximately 2000 hours of classroom instruction. 

The four-year normal school curriculum is comprised of three cycles or 
sequences—the general education sequences, the professional sequence, and the 
practical experience sequence. All three sequences are in operation concurrently 
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throughout the four-year program. Table I is a compilation of the courses in- 
cluded in the general and professional sequences. 

The two-year normal school program essentially is the four-year program 
with the general sequence deleted. Since two-year entrants already have com- 
pleted analogous secondary school courses, this deletion is entirely reasonable. 
Certain reductions in the hours allocated topics in the two-year professional se- 
quence occur; however, the content and sequence remain more or less intact. 
For example, two-year students study arithmetic and methods of teaching arith- 
metic for 271 hours rather than 317 as in the four-year curriculum. 

Mathematics is assigned an important role in both the general and profes- 
sional sequences. Approximately 23% of the general sequence and 13% of the 
professional sequence are devoted to mathematical studies including methods 
of teaching arithmetic. If one semester-hour credit in an American college or 
university is taken as the equivalent of sixteen class hours of instruction in a 
Soviet institution, the 405-hour mathematics program together with the 317- 
hour arithmetic course equal fifteen three-semester hour American courses. 

The general sequence mathematics course is similar in scope and content 
to the mathematics program of the Soviet secondary school. Since all students 
enrolled in the four-year normal school program have completed only the mid- 
dle school, this portion of the normal curriculum serves to complete their 
secondary education in mathematics. Standard secondary school mathematics 
texts are used by normal school students. 

Like the secondary school mathematics program, the normal school pro- 
gram is comprised of two subsubjects—(a) algebra and elementary functions 
and (b) geometry. Table II is an abridged translation of the official syllabus for 
this portion of the general sequence. 

The professional course “Arithmetic and methods of teaching arithmetic” is 
neither a review nor an extension of the Soviet middle school arithmetic program. 
Rather, the “course in arithmetic at normal schools introduces a series of topics 
of both theoretical and practical importance which are necessary for meeting 
graduation requirements and for the practical work of the elementary school 
teacher” [5]. Table III is an abridged translation of the official syllabus for the 
normal school arithmetic course. 

Standard texts for the course in arithmetic and methods of teaching arith- 
metic are: B. A. Tulinov 1 Ia. F. Chekmarev, Arifmettka dlia peduchilishch, 
Izd. 7, Moscow: Uchpedgiz, 1963, and Ia. F. Chekmarev i V. T. Snegirev, 
Metoditka Arifmetiki dlia peduchiltshch, Izd. 12, (pererab.) Moscow: Uchpedgiz, 
1962 [7]. 

In addition to these basic textbooks, problem texts, supplementary texts, 
and standard school textbooks for grades I-IV are consulted frequently. 

The Tulinov-Chekmarev text begins with a discussion of the set concept and 
set operations. The concept of one-to-one correspondence is introduced and 
classified as an equivalence relation by reference to the usual axioms. 

Each natural number is introduced as an expression for the abstract char- 
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acteristic shared by all members of a class of equivalent sets. Later the system of 
natural numbers is defined using the Peano axioms. 

Numeration systems, both historical and in bases other than 10, are dis- 
cussed extensively. The operations of addition and multiplication are intro- 
duced by reference to operations with sets. The properties of each operation are 
emphasized—commutativity, associativity, monotonicity, and so on. Subtrac- 
tion and division are defined as the inverses, respectively, of addition and multi- 
plication. Division by zero is discussed and excluded. Special attention is given 
the order of operations. 


TABLE I 


CoursEs INCLUDED IN THE GENERAL AND PROFESSIONAL SEQUENCES OF THE 
Soviet Four-yEAR NorMAL ScHooL CurRicuLuM [3 | 


rr 


Hours per week per semester Total 


I II Wil VV Vi VII VHI Hours 


General Sequence 


1. History of the USSR 2 2 2 2 2 2 230 
2. Modern history 1 2 2 1 1 137 
3. Political science 3 3 96 
4. Mathematics 4 3 2 3 2 2 2 4 405 
5. Physics and astronomy 2 2 2 2 2 2 2 2 294 
6. Chemistry and geology 3 3 3 2 215 
7. Economic geography 4, 4 128 
8. Biology 2 4 96 
9. Foreign language 2 2 2 2 1 175 
10. Physical education 2 2 2 2 2 2 247 
Professional Sequence 
11. Russian language 
Methods of teaching language and 
penmanship 4 4 2 3 3 3 3 3 464 


12. Literature (general and children’s) 4 2 3 2 3 2 3 3 394 
13. Arithmetic and methods of teaching 


arithmetic 2 2 2 3 3 2 2 1 317 
14. Natural science and natural science 

methods 2 2 3 135 
15. Methods of teaching history 1 19 
16. Anatomy, physiology, school hygiene 2 2 80 
17. Psychology 4 92 
18. Pedagogy 4 2 2 2 2 2 248 
19. Singing and methods of teaching 

singing 2 2 2 2 2 2 1 2 278 
20. Drawing and sculpture 2 2 1 2 2 2 2 2 277 
21. Physical education methods 1 1 1 2 90 
22. Supplementary academic material 2 1 1 4 134 


Totals 33 33) 33132 2B 28) 28844551 
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Theorems concerning operations with natural numbers are stated and proved 
using the “basic properties.” 


TABLE II 
MATHEMATICS SYLLABUS: GENERAL SEQUENCE. Four-vEAR CURRICULUM [4] 


Algebra and Elementary Functions Geometry 


First Semester 
. Equations and inequalities of first degree (18)* 
. Real numbers, quadratic equations (23) 
. Powers with rational exponents, power functions (27) 


Wm bh — 


Second Semester 
4, Trigonometric functions of an arbitrary argument (39) 
5. Metric relations in a triangle 
and in a circle (5) 
6. Geometric transformations in 
a plane (25) 
Third Semester 
7. Solution of triangles (21) 
8. Trigonometric addition theorems and their corollaries (13) 


Fourth Semester 


9. Transformation of the sums and differences of trigonometric 
functions into products. Inverse transformations (8) 
10. Numerical sequences (17) 
11. Exponential and logarithmic functions (24) 
12. Basic concepts of solid geom- 
etry, parallelism in space (17) 
Fifth Semester 
13. Perpendicularity in space. Di- 
hedral and polyhedral angles 
(16) 
14. Polyhedra (18) 
Sixth Semester 
15. Surfaces and solids of revolu- 
tion (18) 
16. Functions and limits (12) 
17. The derivative and its use in investigating functions (8) 


Seventh Semester 


18. Derivatives of sine and cosine (20) 
19, The generalized concept of number. Complex numbers (12) 


Eighth Semester 


20. Solution of problems and review of algebra (18) 
21. Measurement of volume (23) 
22. Solution of problems and re- 
view of geometry 


* The numeral in parentheses following each topic indicates the number of class hours allocated 
to the topic. 
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Cm DO 


10. 
11. 


12. 


13. 


TABLE III 


ARITHMETIC AND METHODS OF TEACHING ARITHMETIC—FOUR-YEAR 
NorMAL ScHooLt CurricuLum [6| 


Arithmetic Methods of Teaching Arithmetic 


First Semester 


. Natural numbers (34) 


Second Semester 


. Multiplication of natural numbers (8) 
. Division of natural numbers (19) 
. Measurement (19) 


Third Semester 


. Divisibility criteria (24) 
. Review (10) 


Fourth Semester 


. Common fractions (24) 
. Decimal fractions (32) 
. Percent (10) 


Fifth Semester 
Approximate computation (8) 
Ratio and proportion (9) 1. Problems of teaching arithmetic and the official 
arithmetic syllabus for elementary schools (3) 
. Methods of presenting arithmetic material (4) 
. Visual aids (2) 
. Organization of arithmetic instruction (3) 
. Evaluation in arithmetic (2) 
. Organization of instruction in arithmetic in two- 
room schools (2) 
7. Methods of solving arithmetic problems (9) 
8. Methods of oral and written examination (9) 
9. The first decade (3) 
10. The second decade (3) 


NAN Ur PW bo 


Sixth Semester 


11. Methods of teaching about whole numbers (15) 
12. Methods of teaching the relationships among the 
components and the results of operations (2) 

13. Methods of teaching denominate numbers (5) 

14. Methods of teaching simple fractions (2) 

15. Methods of teaching intuitive geometry (5) 

16. Methods of teaching field measurement (4) 

17. Methods of organizing extracurricular activities 
(3) 

18. Short historical survey of the teaching of arith- 
metic (2) 


Seventh Semester 
Solution of problems (20) 
Eighth Semester 


Review of the arithmetic course (16) 
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THEOREM. In order to divide a product by a given natural number, it 1s sufficient 
to divide one of the factors by the given number. 


Given: abc and n, natural numbers with a+n=gq. 
To prove: abc+n=qbe. 


(abc) +n=(nq)be+n Given 4+n=q or @=nq 
=ngbce+n Associativity 
=qbcn +n Commutativity 
=|(gbc)n|+n Associativity 
= qbe definition of division [8]. 


The text contains standard number theoretic topics (divisibility criteria, the 
Euclidean Algorithm, GCD, LCM, proof of the fundamental theorem of arith- 
metic, primes, and composites, and so on), as well as more practical material 
(common and decimal fractions, percent, metric measure, approximate com- 
putation, ratio and proportion). Fractions are introduced as “fractional parts” 
as well as “answers to division problems involving two natural numbers” [9]. 

Work with common and decimal fractions is rather manipulative. Many rules 
for operating with fractions are stated as theorems with “proofs” given or re- 
quired. The remainder of the text is a careful but dry presentation of approxi- 
mate computation and the theory of ratio and proportion. 

The Chekmarev-Snigirev methods text consists of the usual collection of 
teaching tips, visual aids and mathematical nonsense found in methods texts of 
any national origin. 

Although the arithmetic syllabus is reasonably demanding and the standard 
texts at least semi-modern by American standards, the arithmetic knowledge 
of normal school graduates does not seem superior to that of American teachers. 
Soviet elementary school teachers observed by this writer stumbled over the 
same concepts and techniques that plague American teachers. Several explana- 
tions are possible. First of all, normal school entrants are not of particularly 
high academic caliber. Student responses in normal school classes attended by 
this writer were uniformly of lower quality than responses given by secondary 
school pupils in comparable mathematics courses. A second factor which cer- 
tainly contributes to the ineffectiveness of the normal school mathematics pro- 
gram is the relatively low quality of instruction. Normal school classes attended 
by this writer seldom were as well executed as mathematics lessons in better 
Soviet secondary schools. While Soviet secondary school teachers frequently 
seemed to strive to modernize or “improve the scientific standards” of the school 
mathematics program, normal school instructors were unwilling to exploit the 
theoretical material already found in the official texts. 

Both two-year and four-year curricula are concluded by a series of govern- 
ment certification examinations in political science, pedagogy, Russian language, 
and arithmetic. The arithmetic examination is oral and is based upon a list of 
questions distributed well in advance of the actual test. Normally, the examining 
board is comprised of teachers from the normal school, faculty members from 
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local institutes and universities and a representative of the Ministry of Educa- 
tion. Examinations witnessed by this writer were rather formal—even stuffy— 
with memorized responses rather than thoughtful explanations predominating. 

It may be informative to compare the Soviet normal school program with the 
recommendations for the training of teachers of elementary school mathe- 
matics prepared by the Committee on the Undergraduate Program in Mathe- 
matics of the Mathematical Association of America. CUPM recommendations 
for the elementary level (Level I) include as a prerequisite “at least two years of 
college preparatory mathematics consisting of a year of algebra and a year of 
geometry or the same material in integrated courses” [10]. Since the Soviet 
middle school curriculum includes 285 hours of instruction in algebra and 246 
hours of instruction in geometry, all Soviet normal school entrants clearly meet 
this initial requirement. 

For the “college training” of elementary school teachers CUPM recommends 
the equivalent of the following courses [11]: 

(A) A two-course sequence devoted to the structure of the real number sys- 
tem and its subsystems. 

(B) A course devoted to the basic concepts of algebra. 

(C) A course in informal geometry. 

It is further noted that “the material in these courses might, in a sense, 
duplicate material studied in high school by the prospective teacher, but we urge 
that this material be covered again, this time from a more sophisticated, college- 
level point of view” [12]. 

It is clear from Table II that the Soviet four-year curriculum meets and 
exceeds CUPM requirements (B) and (C), although not all of the geometry pro- 
gram can be classified as informal. The four-year curriculum includes 239 hours 
of instruction in algebra and elementary functions and 166 hours of instruction 
in geometry. The Soviet two-year curriculum appears to fall short of the CUPM 
recommendations in algebra and geometry, however, students entering the two- 
year program already have completed comparable courses in the secondary 
school. Table III indicates that the arithmetic curricula of both the two- and four- 
year programs, although restricted to the structure of the system of positive 
rationals, are at least the equivalent of a two-course sequence in higher arith- 
metic. 

Thus, both the Soviet two-year and four-year programs seem compatible 
with the CUPM level I recommendations. The point of view taken in Soviet 
mathematics courses for prospective elementary school teachers, however, may 
not be “more sophisticated” than secondary school courses as recommended 
by CUPM. Indeed, much of the Soviet curriculum is standard secondary school 
material. Perhaps the significant point is not that Soviet curricula fail to exceed 
secondary school standards, but rather that they insure mastery by all prospec- 
tive elementary school teachers of secondary school mathematics. 
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A MEMORABLE TEACHER 
E. T. PARKER, University of Illinois 


Much is said and written about the factors, especially educational, leading to 
the development of research mathematicians. In looking back over the years, 
I feel certain that one course was crucial in my early constructive exposure to 
higher mathematics. (Naturally, no one’s research career is fully determined 
by a single course; other professors contributed to my later development. None- 
theless, this course set my interests on the paths of that development.) 

It was the summer of 1947. I was commencing graduate studies, having just 
completed a B.A. with honors in mathematics. The late Professor Claiborne G. 
Latimer visited Northwestern University that summer to teach a course in 
finite groups. Professor Latimer’s style of presentation in that course exerted a 
vital influence on my career both in research and teaching. 

Surprisingly little material was presented in that course of nine weeks’ 
duration; the Sylow theorems and the basis theorem for abelian groups were 
not proved. Professor Latimer actually proved nothing for at least the first half 
of the course, and hardly so much as mentioned a formal definition. The reader 
may ask in astonishment, “What did the man do in five weeks of lecturing?” 

He started by drawing a square with the vertices numbered 1, 2, 3, 4; then 
displaying the eight permutations of the vertices corresponding to rigid motions 
of the square. Each lecture was opened with a repetition thereof, followed soon 
by Professor Latimer’s favorite phrase, in slow Southern drawl, “It might be 
interesting to see whether....” Using only the set of rigid motions of the 
square, which Professor Latimer rarely designated as a group, he went through 


1128 PROBLEMS AND SOLUTIONS [December 


the development for this barely nontrivial example of a long list of concepts: 
subgroup, normal subgroup, conjugate subgroups and elements, characteristic 
subgroup, center, commutator subgroup, automorphism, inner automorphism, 
homomorphic image, and thus virtually the whole range of basic ideas in finite 
group theory. His motivation glittered like a polished gem. 

My certainty is growing each year that Professor Latimer’s remarkable 
course left me with a lifetime enthusiasm for group theory and related topics in 
finite mathematics. Without this important early influence, it seems doubtful 
whether I would have achieved my major victory in research, part of the dis- 
proof of Euler’s conjecture. 

Furthermore, my experience with Professor Latimer’s course has filled me 
with the conviction that a mathematics course should not be the transcription 
of a treatise from the professor’s notes to the student’s via the blackboard. Far 
better to play around leisurely with concepts than to present polished proofs of 
unmotivated theorems at top speed! I cannot successfully imitate Professor 
Latimer’s inimitable style; but I am determined to follow in his footsteps in 
pedagogical viewpoint! 


SCIENTIFIC MANPOWER COMMISSION 


With reference to the various publications of the Scientific Manpower Commission 
mentioned on page 778 of the August-September 1965 issue of the MONTHLY, inquiries 
and orders for booklets should be directed to the Scientific Manpower Commission at 
2101 Constitution Avenue, N. W., Washington, D. C. 20418 and not to the Executive 
Secretary of the Conference Board of the Mathematical Sciences. 
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University of Alberta; L. Carnitz, Duke University; H. S. M. Coxeter, University of 
Toronto; H. Eves, University of Maine; and A. WILANSsKy, Lehigh University. 


Elementary Problems 


Solutions of Elementary Problems should be sent to A. E. Livingston, Dept. of Math., Uni- 
versity of Alberta, Edmonton, Alberta, Canada. To facilitate their consideration, solutions for 
Elementary Problems in this issue should be submitted on separate, signed sheets and should 
be mailed before April 30, 1966. 


E 1835. Proposed by Tudor Zamfirescu, Bucharest, Rumania 


A circumference is given in the plane. Show that the construction of an in- 
scribed regular polygon with 13 sides is possible using a straightedge and an 
angle trisector. 
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E 1836. Proposed by D. E. Daykin, Unwersity of Malaya, Kuala Lumpur 

Given a convergent series > 72, u; of positive terms u,, find the greatest 
lower bound g of Soo eu; over all sequences fext, where e; is 0 or 1 and 
é-ateteni>0 for721. 

E 1837. Proposed by Yasuhiko Ikebe, University of Texas 


Solve the difference equation in two positive integers, m and n, 
fim, n) = nl f(m _ 1, nm — 1) + f(m ~~ 1, n)|, 
under the condition f(m, n) =0 if m<n, and f(m, 1) =1 for every m. 


E 1838. Proposed by A. Oppenheim, University of Malaya, Kuala Lumpur 

Suppose that ABC is an acute-angled triangle: then 
(1) 16 [] cos? A + 4 >. cos? Bcos?C S 1, 
(2) 45" cos? Bcos?C S$ >, cos? A. 
Equality occurs when A BC is equilateral or right-angled isosceles and in no other 
case. 

E 1839. Proposed by Simeon Reich, The Hebrew Reali Secondary School, 
Hazfa, Israel 

In the triangle ABC, m, and m, (the medians to the sides b and c of the tri- 
angle) are perpendicular to each other. Prove cot B-+cot C22/3. 

E 1840. Proposed by Simeon Reich, the Hebrew Reali Secondary School, 
Harfa, Israel 

Prove: 


—, e 
cos —— >, sin 


(w—1)/2 Wher (x3) /2 aT x 
E (Qk + | = — cot ~~ 
x 


x 


E 1841. Proposed by D. S. Mitrinovié, Belgrade University, Yugoslavia 
If a, b, c, d(ad¥bc) are complex numbers and ¢ is a real variable, prove the 
following inequalities: 
| ab — ba| 
| ad — be| + | ad — b¢| 


oan e | ad — bc| + | ad — be| 
ci+d | cd — dé| 


An algebraic proof is preferred. What will happen when cd—dé=0? 
E 1842. Proposed by Stanton Philipp, Long Beach State College, California 


Evaluate 


m ui 7} 
> (") St (aye. 
r k=0 k! 


r=0 
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E. 1843. Proposed by A. K. Austin, The University, Sheffield, England 


Given integers a and b, define the function f(«) =ax?-+-bx. Find all integers 


p,q, 7 such that f(p) =f(@ +f(7). 
E 1844. Proposed by A. K. Austin, The University, Sheffield, England 


Do there exist points A, B, C such that for all points P in the plane of A, 
B, C, the distances AD, BD, CD are not all rational? 


SOLUTIONS OF ELEMENTARY PROBLEMS 
An Old Chestnut 


E 1744 [1964, 1133]. Proposed by Yasser Dakkah, S. S. Boys’ School, Qal- 
gilya, Jordan 


In the plane of a given triangle, locate a point whose distances from the 
vertices have the smallest possible sum of squares. 


I. Solution by Leon Bankoff, Los Angeles, California. Geometric solutions to 
this well-known problem may be found in C. A. Durell, Hints and Solutions to the 
Exercises in Modern Geometry, Macmillan, London (1953) p. 28, problem 2; 
R. A. Johnson, Modern Geometry, Dover (reprint), pp. 174-175; W. J. M Clel- 
land, Geometry of the Circle, Macmillan (1891) p. 32; and Richardson and Ram- 
sey, Modern Plane Geometry, Macmillan (1900) pp. 135-136. 

One such solution is based on the identity 


PA*+ PB? + PC? = MA?+ MB? + MC? + 3PM?, 
where M is the median of triangle ABC. 


II. Solution by Cornelius Groenewoud, Buffalo, New York. This problem is not 
new! Except for minor variations in wording, it appears in Franklin, Methods 
of Advanced Calculus, McGraw-Hill (1944), p. 77, problem 101; Smith, Salkover 
and Justice, Calculus, Wiley (1938) p. 458, problem 15; and Woods, Advanced 
Calculus, Ginn (1944) p. 131, problem 15. Further, it is posed for points in 
space as problem 6 on page 298 of Buck, Advanced Calculus, McGraw-Hill 
(1956), and solved completely for m points in the plane in Brand, Advanced 
Calculus, Wiley (1955) p. 190, exercise 5. 


III. Solutton by Kenneth Kramer, Student, Columbia University. Let X; 
=("1, Xi, °° °, Xin) (@=1, 2,---, m) be vectors in real Euclidean n-space, 
and set n£;= an x (G=1,2,---,n). Ii X=(m1, x2, ° ++, Xn), then 


S= DD  — wy)? = DD & — ty)? +m Do (0; — 43)’, 
i=1 j=1 i=1 j=l j=1 
so that S has its minimum value when X = (4, #, ---, #,), and 


Smin = 2 Dy tig — 1 Dy 
j=l 


j=1 j=l 
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Also solved by A. N. Aheart, R. G. Albert, M. A. Bershad, M. G. Beumer (Netherlands), 
D. A. Blaeuer, Andreas Blass, W. J. Blundon, Carolyn Brauer, R. F. Brinker, Arnold Brown, 
Jim Campbell, L. E. Carver, John Christopher, Allan Chuck and Peter Goldstein (jointly), 
R. J. Cormier, K. W. Crain, Huseyin Demir (Turkey), Bob De Vore, W. G. Dotson, Jr., Ragnar 
Dybvik (Norway), R. B. Eggleton (Australia), J. W. Ellis, Helene M. Fink, G. G. Ford, Philip 
Fung, Michael Goldberg, Hwa Hahn, D. M. Hancasky, J. R. Hanna, R. A. Jacobson, Agnis 
Kaugars, J. D. E. Konhauser, Hui-hsiang Kuo (Taiwan), George Lang, E. S. Langford, Murray 
Lieb, J. W. Losse, Robert Maas, D. C. B. Marsh, J. G. Moser, D. E. Moxness, J. B. Muskat, 
G. L. Musser, Robert Patenaude, George Purdy, Simeon Reich (Israel), L. A. Ringenberg, V. K. 
Rohatgi, M. S. R. K. Sastry, J. S. Scandale, Jr., P. A. Scheinok, G. P. Speck, Sidney Spital, 
Emile State, Sister M. Stephanie, M. J. Strauss, A. M. Vaidya, Simon Vatriquant (Belgium), 
Mary C. Vioni, R. A. Wiesen, F. D. Wilder, Charles Ziegenfus, and the proposer. 

Blaeuer found E 1744 as a problem on page 451 of Granville, Smith, and Longley, Elements 
of Differential and Integral Calculus, Ginn (1934); Konhauser located it in M.S. R. Anjaneyulu, 
Elements of Modern Pure Geometry, p. 35, problem 13; and Ziegenfus calls attention to problem 13 
on page 432 of Ford and Ford, Calculus, McGraw-Hill (1963). 


Marbles in the Wine, Yet! 


E 1745 |1964, 1133]. Proposed by E. S. Langford, North American Aviation, 
Anaheim, California 


(1) Consider a wineglass in the shape of half a prolate spheroid. A marble is 
introduced into the glass. What is the radius of the smallest marble which will 
not touch the bottom? 

(2) The similar problem for a paraboloid of revolution. 


Solution by Hwa Hahn, Pennsylvania State University. Choose coordinate axes 
so that the wineglasses have equations 


—+—+—=1, -bSyS0 (<0); ax +ar=y. 


It is enough to consider the radii of curvature of 


“2 y? 
atypia —bSyS0 (a<)); ax? = 4. 
a 


The formula R= (i+y’?)3/2/| y""| gives for these radii 
[at + (82 — a®)x?|8/2/(a4b) and (1 + 4a2x)3/2/(2a), 


respectively, both of which are increasing functions of x. It is then clear that 
there is no smallest marble which will not touch the bottom of the glass, but 
there is a largest one which will, and its radius is given by evaluating the ap- 
propriate formula above at «=0, giving a?/b and 1/(2a), respectively. 


Also solved by John Beidler, J. A. Burslem, R. J. Cormier, M. S. Demos, Ragnar Dybvik 
(Norway), R. B. Eggleton (Australia), Fay Glasser, Michael Goldberg, Agnis Kaugars, J. D. E. 
Konhauser, Kenneth Kramer and Steven Minsker (jointly), D. C. B. Marsh, Robert Patenaude, 
J. S. Scandale, Jr., Robin Sibson (England), Sidney Spital, F. D. Wilder, Kenneth Yanosko, and 
the proposer. 


1132 PROBLEMS AND SOLUTIONS [December 


Consecutive Divisors of Consecutive Integers 


E 1746 [1964, 1133]. Proposed by Michael Fried, University of Michigan. 


Given positive integers k and 2, find all integers x such that | x, n+ | x+-i, 


-, n-+-k| x-+k. 


Solution by Gary G. Ford, Student, University of Santa Clara, Santa Clara, 
California. Since n| x, we have x=n-+y for some nonnegative integer y (x =0 is 
clearly not a solution). Then (n-+i)| (x+2) @=0, 1, 2,---, k) implies that 
(n+i) | { (2-7) +y} and, hence, that n, n+1,---,n-+k divide y. Therefore, 
x=n+tL for some nonnegative integer ¢, where L is the least common multiple 
of n,nu+i,-+-,n-+k. That such an x is indeed a solution is evident. 


Also solved by A. N. Aheart, R. G. Albert, Robert Bart, John Beidler, M. A. Bershad, M. G. 
Beumer (Netherlands), D. A. Blaeuer, Andreas Blass, W. J. Blundon, W. H. Bonney, Carolyn 
Brauer, J. A. Burslem, Mannis Charosh, John Christopher, R. J. Cormier, M. S. Demos, R. B. 
Eggleton (Australia), J. W. Ellis, John Ganci, P. K. Garlick, R. W. Gilmer, Jr., Michael Goldberg, 
Jerry Goodman, Cornelius Groenewoud, Martin Gugino, Hwa Hahn, D. M. Hancasky, B. A. Haus- 
mann, S.J., R. A. Jacobson, Agnis Kaugars, E. S. Langford, Steve Ligh, C. C. Lindner, G. F. 
Lowerre, Robert Maas, Matthew Maddox and Humbert Norie (jointly), D. C. B. Marsh, Norman 
Miller, J. B. Muskat, G. L. Musser, Robert Patenaude, C. B. A. Peck, Harsh Pittie, Donald Quir- 
ing, S. M. Robinson, Robert Russell, P. A. Scheinok, Ralph Schreiber, Robin Sibson (England), 
D. L. Silverman, Mitchell Snyder, R. L. Syverson, A. M. Vaidya, Richard Vande Velde, S.]J., 
Simon Vatriquant (Belgium), Emanuel Vegh, Gerald Werner, Kenneth Yanosko, and the proposer. 

Charosh calls attention to the following problem which he proposed in the Mathematics 
Student Journal (January, 1962): A man and his grandson have the same birthday. For six consecu- 
tive birthdays the man is an integral number of times as old as his grandson. How old is each at 
the sixth of these birthdays? 


o(kn—1)=0 (mod 2) 
E 1747 [1964, 1133]. Proposed by Joseph Arkin, Spring Valley, N. Y. 


If o(m) is the sum of the divisors of 2, show that o(6¢+5) =0 (mod 6) for all 
positive qg. Is this an instance of a more general rule? 


I. Solution by Vincent C. Harris, San Diego State College, San Diego, Cah- 
fornia. The result of the problem is a special case of the known fact that o(kq—1) 
=0 (mod &) for all nonnegative integers g if and only if k>1 and | 24 [K. G. 
Ramanathan, Congruence properties of a(n), the sum of the divisors of n, Math. 
Student, 11 (1943) 33-35, (Math. Rev., 6 (1945), 37), and H. Gupta, Congruence 
properties of o(n), Math. Student, 13 (1945) 25-29, (Math. Rev., 7 (1946) 273) |. 

Other references to this and similar problems: K. G. Ramanathan, Congru- 
ence’ properties of Ramanujan’s function r(n), Proc. Indian Acad. Sci., Sect. A, 
19 (1944) 146-148, (Math. Rev., 6 (1945), 37); K. G. Ramanathan, Congruence 
properties of oa(n), Math. Student, 13 (1945) 30, (Math. Rev., 7 (1946) 273); 
M. V. Subba Rao, Congruence properties of a(n), Math. Student, (1950) 17-18, 
(Math. Rev., 12 (1951) 675); V. C. Harris and M. V. Subba Rao, Congruence 
properties of o,(N), Pac. Jour. Math., 12 (1962) 925-928. 
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II. Solution by E. S. Langford, U. S. Naval Postgraduate School, Monterey, 
California. The following two statements are equivalent for any positive integer 
n: 

(1) a?=1 (mod z) whenever (a, 2) =1, 

(2) o(a)=0 (mod z) whenever a= —1 (mod n). 

Furthermore, the only positive integers m for which (1) holds are the divisors 
of 24. (The problem at hand is of course the special case n = 6.) 

The asserted equivalence is obvious for n=2, so we henceforth assume that 
n>2. 

Assume first that (1) holds, and let a be such that a=—1 (mod 2). Since 
(a, n) =1, a is not a perfect square. (If a=)’, then (0, n)=1 and —1=a=0?=1 
(mod n) by (1).) Therefore a has an even number of divisors so that o(z) 
= )\(d+a/d), where dja and d<a'/?, If dja, then (d, n)=1, so that d? 
=1 (mod z). Therefore d(d-+a/d) =d?+a=1—1=0 (mod 2). Since (d, n) =1, 
this implies that d+-a/d=0 (mod 2), and hence that g(a) =0 (mod zn). 

Conversely, suppose that 2 (>1) does not have property (1), so that there 
is a prime p for which (p, n)=1 and p?#1 (mod nz). Then px+ny=-—1 for 
appropriate integers x and y, and (x, n)=1. By Dirichlet’s Theorem, there is a 
prime gp for which q=x+nt for some positive integer ¢. Thus, —1= p(x £n#) 
+n(y + pt) = pq-+n(y + pt) =p¢ (mod nz). Suppose that o(pq) =0 (mod n). Then 
0=po(pg) =pU+p+¢q+pq) =p(o+O =P?+ h¢=P’— 1 (mod n), a contradiction. 

It is well known that the only positive integers m for which (1) is true are the 
divisors of 24, but we give an argument for the sake of completeness. Recall the 


THEOREM. If (c, n)=1 and x*=c (mod n) has a solution, then it has exactly 
2¢+8 solutions where a is the number of distinct odd divisors of n and B 1s 0, 1, or 2 
according as 4}n, 4||n, or 8| n. 


(See, for example, W. J. Le Veque, Topics in Number Theory I, Addison- 
Wesley, (1956) 65.) Suppose now that = 27] p* where p denotes an odd divisor 
of n. Taking c=1 in the Theorem and assuming that (1) is true, we must have 
2°+8—=d(n) and, hence, 26=2'[ | pe-(p—1)/2}4, where ¢ is the larger of a—1 
and 0. It follows immediately that s=1 and 1= IL{@—-1)/2} and then that 
n| 24. 

(Editor’s comment: Only one of the articies listed under Solution I was available to the Editor 


and it did not contain a resolution of E1747. Furthermore, the reviews there cited do not convey 
the complete nature of the proof. Hence, Solution II.) 


III. Solution by R. B. Eggleton, Avondale College, Cooranbong, N.S.W., Aus- 
tralia. We deduce the result as a corollary to the 


THEOREM. For any prime p which divides am+x to odd multiplicity, o(am+x) 
=0 (mod p+1). At least one such prime exists uf x 1s a quadratic nonresidue mod- 
ulo m. 
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Proof. If the canonical factorization of am-+<x is TT ¢-, then o(am+x) 


= ][ >t.5 p*. Since 
0 (mod p+1) if 2/a, 
1 (mod p+ 1) if 2{a, 


DL p= { 
k=0 
it follows immediately that o(am-+x) =0 (mod p+1) when a is odd. Moreover, 
if « is a quadratic nonresidue modulo m, am-+ x cannot be a perfect square... 
so there must be a prime factor » of am-+« for which a is odd. 

For the problem at hand, 6q-++5 can only contain prime factors congruent to 
+1 (mod 6), and there must be one, say p, congruent to —1 (mod 6), 1.e., for 
which 6| (pb+1). Since 5 is a quadratic nonresidue modulo 6, we have o(6q¢+5) 
==0 (mod 6). 


Also solved by M. G. Beumer (Netherlands), Walter Bluger, Harry Felder III, R. W. Gilmer, 
Jr., Jerry Goodman, Hwa Hahn, Kenneth Kramer, Andrzej Makowski (Poland), D. C. B. Marsh, 
D. S. Martin, C. B. A. Peck, D. P. Roselle, David Singmaster, D. P. Tihansky and the proposer 
(all of whom supplied generalizations of one kind or another), as well as the following who solved 
the first part of the problem (and in some instances observed that “obvious” generalizations were 
not true): J. C. Abad, A. N. Aheart, M. A. Bershad, W. H. Bonney, D. I. A. Cohen, Huseyin 
Demir (Turkey), G. G. Ford, D. M. Hancasky, B. A. Hausmann, S.J., A. Himmelfarb, R. A. 
Jacobson, Agnis Kaugars, C. C. Lindner, Robert Maas, Leonora Mangine, G. L. Musser, Robert 
Patenaude, Harsh Pittie, Simeon Reich (Israel), Ralph Schreiber, Robin Sibson (England), D. L. 
Silverman, M. J. Strauss, Vis Upatisringa, and A. M. Vaidya. 

Gilmer, Goodman, Kramer, Martin, Peck, and Singmaster supplied generalizations in the 
spirit of Solution II, while Beumer’s was similar to Solution III. Other generalizations: If m has a 
prime factor p of odd multiplicity for which p= —1 (mod 6), then o(m)=0 (mod 6) (Bluger). If 
(— 1| n)=—1and m=-—1 (mod n) is the product of primes p= +1 (mod ~), then o(m) =0 (mod z) 
(Felder, Marsh). If & is odd, o.(6¢+5)=0 (mod 6) for each integer g (Roselle). The others referred 
to various of the papers mentioned under Solution I. 


ADVANCED PROBLEMS 


All solutions of Advanced Problems should be sent to J. Barlaz, Rutgers—The State University, 
New Brunswick, N. J. 08903. Solutions of Advanced Problems in this issue should be sub- 
mitted on separate, signed sheets and should be mailed before June 30, 1966. 


5340. Proposed by Necdet Ucoluk, Purdue University 

Let A and B be two fixed points of the plane. If N is a variable point of the 
plane, say u=NA, v=NB, determine a geometric construction for the tangent 
line at the general point NV on the locus of uv? =k. 

5341. Proposed by George Purdy, The University, Reading, England 

It is known that 


>) (—1)te-"s = sinh x. 


t=] 


tole 
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Prove the integral analog: 


1 2 1 sinh x 
bf (—1)te-"* de = —— 
1 


UTX 


5342. Proposed by R. B. Kuillgrove, the University of Wisconsin 


Suppose we have relations Ri, Re, then we define R= RiM Rk, as follows: 
xRy if and only if «Ry and xRy2y. Now let S be the class of all total linear order- 
ings of the positive integers, 1.e., the relation L belongs to S if and only if (1) 
for any two positive integers x, y, we have xLy or yLx, (2) L is reflexive, (3) L 
is antisymmetric, (4) Z is transitive. Now consider the relation D, “divides.” 
Prove (i) D can be obtained in at least one way from intersecting certain mem- 
bers of S, and (ii) find the smallest (possibly an infinite cardinal) number of 
members of S needed to obtain D as their intersection. (Dedekind considered 
D as a partial ordering as an example of a lattice. Sometimes it is called Dede- 
kind’s ordering.) 


5343. Proposed by J. M. Gand, Maharanti’s College, Jatpur, India 
Show that 
0! 


(y—1)! (-1)r1 (:) _— 7 (73) 
eo) cr) (7) -Ga 


5344. Proposed by B. Fitzpatrick, Jr.. Auburn University, Alabama 


In proving that a subset of E, is n-dimensional if and only if it contains a 
nonempty open subset of #,, Hurewicz and Wallman (Dimension Theory, p. 45) 
use the intuitively appealing statement that if X and Y are two countable sub- 
sets of E,, “it is always possible to choose the coordinate system so that the 
axes are in general position (no parallel to a coordinate hyperplane contains more 
than one point x or one point y) since this condition requires the axes to avoid 
at most a countable number of directions.” Verify the following proposition and 
show that it implies their statement. 

If K is a countable subfield of the field of complex (real) numbers and 
is a positive integer, 7 >1, then there exists ann Xn unitary (orthogonal) matrix 
P such that for eachi=1,---,n, the elements of the zth row of P are linearly 
independent over K. 
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5345. Proposed by Carl Evans, Unton College, Barbourville, Ky. 

Let II be a finite projective plane of order n>2. Show that there is a parti- 
tion of the points of II into two sets such that neither set contains all of then+1 
points on a line. 

5346. Proposed by Louis Comtet, Boulogne (Seine), France 


Let s(n) =1+1/2+1/3+ ---+1/n; for each x21, define n(x) by: s(n(x)) 
<x<s(n(x) +1). With the notations: E(x) =exp(x--y)—1/2, (y=0.57--- is 
the Euler constant), a(x) =1/(exp(x—1)—1), [uw] =integral part of u, and if 
x22, prove that 


[E(x) — $a(x)] S ne) S [E@) + rya(x)]. 
(N.B., if «22, then a(x) +3a(x) <1, and the formula gives at most two pos- 


sible values for n(x).) 


5347. Proposed by Sidney Spital, Polytechnic State College, Pomona, Cali- 
fornia 


Show that the coefficients in Adams-Bashforth integration 


eco f(s 


are given asymptotically by 


1 +0/ 1 ) 
% log n log? n/ 


5348. Proposed by Fred Galvin, St. Paul, Minnesota 


Show that there is a function f such that for any sequence (x1, %2, - + -) we 
have x, =f(Xn41, Xn42,° °° ) for all but finitely many n. 


5349. Proposed by S. P. Lloyd, Bell Telephone Laboratories, Murray Hull, 
N. J. 


With A a subset of a topological space X, let K(A) be the smallest class of 
subsets of X with the properties (i) A is in the class, (ii) for every member E of 
the class, both Z’ and E~- are members of the class. It is known that (A) has 
at most 14 members and that there is a subset of the reals for which *(A) does 
have 14 members (J. L. Kelley, General Topology, p. 57). If 5:(A) is the field of 
subsets of X generated by the members of K(A) show that 51(A) has at most 
16,384 (=2!4) members, and give a subset of the reals for which 51(4) does have 
16,384 members. Let 5,(4) be the smallest field of subsets of X which has prop- 
erties (i) and (ii) above. Give a subset of the closed unit interval for which 
$F.(A) has infinitely many members. 
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SOLUTIONS OF ADVANCED PROBLEMS 


Level Points of a Continuous Function 


5245 [1964, 1137]. Proposed by Erwin Just and Norman Schaumberger, 
Bronx Community College 


Let f be a real function defined on [0, 1]. If the set of zeros of f is uncount- 
able and nowhere dense, can f be continuous? 


I. Solution by Allen Rehm, Long Beach, Calif., and P. B. Kennedy, University 
of York, England and John Stout, Princeton University (independently). The 
set & of zeros must be closed and its complement must be a countable disjoint 
union of open intervals (a, 0). If x€(a, 6), define f(x) =exp —(x—a)7} 
+(b—x)-}} -and f(x) =0 for xEE£. 


Then f(x) is continuous, and in addition is infinitely differentiable. EZ may 
have the cardinality of the continuum and be nowhere dense, as in the instance 
of the Cantor set. 


Il. Solution by John Zolnowsky, Freshman, South Dakota School of Mines and 
Technology. The problem can be generalized as follows: Give an example of a 
continuous function ¢: [0, 1]—[0, 1] such that the set d—(y), yE[0, 1] is 
closed, dense in itself, and nowhere dense. 

In the solution we use the Hilbert space-filling curve. It has been proved 
that there is a function y: [0, 1]->[0, 1]? which is continuous, onto, and such 
that for any interval [= |p/4", (p+1)/4"], where p is an integer, and 0OSp <4", 
W(I) is a closed square of sides 1/2”. (M. H. A. Newman, Topology of Plane 
Point Sets, p. 89.) 

Let Ly= {(x, y):x€ [0, 1]}, S,=y-(Ly). 

THEOREM. Each S, 1s closed, dense 1n ttself, and nowhere dense. 

Proof. Sy is closed, since it is the inverse image of a closed set under a con- 
tinuous function. 

S, is dense in itself. For, consider a point t€@S,. To show that ¢ is a limit 
point of S,, it is necessary to show that for each e>0, there exists a point t/C S, 
such that #’ “tand |t—t'| <e. Choosenso that 1/2" <e. Let I= [p/4", (b+1)/4"| 
be the interval of length 1/4” containing ¢#. Write R=yW(J), so R is a closed 
square. Select GR with zEL, and z#y(¢). Then there is a point GJ with 
W(t’) =z, ’ =Y-"(L,) and | t—t'| <1/4"*<1/2"<e. 

The sets S, are nowhere dense, for suppose, on the contrary, that for some 
y, Sy is dense. Then, since S, is closed, S, must contain an interval (a, D). It 
follows that there is an interval J of the form [p/4”, (p+1)/4"| C(a, 6) CS,. But 
W(I) is an entire closed square, and not a horizontal line, which is a contradic- 
tion. 

Consider the function ¢=pr2.oyw, where pr. is the projection on the second 
axis. @ is continuous, and clearly ¢“1(y) =S,. It is clear that the sets LZ, are un- 
countable, and hence the sets d~!(y) are uncountable. 
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Ill. Solution by R. F. Jolly, University of California, Riverside. The following 
indicates the construction of a continuous function f, which intersects each 
horizontal line y=c, OScS1 in an uncountable nowhere dense set: 


1 
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Step 1. Step 2. 


You may think of the function f as the uniform limit of a sequence of con- 
tinuous functions (heavy lines in the figure) or its graph as the intersection of 
the members of a monotonic sequence of continua (each the union of finitely 
many shaded rectangles). Evidently each horizontal line which intersects the 
graph does so in a Cantor set. 


Also solved by H. J. Al-Amiri, E. B. Anders, Roger Avelsgaard, Duane W. Bailey, K. F. 
Bailie, I. N. Baker (England), D. R. Barr, John Beidler, H. J. Biesterfeldt, Jr., Andreas Blass, 
W. H. Bonney, II, Robert Bowen, Joel Brawley, Jr., E.O. Buchman, George Cain, Jr., Jim Camp- 
bell, G. T. Cargo, H. J. Cohen, Louis Comtet (France), R. O. Davies (England), C. G. Denlinger, 
W. G. Dotson, Jr., Gregory Dropkin, Glen Haddock, Hwa Hahn, J. H. Halton & G. Rabinowitz, 
C. E. Hee, A. G. Heinicke, D. W. Hight, R. A. Jacobson, J. E. Joseph, H. D. Keesing, B. G. 
Klein, H. V. Kronk, E. S. Langford, H. C. Lauer, A. E. Livingston, O. P. Lossers (Netherlands), 
Coline Makepeace, M. D. Mavinkurve (India), Solomon Marcus (Rumania), W. J. Pervin, G. 
Piranian, J. R. Porter, Stephen Portnoy, Sylvester Reese (France), P. L. Renz, J. W. Roberts, 
I. D. Ruggles, Al Somayajulu, R. T. Sandberg, Klaus Schmitt, Robin Sibson (England), S. J. 
Sidney, G. P. Speck, D. A. Sprecher, F. W. Steutel (Netherlands), F. B. Strauss, M. V. Subbarao, 
B. R. Toskey, W. C. Waterhouse, R. E. Whitney & R. L. Duncan, J. C. Williams, S. V. Witt, 
Kenneth Yanosko, and two who omitted their names. 

Compare E1715 [1965, 784]. 


Nondifferentiability of Inverse of a Continuous Modulus of Continuity 


5246 [1964, 1137]. Proposed by Solomon Marcus, University of Bucharest, 
Rumania 


Let f be continuous in [a, |. For each e>0, let d(€) be the greatest number 
n such that | «x? —x""| <n implies that | f(x’) —f (x!) | <e. Does there exist such 
an f that ¢ is continuous and nondifferentiable in some point e€(0, + «)? 
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1. Solution by J. H. Halton, Brookhaven National Laboratory. Consider any 
function having the form f(x)=p+m(«x—a) if aSxSc, f(x) =q+n(x—c) if 
cx Sb, where 0<m<n and g=p+m(c—a). Then f(x) is continuous in |a, b]. 
If eSn(b—c), then clearly d(€) =€/n, so that o’(e)=1/n. If e=n(b—c), then 
o(e) =e/m—(n—m)(b—c)/m, so that ¢’(e)=1/m. Clearly ¢(e€) is continuous 
and nondifferentiable at €)5=(b—c). 


II. Solution by K. A. Post, Technological Unwersity, E1ndhoven, Netherlands. 
Let f(x) =x-+sin x(x«G(—o, ©)). For fixed 6>0 we have 


f(x + o) — f(%) = o + 2 cos(% + 3) sin 3 


which attains the maximal value e(¢) =¢+2| sin 16]. Since e(@) is continuous 
and monotonically increasing, its inverse function #(e€) is exactly the required 
function. Singularities are the points e=2km (k=1, 2,---). 


Also solved by H. S. Al-Amiri, I. N. Baker (England), E. O. Buchman, G. T. Cargo, Roy O. 
Davies (England), Hwa Hahn, R. A. Jacobson, C. A. Long, M. D. Mavinkurve (India), G. 
Piranian, R. T. Sandberg, S. J. Sidney, G. P. Speck, Stuart Witt, and one who did not give his name. 

Sidney raised the question as to whether an example is possible in which ¢(e) does not possess 
one-sided derivatives. None of the contributed examples could serve. 


Cosets of a Subgroup 
5247 [1964, 1138]. Proposed by T. J. Head, Iowa State University 


Let S be a subset of a group G. Define a relation in G by x~gy if and only if 
Sx = Sy. It is seen that ~g is an equivalence relation. Prove that the associated 
equivalence classes are the right cosets of a subgroup of G. 


I. Solution by A. G. Heinicke, Dalhousie University. Let Sa; be the equiva- 
lence class containing the identity e. If «© Sa,, then x=exG Sa;f\Sajx, or Sa; 
= Sax. Thus, for any x and y in Sa;, xy-!GSa,, since Sax = Savy = Sa;, and 
therefore exy—!€ Sa,xy—! = Sa,. Sa; is thus a subgroup of G. 


II. Solutson by V. Ray Hancock, Emory and Henry College. The relation ~s¢ 
is not only an equivalence relation, but is also a right congruence relation on the 
group G, because if x and y are any elements of G such that x~gy and if gis any 
element of G then Sx=Sy and hence S(xz) = S(yz) so that xz~gyz. It is well 
known that the congruence class (modulo a right congruence relation on a group) 
containing the identity element is a subgroup whose right cosets form the con- 
gruence classes. 


III. Solution by Paul S. Schnare, Louisiana State University, New Orleans. 
Let H= {xCG:x-~se} where e is the identity. Claim: Hg={|yCG: y~gg}, the 
equivalence class of g. For, ye Hg iff y=xg for some x~se iff Sy = Sxg= Sg iff 
y~ se. Thus, He(\He' #¢>Hg = He’ for any g, g’€G. In a solution to problem 
E 1712 [November, page 1022] it is shown that a subset H of a group G is a left 
coset of a subgroup of G if the left translates of H form a partition of G into dis- 
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joint subsets. Replacing “left” by “right” we see that the right translates of H 
are right cosets of a subgroup of G, viz. H. 
This result can be obtained as a corollary of problem E 1712 [1965, 1022]. 


Also solved by Robert Bowen, Joel Brawley, Jr., Jim Campbell, David Carlson, Charles 
Chouteau, J. E. Connett, F. B. Crippen, Roy O. Davies (England), J. P. Delatore, M. J. DeLeon, 
W. G. Dotson, Jr., J. E. H. Elliott, L. E. English, M. P. Epstein, E. W. Ewing, Harley Flanders, 
R. W. Gilmer, Jr., H. A. Gindler, Ralph Greenberg, M. G. Greening (Australia), Israel Grossman, 
Hwa Hahn, Franklin Haimo, J. H. Halton, S. Heller, Paul Hill, Agatha Himmelfarb, R. A. 
Jacobson, Colonel Johnson, Jr., V. H. Keiser & J. P. Burling, John B. Kelly, S. C. King, B. S. 
Langford, Steve Ligh, C. C. Lindner, J. J. Martinez, M. D. Mavinkurve (India), José Morgado 
(Brazil), T. M. Morrisette, Joseph G. Moser, M. G. Murdeshwar, Stanton Philipp, Harsh Pittie, 
K. A. Post (Netherlands), Francis Sandomierski, S. J. Sidney, Jonathan Simon, Indranand Sinha, 
P. T. Smythe, John Stout, Jerome Teles, B. R. Toskey, W. C. Waterhouse, C. R. Williams, F. E. 
Willmore, Kenneth Yanosko, and the proposer. 


Additivity and Multiplicitivity 
5248 [1964, 1138]. Proposed by A. A. Mullin, University of Illinois 


Let a natural number 2>1 be factored into primes, n= pj! - - - pyr (p, dis- 
tinct) and let its own natural number exponents >1 be factored similarly. The 
process is to be repeated over and over again until it terminates with a unique 
“constellation” of prime numbers alone. E.g., the constellation for 192 =22°3.3, 
10,000 = 22”. 52”. Recall that a number-theoretic function f is multiplicative when 
f(a-b) =f(a)-f(b), (a, b)=1. Call a number-theoretic function g generalized 
multiplicative when g(a-b) =g(a)-g(b) if the constellations for a and b have no 
prime in common. Prove (1) that every multiplicative number-theoretic func- 
tion is generalized multiplicative and that there exists a generalized multiplica- 
tive function which is not multiplicative. 

Let a number-theoretic function h be called additive when h(a-b) =h(a) 
+h(b), (a, b) =1. Call a number-theoretic function k generalized additive when 
k(a-b) =k(a)+2(b) if the constellations for a and } have no prime in common. 
Prove the additive analogue (2) of the multiplicative results (1). 


I. Solution by S. J. Sidney, Harvard University. Let f be multiplicative. If 
the constellations for a and b have no prime in common, then certainly the same 
is true of their factorizations, so f(a-b) =f(a)- f(b). Nence f is generalized multi- 
plicative. The statement “additive implies generalized additive” is proved in 
exactly the same way. 

Define g(a) to be the product of all primes in the constellation of a, taken once 
only, regardless of how many times they appear in the constellation. Then g is 
clearly generalized multiplicative. But g(9) =6, g(2) =2, and g(18) =6, so g(18) 
~ g(9)-g(2). 

Similarly, if k(a) is the sum of all primes in the constellation of a each taken 
once only, then R is generalized additive. But k(9)=5, k(2)=2, and k(18) =5; 
k(18) #R(Q) +R(2). 
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Il. Note by Harsh Pittie, Swarthmore College. ‘The concept of constellations 
being disjoint can be generalized thus: When a number has been factored into 
its constellation, we may talk about the primes appearing on various levels in 
it., 1.e., exponents or exponents of exponents, etc. Call two numbers k-disjoint 
if their constellations are disjoint up to and including the kth level. Define a 
function to be k-multiplicative if it is multiplicative for all k-disjoint pairs. Then 
there exist functions which are k-multiplicative but not (k—1)-multiplicative. 
The argument proceeds as in a solution of the primary problem. 


Also solved by Robert Bowen, A. A. Gioia & A. M. Vaidya, Ralph Greenberg, Hwa Hahn 
E. S. Langford, C. C. Lindner, A. E. Livingston, M. O. LeVan, Stanton Philipp, W. C. Water- 
house, and the proposer. 


t-Dimensional Chessboard 


5249 [1964, 1138]. Proposed by W. A. Horn, RIAS and University of Mary- 
land 


Let an Xn square S be divided up into 1X1 squares labeled a; (j=1, 2, 

- , n*). Define a;~a,, if a;=a, or if a; and a, have any boundary point in 
common. Suppose that f is a function associating to each a; some a, satisfying 
the condition that if a;-~a; then f(a;)~f(a;). Prove that there exists an a, such 
that f(a,)-~a,. Can this problem be extended to higher dimensions? 


I. Solution by Kenneth Yanosko and Richard Vande Velde, S.J., University of 
Chicago. We give a constructive solution valid for ¢ dimensions, ¢ finite but arbi- 
trary. “Squares” of the array A will be labeled by ¢ coordinates, thus 
Aa=(1, d2,°--, G), b=(bi, be,---+, db) denote typical squares with a,, D; 
C { 1,2,°°°, ni}, with n; positive, not necessarily the same for all 2. 

We define a metric on A by d(a, a’) =max |a;—af . Using this metric we 
have a~a’ iff d(a, a’) S14, ie, iff |a;—a/| <1 for all i. We describe a procedure 
P, to find at least one a such that a~f(a). We prove that the search can be 
started anywhere and will terminate after a finite number of steps. We define 


the sequence recursively. 
Given a’ and f(a") =b*, we define a*+! by: 


k . k k 

a,+1 ifa;< 0b; 

k k .. & k 

(P) a; = 4a; if aj b; 


a. —-1 if a: > b, 


Given any initial square a°, this defines a unique sequence fart, 

Fact 1. Given such a sequence generated by P, if at some stage Fk and for 
some coordinate i we have f(a") =b* and | a?—0?| <1 then the hypotheses imply 
| a” —b""| <1 for all m=k. Therefore it remains to show that we can, for some 
value of 2, force | a? —b?| <1 for each 2. 
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Fact 2. If | as* —d,*| >1, then either 


k+1 k+1 k k 
(1) la; —b; | < |a;— |, or 
(2) bf** is closer to the edge of the board, i.e., nearer 1 or 2; and 
t 
k+1 k+1 k k 
| a; — b; | = |a;— 8]. 


Proof. Without loss of generality we can assume that af>bf. Suppose that 
(1) does not hold; then, by P, ajt*=a/—i and, since f preserves adjacency, 
bk*1 =b*¥+e, where e= —1, 0, or 1. But if e=0 or e=1, then (1) holds, contrary 
to assumption. Therefore e= —1. Hence bjt’ is one square closer to the edge. 

Putting facts 1 and 2 together we see that P provides us with a sequence of 
squares jan} such that in every coordinate the distance between a” and its 
image decreases to less than or equal to unity, and stays there; or P forces the 
images to the edge of the board, after which the distance between squares and 


their images must also decrease to unity or less. Hence we eventually obtain 
an a% such that d(a¥, f(a¥)) $1, ie., aY~/f(a¥). 


II. Solution by the proposer. The proof will be based on Brouwer’s fixed 
point theorem. First split each a; into triangles by drawing the diagonals. If p; 
is the center point of a; and f(a;) =a,, then define F(p;) = p,. For a corner point 
g; of a;, we define F(q,;) as follows. Consider all squares a, which contain q;. 
There will be one, two, or four such squares. Call them a,,. By the hypotheses, 
Ni f(ar,) 4 OM. Let F(q;) be any point in (); f(a,,). 

Having defined F on the center and corner points of each square, extend F 
linearly (in the obvious way) to the whole square. Then F is well defined, con- 
tinuous, and F(a;) Cf(a;). By the Brouwer fixed point theorem, F has a fixed 
point «x. If x is interior to a,, then clearly f(a;) =a,;. If « is on the boundary of 
some a,, then a; and f(a;) have a common boundary point, so that f(a;) ~a,;. 

Clearly, this result can be extended to any finite number of dimensions. 
Also, note that there need be no square a; such that f(a;) =a;, as may be seen 
by rotating a 2X2 square. 


Also solved by Agatha Himmelfarb, John B. Kelly, C. B. A. Peck, Stanton Philipp, P. S. 
Schnare, and Ogi Tapal. 

Peck and Philipp consider the problem as a king following another king on a chessboard. As in 
the proofs above, however, it is not necessary to start with a square array. 


Maps of a Non-Compact Metric Space 


5250 [1964, 1138]. Proposed by M. D. Mavinkurve, Siddharth College, Bom- 
bay, India 

A known property of a compact metric space is that it cannot be mapped 
isometrically onto a proper part of itself. Is this property characteristic of com- 
pactness? 
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I. Solution by H. S. Fox, undergraduate, University of Wisconsin- Milwaukee. 
Denoting the natural numbers {1,2,--- } by N we may let E be the subset of 
the real numbers defined by E= NU \n— 1/(n+1):nEN}. It is rather obvious 
that this metric space is not compact but the only isometry of this space into 
itself is the identity. Thus the property does not characterize compactness. 


Il. Solution by G. P. Speck, University of the Pacific. Consider the noncom- 
pact set X =(0, 1), with the usual topology. An isometry is a homeomorphism 
and the only proper subsets onto which X can be mapped homeomorphically 
are sets of the form: (a, b), where a>0 and/or )<1i. Any such homeomorphism 
is obviously not an isometry. 


Also solved by Robert Bowen, R. O. Davies (England), W. G. Dotson, Jr., Harley Flanders, 
R. F. Jolly, P. L. Renz, E. S. Langford, A. E. Livingston, Paul Manley & M. G. Murdeshwar, 
J. R. Porter, K. A. Post (Netherlands), S. M. Robinson, Robin Sibson (England), S. J. Sidney, 
W. C. Waterhouse, and the proposer. 


Polynomial Equations with Unimodular Roots 


5251 [1964, 1138]. Proposed by L. A. Shepp, Bell Telephone Laboratories, 
Murray Hill, N. J. 


If —1SyS1, prove that each root of the equation y"+!—py"+ypy—1=0 has 
modulus one. 


I. Solution by D. R. Hayes, University of Tennessee. li w= +1, or n=0 or 1, 
then the problem is trivial; so we may assume in what follows that u+¥ +1, 
n>1. The proof proceeds by contradiction. Suppose the equation has a solution 
with modulus not equal to 1. Since the reciprocal of this solution is also a solution, 
there is a solution y= Re with R>1. Now y*"(y—p) =y7!(1 —py), from which 


one obtains, upon squaring the modulus of both sides, that R2"~?/y—y|? 
=R-?)1—py|?. Since R>1, it follows from this last equation that | y—yp|? 
<R-?|1—py|? or that 


R? — 2nR cos 6 + pw? < (1/R)? — 2yn(1/R) cos 6 + p?. 


Thus, (R?—1/R?) <2u cos 6(R—1/R). This last inequality may be divided by 
the positive factor R—R™, yielding 


R+1/R < 2 cos8 < 2, 
which is impossible since R> 1. 
I]. Solution by Robert Breusch, Amherst College. More generally: 
fly) = y*? — pyr 1 + yk — 1 = 0, 


with k a positive integer <4(n+1), has all its roots on | y| ={,if -ispSi. 
For w= +1, the statement follows from the factorization f(y) 
= (y' 1) (yr-*+14+1). And for ra <i and y=e*® (6 real) set 


(1/22)y- DY PF(y) = g(0), 
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thus 
g(0) = sin[(z + 1)6/2] — wsin[(m — 2k + 1)6/2]. 
g(@) has opposite signs at the endpoints of each of the intervals 
[(2k — 1)e/(n + 1), (22 + 1)x/(n + 1)], k=0,1,--:,m. 
Therefore g(0) has (n+1) zeros for —a/(n+1) <0<2r—7/(n+1), and thus 
f(y) has (n+1) zeros on || =f. 


III. Solution by I. N. Baker, University of London, England. Consider the 
more general equation 2"t!—a2"+ dz—1=0, | a| <1, and put 


(1) go = (1 — az)/(g — a) = T(z). 

If |a| <1, and there is a value | z| <1 solving this equation, we note (i) that 
| 2" | <i and (ii) that the bilinear mapping 7(z) satisfies | T(z) | >1 for E <i, 
thus obtaining a contradiction. Similarly |z| >1 leads to a contradiction, and 
our result is proved for |a| <1. The case |a| =1 is proved directly. 


IV. Solution by C. B. A. Peck, State College, Penna. For positive n and arbi- 
trary wu, every solution is on the unit circle by a theorem due to M. Marden 
(Geometry of the Zeros of a Polynomial in a Complex Variable, Chap. 10), a 
special case of which may be stated as follows: 

If f(y) =aay"+ +++ +a. and f*(y)=y"f(l/y) =doy"+ +++ +4n satisfy 
Anf*(y) = dof(y), then all the zeros of f are on the unit circle. 

In our case, @n_4 = —d, and the condition is satisfied. 


Also solved by R. A. Avelsgaard, J. L. Brenner & D. A. D’Esopo, J. W. Burrows, F. A. Butter, 
Jr., G. T. Cargo, F. W. Carroll, R. O. Davies (England), W. G. Dotson, Jr., D. C. Duncan, Mrs. 
A. C. Garstang, Michael Goldberg, Myron Goldstein, Agatha Himmelfarb, A. S. B. Holland & 
A. Meir, John B. Kelly, P. B. Kennedy, (England), R. C. Lyness (England), M. D. Mavinkurve 
(India), W. D. Munro, Stanton Philipp, P. S. Schnare, Robin Sibson (England), S. J. Sidney, 
Arnold Singer, Richard Sinkhorn, Sidney Spital, F. W. Steutel (Netherlands), Maynard Tomer, 
J. H. van Lint (Netherlands), David Zeitlin, and the proposer. 


Complementary Sets of Integers 
5252 [1964, 1138]. Proposed by D. J. Newman, Yeshiva University 


A sequence {a,} of natural numbers is defined recursively as follows: a)=0, 
Qn4118 the smallest natural number >a, and unequal to a,+ for any kSn. The 
sequence begins 0, 1, 3, 4, 6, 8, 9, - +--+. Find an explicit expression for a, as a 
function of n. 


I. Solution by Ralph E. Walde, University of California, Berkeley. Clearly the 
sequence can be given the following equivalent definition: {an} is the strictly 
increasing sequence of nonnegative integers such that if A = fant, B= fan+n}, 
then (i) AUB comprises all non-negative integers, and (i) ANB=¢. 

B. M. Stewart (Theory of Numbers, p. 52) proves the following theorem: 
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Let b and c be two positive irrational numbers such that 1/b+1/c=1, then the 
two series { [bn] } and { [cn |} for n=1, 2,---+, represent all positive integers 
without repetition (the brackets indicate the greatest integer function). 

If c=b+1, then D=3(1+V/5). Since [(b+1)n]=[bn]+n, it is seen that 
[bn] is the required representation for dp. 


II. Solution by O. P. Lossers, Technological University, Eindhoven, Nether- 
lands. The pairs (dy, a@z.+k) are the safe combinations in what is known as 
Wythoff’s game (cf. Nieuw Archief voor Wiskunde, (2), VII (1907), pp. 199- 
202.) We have 


a, = [2k(1 + V/5)]. 


For a proof cf., e.g. W. Ahrens, Mathematische Unterhaltungen und Spiele, 
Leipzig, 1910. 


Also solved by M. G. Beumer (Netherlands), M. T. L. Bizley (England), W. J. Blundon, 
W. H. Bonney, Robert Breusch, E. O. Buchman, L. Carlitz, F. W. Carroll, Michael Goldberg, 
S. W. Golomb, M. G. Greening (Australia), Sidney Heller, Al Jebber, John B. Kelly, A. H. Kruse 
Morris Rothe, F. W. Steutel (Netherlands), and the proposer. 

Using Fibonacci procedures, Bizley and Steutel give the identities 


Ga, = Orta—1, dain = lan + 0. 
Greening, in addition, obtains 
Qa, tn—-1 = 2a, +n — 2; Dus, = U0n12, 
Guy, = Y2n+1) Qugnty = Uent2 = 1, 


where {un} is the Fibonacci sequence. 
Beumer offers the following references: 
1. Th. Skolem, Math. Scandinavica, 5 (1957), 57-68. 
2. W. A. Wythoff, Nieuw Archief voor Wiskunde. 
3. Ky Fan, The Dunkel Memorial Problem Book, Problem 4399, p. 57. 


RECENT PUBLICATIONS AND PRESENTATIONS 


EDITED BY R. A. RosENBAUM, Wesleyan University 
COLLABORATING Epitors: K. O. May, University of California, Berkeley, and 
E. P. VANcE, Oberlin College 


Materials intended for review should be sent directly as follows: Books: R. A. Rosenbaum, 
Wesleyan University, Middletown, Conn. 06457. Programmed Materials: K. O. May, Unt- 
versity of California, Berkeley, Calif. 94704. Films: E. P. Vance, Oberlin College, Oberlin, 
Ohio 44074. 


Boolean Algebra. By R. L. Goodstein. Pergamon Press, Inc., New York, 1963, 
140 pp. $1.95. 


This little paperback is a completely self-contained study of the theory of 
Boolean algebras from an elementary standpoint. It is entirely abstract, and 
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Elements of Numerical Analysis. By Peter Henrici. Wiley, New York, 1964. 
XV +328 pp. $8.00. 


A. S. Householder’s Principles of Numerical Analysis (McGraw-Hill, 1953) 
was the first textbook, written with high-speed digital computation in mind, 
which was suited to the teaching of numerical analysis in a mathematics depart- 
ment. Though many books on the mathematics of computation have since ap- 
peared, the instructor who seeks a given level of course, a given type of empha- 
sis, and a given style of presentation will often fail to find a textbook meeting 
reasonable standards of accuracy and rigor. This book, whose author is both an 
expert numerical analyst and expert writer, is welcome indeed. 

The book can be used as a basis for either a one or two semester course in 
numerical analysis. The material, designed to be given in conjunction with a 
three unit course in computer programming, requires a background of calculus 
and differential equations. Further background on complex numbers, poly- 
nomials and difference equations is given in the first three chapters. For the 
most part, the rest of the book is divided into two main sections: Solution of 
Equations, and Interpolation and Approximation. A brief concluding section 
touches upon the propagation of rounding error. Each section consists of a suc- 
cession of “algorithms,” or statements of numerical procedures, accompanied 
by theorems about the algorithms, numerous illustrations, and problem sets. In 
all, there are some 300 problems of varying difficulty. 

In addition to the usual material on iterative methods of solving equations, 
the first section discusses Steffensen’s iteration, iterative methods for systems of 
(two) nonlinear equations, the theory of linear difference equations and its 
application to the study of Bernoulli’s method, and the quotient-difference 
algorithm. Part two contains Lagrange’s interpolation formula, Aitken’s scheme, 
and a rather complete study of interpolation with tabular differences and its 
applications. These include numerical differentiation and integration and the 
numerical solution of ordinary differential equations. Noteworthy features are a 
discussion of Romberg integration and consistent use of knowledge of the asymp- 
totic behavior of errors to improve the accuracy of approximations. 

In view of the author’s definition of numerical analysis as “the theory of 
constructive methods in mathematical analysis,” the exclusion of numerical 
methods in linear algebra is natural, though perhaps inconvenient for those who 
want a broader view of numerical analysis in a single course. Failure to mention 
divided differences is more surprising. But the one major shortcoming is that 
mahy of the more exciting algorithms (Romberg, Q-D, Runge-Kutta, Steffensen 
iteration for systems) have theoretical foundations lying beyond the scope of the 
text. In a treatise, or in a textbook on numerical methods for that matter, one’s 
choice of algorithms is properly based on their effectiveness, elegance, or popu- 
larity. In numerical analysis, however, it is the computing that is ancillary, not 
the theory. Though it is often expedient to sacrifice mathematical discipline when 
computing, the reviewer doubts that it is advisable in a mathematics textbook. 
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Professor Henrici’s book is fresh, up-to-date and authoritative. As a text it 
succeeds in presenting an interesting and important sector of numerical analy- 
sis, and also in strengthening the student’s grasp of some of the basic notions of 
mathematics. 

NATHANIEL Macon, Institute for Defense Analyses 


Elementary Geometry from an Advanced Standpoint. By Edwin Moise. Addison- 
Wesley, Reading, Mass., 1963. 419 pp. $8.75. 


The author has two objectives. The first is to reteach high school geometry 
with a degree of precision and modernity which is, to say the least, uncommon 
at the school level. The second is to treat some of the more delicate questions of 
logical structure. 

It is likely that the first objective will be accomplished, and the second sig- 
nificantly served, by a course covering the first eighteen chapters, a little more 
than half the book. These chapters deal with all the topics of the usual high 
school course and with quite a bit besides, with the beginnings of non-euclidean 
geometry, for example. The geometry is essentially G. D. Birkhoff’s metric 
geometry, and it is very nicely compared, in Chapter 8, with the synthetic. All 
of this material is well presented and requires no more of an able student than 
hard work and a sound background in elementary algebra. Indeed, these chap- 
ters could be used in the schools. The second half of the book, on the other hand, 
is considerably more demanding. Nearly all of it is aimed at establishing, in 
Chapters 25 and 26, the consistency of the plane geometry postulates and the 
independence of the parallel postulate. Here the student will need some knowl- 
edge of the analytic properties of the reals. He probably will also need a good 
deal more guidance; for not only are the topics more difficult, but the discussion 
frequently is less clear than in the first half. 

It follows that the later chapters restrict use of the book as a whole to no less 
than the able and reasonably advanced undergraduate. While such a student 
may find parts of the first half pedestrian, he will certainly find much in the 
second to stimulate him. He will find in general an abundance of well-written, 
sound mathematics; completeness; a tightly structured presentation; and, on 
the deficiency side, neither a bibliography nor an adequate number of exercises. 
Yet all of these considerations are less important to an estimate of the book’s 
value than that one feature which most distinguishes it among college geom- 
etry texts: the emphasis on a painstaking and rigorous development from first 
principles. The author’s implied argument that in an undergraduate geometry 
course it is better to concentrate on cleaning up elementary geometry than to 
develop a large number of advanced topics is, in my opinion, a persuasive one. If 
some of the materials now being tried in the schools prove successful and are 
widely accepted, the argument will lose at least part of its force. In the mean- 
time, for those who agree, this would seem to be the logical choice of text. 

G. P. Jonson, The University of the South 
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The book is marred also by inadequate attention to mechanical detail or 
proofreading. There are more simple errata than one should expect, in wrong 
numbers and symbols, incorrect figures and wrong answers to problems. And 
there is no index, though there is a useful glossary. 

Nevertheless, a good book, which serves its purpose. In addition to attain- 
ing an understanding of some important mathematical ideas an observant reader 
may also get some notion of a good mathematician at work. 

ROBERT SINGLETON, Wesleyan University 


Combinatorial Geometry in the Plane. By Hugo Hadwiger and Hans Debrunner, 
translated and supplemented by Victor Klee. Holt, Rinehart and Winston, 
New York, 1964. 113 pp. $3.75. 


This fine little book will probably prove valuable primarily as a vehicle for 
undergraduate independent study. It presents, as problems, approximately one 
hundred theorems, many of which were unproved until quite recently, on con- 
vexity, coverings, graphs, and other topics all restricted to the plane. There is 
also discussion of extension to higher dimensions, and of open problems. The 
discussion surrounding the theorems and their organization makes for a coherent 
development and provides some help toward obtaining proofs. Proofs in fact 
appear, many rather sketchily, at the end of the book. Students will need a sub- 
stantial knowledge of analysis and some of college level geometry; and they must 
be prepared to cope with a book which will provide not a great deal more than 
an outline, albeit an excellent one, for their work. 

G. P. Jounson, The University of the South 


A Survey of Matrix Theory and Matrix Inequalities. By Marvin Marcus and 
Henryk Minc. Allyn and Bacon, Boston, 1964. xvi+180 pp. $8.75. 


This is an extremely useful survey of classical results in matrix theory and a 
number of recent developments in the areas of matrix inequalities, location of 
characteristic roots, and nonnegative matrices. It contains a detailed and useful 
bibliography of recent research papers. The book will be of great service to any- 
one working in the field of matrix theory, and also to mathematical physicists, 
engineers, and others who need a ready source of particular results. 

RICHARD BELLMAN, University of Southern California 


Cours D’ Analyse de I’ Ecole Polytechnique, Tome III, Théorie des Equations. By 
J. Favard. Gauthier-Villars, Paris, 1963. 542 pp. 


This third volume of Cours d’Analyse is devoted to partial differential equa- 
tions, integral equations and calculus of variations. Each chapter ends with a 
set of exercises and supplementary notes. The presentation is standard but the 
level of advancement is high, as witness the inclusion of a discussion of 
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Plateau’s problem. It is somewhat curious that the chapter on integral equations 
comes after the chapter on differential equations so that the author cannot 
avail himself of this important tool in places where its intervention is decisive. 
As a partial compensation the author does discuss, but rather briefly, Green’s 
functions in the chapter on integral equations. 

While the book corresponds to no course given in American colleges and 
universities many teachers might find it useful to have Favard’s book as a source 
of topics and problems. 

M. Kac, The Rockefeller Institute 


Vector Calculus. By B. W. Lindgren. Macmillan, New York, 1964. viii+183 pp. 
$6.50. 


This book presents a brief account of the calculus of three-dimensional vector 
space. The approach is basically heuristic with fine points receiving scant atten- 
tion. Chapter 1, Vector Algebra, has the advantage of many illustrations. The 
ideas and terminology of linear algebra are avoided. (Two 3-by-3 matrices 
which are inverses of each other are called “reciprocal sets” of ordered triples of 
vectors in V3(R).) The remaining chapter headings are: Functions of a Single 
Variable; Angular Velocity; Functions of Position; Green’s, Stokes’ and Related 
Theorems; and Curvilinear Coordinates. The book seems appropriate for a 
course taken by weaker students who have completed a “cookbook” calculus 
and have had no exposure to linear algebra. Although 179 exercises may seem 
enough for a text of 176 pages this reviewer would like to have seen even more. 

STEPHEN HOFFMAN, Trinity College 


Mathematical Methods of Physics. By Jon Mathews and R. L. Walker. Benjamin, 
New York and Amsterdam, 1964. 475 pp. $12.50. 


The book evolved from the notes which have been used in the course at 
CALTECH for first-year physics graduate students. There is little effort to 
teach physics in the text. The emphasis is on mathematical techniques. The 
authors state that there is deliberate nonuniformity in the depth of presenta- 
tion. Sixteen chapters contain classical topics: ordinary differential equations, 
series, integral transforms, complex variables, matrices, special functions, par- 
tial differential equations, eigenfunctions, Green’s functions, perturbation, sim- 
ple integral equations, numerical methods, elements of probability, statistics, 
tensors, differential geometry and elements of groups. The book can be used as 
a text for physics seniors or first year engineering graduate students. But one 
may wonder why there are omitted recently developed strong techniques like 
integral operators, algebraic techniques used in system analysis, etc. There are 
included many examples and an ample bibliography. 

M. Z. v. KRZYWOBLOCKI, Michigan State University 
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Local Analytic Geometry. By Shreeram Shankar Abhyankar. Academic Press, 
New York, 1964. xv+484 pp. $18.00. 


Lest the unsuspecting reader feel that he has already learned analytic 
geometry before his calculus courses, and that “local analytic geometry” is 
some variant thereof, it is worth noting that this text is about functions of sev- 
eral complex variables. It is written with the algebraist’s hand, so that this 
fact may tend to be lost among the rings, complete valued fields, epimorphisms, 
etc. It is well written, perhaps a bit tightly, and is definitely a specialized book 
for the expert. The more algebraic geometry and algebra one knows, the easier 
it will be to read it. 

MELVIN HAuSNER, New York University 


BRIEF MENTION 


Applied Mathematics for Engineers and Scientists, 2nd ed. By Sergei A. Schelkunoff. 
Van Nostrand, Princeton, N. J. 1965. 496 pp. $9.50. 
First edition, 1948. Three new chapters have been added. 


Art and Geometry. William M. Ivins. Dover, New York, 1965. 113 pp. $1.00. 
Reprint of the work first published by Harvard University Press in 1946. 


The Current Interpretation of Wave Mechanics. By Louis De Broglie. American Elsevier, 
New York, 1964. 95 pp. $6.00. 


Proceedings of the Colloquium on Abelian Groups. L. Fuchs and T. Schmidt, editors. 
Akademiai Kiado, Budapest, 1964. 162 pp. $6.50. 
The fifteen research papers in this volume are those given at the Colloquium in 
Tihany, September 1963, but not published in full length elsewhere, and a few other 
closely connected papers. 


Introduction to ALGOL. By R. Baumann, M. Feliciano, F. L. Bauer, and K. Samelson. 
Prentice-Hall, Englewood Cliffs, N. J., 1964. 176 pp. $6.75. 
A primer for nonspecialists, with emphasis on practical uses. 


Tables of the Principal Unitary Representations of Fedorov Groups. Mathematical Tables 
Series, Vol. 34. D. K. Faddeyev. Pergamon Press, Inc., New York, 1964. 155 pp. 
$10.00. 


Modern Higher Algebra, 5th ed. By George Salmon. Chelsea, New York, 1964. 376 pp. 
$4.95. 


The Theory of Substitutions 2nd ed. By Eugen Netto. Translated by F. N. Cole. Chelsea, 
New York, 1964. 305 pp. $3.95. 


Number Theory, 2nd ed. By Trygve Nagell. Chelsea, New York, 1964. 309 pp. $5.50. 
Reprint of first edition (1951) with corrections and minor changes. 


Advances in Game Theory. Annals of Mathematics Studies, 52. Edited by M. Dresher, 
L. S. Shapley and A. W. Tucker. Princeton University Press, Princeton, 1964. 
679 pp. $8.50. 

Seventy-nine research papers on various aspects of game theory. 


Advanced Calculus, 2nd ed. By C. R. Buck. McGraw-Hill, New York, 1965. 525 pp. 
$9.75. 
Revised edition of a text first published in 1956 
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Tables of the Normal Probability Integral; The Normal Density and its Normalized 
Derwatives. By N. V. Smirnov. Translated by D. E. Brown, Pergamon Press, Inc. 
New York, 1965. 125 pp. $7.50. 


Tables of the Function W(2) =e* fier'dx in the Complex Domain. By K. A. Karpov. 
Pergamon Press, Inc., New York, 1965. 515 pp. $19.75. 


Tables of the Function F(z) =fie* dx in the Complex Domain. By K. A. Karpov. 
Pergamon Press, Inc., New York, 1964. 490 pp. $20.00. 


Theory of Graphs and its Applications. Miroslav Fiedler, editor. Academic Press, New 
York, 1965. 234 pp. $10.00. 
Proceedings of the Symposium held in Smolenice, Czechoslovakia, in June, 1963. 


Recent Advances in Matrix Theory. Hans Schneider, editor. University of Wisconsin 
Press, Madison, 1964. 142 pp. $4.00. 
Proceedings of an Advanced Seminar conducted by the Mathematics Research 
Center, U.S. Army, at the University of Wisconsin, October, 1963. Six mathematicians 
were invited to speak on subjects of their choice. 


The Concept of a Riemann Surface. By Hermann Weyl. Addison-Wesley, Reading, Mass., 
1964. 190 pp. $12.50. 
Translation of the third (1955) edition of a classic first published in 1913. 


Boolean Algebras, 2nd ed. By Roman Sikorski. Academic Press, New York, 1964. 237 pp. 
$9.50. 


Readings in Mathematical Psychology, Vol. Il. Duncan Luce, Robert Bush, and Eugene 
Galanter, editors. Wiley, New York, 1965. 544 pp. $8.95. 
This volume contains thirty-three papers in six areas: computers, language, social 
interaction, sensory processes, preference and utility, and Bayesian statistics. 


Introduction to Mathematical Statistics, 2nd ed. By R. V. Hogg and A. T. Craig. Mac- 
millan, New York, 1965. 382 pp. $8.50. 
Some discussions are expanded and a number of new topics are added. 


Tables of Elliptical Integrals, Part I. By V. M. Velyakov, R. I. Kravtsova, and M. G. 
Rappoport. Translated by P. Basu. Pergamon Press, Inc. New York, 1965. 647 pp. 
$20.00. 


Nonlinear Integral Equations. P. M. Anselone, editor. U. of Wisconsin Press, Madison, 
Wis., 1964. 379 pp. $6.50. 
Proceedings of an advanced seminar conducted by the Mathematics Research 
Center, U. S. Army, at the University of Wisconsin in April, 1963. 


Tables of the Legendre Functions, Part 1. By M. I. Zhurina and L. N. Karmazina. Per- 
gamon Press, Inc., New York, 1964. 309 pp. $2.80. 


Advances in Computers. By F. L. Alt and M. Rubinoff. Academic Press, New York, 

1964. 395 pp. $14.00. 

This volume contains survey articles on Computers in Election Night Broadcasting, 
Automatic Programming in Eastern Europe, Artificial Intelligence and Self-Organization, 
Automatic Optical Design, Digital Computers in Nuclear Reactor Design, and Procedure 
Oriented Languages. 


Handbook of Mathematical Tables and Formulas, 4th ed. By R. S. Burington. McGraw- 
Hill, New York, 1965. 421 pp. $4.50. 
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Elphyma Tables. By E. Ingelstam and S. Sjoberg. Wiley, New York, 1964. 99 pp. $3.50. 
Tables, formulas and nomograms within Electricity, Physics, and Mathematics. 


Philosophy of Sctence. The Delaware Seminar, Vol 2. William L. Reese, general editor. 

Interscience, Wiley, New York, 1964. 550 pp. $14.50. 

This volume contains contributions by a dozen and a half philosophers and scientists 
under the headings: Scientific Explanation, Prediction, and Theories; Space and Time; 
Particles, Fields, and Quantum Mechanics; Induction and Measurement; Science and 
Man; and Cosmology. 


Similarity Analysis of Boundary Value Problems in Engineering. By Arthur G. Hansen. 
Prentice-Hall, Englewood Cliffs, N. J., 1964. 114 pp. $6.75. 


Asymptotic Solutions of Differential Equations and ther Applications. Calvin A. Wilcox, 
editor. Wiley, New York, 1964. 249 pp. $4.95. 
Proceedings of a Symposium held at the Mathematics Research Center, U. S. Army, 
at the University of Wisconsin, in May, 1964. 


Studies 1n Subjective Probabtlhty, Henry E. Kyburg and Howard E. Smokler, editors. 
Wiley, New York, 1964. 205 pp. $4.75. 
This volume contains an introduction by the editors, articles by John Venn (1888), 
Emile Borel (1924), Frank P. Ramsey (1926), Bruno de Finetti (1937), Bernard O. 
Koopman (1940), and Leonard J. Savage (1961), and an extensive bibliography. 


An Introduction to Transport Theory. By G. M. Wing. Wiley, New York, 1963. 169 pp. 
$7.95. 


It is the author’s purpose to provide the physicist, chemist, and engineer with an 
insight into the state of transport theory and to introduce the mathematicians to the 
subject. 


Computing Methods in Optimization Problems. By A. V. Balakrishnan and L. W. Neustadt, 
editors. Academic Press, New York, 1964. 328 pp. $6.50. 
Proceedings of a conference held at UCLA in January, 1964 to disseminate informa- 
tion about recent research and computing experience. 


The Complex j-Plane. Complex Angular Momentum in Nonrelativistic Scattering Theory. 
By R. G. Newton. Benjamin, New York, 1964. 235 pp. $9.00. 


Aufgaben und Lehrsitze aus der Analysis. By G. Polya and G. Szegé. Springer-Verlag, 
Berlin, 1964. Zweiter Band, 407 pp. DM 34.00. Erster Band, 338 pp. DM 34.00. 


CHARTER FLIGHTS TO 1966 INTERNATIONAL CONGRESS 


Arrangements have been made so that MAA members can participate in the charter flights 
announced by the American Mathematical Society for attendance at the International Congress of 
Mathematicians to be held in Moscow, August 16-26, 1966. For details see page 655 of the August 
issue and page 769 of the November issue of the Notices of the AMS, or write to the American 
Mathematical Society, P.O. Box 6248, Providence, R.I. 02904, fer further information. Applica- 
tions should be made immediately. 


NEWS AND NOTICES 
EDITED BY RAOUL HAILPERN, SUNY at Buffalo 


Readers are invited to contribute to the general interest of this department by sending news items 
to Raoul Hailpern, Mathematical Association of America, SUNY at Buffalo (University 
of Buffalo), Buffalo, New York 14214. Items must be submitted at least two months before 
publication can take place. 


PERSONAL ITEMS 


Professor Glen Haddock, Arkansas College, represented the Association at the inauguration 
of Clifton L. Ganus, Jr. as President of Harding College on September 18, 1965. 

Professor Caroline A. Lester, State University of New York at Albany, represented the Asso- 
ciation at the inauguration of Joseph C. Palamountain, Jr. as President of Skidmore College on 
September 25, 1965. 

Professor L. E. Mehlenbacher, University of Detroit, represented the Association at the in- 
auguration of William R. Keast as President of Wayne State University on October 28, 1965. 

Professor C. N. Mills, Sioux Falls College, represented the Association at the inauguration of 
Charles L. Balcer as President of Augustana College on September 18, 1965. 

Professor L. J. Montzingo, Seattle Pacific College, represented the Association at the in- 
auguration of the Very Rev. John A. Fitterer as President of Seattle University on October 13, 
1965. 

University of Arizona: Assistant Professor S. G. Tellman, University of Washington, Dr. 
G. D. Taylor, University of Michigan, and Dr. N. M. Wigley, Los Alamos Scientific Laboratory, 
Los Alamos, New Mexico, have been appointed Assistant Professors; Visiting Professor Edgar 
Karst, University of Oklahoma, has been appointed Lecturer. 

California Institute of Technology: Assistant Professor Galen Seever, University of California, 
Los Angeles, and Dr. Keith Phillips, University of Washington, have been appointed Assistant 
Professors; Associate Professor Adriano Garsia has been promoted to Professor; Professor W. A. J. 
Luxemburg will be on leave of absence from June 20, 1965 to January 1, 1966. 

University of California, Berkeley: Associate Professor R. S. Lehman has accepted the posi- 
tion of Vice Chairman of the Department of Mathematics; Assistant Professor G. E. Bredon has 
been promoted to Associate Professor; Mr. Alfred Gray has been promoted to Assistant Professor 
and awarded an NSF Postdoctoral Fellowship for the spring semester of 1966; Dr. F. W. Warner, 
III, has been promoted to Assistant Professor; Professor W. G. Bade has been appointed Research 
Professor in the Miller Institute for Basic Research for the academic year 1965-66; Professor D. H. 
Lehmer will be on sabbatical leave for the academic year 1965-66 and will carry on research in 
Berkeley and at the Australian National University in Canberra; Professor M. H. Protter is on 
sabbatical leave for the academic year 1965-66 but will remain in residence during the academic 
year; Professor Abraham Seidenberg will be on sabbatical leave for the spring semester of 1966 
and will carry on research in Rome, Italy. 

Carleton University: Associate Professors P. R. Beesack and D. K. Dale have been promoted 
to Professors. 

, Carnegie Institute of Technology: Associate Professor Oswald Wyler, University of New 
Mexico, has been appointed Professor; Assistant Professor S. P. Franklin, University of Florida, 
has been appointed Assistant Professor; Associate Professor R. A. Moore has been promoted to 
Associate Head of the Department of Mathematics. 

Case Institute of Technology: Professor Melvin Henriksen, Purdue University, has been ap- 
pointed Head of the Department of Mathematics; Assistant Professor L. R. Bragg has been pro- 
moted to Associate Professor. 

Central Missouri State College: Associate Professor C. E. Kelley has been promoted to Pro- 
fessor; Mr. Larry Dilley has been promoted to Assistant Professor. 
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Clemson University: Professor Andrew Sobczyk, Southern Illinois University, has been ap- 
pointed Professor; Dr. Kenzo Seo, Colorado State University, has been appointed Associate 
Professor; Drs. J. V. Brawley, Jr. and T. G. Proctor, North Carolina State of the University of 
North Carolina, have been appointed Assistant Professors. 

University of Colorado: Dr. Stanislaw Ulam, Los Alamos Scientific Laboratory, Los Alamos, 
New Mexico, has been appointed Professor; Dr. James Moser, University of Colorado, has been 
appointed Assistant Professor; Dr. Collin Hightower, U. S. Army, Washington, D. C., has been 
appointed Acting Assistant Professor; Associate Professor Arne Magnus has been promoted to 
Professor; Assistant Professor Donald Monk has been promoted to Associate Professor. 

Cornell College: Mr. D. J. Samuelson, University of California, Berkeley, has been appointed 
Assistant Professor; Assistant Professor L. E. Claborn has been promoted to Associate Professor. 

Georgetown University: Dr. E. R. Bobo, University of Virginia, has been appointed Assistant 
Professor; Associate Professor Anne E. Scheerer has accepted a Phillip Foundation Internship 
for the academic year 1965-66 at Boston University. 

University of Georgia: Assistant Professor C. B. Schaufele, Louisiana State University, has 
been appointed Assistant Professor; Assistant Professor R. W. Heath has been promoted to 
Associate Professor. 

Idaho State University: Drs. R. W. Deming, New Mexico State University, and V. H. Keiser, 
University of Colorado, have been appointed Assistant Professors; Associate Professor John Hilz- 
man has been appointed Chairman of the Department of Mathematics. 

Institute for Advanced Study: The following have been appointed Members in Mathematics: 
Associate Professor P. T. Church, Syracuse University; Dr. M. M. Cohen, University of Michigan; 
Professor V. F. Cowling, Rutgers, The State University; Assistant Professor R. G. Douglas, Uni- 
versity of Michigan; Professor Murray Gerstenhaber, University of Pennsylvania; Dr. G. J. 
Janusz, University of Oregon; Assistant Professor B. F. Jones, Jr., Rice University; and Mr. M. V. 
Mielke, Indiana University. 

State University of Iowa: Assistant Professor F. J. Kosier, University of Wisconsin, has been 
appointed Associate Professor; Assistant Professor Marilyn J. Zweng, University of California at 
Santa Barbara, and Dr. P. E. Waltman, Sandia Corporation, Albuquerque, New Mexico, have 
been appointed Assistant Professors; Assistant Professors George Burke and M. A. Geraghty have 
been promoted to Associate Professors. 

Kansas State University: Professor C. H. Cunkle, Clarkson School of Technology, has been 
appointed Professor; Assistant Professor R. L. Yates has been promoted to Associate Professor; 
Associate Professor T. A. Mossman retired on June 1, 1965 with the title of Associate Professor 
Emerita. 

Le Moyne College, Syracuse: Assistant Professor E. F. Baumgartner, Bates College, has been 
appointed Assistant Professor; Mrs. Polly Burkhead has been promoted to Assistant Professor; 
Assistant Professor T. S. Frank has been promoted to Associate Professor. 

Michigan State University: Professor P. H. Doyle, Virginia Polytechnic Institute, has been 
appointed Professor; Assistant Professor G. D. Anderson, Eastern Michigan University, Dr. E. C. 
Ingraham, University of Oregon, and Dr. J. J. Masterson, Purdue University, have been appointed 
Assistant Professors; Assistant Professors J. R. Reay, Western Washington State College, and 
W. E. Bonnice, University of New Hampshire, have been appointed Visiting Assistant Professors; 
Associate Professor M. L. Tomber has been promoted to Professor; Assistant Professor W. T. 
Sledd has been promoted to Associate Professor. 

University of Michigan: Drs. J. H. Smith, J. A. Smoller, and Harold Stark have been promoted 
to Assistant Professors; Professor R. V. Churchill retired May 1965 with the title of Professor 
Emeritus. 

University of New Mexico: Associate Professor Abraham Hillman, University of Santa Clara, 
has been appointed Associate Professor; Dr. Richard Metzler, Wayne State University, has been 
appointed Assistant Professor; Assistant Professors Merle Mitchell, Heinz Renggli, and Arthur 
Steger have been promoted to Associate Professors; Professor F. C. Gentry retired in April 1965. 
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North Central College: Dr. R. P. Polivka, International Business Machines, Poughkeepsie, 
New York, has been appointed Visiting Associate Professor; Mr. D. E. Johnson has been promoted 
to Assistant Professor. 

Northeast Louisiana State College: Dr. Lonnie Bennett, Oklahoma State University, and Mrs. 
Emma Mixon, Grayson, Louisiana, have been appointed Assistant Professors; Assistant Professor 
Edward Anders has been promoted to Associate Professor; Assistant Professor D. R. Bedgood has 
been appointed Head of the Department of Mathematics. 

University of Omaha: Associate Professor H. L. Hunzeker has been promoted to Professor; 
Assistant Professor Benjamin Stern retired in June 1965. 

San Diego State College: Associate Professor G. A. Becker has been promoted to Professor; 
Assistant Professor R. B. Killgrove has been promoted to Associate Professor. 

University of Toledo: Dr. W. S. Hatcher, University of Neuchatel, Switzerland, has been ap- 
pointed Associate Professor; Dr. H. W. Vayo, Harvard Medical School, has been appointed Assis- 
tant Professor; Assistant Professor Budmon Davis has been promoted to Associate Professor. 

University of Utah: Dr. J. O. Sather, U. S. Army Mathematics Research Center, University 
of Wisconsin, and Dr. L. J. Grim, University of Minnesota, have been appointed Assistant Pro- 
fessors; Professor W. R. Scott, University of Kansas, has been appointed Professor. 

University of Windsor: Assistant Professor Richard Courter, Dalhousie University, has been 
appointed Associate Professor; Rev. D. T. Faught has been promoted to Professor. 

University of Wisconsin, Milwaukee: Visiting Assistant Professor H. C. Howard, University of 
Maryland, has been appointed Associate Professor; Assistant Professor H. J. Biesterfeldt, Jr., 
South Dakota School of Mines and Technology, Dr. R. L. Gantos, Michigan State University, 
and Dr. J. L. Stebbins, Wayne State University, have been appointed Assistant Professors; Asso- 
ciate Professor E. H. Feller has been promoted to Professor; Assistant Professor R. J. Mihalek has 
been promoted to Associate Professor; Associate Professor W. J. Pervin has been appointed Chair- 
man of the Department of Mathematics. 

Dr. Bernice L. Auslander, Newton Centre, Massachusetts, has been appointed Instructor at 
Wellesley College. 

Professor I. A. Barnett, University of North Carolina, has been appointed Visiting Professor 
at Fairleigh Dickinson University. 

Assistant Professor T. A. Bick, Hobart and William Smith Colleges, has been promoted to 
Associate Professor. 

Dr. Sidney Birnbaum, Martin Company, Denver, Colorado, has been appointed Associate 
Professor at the University of South Carolina. 

Professor A. T. Brauer, University of North Carolina, has been appointed Visiting Professor 
at Wake Forest College. 

Assistant Professor C. A. Brown, The Citadel, has been promoted to Associate Professor. 

Associate Professor George Crocker, University of Southern Mississippi, is on sabbatical leave 
at Auburn University for the academic year 1965-66. 

Mr. L. A. Davis, Jr., Agricultural, Mechanical and Normal College, has been promoted to 
Assistant Professor. 

Mr. Floyd Deardorff, York, Pennsylvania, has been appointed Assistant Professor at Mon- 
mouth College, New Jersey. 

Mr. D. A. DePasse, Pepperdine College, has been promoted to Assistant Professor. 

Professor E. A. Franz, Culver-Stockton College, has been appointed Professor at Illinois Col- 
lege. 

Associate Professor Francisco Garriga, University of Puerto Rico, has been promoted to 
Professor. 

Assistant Professor A. R. Goddard, Tarleton State College, has been promoted to Associate 
Professor. 

Mr. H. P. Guillotte, Rhode Island College, has been promoted to Assistant Professor. 

Dr. B. H. Harris, Southwest Baptist College, has been promoted to Professor. 
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Associate Professor M. J. Hellman, Rutgers, The State University, Newark, has been pro- 
moted to Professor. 

Dr. Dagmar R. Henney, University of Maryland, has been appointed Assistant Professor at 
George Washington University. 

Dr. P. F. Hultquist, Ball Brothers Research Corporation, Boulder, Colorado, has been 
appointed Professor of Applied Mathematics and Electrical Engineering at the Colorado Springs 
Center of the University of Colorado. 

Mr. M. A. Jacobs, Fairleigh Dickinson University, has been appointed Instructor. 

Assistant Professor B. A. Jensen, Nebraska Wesleyan University, has been promoted to Asso- 
ciate Professor. 

Associate Professor C. Kassimatis, University of Windsor, has been appointed Professor at 
Wayne State University. 

Dr. Joseph Lewittes, Harvard University, has been appointed Assistant Professor at the 
Belfer Graduate School of Science at Yeshiva University. 

Professor E. D. McCarthy, University of Detroit, retired on July 1, 1965. 

Assistant Professor John Mack, Ohio University, has been appointed Associate Professor at 
the University of Kentucky. 

Dr. R. M. Mathsen, University of Nebraska, has been appointed Assistant Professor at Con- 
cordia College. 

Associate Professor Elsie Muller, Morningside College, has been promoted to Professor and 
appointed Chairman of the Department of Mathematics. 

Dr. Charles Patt, Yeshiva University, has been promoted to Assistant Professor. 

Mr. J. F. Porter, Hiram College, has been promoted to Assistant Professor. 

Dr. Stanley Preiser, United Nuclear Corporation, White Plains, New York, has been appointed 
Assistant Professor at the Polytechnic Institute of Brooklyn. 

Assistant Professor C. D. Robinson, Arizona State University, has been appointed Associate 
Professor at the University of Mississippi. 

Associate Professor J. M. Shapiro, Ohio State University, has been promoted to Professor. 

Professor Emeritus C. A. Shook, Lehigh University, has been appointed Visiting Lecturer at 
Muhlenberg College. 

Dr. S. T. Stern, State University College at Buffalo, has been promoted to Professor. 

Assistant Professor E. A. Tanis, University of Nebraska, has been appointed Associate Profes- 
sor at Hope College. 

Dr. Daniel B. J. Tomiuk, Cité Universitaire de Paris, Paris, France, has been appointed 
Associate Professor at the University of Ottawa. 

Assistant Professor J. W. Toole, University of Maine, has been promoted to Associate Professor. 

Assistant Professor Charles Vanden Eynden, University of Arizona, has been appointed 
Assistant Professor at Miami University. 

Mr. William Wetherbee, Bowling Green State University, has been appointed Associate 
Professor at Mansfield State College. 

Dr. R. K. Williams, Vanderbilt University, has been appointed Assistant Professor at Southern 
Methodist University. 


Professor R. L. Flanders, Oklahoma State University, died on July 8, 1965. He was a member 
of the Association for 42 years. 

Professor Evan Johnson, Jr., Pennsylvania State University, died on July 13, 1965. He was a 
member of the Association for 23 years, 

Professor R. H. Marquis, Ohio University, died on July 3, 1965. He was a member of the Asso- 
ciation for 30 years. 

Associate Professor George E. Schweigert, University of Pennsylvania, died on July 13, 1965. 
He was a member of the Association for 7 years. 

Professor Emeritus T. McN. Simpson, Jr., Randolph-Macon College, died on July 7, 1965. 
He was a charter member of the Association. 
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NEWS ITEM 


The Stanford Competitive Examination in Mathematics is being discontinued as of 
the spring of 1965. Over the past twenty-one years students in most of the high schools in 
the far Western states participated in this annual competition. 

This competitive examination, which was initiated and organized by Professors 
G. Polya and G. Szego, was one of the pioneering efforts to use such competition in 
high schools as a means of stimulating interest in mathematics and in problem-solving in 
particular, and to discover and encourage students of unusual ability. 

The competition was administered by the Department of Mathematics of Stanford 
University which records its appreciation of the generous cooperation of the many 
high school teachers and administrators who gave freely of their time to conduct exami- 
nation sessions. 


THE AFRICAN-AMERICAN INSTITUTE 


The African-American Institute, 345 East 46th Street, New York, N. Y. 10017, has 
immediate openings for high school teachers of mathematics, with preference for those 
able to teach at least one science as well. Teachers will fill two-year AAI contracts either 
in Nkumbi International College, north central Zambia, or Kurasini International Edu- 
cation Center, Dar es Salaam, Tanzania. Maintained by AAI, both schools are primarily 
for refugee students from southern Africa. Certification and at least three years’ teaching 
experience required. Master’s degree preferred. Appointees receive round-trip trans- 
portation for themselves and dependents, overseas allowances, free housing, various 
fringe benefits in addition to salary, which ranges from $6,500 to $9,400, depending upon 
candidates’ qualifications and prior earnings. Application forms should be requested 
from AAT Personnel Assistant at the address above. 


CORNELL UNIVERSITY 


On July 1, 1965, Cornell University established an intercollege Department of Com- 
puter Science in the Colleges of Engineering and Arts and Sciences. To aid the creation 
of this department and further its growth, the Alfred P. Sloan Foundation has awarded 
Cornell University a grant of one million dollars. The fields of study and research now 
represented include programming languages and systems, numerical analysis, data pro- 
cessing and information retrieval, and automata theory and theory of computation. The 
Department of Computer Science is authorized to grant the Ph.D. and M.S. degrees in 
Computer Science. 

Further information can be obtained by writing to Professor J. Hartmanis, Depart- 
ment of Computer Science, Upson Hall, Cornell University, Ithaca, New York. 


MATHEMATICAL ASSOCIATION OF AMERICA 


Oficial Reports and Communications 
MAY MEETING OF THE ROCKY MOUNTAIN SECTION 


The forty-eighth annual meeting of the Rocky Mountain Section of the Mathe- 
matical Association of America was held at Colorado School of Mines, Golden, Colorado, 
on Friday and Saturday, May 7 and 8, 1965. The Rocky Mountain Section of SIAM 
participated. 
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ABELES, FRANCINE, University preparatory 


geometry programs; a study of four nations 
1116-1120. 
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ALEXANDER, F. D. An experiment in teaching 
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HENKELMAN, JAMES. Effecting mathematics 
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895-897. 
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Lioyp, D. B. Mathematics education in the 
Middle East, 310-312. 

LocKsLEy, NORMAN. An untapped source for 
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MAcLANE, SAUNDERS, Preliminary meeting on 
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May, K. O. The risk of self-evaluation, 314. 
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Mots, E. E. Activity and motivation in mathe- 

matics, 407-412. 

ORGANICK, ELLiotr. SMSG and computers, 
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PARKER, E. T. A memorable teacher, 1127-1128. 


Accreditation study report, 775-777. 
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students, 542. 
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Enrollment statistics, 314. 

Marshall Stone in Pakistan, 419. 

Materials for the blind, 179. 
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Wo Fr, C. T. See Anderson, G. R. 

ZANT, J. H. A project for the improved use of 
newer educational media in elementary 
school mathematics, 417-419. 

. An approach to improving the teaching 
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658. 
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Proceedings of the international conference on 
modern school mathematics, 543. 

Project physics, 177-178. 

1965 Science talent search, 777-778. 
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May, K. O. Programed learning and mathe- 
matical education, 900-901. 

Motsrt, E. E., CaLanprRA, A., Davis, R. B., 
IKKLINE, M. aNp Bacon, H. M. Five views 
of the “new math,” 898-899. 

SHARP, EVELYN. Progress report on the mathe- 
matics revolution, 901. 

SmitH, L. W. School mathematics study group 
programmed learning project, 899-900. 
STONE, M. H. Reflections on the teaching of 

mechanics, 899. 

WALSH, JOHN. Education: scholars organize a 
national academy intended to advance edu- 
cational scholarship, 1019-1020. 

Mathematics in education and industry, 1018- 
1019. 
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EDITED BY E. P. STARKE, Bloomfield College 


COLLABORATING EpiTors: J. BARLAZ, Rutgers—The State University; L. CARLITz, Duke 
University; H. S. M. Coxeter, University of Toronto; H. Eves, University of Maine, 
A. E. LIVINGSTON, University of Alberta; and A. WILANSkKy, Lehigh University. 


Adler, Irving, 781. 
Aoyagi, Masakazu, 1030. 
Arkin, Joseph, 1020. 
Artino, Carmen, 666. 
Austin A. K., 1020, 1020, 1130. 
Avishalom, Dov, 666. 
Bakanowsky, L. J., 75. 
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Baron, S., 556. 
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Brenner, Norman, 420. 
Brillhart, John, 914. 
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Brown, J. L., 182. 
Burke, John, 183. 
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Cohen, D. I. A,, 555, 796. 
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Comtet, Louis, 665, 674, 1136. 
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Gleason, A. M., 84, 544, 
Goldberg, Michael, 182. 
Goldman, 3 ee 322, 429, 
Golomb, S , 194, 
Gould, H ow, "315, 
Graham, G. P,, 315. 
Greenberg, Ralph, 429, 666. 
Greenleaf, N . 
Gross, Fred, 674. 
Guglielmo, T. J., 428. 
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Bowen, Robert, 561. 
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Chernoff, P. R., 89. 
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Fine, N. J., 90, 91, 319, 431, 546, 552, 


559, 790, 802. 
Fisk, Stephen, 82. 
Ford, G. G., 1132. 
Fox, H. S., 1143. 
Frame, Js S., 792. 
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E-1722, 790. E-1723, 791. E-1724, 791. 5233, 1031. 5235, 1032. 5236, 1033. 5237, 
E-1725, 793. E-1726, 904. E-1727, 905. 1034. 5238, 1035. 5239, 1035. 5240, 1036. 
E-1728, 906. E-1720, 906. E-1730, 907. 5241, 1037, 5242, 1038. 5243, 1040. 5245, 
E-1731, 908. E-1732, 909. E-1733, 910. 1137. 5246, 1138. 5247, 1139. 5248, 1140. 
E-1734, 911. E-1735, 912. E-1736, 1023. 5249, 1141. 5250, 1142. 5251, 1143. 5252, 
E-1737, 1024. E-1738, 1024. E-1739, 1025. 1144, 

E-1740, 1026. E-1741, 1028. E-1742, 1028. 


* See also p. 666. * See also p. 915. 
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Correction, 341. 


1965 


INDEX TO VOLUME 72, 1965 


1179 


RECENT PUBLICATIONS AND PRESENTATIONS 


EDITED By R. A. RosENBAUM, Wesleyan University 
COLLABORATING Epitors: K. O. May, University of California, Berkeley 
and E. P. VANcE, Oberlin College 


BRIEF MENTION 


104-106, 568-570, 810-811, 1156-1158 


Names of authors are in ordinary type, those of reviewers in capitals. 


Abhyankar, S. S. Local Analytic Geometry, 
MELVIN Hausner, 1156. 

Ackoff, R. L. Scientific Method: Optimizing 
Applied Research Decisions, R. E. KAt- 
MAN, 216. 

Aris, Rutherford. Vectors, Tensors, and the Basic 
Equations of Fluid Mechanics, D. E. 
CHRISTIE, 97-98. 

Bailey, Norman T. J. The Elements of Stochastic 
Processes with Applications to the Natural 
Sciences, H. J. ARNOLD, 222. 

Barnes, Wilfred E. Introduction to Abstract 
Algebra, D. J. LEwis, 439. 
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Marcus, Marvin and Minc, Henryk. A Survey 
of Matrix Theory and Matrix Inequalities, 
RICHARD BELLMAN, 1154. 
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Beaty, E. B., 571. 
Bernstein, B. A., 339. 
Brenke, W. C., 441. 
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H. L. ALDER, 448-449, 1059-1060. 

Acknowledgment, 1166-1167. 

Announcement of L. R. Ford Awards, 813-814. 
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699. 

The Employment register, 1060. 

The Forty-Eighth Annual Meeting of the Asso- 
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The Greenwood Fund, 576. 
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574-575. 
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The 1965 William Lowell Putnam Competition, 
823. 
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Representatives of the Association, 453, 

Third Cooperative Summer Seminar, 1166. 


MEETINGS OF ITS SECTIONS 


Allegheny Mountain, May 1964, W.G. Brapy, 
694-695. May 1965, A. F. STREHLER, 940- 
941. 

Illinois, May 1965, ARNOLD WENpDT, 942-943, 

Indiana, October 1964, P. T. MIELKE, 339-340. 
May 1965, P. T. MIeLke, 820. 

Iowa, April 1965, E. L. CANFIELD, 933-934. 

Kansas, April 1965, HELEN KRIEGSMAN, 935. 

Kentucky, May 1965, W. C. Royster, 943-944. 
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LOFLIN, 695-698. 
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SCHWARTZ, 111. May 1965, ABRAHAM 
SCHWARTZ, 820~821. 

Michigan, March 1965, J. H. PowE.t, 815-816. 
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GUNDERSON, 1062. 
Wisconsin, May 1965, L. F. WanLstrRom, 822- 
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Givens, Wallace, 943, 943. 
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